
SEQUENTIALLY GENERATED MEASURABLY
BOUND PRODUCTS

Abstract

Many studies have been done on products of measurable sets. The most recent
results highlight the properties of tensor products expressed as matrix products.
In this tudy, we investigate the conditions under which sequentially generated
products of functions are measurably bound using (ε− δ) criterion for uniform
continuity . The study sheds light on the application of r-neighbourhood
topological properties of refinement of measurable sets in determining the
boundedness of sequentially generated products of measurable functions.Concepts
such as monotonicity of functions, continuity from above of set functions, almost
everywhere properties and r-neighbourhood partition of measurable sets are
applied in the context of p-integrable functions. The results of this research can
be applied to develop the r-neighbourhood business models where r represents
the physical distance around a fixed business focal point that geographically
creates a fruitful business environment for achievement of the optimal industrial
and commercial profit margins determined by the boundedness of product
functions. For a fixed product of functions i.e. the target of achievement, one can
sequentially and by monotonicity of measurable functions determine the
quantitative (or measurable) convergence of the product of functions which
represents the interactive operational activities towards the defined business goals.
Further, the results of this study can be applied in developing geometrical models

1

UNDER PEER REVIEW



in engineering by quantitative approximation to desired standards.

Keywords : Refinement, Measurably bound, Monotonically
decreasing, r-neighbourhood .

1 Introduction

This study makes the sequence (fi ⊗ χA)∞i=1 of products of fi and χA where
fi ⊗ χA ∈ Lp(µ)⊗ Σ move quantitatively closer to f ⊗ x′ for each i . With an
appropriate choice of a real number r > 0, the r-neighbourhood Nr(xi) of a point
xi ∈ X as discussed in [2, 14] partitions an open set Gi for i ∈ I [1, 7] such that
the set

(Lp(µ)f⊗x
′

fj⊗χA
)nj=1 :‖ (< µ|fj |p(Nr(xi)), x

′ >)1/p

- (< µ|f |p(Gi), x
′ >)1/p) ‖ x′ ‖1/p′‖≥ ε)

is made progressively smaller for large values of j.

Concepts on uniform continuity of functions (see[5]) and geometrical estimation
of distance from a point to a given set (see[14]) are utilized so that the quantity

(< µ|fj |p(Nr(xi)), x
′ >)1/p ‖ x′ ‖1/p′ is kept within the ε-distance of the

quantity (< µ|f |p(Gi), x
′ >)1/p ‖ x′ ‖1/p′ as we restrict a point y ∈ Gi for each

i ∈ I to smaller intervals Nr(xi) of xi ∈ X

While the continuity of functions is discussed, we study the behaviour of
sequentially generated tensor products within the ε-distance parameter where the
(ε− δ) criterion for uniform continuity is applied.

2 Preliminaries

In this study, we consider 1 ≤ p <∞ and the conjugate real number p′ such that
1/p+ 1p′ = 1 (see[1, 3, 10, 12]). Throughout this paper, (Ω,Σ, µ) denotes a
measure space where Σ is a sigma ring of subsets of Ω, µ : Σ→ X is a countably
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additive vector measure, X a Banach space, Lp(µ) the space of p-integrable
functions with respect to µ . The function < x, x′ > denotes the duality between
the Banach space X with its topological dual X ′. For each x′ ∈ X ′, we have
< µ(A), X ′ >=< x, x′ > for every A ∈ Σ (see[1]). If a sequence (fn)∞i=1 ∈ Lp(µ)
and χA is the characteristic function of a measurable set A of finite measure, then
fn⊗χA denotes the product of fn and χA such that fn⊗χA ∈ Lp(µ)⊗Σ for each n

Let < µ, x′ >= µx′ for every x′ ∈ X ′ such that µx′ = µx′÷‖x′‖(‖x′‖)

Therefore,

(
∫
| fj |p .χAδ < µ, x′ >)1/p ‖ x′ ‖1/p′‖= (< µ|fj |p(A), x′ ÷ ‖x′‖ >)1/p(‖ x′ ‖)

= (< µ|fj |p(A), x′ >)1/p(‖ x′ ‖) ‖ x′ ‖−1/p

= (< µ|fj |p(A), x′ >)1/p ‖ x′ ‖1/p′

Therefore, (< µ|fj |p(A), x′ >)1/p ‖ x′ ‖1/p′ is well defined as demostrated
in [1, 3, 7, 8, 9, 10, 11], where µ|fj |p(A) ∈ X for every A ∈ Σ.

