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Generating functions for a new class of recursive
polynomials

Abstract

In this paper, we examine a family of recursively defined polynomials with four-variables on a fourth
order recurrence relation and build their generating function. These generating functions enable us
to derive several properties of the four-variable polynomials. Finally, we deduce new identities for
the new class of polynomials with four-variables and also, we define the Q-matrix.
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1 Introduction

Polynomials are ubiquitous. Polynomials are used in every branch of mathematics. There are many
well-known polynomials like Bernstein-Sato polynomials, Lagrange polynomials, Hermite polynomials,
Characteristic polynomials, minimal polynomials, and invariant polynomials play a vital role in the field
of mathematics and engineering. The Fibonacci, Lucas, and Pell polynomials contribute significantly
to the study of combinatorial structures. In particular various types of tiling problems [(1),(2)] can be
analyzed using properties of Fibonaci-like polynomials.

Many authors [(3)-(15)] focus on generalizations of Fibonacci polynomials, their generating functions,
Binet formula,roots, and related identities. In [(16)], the authors defined Gaussian Fibonacci polynomials
and obtained the relation with the Fibonacci polynomials. The extension of Fibonacci and Lucas
polynomials with two variables was defined by Catalani [(17)].Ozdemir and Simsek [(18)] gave the
family of two-variable polynomials and investigated the relationship between Fibonacci, Jacobsthal
and Chebyshev polynomials. Kizilates [(19)] discussed the properties of the family of three-variable
Fibonacci polynomials. Motivated by the work of Kizilates and Ozdemir we construct four-variable
polynomials from generalized (r, s, t, u)-Numbers [(20)] and three different types of generating functions.
In Section 2, we discuss a generating function G(g) of the Four-Variable recurrence equation which
is related to Fibonacci polynomials. In Section 3, we construct other two generating functions of the
new generalized polynomials, and some properties have been investigated. In Sections 4 and 5, we
discuss new identities of the four-variable polynomials.
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2 Generating function of four-Variable recursive polynomials

The recurrence relation of Fibonacci polynomial, two variables, three variables polynomials and the
first five terms are presented in the following table.

Table 1: Recurrence relation of Fibonacci-like polynomials

Recurrence Relation Initial values

Fn(fL’l) = xan71($1) + Fn,Q(SL‘l) Fg(xl) == O,Fl(l’l) =1

Fn(iﬁl, $2) = Z?:l xiani(.%‘l,.I‘z),n Z 2 Fg(ZL‘l,I‘Q) = O,Fl(l‘l, I‘Q) =1
Fu(X) =32 aiFn i(X),n >3 Fo(X) =0, Fi(X) = 1,F(X) =z,

where X = (561,562,1‘3)

Table 2: First Five terms of fibonacci-like Polynomials

n One Variable Two variables Three Variables

0 0 0 O

1 1 1 1

2 I T Tl

3 27+1 22+ 19 22+ 19

4 x:{’ + 221 a:i{’ + 22129 ZL'? + 2z129 + X3

5 21+322+1 2] +323va+ 23 2t + 32370 + 201253 + 23

Based on suitable z; and initial values [(21)], we can generate many well known polynomials like
Lucas polynomials, Pell polynomials, Padovan polynomials.
Now, we define a Four-Variable recurrence polynomial. Let z1, 22, 23 and x4 be the positive integer
variables. Then

4
Fo(X) =Y wiFni(X); n>4 (2.1)
=1

where X = (z1,x2, 3, x4) With initial conditions
Fo(X)=0 Fi(X)=1 FBX)=z1 FBX)=21+z

From the equation (2.1), we generate four variables fibonacci-like polynomials and presented in
table(3).

We observe that, if the Fibonacci-like polynomial terms are arranged in dictionary order, then the
degree of F,(X) =n — 1.
Also, we can obtain many standard well-known sequences defined on OEIS [(22)] from the particular
case of x; and suitable initial values.

Theorem 2.1. X = (x1,x2,3,24) fibonacci-like polynomial is given by

_ 9
Glo) =1~ S g (2.2)
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Table 3: Polynomial sequence of four-variable fibonacci like polynomials

Fn(acl, o, X3, .1‘4)

0

1

T

x% + 9

23+ 2x1m9 + 73

x‘ll + 3$%:1:2 + 2x123 + ZL‘% + 24

m‘;’ + 4m:fa:2 + 333%;163 + 3x1$% + 2zox3 + 22174

OO0~ WN—=O|>D

Proof.

