Generating functions for a new class of recursive
polynomials

Abstract

In this paper, we examine a family of recursively defined polynomials with four-variables on a fourth
order recurrence relation and build their generating function. These generating functions enable us
to derive several properties of the four-variable polynomials. Finally, we deduce new identities for
the new class of polynomials with four-variables and also, we define the Q-matrix.

Keywords: Fibonacci polynomials; Recurrence relation; Recursive polynomials; Generating functions
2010 Mathematics Subject Classification: 11B39;11B37;05A15;05A19

1 Introduction

Polynomials are ubiquitous. Polynomials are used in every branch of mathematics. There are many
well-known polynomials like Bernstein-Sato polynomials, Lagrange polynomials, Hermite polynomials,
characteristic polynomials, minimal polynomials, and invariant polynomials play a vital role in the field
of mathematics and engineering. The Fibonacci, Lucas, and Pell polynomials contribute significantly
to the study of combinatorial structures. In particular various types of tiling problems [(1),(2)] can be
analyzed using properties of Fibonaci-like polynomials.

Several authors [(3)-(15)] focus on generalizations of Fibonacci polynomials, their generating functions,
Binet formula,roots, and related identities. In [(16)], the authors defined Gaussian Fibonacci polynomials
and obtained the relation with the Fibonacci polynomials. The extension of Fibonacci and Lucas
polynomials with two variables was defined by Catalani [(17)]. Ozdemir and Simsek [(18)] gave the
family of two-variable polynomials and investigated the relationship between Fibonacci, Jacobsthal
and Chebyshev polynomials. Kizilates [(19)] discussed the properties of the family of three-variable
Fibonacci polynomials. Motivated by the work of Kizilates and Ozdemir we construct four-variable
polynomials from generalized (r, s, t, u)-numbers [(20)] and three different types of generating functions.
In Section 2, we discuss a generating function G(g) of the four-variable recurrence equation which
is related to Fibonacci polynomials. In Section 3, we construct other two generating functions of the
new generalized polynomials, and some properties have been investigated. In Sections 4 and 5, we
discuss new identities of the four-variable polynomials.




2 Generating function of four-variable recursive polynomials

The recurrence relation of Fibonacci polynomial, two variables, three variables polynomials and the
first five terms are presented in the following table.

Table 1: Recurrence relation of Fibonacci-like polynomials

Recurrence Relation Initial values

Fo(z1) = 21 Fh—1(21) + Fr_a(21) Fo(z1) =0, (21) =1

Fn(xl,.%'g) = Z?:l xiFn_i(xl,wg),n Z 2 Fg(l‘l,x2> = O,Fl(.%'l, xg) =1
F,(X) = ZlexiFn_i(X),n >3 Fy(X) =0, Fi(X) = 1,F5(X) =21

where X = (x1,x2,x3)

Table 2: First five terms of Fibonacci-like polynomials

n One Variable Two variables Three Variables

0 0 0 O

1 1 1 1

2 1 T T

3 az%Jrl x%+1:2 $%+£C2

4 x:{' + 211 x:{’ + 22129 :B:l)’ + 2z129 + X3

5 a1 +323+1 a2t +323x0+23 2+ 32329 + 22175 + 23

Based on suitable x; and initial values [(21)], we can generate many well known polynomials like
Lucas polynomials, Pell polynomials, Padovan polynomials.
Now, we define a four-variable recurrence polynomial. Let z1,x2, 23 and x4 be the positive integer
variables. Then

4
Fo(X) =Y @Fni(X); n>4 (2.1)

where X = (z1, z2, 3, z4) With initial conditions
Fo(X)=0 Fi(X)=1 FBX)=z1 FBX)=21]+z

From the equation (2.1), we generate Fibonacci-like polynomials in four variables and present in
table(3).

We observe that, if the Fibonacci-like polynomial terms are arranged in dictionary order, then the
degree of F,(X) =n —1.
Also, we can obtain many standard well-known sequences listed in OEIS [(22)] as the particular
cases of x; and by giving suitable initial values. Lan Qi [(23)] discussed the identities and state the
generating functions of fourth order linear recurence sequence.On the basis of that, we present the
following theorem.