Definition 1(Refinement)

A family (Aj : j ∈ α) of subsets of X is called a refinement of a set G if for
every ri-neighbourhood Nri(xi) of a point xi in Ai, there is a subset Gi in G such
that
(< µ|fj |p(Nri(xi)), x

′ >)1/p ≤< µ|fj |p(Gi), x
′ >)1/p for each i and j

Therefore,

(< µ|fj |p(
⋃∞
i=1Nri(xi)), x

′ >)1/p = (< µ|fj |p(Gi), x
′ >)1/p

∑∞
i=1(< µ|fj |p(Nri(xi)), x

′ >)1/p = (< µ|fj |p(Gi), x
′ >)1/p

for each j

Definition 2(Measurably bound Products)

Let (Ω,Σ, µ) be a measure space and Enj+1 ⊂ Enj
for each nj be set of measurable

sets each of which is a refinement of G such that µ(En1) <∞ for all nj. There
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exists a neighbourhood Nr(xi) such that Nr(xi) ⊂ Gi ∈ G.

Define Enj
= (Lp(µ)f⊗x

′

fj⊗χA
)nj=1 :‖ [(< µ|fj |p(Nr(xi)), x

′ >)1/p

- (< µ|f |p(Gi), x
′ >)1/p] ‖ x′ ‖1/p′‖≥ ε)

Such that

(< µ|fj |p(En), x′ >)1/p = (< µ|fj |p(
⋂∞
j=1Enj

), x′ >)1/p where En ↓ ∅ for each n.

Therefore,

(< µ|fj |p(En), x′ >)1/p = (< µ|fj |p(
⋂∞
j=1Enj

), x′ >)1/p

≤ (< µ|fj |p(Enj
), x′ >)1/p ≤ (< µ|fj |p(En1), x

′ >)1/p

for all nj

As noted in [6, 7] regarding monotonically increasing sets, it follows that

(< µ|fj |p((Enj
)c), x′ >)1/p ↑ (< µ|fj |p((En)c), x′ >)1/p for each n

where (Enj
)c and (En)c are the complements of Enj

and En respectively
(for examples on complements of sets, see[2, 13]).

The results in [4, 8] on monotonically decreasing sets show that ,

(< µ|fj |p((Enj
)), x′ >)1/p ↓ (< µ|fj |p((En)), x′ >)1/p for each nj

From the results in [4] on the convergence of measurable sets to zero with respect
to c∗-algebra valued measures, in (see[1]) on integral mappings and order
continuous Banach spaces of integrable functions with respect to vecror measure
and in [8, 12] on projective tensor products, the sequence (fi⊗χA)∞i=1 of products
of measurable functions, where fi ⊗ χA ∈ Lp(µ)⊗ Σ is therefore said to be
measurably bound to f ⊗ x′ at a point x if

(Lp(µ)f⊗x
′

fj⊗χA
)nj=1 :‖ [(< µ|fj |p(Nr(xi)), x

′ >)1/p

- (< µ|f |p(Gi), x
′ >)1/p] ‖ x′ ‖1/p′ ≥ ε)
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is monotonically decreasing to a null set as n→∞ for ε > 0

Definition 3(r-Neighbourhood Partition)

Let (Gi : i ∈ I) be a family of measurable open subsets of the normed space X
and (xi)

∞
i=1 be a sequence of elements in Gi for each i ∈ I where I is an index set.

The sequence (Nr1(x1), Nr2(x2), ..., Nri−1
(xi−1), Nri(xi), Nri+1

(xi+1)...) of
ri - neighbourhoods of xi such that Nri(xi)

⋂
Nrj(xj) = ∅ for i 6= j is said to

partition Gi into disjoint sets for each i ∈ I if

Nri(xi) ↑ Gi for each i ∈ I (see[6, 7]).

