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SEQUENTTALLY GENERATED MEASURABLY
BOUND PRODUCTS

Abstract

Many studies have been done on products of measurable sets. The most recent
results highlight the properties of tensor products expressed as matrix products.
In this tudy, we investigate the conditions under which sequentially generated
products of functions are measurably bound using (¢ — d) criterion for uniform
continuity . The study sheds light on the application of r-neighbourhood
topological properties of refinement of measurable sets in determining the
boundedness of sequentially generated products of measurable functions.Concepts
such as monotonicity of functions, continuity from above of set functions, almost
everywhere properties and r-neighbourhood partition of measurable sets are
applied in the context of p-integrable functions. The results of this research can
be applied to develop the r-neighbourhood business models where r represents
the physical distance around a fixed business focal point that geographically
creates a fruitful business environment for achievement of the optimal industrial
and commercial profit margins determined by the boundedness of product
functions. For a fixed product of functions i.e. the target of achievement, one can
sequentially and by monotonicity of measurable functions determine the
quantitative (or measurable) convergence of the product of functions which
represents the interactive operational activities towards the defined business goals.
Further, the results of this study can be applied in developing geometrical models
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in engineering by quantitative approximation to desired standards.

Keywords : Refinement, Measurably bound, Monotonically
decreasing, r-neighbourhood .

1 Introduction

This study makes the sequence (f; ® x4)2, of products of f; and x4 where

fi ® xa € Ly(p) ® ¥ move quantitatively closer to f ® 2’ for each i . With an
appropriate choice of a real number r > 0, the r-neighbourhood N,.(x;) of a point
z; € X as discussed in [2, 14] partitions an open set G; for ¢ € I [1, 7] such that
the set

(Lo (1) s i Al (< gy e (N () >)1P
- (< g (Ga), 2’ >)UP) | 2 VP> €)

is made progressively smaller for large values of j.

Concepts on uniform continuity of functions (see[5]) and geometrical estimation
of distance from a point to a given set (see[14]) are utilized so that the quantity

(< pygyp (N (7)), 2 >)P || 2 |'/7" is kept within the e-distance of the
quantity (< psr(Gi), 2" >)V7 || 2’ |7 as we restrict a point y € G; for each
i € I to smaller intervals N,(x;) of x; € X

While the continuity of functions is discussed, we study the behaviour of
sequentially generated tensor products within the e-distance parameter where the
(e — 0) criterion for uniform continuity is applied.

2 Preliminaries

In this study, we consider 1 < p < oo and the conjugate real number p’ such that
I/p+1p' =1 (see[l, 3, 10, 12]). Throughout this paper, (£, %, 1) denotes a
measure space where ¥ is a sigma ring of subsets of €2, p : ¥ — X is a countably
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additive vector measure, X a Banach space, L,(u) the space of p-integrable
functions with respect to p . The function < x, 2’ > denotes the duality between
the Banach space X with its topological dual X’. For each 2’ € X', we have
< p(A), X" >=<z,2' > for every A € ¥ (see[l]). If a sequence (f,,)52; € L,(p)
and y 4 is the characteristic function of a measurable set A of finite measure, then
fn®xa denotes the product of f,, and x4 such that f,®@xa € L,(u) ®X for each n
Let < p, 2" >= p for every o’ € X’ such that = pizr- o (||2]])
Therefore,
(S Lfi 17 xad < pya’ >)VP L2’ M7= (< e (A), 2+ [l/]] >)P(I] 2" 1)

= (< g (A), " >)VP(|| 2 |]) [ 2 |77

= (< M|fj|p(A),x/ >)1/P ” x Hl/P'

Therefore, (< pz,7(A), 2" >)"/7 || 2’ |'/7" is well defined as demostrated
in [1,3,7,8,9, 10, 11], where pz,»(A) € X for every A € X.