Table 3: The sequence of Fibonacci like polynomials in four-variables

o3 + 2x120 + 23
x‘ll + 3$%:1:2 + 2x123 + ZL‘% + 24
2f + 4x3ze + 3xiws + 3122 + 2w0w3 + 27124

n Fn(xl,x2,$3,1‘4)
0 O

1 1

2 Il

3 $% + 29

4

5

6

Theorem 2.1. Let X = (x1,z2,x3,24). The generating function of Fibonacci-like polynomial is given
by

_ 9
Glo) == S g (2.2)

Proof.

=g+z9’ + (2] + 22)g° + Y Fu(X)g"

n=4
Now, we consider
oo o0
D Fu(X)g" =) (@1 Fu1(X) 4 22 F0 2(X) + 23Fn5(X) + zaF0a(X))g"
n=4 n=4

D Fu(X)g" = 219[G(g) — g — 219°] + 229°[G(9) — 9] + 239G (g) + 49" G (g)

Hence, we obtain
G(g9) = g+ 219° + (27 + 22)g” + 219[G(9) — g — 219°] + 220°[G(g) — g] + 239°G(9) + 229" G(9)

From this, we get the desired result. O

3 Generating functions of New family of four-variable polynomials

In this section, we construct two different ordinary generating functions of the four-variable recursive
polynomials and investigate some results of these functions.

Now we consider family of four variable polynomials S;(©; A) where the variables are denoted by
© = (z1,w2,73,74) and A = (o, 8,7,0,() € No=4{0,1,2,...} Then we define the generating



function S;(©; A)

oo
1
U(g;0;A) =S S;( (3.1)
; i ( 1 —xfg — Ty gB+'v —x gﬁ+’y+6 — gﬁ+'y+6+§
and | Jc‘fg + mgg5+w + m5g/3+“/+5 + xﬁg6+7+6+C |< 1.

Now, Using Taylor’s series expansion we derive the explicit representation of polynomials S;(9; A)

Theorem 3.1.

"

A 3
R <8 tut ”) (S o U) (u ) U) (1) (22)" (@) () (32)

s§=0 u=0 v=0

where

= |4 — | i=(B+)s _ | i—B+1+d)u
o A S RS
A=j—-B+7y-1Ds—B+v+d—NDu—-(B+v+5+¢—1)v

B=j—-(B+7)s—B+7+d)(u+v)—Cv

Proof. Using Taylor’s series and binomial expansion, we expand the generating function, equation
(3.1) becomes

oo
Sjg] _ Z(w?g—ﬁ-l‘ gﬁ+w+x6 ﬂ+v+6+$c ﬁ+7+5+<)

M8

U(g;0;A) =
7=0 J=0

U(g;©;A) :ZZ (i) (25 g)"~* (2 B ﬁ+7+z5 ﬁ+v+5+$< ﬁ+w+6+C)
j=0 s=0

Replace j by j + s, we get

oo o0
+s .
U(g;0;A) = ZZ <J > g)’ (25 B ﬁ+v+x5 /3+’v+5+xﬁg/3+v+6+4)

7=0 s=0

Now, we expand (z5 g%t + a§g?t7H0 4 z§gftrto+e)s
oo oo 0o . + s s . )
U(g;0;A) = ZZ (J : ) (u> (z3g)’ ( ﬁgB+W) (z 6gﬁ+»y+5 i xch+7+6+<)
Replace s by s + u, the above expression will become,

U(g;0;A) = Z (*7 T+ u) (s + u) (2 g)’ (xggﬁ+W)S(l,ggﬁ+v+5 + ngﬁ+v+6+C)

u

Finally, we expand (z3g° T +% + mé ghtrHeteyu

j - ]
o )J(mggﬁ+7)s(xggﬁ+’y+5)u U(xﬁgﬁ+7+ +C)u



taking v as u + v , we get

A o j+s+u+v s+u+v u—+v o \d s
o) =335 3 () () (0wt et
j=0 s=0 u=0 v=0

S5 BHy+d\u 45+
(gﬁv)(égﬁw C)

In the last expression taking j — (8 + v + § + ¢)v instead of |, taking 7 — (8 + v + &) instead of |,

taking j — (8 + v)s instead of j respectively, and using the following notation,

_ | i=(B+y)s J=(B++d)u
A=leml v=5nEl (= Uensd

A:jf(ﬁ+771)57(ﬂ+7+671)u7(ﬁ+7+5+471)v
B=j—(B+7)s—(B+~+)(u+v)—¢vand apply the lemma (? ), we have the desired result.
O