Therefore

⋃∞
i=1Nri(xi) = Gi for each i ∈ I.

If r = min (r1, r2, ....ri−1, ri, ri+1, ...), then

Nr(xi) ⊂ Gi for each i ∈ I (see[2, 14])

Definition 4(Directed Set of Vector Measure Duality)(see [8, 9])

A set (< µi, x
′ >)ni=1 of non-negative vector measure duality is said to be

increasingly directed if for < µi, x
′ > ≤ < µki , x

′ > where 1 ≤ i < ki ≤ n we have

< µi(A), x′ > = LUBk < µki(A), x′ > for every A ∈ Σ

Definition 4(Almost Everywhere Property)(see [1, 3, 10])

Let x be an element in X. A proposition P (x) is true almost everywhere if there
exists a null set E such that x ∈ X ∼ E

3 Main Results

Proposition 1

Let (fn)∞i=1 and f be p-integrable functions such that fn converges to f
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uniformly.The set (fi ⊗ χA)ni=1 of measurable functions where
fi ⊗ χA ∈ Lp(µ)⊗ Σ for each i is said to be measurably bound to f ⊗ x′ at a
point x if

(Lp(µ)f⊗x
′

fj⊗χA
)nj=m :‖ [(

∑n
j=m < µ|fj |p(Nr(xi)), x

′ >)1/p

- (< µ|f |p(Gi), x
′ >)1/p] ‖ x′ ‖1/p′‖ ≥ ε/2)

is monotonically decreasing to a null set as n→∞ for ε > 0

Proof

Since fn converges to f uniformly and fi ⊗ χA ∈ Lp(µ)⊗ Σ for i = 1, ..., n is
measurably bound to f ⊗ x′ at a point x (by hypothesis), we need to sequentially
show that set (f1⊗χA, ..., fn⊗χA) and f⊗x′ which are at a distance greater than
an arbitrary real number ε > 0, can be made progressively smaller for values that
are in some r-neighbourhood Nr(xi) of xi ∈ X (see[2, 14]). Further, the (ε− δ)
criterion on uniform continuity of functions (see [5]) is apllied to obtain the desired
results. Therefore, given ε > 0 there exists a δ > 0 such that

∇fn = (Lp(µ)f⊗x
′

fj⊗χA
)nj=1 :‖ [(

∑n
j=1 < µ|fj |p(Nr(xi)), x

′ >)1/p

- (< µ|f |p(Gi), x
′ >)1/p] ‖ x′ ‖1/p′‖ ≥ ε)

is monotonically decreasing to a null set as n→∞

provided y ∈ Nδ(xi) ∀ y ∈ Gi.

Suppose we choose n > m such that

∇fm−1 = (Lp(µ)f⊗x
′

fj⊗χA
)m−1j=1 :‖ [(

∑m−1
j=1 < µ|fj |p(Nr(xi)), x

′ >)1/p

- (< µ|f |p(Gi), x
′ >)1/p] ‖ x′ ‖1/p′‖ ≥ ε/2)

The choice of ε > 0 and ε/2 > 0 Implies that

∇fm−1 ⊆ ∇fn

Therefore,
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(Lp(µ)f⊗x
′

fj⊗χA
)nj=1 :‖ [(

∑n
j=1 < µ|fj |p(Nr(xi)), x

′ >)1/p

- (
∑m
j=1 < µ|fj |p(Nr(xi)), x

′ >)1/p] ‖ x′ ‖1/p′‖ ≥ ε/2)

Fix n, taking limits as m→∞ and applying Cauchy criterion as discussed
in [1, 5 ], we obtain

(Lp(µ)f⊗x
′

fj⊗χA
)nj=m :‖ [(

∑n
j=m < µ|fj |p(Nr(xi)), x

′ >)1/p

- (< µ|f |p(Gi), x
′ >)1/p] ‖ x′ ‖1/p′‖ ≥ ε/2)