Definition 1(Refinement)

A family (A, : j € a) of subsets of X is called a refinement of a set G if for
every r;-neighbourhood N,,(z;) of a point x; in A;, there is a subset G; in G such
that

(< gy (No, (), & >)VP << puyg 0 (Gy), &' >)'/P for each i and j

Therefore,

(< g Uy Nig (@), 2 >)VP = (< gy (Gi), 2 >)MP

S (< (Vo)) )7 = (< e (G ! )17

for each j

Definition 2(Measurably bound Products)

Let (€2, %, i) be a measure space and E,, 1 C E,; for each n; be set of measurable
sets each of which is a refinement of G such that u(E,,) < oo for all n;. There
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exists a neighbourhood N,.(x;) such that N,.(z;) C G; € G.

Define F,, = (Ly(u) ] i o (< pigyp (N (), 27 >)7
(< ugp(Ga) > )2 )

Such that
(< gy (En), o >)HP = (< pig (N2 By ), @' >)1/? where E,, | () for each n.
Therefore,
(< g (Bn), 2" >)VP = (< pypyp (72 Eny), 2’ >)MP
< (< gy (Bny) 2’ >)VP < (< g (Eny), 2’ )P
for all n;
As noted in [6, 7] regarding monotonically increasing sets, it follows that
(< e (Bn o) )17 1 (< i p(Bu)), 2 )7 for each n

where (E,,)¢ and (£,) are the complements of £, and E, respectively

(for examples on complements of sets, see[2, 13]).

The results in [4, 8] on monotonically decreasing sets show that |
(< gy ((Bny)) 2" >)YP L (< g e ((ER)), ' >)YP for each n;

From the results in [4] on the convergence of measurable sets to zero with respect
to cx-algebra valued measures, in (see[l]) on integral mappings and order
continuous Banach spaces of integrable functions with respect to vecror measure
and in [8, 12] on projective tensor products, the sequence (f; ® x4)32; of products
of measurable functions, where f; ® x4 € L,(1) ® ¥ is therefore said to be
measurably bound to f ® 2’ at a point x if

(LP(M)}:@)@?;CA)?Zl H [(< M|f]|p(NT(xl))7m/ >)1/p
- (< pypp(Ga), ' >)PL 2 |7 > )
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is monotonically decreasing to a null set as n — oo for € > 0

Definition 3(r-Neighbourhood Partition)

Let (G; : 1 € I) be a family of measurable open subsets of the normed space X
and (z;)°, be a sequence of elements in G; for each i € I where [ is an index set.
The sequence (N, (1), Npy(22), ..., Ny, (@-1), Ny, (25), Ny o (@541)...) of

r; - neighbourhoods of x; such that N, (x;) NN, (z;) = 0 for i # j is said to
partition G; into disjoint sets for each ¢ € [ if

N, (z;) 1 G; for each i € I (see[6, 7]).
Therefore
<, Ny, (z;) = G; for each i € 1.
If = min (rq, 79, ...75_1,74, Tiy1, -..), then
N, (z;) C G; for each i € I (see[2, 14])
Definition 4(Directed Set of Vector Measure Duality)(see [8, 9])

A set (< py, 2" >); of non-negative vector measure duality is said to be
increasingly directed if for < p;, 2" > < < py,, @' > where 1 < i < k; < n we have

< pi(A), 2" > = LUBy < g, (A), 2" > for every A € &
Definition 4(Almost Everywhere Property)(see [1, 3, 10])

Let = be an element in X. A proposition P(z) is true almost everywhere if there
exists a null set & such that v € X ~ E

3 Main Results

Proposition 1

Let (f,)2, and f be p-integrable functions such that f, converges to f
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uniformly. The set (f; ® xa); of measurable functions where
fi ®xa € Ly(p) ® X for each i is said to be measurably bound to f ® 2’ at a
point x if

(Lol I (i < gy (Np () ! )7 ,
- (< g (G), 2’ )P 2 VP = €/2)

is monotonically decreasing to a null set as n — oo for € > 0

Proof

Since f,, converges to f uniformly and f; ® x4 € L,(p) @ ¥ for i =1,...,n is
measurably bound to f ® 2’ at a point x (by hypothesis), we need to sequentially
show that set (f1 ®xa, ..., fu ®xa) and f®z’ which are at a distance greater than
an arbitrary real number € > 0, can be made progressively smaller for values that
are in some r-neighbourhood N,.(z;) of x; € X (see[2, 14]). Further, the (e — ¢)

criterion on uniform continuity of functions (see [5]) is apllied to obtain the desired
results. Therefore, given € > 0 there exists a 9 > 0 such that