Note that the suitable values of ® = (z1,z9,z3,24) and A = («,3,7,4,¢) gives the relation
between S;(0; A) and standard polynomials like Legendre polynomials, Humbert polynomials. The
Legendre polynomials have the generating function given by

> Pl =
0 1—2xg+ g2

If©®=(22,—-1,0,0)and A = (1,1, 1,1, 1) then equation (3.1) becomes

1

Hence the relation between the polynomlals S;(©,A) and the Legendre polynomials P;(x) is
S;(2x,—~1,0,0;1,1,1,1,1) = 7 Pj—(2) Pr(x)

where P,(z) are the Legendre polynomials.

The Generalized Humbert polynomials(24) are defined by

> Pa(m,z,y,p,¢)g" = (c — mag +yg™)"

If c=1,m =1,p = —1, then the generalized Humbert polynomials becomes
i Pu(l,2,y,—1,1)g" = (1 —2g +yg) ™'

If® = (z,—y,0,0) and A = (1,1,0,1,1), then equation (3.1) becomes

1

From the above relation easily we can derive the relation between the polynomials S;(©, A) and the
Humbert polynomials P;(1,z,y, —1,1).

Now, we consider another family of polynomials W; := W;(©,A) and define generating function
in this manner

n

n g
R:=R(g;0,\) =U(g;0,N)g" =
(9 ) (9 )9 1 —x8g — xhghty — alghtr+s — g ghtr+i+e

[e'e]

:ZWg]

7=0



where «, 3,7,6,( € N and | z¥¢g + :cggB+7 +x3gPtte 4 xigﬁ+7+5+< | < 1.

Takinga=p8=~v=4§ =(=1then,

Wia’ =
; 19 1—219 — 2292 — 393 — Ta9*

In particular, when z4 = 0,

oo

g
x29% — 1393

W'gj =
=0 ’ l1—219—
which is generating function of three variables Fibonacci-like polynomials.
In particular, a = 8 =~y =6 =¢ =1and z;1 — 2% 22 — z,23 — 1,24 = 0, then we obtain the
generating function of Tribonacci polynomials.
that is,

= : g
W;g® =
JZ::O ! 1—a2g —xg? — g3

In the following, we introduce another family of polynomials denoted by
K; := K;(©, A) via the generating function

- J A(g:x1,22,23) — B(g : 1,2, %3)
ZK]g = .~ B B+ 8 B+vy+s ¢ Bty +5-+C (34)
j=0 1—2%g —x50PTY —a4gPt7 1o — ;9P

where a, 3,v,0,( € N,
A(g : z1,22,23), B(g : 1, 22,x3) are arbitrary polynomials depending on g, z1, z2, 3 and

| wzlxg + mggﬁJr’Y + mggﬁ+’v+5 + migﬁ+’y+6+€ |< 1.

Suppose A =(1,1,1,1,1), Then

2 3
3U(g;0,A) — 221R(g; 0, A) — 22gR(9; 0, A) — w3g® = 1= 2L 329 gt
In particular, x4 = 0, and ‘ )

3 —2x19 — argg2

1— 219 — 29 — 2363

= Z Kj(m17 T2, 1.370)9]'
=0

where K;(z1,x2,x3,0) are trivariate Lucas polynomials.

4 Partial Derivatives For the Generating Functions

In this section, using partial derivatives [(25)] we derive new relations for polynomials.
Taking the derivative with regard to x1, z2, x3, 24, g of the generating function (3.1), they hold

ou

Er = azdtgU? (4.1)



égi'zzﬂxg—lgﬁ+vvﬂ (4.2)
)

OU _ o 6-1 pry+op2

025 =dx3 g U (4.3)
e I A (4.4)
L4

oU o _ _
By @ + a8 (B+7)g" T+ af(B 4y +8)g T

+a§(B+y+8+ Qg U (4.5)

From equation (3.1),

U? =582+ (SoS1 + S150)g + (SoS2 + 5151 + 5250)92+
(S0S3 + S1S2 + 8281 + S350)g” + -+ (4.6)

Theorem 4.1. For positive integer j,

0S5 _  asiie
87361 = ax ; SiSj—1-i
Proof. Using equations (4.1) and (3.1),
%g' = oz 'gU?
83;‘1

j=1
Using equation (4.6), in the above equation and comparing the coefficients of ¢/, we get the result. [