=g+z1g° + (21 + 22)g° + Z Fo (X

n=4

Now, we consider

ZFn( Z (1 Fn—1(X) + 22 Fn—2(X) + 23Fn—3(X) + 24 Fri—a(X))g"
n=4

n=4

D Fu(X)g" = 219[G(9) — g — 219°] + 220°[G(9) — g] + 239 G(g) + 249" G(g)

n=4

Hence, we obtain
G(9) = g+ 219" + (2f + 22)g° + 219[G(9) — 9 — 219°] + 229°[G(9) — 9] + 239°G(g) + 749" G(g)

From this, we get the desired result. O

3 Generating functions of New family of four-variable polynomials

In this section, we construct two different ordinary generating functions of the Four-Variable Recursive
Polynomials and investigate some results of these functions.

Now we consider family of four variable polynomials S;(©; A) where the variables are denoted by
© = (z1,z2,23,24) and A = («,8,7,0,¢) € No={0,1,2,...} Then we define the generating
function S;(©; A)

1

(9;0;A) = Si( 3.1
g jg() J 1 — xcl"g — ;I;ggﬁ"r"/ — "Eggﬁ+"/+5 — xﬁgﬁ+’¥+5+< ( )
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and | z%g + ngﬁJr’Y + m B+’y+6 + x< B+y+6+¢ |< 1.

Now, Using Taylor’s series expansion we derive the explicit representation of Polynomials S;(©; A)
Theorem 3.1.

Ap
Sj@%A):ZZZ <s+u+v> (ﬁitﬁ (ujv)(m) (22) (22)" (@) (32)

s=0u=0v

where

- j — | i=(B+y)s _ | =Bty +d)u

A= gl ] = | o= | GEE]
A=j—B+y-1)s—B+y+0—1u—(B+v+5+(—1)v

B=j—(B+7)s—(B+v+)(u+v) - (v

Proof. Using Taylor’s series and binomial expansion, we expand the generating function, equation
(3.1) becomes

U(g;09;A) = Z S;g’ = Z 2¥g + 2?4 algP e g g gPtroteyd
=0 J=0
a j—s 5 5 5
Ulg:&;A) =Y > <S> (259)" 7 (25977 + 239”7 4 afgl o)
7=0 s=0

Replace j by j + s, we get
Ulg;&;8) => > <J +S> Y (@Bg™ 4 algPrITe 4 g gPrrrereys
7j=0 s=0

Now, we expand (z B B+7 + xggﬁ+v+6 + ngBJr'erzHC)

U(g,@ A :iii (J+5>< )(ZE g) ( ﬁg3+W)s u( ggﬁ+v+6+xgg3+7+5+<)

7=0 s=0 u=0
Replace s by s + u, the above expression will become,

co o0 oo | +s+u s+u o i . )
Ulg:&:8) =3 > <j s+u ) ( u >(IE1 ) (@2 gPH7) (2l P+ 4 2§ gPHIHITE)
7=0 s=0 u=0
Finally, we expand (z3g°+7+% 4 z§gPtr+o+¢)u

s () ()0

=0 u=0v=0

U(g;0;A) =

It

Il
<}
®

J
a j s¢ 0 d\u—v & v
(@7 9) (259" 7) (259" 7 0) TV (ag”TITOTE)

taking v as u + v , we get

e~ [ stutv)[stutv)futo 8 Btyns
S () () (1 ey

v=0

NgE
NgE

U(g;0;A) =

<
I
o
w
I
o
5
<}

$ $ $
(x3g5+’v+ )U(xgg/3+')’+ +C)v
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In the last expression taking j — (8 + v + d + ¢)v instead of j, taking j — (8 + v + d)u instead of |,

taking 7 — (B + 7) instead of j respectively, and using the following notation,
= LLJ Ly (ﬁ+ﬂ/)SJ ¢ = L] (ﬁ+’y+5)uJ
(B+) & By+o (B+y+6+0)

AIj—(6+7—1)8—(5+’y+6—1)u—(5+7+6+c—1)7f
B=j—(B+7v)s—(B+~v+9d)(u+v)— Cvand apply the lemma (? ), we have the desired result.
O

Note that the suitable values of © = (z1,z2,23,24) and A = («, 8,7, 0,¢) gives the relation
between S;(0; A) and standard polynomials like Legendre polynomials, Humbert polynomials. The
Legendre polynomials have the generating function given by

1
ZP N T

If©®=(22,—-1,0,0)and A = (1,1, 1,1, 1), then equation (3.1) becomes

1

Hence the relation between the polynomials S;(©, A) and the Legendre polynomials P;(x) is
S;(2x,—-1,0,0;1,1,1,1,1) = 37 Pj—(2) Pr(x)

where P, ( ) are the Legendre polynomials.