VI = (L) e i 2l [(Soy < pgye (N (), 2 >)1P
- (< pgp(Ga), 2! >)VPL | [V = e
is monotonically decreasing to a null set as n — oo
provided y € Ns(z;) V y € G;.
Suppose we choose n > m such that
Vinet = (L) it (5050 < gy (No(w)), ! >)V»
(< e (G ) o [ = e/2)
The choice of € > 0 and €¢/2 > 0 Implies that
Vim-1 C yin

Therefore,
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(Lo(i) s iz <l (27 < gy (No(2)), 2 )17
B (ZT:I < M\fj\P(NT(:L‘i)),JZ/ >)1/p] H l‘l Hl/pl” Z 6/2)

Fix n, taking limits as m — oo and applying Cauchy criterion as discussed
in [1, 5 |, we obtain

L)1 Vi ) (S < g (Vo)) 2 )10
(< (G, =) [ ] 2 €2)
= V/m-1 N v in

whenever y € Ns(z;) Vy € G;

Therefore,

(L) e i 2l (i < gy (N (), 2 =)V | |7

- (< ppp(Gi)y 2! )Pl |V 2 e/2) € VI L0
as n — oo

Hence,
(L) i N (S < g p (Vo)) 27 >0 || |
(< g (G ) | o ] > ¢/2) 10
as n — oo provided y € Ns(x;) Vy € G;
Proposition 2
Let (f,)2,, f and g be p-integrable functions such that the set (fi @ xa...fn @ Xa)
of products where f; ® x4 € L,(1) ® X for each 7 is measurably bound
to f® 2’ and g ® 2’ at a point z. If for € > 0, we have

| (< (), ! )P - (< pugp(Gi) 2! )P [[< e

where (G; : i € I) is a family of measurable open subsets of the normed space X,
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then
(< pypp(Gi), o >)VP = (< pygp(Gy), ' >)MP ace.
Proof

Let (V) = (Lp(w)Fas) Il [(< ppp(Gi),a? >)"

- (< g (Gi), ! S)VPT | 2 VP < e)
for eachi € 1

Let the collection (A4, : j € ) be a refinement of a set G. For every
r;-neighbourhood N, (z;) of a point z; in A;, there exists a subset G; in
G such that N, (x; C G, for each i and j
Take r = 1/2 min (rqy,rg,...,7,). It follows that » > 0 and
N.(z;) € N, (z;) C G, for each i € T
On application of (e — d) criterion on uniform continuity as discussed in [5] and
the duality function < p, 2z’ > (see[l, 3, 9, 10, 11]), we take y closer to x; such
that for 6 > 0, we have
y € Ns(z;)) Vy e G,
Consequently,
(L i o (S5 < s (Vo). >)1)
(< gp (G, ) [ 2 ef2)
Let V4, = (Ly(o22 iy ol (S0 < g p(Ne(a)), 2 )
(< (@)’ >)] |2t V) 2 ef2)

and

V4, = Ly )i ) (S < gy (No(a), 2 >) 1P
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- (< pgp(Go) ' >)PL 2 V)] > €/2)
Since || [(< ppp(Gy), a' >)'/P

- (< e (Gi), 2! )P VP ||< e on (V)F
for each ¢ € I, it follows that
(V)9 = (Lp(m)Fes) Il [(< pypp(Ga), ! )7

- (< e (Ga), ! )Pl V7[> e
Therefore,
(V)p € Vi, UV,
Since the set

(f1i ® xa.--fn ® xa) is measurably bound to f ® ' and g ® z’ at a point z
(by hypothesis), it follows that

an and Vg;n are both monotonically | ) as n — oo
Subsequently,
The < p, 2" > - measure of ((V)%) is zero,
provided y € Ns(z;) V y € G;
Suppose,
(Lo ) (< pgpe (G a? >)7
(< (G >)) | o £ 0)