Theorem 4.2. Letj > 3+ ~. Then we have

95 5 1j7(ﬁ+v)
876225%7 ; SiSj— (B4~

Proof. Using equations (4.2) and (3.1) ,

> %gj = Basy 'gPTU?
=1 0

Using equation (4.6) in the above expression and comparing the coefficients of g7 we get the result.
O

Theorem 4.3. Letj > B+ v+ . Then we have

9S. s lj—(ﬁ+w+6)
57; = dx3 > SiSi(prytor-i

1=0
Proof. Using equations (4.3) and (3.1),
o~ 9S; ;

lgd =625 g

B+y+6 U2
— Ox3
Jj=1

Using equation (4.6), comparing the coefficients of g’ we get the resuilt. O



Theorem 4.4. Letj > 3+ v+ 6+ ¢. Then we have

5. R Grangasy
8761 = (a§” Do SiSim(grtstor-i

=0
Proof. Using equations (4.4) and (3.1),

o0
aS; -
5 Jg] _ <$i lg/i+7+6+CU2_|_
= o

Using equation (4.6), comparing the coefficients of g’ we get the resuilt. O

Theorem 4.5. IfU =3 S;q¢’, then
1. Forj<a+p-1,

J
(j + 1)Sj+1 = l”f Z Siiji

i=0
2. Fora+pg—-1<j<a+pB+~v-1,
J i—(B+v)—-1
(G+1)Sj41 = a7 Z SiSj—i + (B +7)zh Z SiSi_(Bty)—1—i
i=0 i—0
3. Fora+p+~y—-1<j<a+B+y+6—-1,
J j—(B+v)—-1)
GAHDS =28 ) SiSjmi+ (B+2] Y SiSi—(s4m-1-it
i=0 i=0

J—(B+y+8)—1
BHr+0z3 D SiSi(prrie -1

=0
4. Forj> (a+B8+~v+6)—1,
i i—(B+7)-1)
GHDS =2t SiSia+B+M2s Y. SiSj_(ppm—1-it
i=0 =0
i (B+r+8)—1
BHy+8)zy D SiSi(prrre1-it
1=0

J=(B+y+6+¢) -1
(B+7+0+ Qg Z SiSj—(By+o+¢)—1—i

1=0
Proof. By definition of U,
U=3%72,5i ¢" differentiate partially with respect to g,

oo

oU o i
a—g = ZzSig !

i=1

Take i — 1 = j, then the above expression will become, 4% = 3% (j + 1)S; 119’
Using equation (4.5) and (4.6), and comparing the coefficient of g7, we get the required result. O



Theorem 4.6. Forj > 0, we have

J'SFE%%@) 95 +(M)x%+(w

o 011 B >0z é * D ¢
Proof. Using equations (4.1),(4.2),(4.3),(4.4) and (4.5), we obtain
I1 oU o«

s Y U?
o 0, z1g
22 OU _ 5 p+vpp2

,8 8I2 2g
x3 OU
53 e _ xggﬂ+w+5U2
2 OU ¢ pir+otcp2
U
C 81'4 4g

combining the above equations and using (4.6), we get the desired result.

5 New ldentities

In this section, we derive some identities connected with these polynomials.
Taking g = = for a > 1 in equation (3.3),

aPtr+e

o0
jZO @ @B _ gagBryteri—1 _ yPadte — 2mat — ¢

Identity 1:
Settinga=2,2 -2,y = z,z2—= 1,t 5 0,a=F=y=0=(=1

ilf$
27 7 —4x? — 2z
7=0
In particular x = 1,
S
- =
7=0
Identity 2:
Settinga=2,2 > 2%,y =2,z =0t 0,a=F=y=0=(=1
S 2
2 T 4—22—x
j=0

In particular x = 1,
S _
5 =
7=0

Identity 3:

)mL
o)

S;
T4

(4.7)
(4.8)
(4.9)

(4.10)

(5.1)

Let k& be the odd positive integer and k£ > 5. Let F,, be the Fibonacci Four-Variate polynomials.Then

k-1
ZFiFi-H = Z Fipi{xi[Fic1 4 Fig1] + x2[Fi—2 + Fi] + 23[Fi—3 + Fi—1]

i=4,6,8

+ za[Fis + Fi2]}



Proof. Consider the sum F,F5 + FsFg

FyF5 = [x1F3 + xoFo + x3F1 + x4 FolFs
F5Fs = [x1F5 + xoFu + x3F3 + x4 F3]F5

Therefore,
[Fa+ Fs)Fs = [x1{F3 + F5} + 22{F2 + Fu} + x3{F1 + F3} + z4{Fo + F2}|F5