The Generalized Humbert polynomials(23) are defined by

i P,(m,z,y,p,c)g" = (c — mzg +yg™)"
Ifc=1,m =1,p = —1, then the Generalized Humbert polynomials becomes
i Pa(1,2,y,—1,1)g" = (1 —zg + yg) "
If©® = (z,—y,0,0) and A = (1,1,0,1, 1), then equation (3.1) becomes

1
165 A) Si(0;A)g = ————
Ui Z T l-awg+uyg
From the above relation easily we can derive the relation between the polynomials S;(©, A) and the
Humbert polynomials P;(1,z,y, —1,1).

Now, we consider another family of polynomials W; := W;(©,A) and define generating function
in this manner

n

g
1—a%g — b ghtr — afgh+r+s — g§ghtr+i+¢

= W
j=0

R:=R(9;0,A) =U(g;0,A)g" =

where a, 8,7,6,¢ € N and | 2§ g + 2517 + a3g? 770 4 2§gP T+ | < 1.
Takinga = 8=~ =6 = ( = 1then,

9
W —
Z Jg T 1 — 119 — 2292 — 393 — Tag*

=0
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In particular, when z4 = 0,

9

> Wig’ = [

=0

_ {L'ng

— 2393

which is generating function of three variables Fibonacci-like polynomials.
In particular, a = 8 =~v=06 =¢ =1and z; — 2°,20 — x,23 — 1,24 = 0, then we obtain the
generating function of Tribonacci polynomials.

that is,

9

Zngj: 1— 22

7=0

g —zg?

_g3

In the following, we introduce another family of polynomials denoted by
K; := K;(©, A) via the generating function

> K =
=0

where o, 3,7,9,( € N,

A(g : z1,22,23), B(g9 : 1,22, x3) are arbitrary polynomials depending on g, z1, z2, 3 and

Suppose A =(1,1,1,1,

A(g : 1, x2,23) — B(g : 71, 22, 73)

S B+y+46

| 2g+ 259" +alg

1), Then

+ 239

1—az%g— xggﬁJr’Y — xfghtrts — xigﬁ+v+6+4

Bty+6+¢ |< 1.

231 g—wp9°—w39>

3U(g;©,A) — 221 R(g;©,A) — 22gR(g; ©, A) — 23g® = =

1—z19—z292—2393—249%

In particular, z4 = 0, and

3U(g;0,A) — 21 R(g;©,A) — 22gR(g; ©,A) =

where K;(z1,x2,x3,0) are trivariate Lucas polynomials.

4 Partial Derivatives For the Generating Functions

3—2x19 — x2g2
1— 219 — 29 — 2393

= ZKj(xl,mz,xg,O)gj
j=0

In this section, using partial derivatives [(24)] we derive new relations for polynomials.

Taking the derivative with regard to x1, z2, z3, x4, g Of the generating function (3.1), they hold

U
8111

ou

«
= az]

—lgU2

—1 2
5 =0y g"U

8112

oUu

6233

oUu

8364

= gz 1Aty

— a1 gPrroey?

(3.4)

(4.2)

(4.3)

(4.4)
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oUu

g (@F + a5 (B+7)g" 7T 4 a8+ +8)g" !

+25(B+7+ 0+ )P YU (4.5)

From equation (3.1),

= 55 + (SoS1 + S150)g + (S0S2 + 5181 + S250)g°+
(S0S3 + S152 + S251 + 5350)93 +--- (4.6)

Theorem 4.1. For positive integer |j,
BS oo 12 SiS; 1o

Proof. Using equations (4.1) and (3.1),

Z 05 29’ = azi " gU?
8.%1

Using equation (4.6), in the above equation and comparing the coefficients of g, we getthe result. [

Theorem 4.2. Letj > 3+ . Then we have

95 5 7= (B+7)
87;10; = Py ; SiSj—(B4y)—i
Proof. Using equations (4.2) and (3.1) ,
851 J Bxﬂ 1 /3+7U
85&

j=1

Using equation (4.6) in the above expression and comparing the coefficients of g’ we get the result.