= Upzy (Lp(p )f®:v) (< e (Gi), 2" >

- (< gp(Go), 2’ >)VP) |2 |V = 1/k) =0
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It follows that
(Lp()§as) <l [(< g (G, >)1e
- (< g (Ga), ! >)MP] || [P 1 # 0)
is a null set since it is equal to the countable union of null sets (see [1, 7]).
The results on almost everywhere property in [1, 3, 10] demostrate that
(< g (Gi), ! >)VP = (< e (G), ' >VP ace.
Proposition 3
Let (f.)2,, f and g be p-integrable functions such that the set (fi®xa, ..., [n®x4)

of products where f; ® xa € L,(u) ® ¥ for i = 1,...,n is measurably bound
to f ® 2’ at a point z. If

(o) F52) : (< mgp(Ga)ya >)P (< g (Gi), 2 >)'/P)

where G; for each ¢ € I is null set, then (f; ® xa,..., fn ® xa) is measurably
bound to ¢ ® 2’ at a point x

Proof

Let E denote the set

(Lo + (< (G, )0 # (< g (G, 2! >)17

Then F is a null set (by hypothesis). From the results on almost everywhere
property in [1, 3, 10], it follows that

< g (Gi), x>V = (< pygp (Gi),a’ >)VP ace.

Lot B, = (Lp(u) 5 iy <l (S5 [< g, p (N (), 2/ >)1

- (< g (Ga), & =)VP] || 2" V]| > e)

10
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C EULyp(1) )i o S5y < gy (Np(i)), 2 >)7 || o ||V
- (< pp(Ga)oa =)Vl V] =€)

Since E' is null set and (f; ® x...., fn ® x4) is measurably bound to f ® 2z’ at a
point = by hypothesis), then

(Lo imn 1 (SFmal(< gy (No(i)), 2 >) P

- (< e (Ga), 2! >V 2l ] = e)
From which the results follows (see Proposition 1) that
F,l0asn— oo
Proposition 4

Let ()24, (9n)32; and f be p-integrable functions such that the set
(f1 ® XA, -, fn ® xa) is measurably bound to f ® x’ at a point z. If

(Lo Fans) (< g (N (), 2" >) 7

- (< g (Np(w:)), & >)VP] || V7] = 0)
is a non empty set for each j = 1,...,n, then given a real € > 0, the set
(Lp()hya) I (Shy < prgy e (Np()), ! )M

- (< g (Ga)y 2’ )P V7] = €
Proof
Let En = ((Lp()Fexa) <l [(< gy (N (@), 2 )17

(< g (N, >V || & |7 = 0)

Since E,, # () (by hypothesis), then by almost everywhere property for pairwise
distinct sets as discussed in [1, 3, 10] , it follows that

11
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(B = (Lo 28) < (< g (No(w)), 2’ >)V7
£ (< g (No(2)), 2/ >

is a null set.

Suppose

(Lo(wpseimn I 1(S5r < pigyp(Ne(i)) 2 >)r
(< g (Ga), 2’ )P o VP> €

C (En) U((Lp() i izl (s < gy (No(a), 2/ >)MP | ! (V7

- (< g (Ga), 2’ )P VP> €

/

Since (E,)¢ is a null set and (f; ® x4, ..., fn ® x4) is measurably bound to f ® x
at x it follows from Proposition 3 that

(Lol ol (S < gy (Ne()), o >)' 7
- (< pgp(Ga), 2" >)VP) ! V1> )
is monotonically | ) as n — oo as required
Proposition 5
Let the family (A; : j € «) of subsets of X be a refinement of a set G; for each i
and ()52, f be p-integrable functions such that the set (f1 ® x4, ..., fn ® X4a)

is measurably bound to f ® 2’ at x € X . If for given real numbers § > 0 and
€ > 0, the set