In general,

[F; + Fiyo)Fig1 = [z1{Fic1 + Fis1} + 22{Fi—2o + Fi} + as{Fi—3 + Fi—1}
+xy{Fia+ Fio}|Fiy1 (5.2)

Now,

k
ZFiFi+1 = FyF5+ FsFs + -+« + FpFyy1 = [Fa + Fo]F5 + [Fs + Fs)Fr + -+ + [Fxk—1 + Fr11]Fx
i1=4

Using (4.6), we get the desired result. O
Identity 4:
Forn > 4,

1. If nis odd,

n—1 n

2

1
" n—1
% Z FiFn_; =x1 22: FiFn_1-i+ 22 Z FiFn o
i=0 i=0

i=0
n—1 n—1
2 2
+ x3 g FiFh_3_;+ x4 E FFn 4
i=0 i=0

2. If nis even,

n n
21 n_

n 2
% ZFiani =z Z FiFn_1—i+ 22 Z FiFn_o_;
i=0 i=0

i=0
E g

2

+x3 E FiFn_3_i+ x4 E FiFn4i+Fa
im0 i=0

Proof. Case (i): If n is odd,

D FiFui=FoFu+ FiFooa 4+ FuFo
=0
=2[FoFn + F1Fn ++F%F%]



Using (2.1),F%, Fr—1,... Fni1 we get the desired result.
2
Case(ii): If n is even,

ZFiani:FOF7L+F1FVL71+"'+F7LFO
1=0

= 2[FoFy + FiFoo1+ -+ Fp 1 Fp ]+ F2

Using the definition in (2.1) on the polynomial F,,(X) we get the desired result.

6 The @-matrix and its properties

Hoggat (5) introduced the concept of generating matrix of the Tribonacci polynomial. Kocer (7) studied
the generating matrix of trivariate Fibonacci polynomials. Based on that we define the matrix @, which
generates a fibonacci-like polynomial with Four-Variable.

The matrix Q is defined as

X1 1 0 0
z2 0 1 O
xrs3 0 O 1
zs 0 0 O

Let F,, = F,,(X) be the n'" four-variable fibonacci like polynomial.
By taking positive powers of the matrix @ and n > 5, we get

Fov1 Fn Foo1 Fh_o
Q21 QQQ Q23 Q24
Q31 Q32 Q33 Qs34
Q41 Q42 Q43 Q44

Q" =

where

Q21 = x2Fn +23Fh—1 + x4 Fpn_2
Q22 =x2Fn_1 +x3F 2+ 24F0_3
Q23 =x2Fn 2+ x3Fn 3+ x4Fn_4
Q24 =x2Fn_3+x3F 4 +x4Fn_s
Q31 =x3Fn +x4Fn 1

Q32 =x3Fn_1 +24Fn_2

Q33 =x3Fn_o+x4Fp_3

Q3s =x3Fn 3+ x4Fn_4

Qu = x4 Fy

Qa2 = x4 Fn_1
Qa3 = x4Fn_»
Qua = x4Fy 3

Since determinant of Q is —z4 the determinant of Q™ is (—z4)". Clearly, the determinant of Q"
is non-zero, so the matrix is invertible. If we consider suitable x; and n, @ will play a vital role in the
concept of encrypting and decrypting the cipher text.

Using this fact and we apply mathematical induction, we can obtain the following result.



Theorem 6.1. Let F,, = F,,(X) be the n'"* four-variable fibonacci like polynomial, then

7

Fn+3 Fn+2 Fn+1 Fn

Fn+2 Fn+1 Fn Fn—l

Foiw F, Foow Fhoo
F, F,.1 Fhno F,_3

Conclusions

The fields of encryption and decryption employ multi-variable polynomials. We have defined four-
variable polynomials using the four-term recurrence relation, as opposed to utilizing some random
polynomials here. We have constructed their generating function. The generator matrix of the
sequence is derived. Crypto-systems can be developed by employing matrices associated with these
polynomials. Finally we conclude that the @Q-matrix is invertible matrix.
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