O
Theorem 4.3. Letj > 3+~ + d. Then we have
j—(B+y+96)
S; 5’
87; =d0x3 "t Y SiSi(pryre)-i
1=0
Proof. Using equations (4.3) and (3.1),
gij g =z g U
j=1
Using equation (4.6), comparing the coefficients of ¢ we get the result. O

Theorem 4.4. Letj > B+ v+ + ¢. Then we have

55, IO
Fos = con Y SiSi(grtsro)—i

=0



UNDER PEER REVI EW

Proof. Using equations (4.4) and (3.1),

= 0S; _
aiJg] _ Cmi 1gﬁ+’Y+5+CU2+
‘ Z4
Jj=1
Using equation (4.6), comparing the coefficients of ¢ we get the result. O

Theorem 4.5. IfU =3 S;g’, then
1. Forj <a+ -1,

i
G+ 1St =25 Y S
1=0

2. Fora+pf-1<j<a+pB+vy-1,

J=(B+7)—1

i
G+ DSjpr=af Y SiSi—i+ (B+z5 D SiSj(sry)-1-
=0 i=0
3. Fora+B8+y—1<j<a+pB+v+d—1,
i i—(B+7)-1)
GHDS =28 Y SiSji+ (B+128 D> SiSi_(sem-1-it

i=0 i=0
= (Btr+8)—1
BHv+80)z3 D SiSi (a1

=0
4. Forj > (a+p+~v+96)—1,
J J—(B+~)—1)
G+ DS =at Y SiSji+B+N25 D SiSi-(pry-1-it
=0 1=0
i—(B4y+0)-1
BHy+8)zy D SiSi(prrre1-it
i=0

F=(B+y+5+¢)—1
(B+7+0+ ) > SiSj—(B+ry+6+()—1—i

=0

Proof. By definition of U,
U=73% 72,84 differentiate partially with respect to g,

(oo}

ou .|
oy = 2%
=1

Take i — 1 = j, then the above expression will become, % =200+ 1)S;419°
Using equation (4.5) and (4.6), and comparing the coefficient of g7, we get the required result. O

Theorem 4.6. Forj > 0, we have

x1 9S; <B+v)x@+(ﬁ+w+6) dS; (ﬂ+7+5+(>xasj

o 971 3 2 9zs 5 8 o T 1§ 4 Ora

JS; = 9s
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Proof. Using equations (4.1),(4.2),(4.3),(4.4) and (4.5), we obtain

20U _ e (4.7)
(0% 8 Xr1

x2 OU 8 pivpy2
B 02a =x59" U (4.8)

T3 OU 5 giytsrr
5 0z T39 U (4.9)

24 OU ¢ ptv+otcyy2
T 0ma =x9 U (4.10)
combining the above equations and using (4.6), we get the desired result. O

5 New ldentities

In this section, we derive some identities connected with these polynomials.
Taking g = < for a > 1 in equation (3.3),

°° W; aPtte

@i T aP Pt — gaghtaeti—1 _ Bt — pngl — ¢ &1

Jj=0

Identity 1:
Settinga=2,2 w 2%,y > z,z—= 1,t > 0,a=F=y=0=(=1

S
(25 7 —4a2 — 2
7=0

In particular x = 1,

im

5 =

j=0
Identity 2:
Settinga=2,2 w22,y > 2,20t > 0,a=F=y=0=(=1

i% -2
L 27 T 4 —222—g
7=0
In particular x = 1,
oo W]
Do =
j=0

Identity 3:
Let k& be the odd positive integer and k > 5. Let F, be the Fibonacci Four-Variate polynomials.Then

k—1

ZFiFH—l = Z Fip1{z1[Fi—1 + Fis1] + 22[Fi—2 + Fi] + x3[Fi—s + Fi—1]

i=4,6,8

+ za[Fica + Fi—2]}

Proof. Consider the sum F,F5 + FsFg

FyF5 = [z1F3 + xoFo + x3F1 + x4 FolFs
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FsFs = [x1F5 4+ xoFy + x3F3 + 24 Fb) F5
Therefore,