= ∇fm−1
⋂ ∇fn

whenever y ∈ Nδ(xi) ∀ y ∈ Gi

Therefore,

(Lp(µ)f⊗x
′

fj⊗χA
)nj=m :‖ (

∑n
j=m < µ|fj |p(Nr(xi)), x

′ >)1/p ‖ x′ ‖1/p′

- (< µ|f |p(Gi), x
′ >)1/p ‖ x′ ‖1/p′‖ ≥ ε/2) ⊆ ∇fn ↓ ∅

as n→∞

Hence,

(Lp(µ)f⊗x
′

fj⊗χA
)nj=m :‖ [(

∑n
j=m < µ|fj |p(Nr(xi)), x

′ >)1/p ‖ x′ ‖1/p′

- (< µ|f |p(Gi), x
′ >)1/p] ‖ x′ ‖1/p′‖ ≥ ε/2) ↓ ∅

as n→∞ provided y ∈ Nδ(xi) ∀ y ∈ Gi

Proposition 2

Let (fn)∞i=1, f and g be p-integrable functions such that the set (f1⊗χA...fn⊗χA)
of products where fi ⊗ χA ∈ Lp(µ)⊗ Σ for each i is measurably bound
to f ⊗ x′ and g ⊗ x′ at a point x. If for ε > 0, we have

‖ (< µ|f |p(Gi), x
′ >)1/p - (< µ|g|p(Gi), x

′ >)1/p ‖< ε

where (Gi : i ∈ I) is a family of measurable open subsets of the normed space X,
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then

(< µ|f |p(Gi), x
′ >)1/p = (< µ|g|p(Gi), x

′ >)1/p a.e.

Proof

Let (∇)gf = ((Lp(µ)g⊗x
′

f⊗x′) :‖ [(< µ|f |p(Gi), x
′ >)1/p

- (< µ|g|p(Gi), x
′ >)1/p] ‖ x′ ‖1/p′ ‖< ε)

for each i ∈ I

Let the collection (Aj : j ∈ α) be a refinement of a set G. For every
ri-neighbourhood Nri(xi) of a point xi in Aj, there exists a subset Gi in
G such that Nri(xi ⊆ Gi for each i and j

Take r = 1/2 min (r1, r2, ..., rn). It follows that r > 0 and

Nr(xi) ⊆ Nri(xi) ⊆ Gi for each i ∈ I

On application of (ε− δ) criterion on uniform continuity as discussed in [5] and
the duality function < µ, x′ > (see[1, 3, 9, 10, 11]), we take y closer to xi such
that for δ > 0, we have

y ∈ Nδ(xi) ∀ y ∈ Gi

Consequently,

(Lp(µ)f⊗x
′

fj⊗χA
)nj=1 :‖ [(

∑n
j=1 < µ|fj |p(Nr(xi)), x

′ >)1/p)

- (< µ|f |p(Gi), x
′ >)1/p] ‖ x′ ‖1/p′‖ ≥ ε/2)

Let ∇f
fn

= (Lp(µ)f⊗x
′

fj⊗χA
)nj=1 :‖ [(

∑n
j=1 < µ|fj |p(Nr(xi)), x

′ >)1/p

- (< µ|f |p(Gi), x
′ >)1/p] ‖ x′ ‖1/p′‖ ≥ ε/2)

and

∇g
fn

= (Lp(µ)g⊗x
′

fj⊗χA
)nj=1 :‖ [(

∑n
j=1 < µ|fj |p(Nr(xi)), x

′ >)1/p
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- (< µ|g|p(Gi), x
′ >)1/p] ‖ x′ ‖1/p′‖ ≥ ε/2)

Since ‖ [(< µ|f |p(Gi), x
′ >)1/p

- (< µ|g|p(Gi), x
′ >)1/p] ‖ x′ ‖1/p′ ‖< ε on (∇)gf

for each i ∈ I, it follows that

((∇)gf )
c = ((Lp(µ)g⊗x

′

f⊗x′) :‖ [(< µ|f |p(Gi), x
′ >)1/p

- (< µ|g|p(Gi), x
′ >)1/p] ‖ x′ ‖1/p′ ‖≥ ε)