(Lp ()12 Vin ol [(Thsm < piger (No(3)), 27 )17
- (< e (Ga), ! VP V> 1/8)
then for ¢(5) > 0,

| [(Zkzn < M|fk|p(Nr(xi)),x’ >)1/p

12
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- (< pypp(Ga), @ >)P) | 2 ||V ]| < e
Proof
Since (A; : j € a) is a refinement of a set G; for each i (by hypothesis), then for
every r-neighbourhood N, (z;) of a point z; in A;, there is a subset G; in G such

that N,(z;) C G; for each i and j

For each natural number i, each N, (z;) has non empty lower bound B in G; such
that

(< 1gyp(B), o >0 || o < e

(< gy (Nua), 20 )2 || 2/ 7 < ¢

Therefore,

Limysoo (< g (Np (), @ >) VP || 2! |17 < e

Define £ = Up((Ly ()] ion ol ((Shzn < s (M), )17
(< (G’ =) ! [ > 1/8)

Since (f1 ® X4, -, fn ® x4) is measurably bound to f ® 2’ at € X, as noted in
proposition 1, there exists a real number § > 0 satisfying

(L) fnzn I [(Shsn < e (No(2:), 2 >)7
- (< e (G )] 2 P> 1/8) L0 as
n — oo
Subsequently,
(< pypp(ER) 2" >)P L0
Define E = U3, E

E° = N3, (ES)° where E° is the complement of E in L,(u) ® X’

13
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Therefore,
B = 0 (L5, D (S < g (N (), 2" )17
- (< pygp(Ga), o' >)P) | o P[> 1/ )¢
= M Ol Jizn | [(Sizn < g (Na(i)), o >)17
- (< g (G), o’ )R] VP I< 1/ )
Let 1/8 < e for >0
Therefore,
NE M) hzn | [(Sksn < s (Np(2)), a >)M
- (< g (Ga), @ >)VP] | [[VPl< )
On E°.
Corollary 1
Let (f,)2, (gn)2, and f be p-integrable functions with respect to an increasingly
directed scalar measure < p;, &’ > for each i and (G; : i € I) be a family of closed

measurable subsets of X. If (f; ® x4, ..., fn ® xa) is measurably bound to f ® z’
over the r-neighbourhood N, (z;) of a point x; in A € 3, then

(L) o iy ol (S < | f [P (N (), 2 >) VP
(< | fIP(X ~ G)ya! VP 2 VP[> ) L0
Proof

Since G, is closed for each i, then G¢ = X ~ G; is topologically open follows from
the results in [2, 13, 14].

Therefore,

ANGS = A~ Gy #£0

14
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If » = min (rq,79,...7,), the results in [2, 13, 14] demonstrate that for a
topologically open set G;, there exists an r-neighbourhood N, (z;) such that

N,(x;) C G; for r > 0 and for each i

By definition of measurably bound products over N, (x;), it suffices to show
that

(Lo e i I (S < gl S5 1P (N (), 2! )M
- (<l FIG), " )P |2l (M) = e) L 0

Applying the results discussed in [8, 9] in the context of increasingly directed
set of vector measure duality, it follows that

(L) i < 1S5y < sl i (N (), )Mo
(<l PGS S )1 €)
= LUB(Ly() 55 iy <l (S0 < | fy P (No)), 2 )
(< | PGS )] | > )
= LUBW(Ly(w) 55 i < (S)y < | fy PN (), >177
(< | £ PHAUGH)UX ~ Go)l 2! >)7] | ! |71 €)
C LUB(Ly(w) 55 iy <l (S < gy Sy P(No()), ! >)VP
- (< | £ PIAUG)], 2! )
+ (< | £ IPUX ~ Ga)l,a! =)V || ! ()| )
Therefore
(Lol e I (s < pg| Sy PN (), 2" )17

- (< fPUX ~ G2 >)VP] | 2" V71> €)

15
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C (Lo ol (s < gl i PN ()), )7
(<l f (G, =)V | P> e)

The preceding discussion satisfy the monotone property in [6, 13] from
which the results follows

(Lp () For iy < (20 < gy | 5 P(No(22)), 2" =)
(< | fIP(X ~ Gy)y ! S)VPT | 2 VP> ) L0
3 Conclusion

The results obtained in this study highlight the boundedness of sequentially
generated measurable products at a point using the neighbourhood topological
properties of open sets.
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