[Fy + Fo|Fs = [x1{F3 + F5} + xo{F> + Fu} + x3{F1 + F3} + za{Fo + F>}]|F5
In general,

[Fs 4+ Figo)Fig1 = [mi{Fici + Fipi b+ ao{Fico + Fi} + as3{Fi—3 + Fi_1}
4+ xa{Fi—a + Fi_2}|Fit1 (5.2)
Now,
k
Z FiFiy1 = FuF5 + FsFs + -+ - + FpFrqy1 = [Fu + F)Fs + [Fs + Fs|Fr + -+ - + [Fr—1 + Fx+1]Fx
)

Using (4.6), we get the desired result.

O
Identity 4:
Forn > 4,

1. If nis odd,

n—1 n—1
n == =

%Z FiF_i =x Z FiFn_1—i+ 22 Z FFn_o_;
i=0 i—0 i—0

n—1

n—1
2 2
+ 3 Z FiFn, 3 i+ x4 Z FiFn 4
i=0 i=0
2. Ifniseven,

n_q n_q
1 n 2 2
B ZFiFn—i = Z FiFn_1-i 4+ x2 Z FiFn_o_;
=0 =0 =0
31 i
2
+x3 Z FiFn_3_;+ x4 Z FiFn_ai+ F%
=0 =0
Proof. Case (i): If n is odd,

D FiFui=FoFu+ FiFooy 4o+ FoFp

=0

Using (2.1),F,,, Fr—1, .

.. Fni1 we get the desired result.
2
Case(ii): If n is even,

D FiFui=FoFu+ FiFoy+ -+ FuFp

=0

=2(FoFy+ FiFu1+-- -+ Fp 1 Fyn ]+ F2

Using the definition in (2.1) on the polynomial F,(X) we get the desired result.
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6 The Q-matrix and its properties

Hoggat (5) introduced the concept of generating matrix of the Tribonacci polynomial. Kocer (7) studied
the generating matrix of trivariate Fibonacci polynomials. Based on that we define the matrix Q, which
generates a fibonacci-like polynomial with Four-Variable.

The matrix Q is defined as

z1 1 0 O
T2 0 1 0
xrs3 0 0 1
za 0 0 O

Let F,, = F;,(X) be the n*" four-variable fibonacci like polynomial.
By taking continuous positive powers of the matrix Q and n > 5, we get

Fn+1 Fn Fn—l Fn—2
Q21 Q22 Q23 Q24
Q31 Q32 QSS Q34
Q41 Q42 Q43 Q44

Q" =

where

Q21 =2 Fy +x3F 1 + xaFn o
Q22 =x2Fn_1 +x3F 2+ 24Fn_3
Q23 =x2Fn 2+ x3Fn 3+ x4Fn_4
Qa1 =x2Fy 3+ x3Fh a4+ x4Fn s
Q31 = x3F +x4Fna

Q32 =x3Fn_1 +24Fn_2

Q33 =x3F o+ x4Fn 3

Q31 =x3Fn_3+x4Fn_s

Qu = x4y

Qa2 = x4 Fn 1
Qa3 = x4 Fn_»
Qua =x4Fn_3

Since determinant of Q is —z4 the determinant of Q™ is (—xz4)". Clearly, the determinant of Q™
is non-zero, so the matrix is invertible. If we consider suitable x; and n, Q will play a vital role in the
concept of encrypting and decrypting the cipher text.

Using this fact and we apply mathematical induction, we can obtain the following result.

Theorem 6.1. Let F,, = F,,(X) be the n'" four-variable fibonacci like polynomial, then

Fn+3 Fn+2 Fn+1 Fn

Foyoe Foyr B Fuoa

Fn+l Fn Fn—l Fn—Z
F, F..1 F._o F,_3

G

7 Conclusions

Multi-variable polynomials have applications in encryption and decryption. Instead of using some
arbitrary polynomials, we have defined polynomials with four-variables using the four-term recurrence
relation. We have constructed their generating function and generator matrix. Future crypto-systems
can be developed by employing matrices generated using these polynomials. Before the last section
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contains a few identities that can be utilized to simplify difference equations. Finally we conclude that
the Q-matrix is invertible matrix.
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