Therefore,

((∇)gf )
c ⊆ ∇f

fn

⋃∇f
gn

Since the set

(f1 ⊗ χA...fn ⊗ χA) is measurably bound to f ⊗ x′ and g ⊗ x′ at a point x
(by hypothesis), it follows that

∇f
fn

and ∇f
gn are both monotonically ↓ ∅ as n→∞

Subsequently,

The < µ, x′ > - measure of ((∇)gf )
c is zero,

provided y ∈ Nδ(xi) ∀ y ∈ Gi

Suppose,

((Lp(µ)g⊗x
′

f⊗x′) :‖ [(< µ|f |p(Gi), x
′ >)1/p

- (< µ|g|p(Gi), x
′ >)1/p] ‖ x′ ‖1/p′ ‖6= 0)

=
⋃∞
k=1((Lp(µ)g⊗x

′

f⊗x′) :‖ (< µ|f |p(Gi), x
′ >

- (< µ|g|p(Gi), x
′ >)1/p) ‖ x′ ‖1/p′ ‖≥ 1/k) = 0
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It follows that

((Lp(µ)g⊗x
′

f⊗x′) :‖ [(< µ|f |p(Gi), x
′ >)1/p

- (< µ|g|p(Gi), x
′ >)1/p] ‖ x′ ‖1/p′ ‖6= 0)

is a null set since it is equal to the countable union of null sets (see [1, 7]).

The results on almost everywhere property in [1, 3, 10] demostrate that

(< µ|f |p(Gi), x
′ >)1/p = (< µ|g|p(Gi), x

′ >1/p a.e.

Proposition 3

Let (fn)∞i=1, f and g be p-integrable functions such that the set (f1⊗χA, ..., fn⊗χA)
of products where fi ⊗ χA ∈ Lp(µ)⊗ Σ for i = 1, ..., n is measurably bound
to f ⊗ x′ at a point x. If

((Lp(µ)g⊗x
′

f⊗x′) : (< µ|f |p(Gi), x
′ >)1/p 6= (< µ|g|p(Gi), x

′ >)1/p)

where Gi for each i ∈ I is null set, then (f1 ⊗ χA, ..., fn ⊗ χA) is measurably
bound to g ⊗ x′ at a point x

Proof

Let E denote the set

((Lp(µ)g⊗x
′

f⊗x′) : (< µ|f |p(Gi), x
′ >)1/p 6= (< µ|g|p(Gi), x

′ >)1/p

Then E is a null set (by hypothesis). From the results on almost everywhere

property in [1, 3, 10], it follows that

< µ|f |p(Gi), x
′ >)1/p = (< µ|g|p(Gi), x

′ >)1/p a.e.

Let Fn = ((Lp(µ)g⊗x
′

fj⊗χA
)nj=1 :‖ (

∑n
j=1[< µ|fj |p(Nr(xi)), x

′ >)1/p

- (< µ|g|p(Gi), x
′ >)1/p] ‖ x′ ‖1/p′‖ ≥ ε)
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⊆ E
⋃

(Lp(µ)f⊗x
′

fj⊗χA
)nj=1 :‖ (

∑n
j=1 < µ|fj |p(Nr(xi)), x

′ >)1/p ‖ x′ ‖1/p′

- (< µ|f |p(Gi), x
′ >)1/p ‖ x′ ‖1/p′‖ ≥ ε)

Since E is null set and (f1 ⊗ χ,..., fn ⊗ χA) is measurably bound to f ⊗ x′ at a
point x by hypothesis), then

((Lp(µ)g⊗x
′

fj⊗χA
)nj=1 :‖ ((

∑n
j=1[(< µ|fj |p(Nr(xi)), x

′ >)1/p

- (< µ|g|p(Gi), x
′ >)1/p] ‖ x′ ‖1/p′‖ ≥ ε)

From which the results follows (see Proposition 1) that

Fn ↓ ∅ as n→∞

Proposition 4

Let (fn)∞i=1, (gn)∞i=1 and f be p-integrable functions such that the set
(f1 ⊗ χA, ..., fn ⊗ χA) is measurably bound to f ⊗ x′ at a point x. If

((Lp(µ)gi⊗χA
fj⊗χA

) :‖ [(< µ|fj |p(Nr(xi)), x
′ >)1/p

- (< µ|gi|p(Nr(xi)), x
′ >)1/p] ‖ x′ ‖1/p′‖ = 0)

is a non empty set for each j = 1, ..., n, then given a real ε > 0, the set

((Lp(µ)f⊗x
′

gj⊗χA
) :‖ [(

∑n
j=1 < µ|gj |p(Nr(xi)), x

′ >)1/p

- (< µ|f |p(Gi), x
′ >)1/p] ‖ x′ ‖1/p′‖≥ ε)

Proof

Let En = ((Lp(µ)gi⊗χA
fj⊗χA

) :‖ [(< µ|fj |p(Nr(xi)), x
′ >)1/p

- (< µ|gi|p(Nr(xi)), x
′ >)1/p] ‖ x′ ‖1/p′‖ = 0)

Since En 6= ∅ (by hypothesis), then by almost everywhere property for pairwise
distinct sets as discussed in [1, 3, 10] , it follows that
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(En)c = ((Lp(µ)gi⊗χA
fj⊗χA

) : (< µ|fj |p(Nr(xi)), x
′ >)1/p

6= (< µ|gi|p(Nr(xi)), x
′ >)1/p

is a null set.

Suppose

((Lp(µ)f⊗x
′

gj⊗χA
)nj=1 :‖ [(

∑n
j=1 < µ|gj |p(Nr(xi)), x

′ >)1/p

- (< µ|f |p(Gi), x
′ >)1/p] ‖ x′ ‖1/p′‖≥ ε)

⊆ (En)c
⋃

((Lp(µ)f⊗x
′

fj⊗χA
)nj=1 :‖ (

∑n
j=1 < µ|fj |p(Nr(xi)), x

′ >)1/p ‖ x′ ‖1/p′

- (< µ|f |p(Gi), x
′ >)1/p ‖ x′ ‖1/p′‖≥ ε)

Since (En)c is a null set and (f1 ⊗ χA, ..., fn ⊗ χA) is measurably bound to f ⊗ x′
at x it follows from Proposition 3 that

((Lp(µ)f⊗x
′

gj⊗χA
)nj=1 :‖ [(

∑n
j=1 < µ|gj |p(Nr(xi)), x

′ >)1/p

- (< µ|f |p(Gi), x
′ >)1/p] ‖ x′ ‖1/p′‖≥ ε)

is monotonically ↓ ∅ as n→∞ as required

Proposition 5

Let the family (Aj : j ∈ α) of subsets of X be a refinement of a set Gi for each i
and (fn)∞i=1, f be p-integrable functions such that the set (f1 ⊗ χA, ..., fn ⊗ χA)
is measurably bound to f ⊗ x′ at x ∈ X . If for given real numbers β > 0 and
ε > 0, the set

((Lp(µ)f⊗x
′

fk⊗χA
)k≥n :‖ [(

∑
k≥n < µ|fk|p(Nr(xi)), x

′ >)1/p

- (< µ|f |p(Gi), x
′ >)1/p] ‖ x′ ‖1/p′‖≥ 1/β)

then for ε(β) > 0,

‖ [(
∑
k≥n < µ|fk|p(Nr(xi)), x

′ >)1/p
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- (< µ|f |p(Gi), x
′ >)1/p] ‖ x′ ‖1/p′‖< ε

Proof

Since (Aj : j ∈ α) is a refinement of a set Gi for each i (by hypothesis), then for
every r-neighbourhood Nr(xi) of a point xi in Ai, there is a subset Gi in G such
that Nr(xi) ⊆ Gi for each i and j

For each natural number i, each Nr(xi) has non empty lower bound B in Gi such
that

(< µ|fj |p(B), x′ >)1/p ‖ x′ ‖1/p′< ε

(< µ|fj |p(Nr(xi)), x
′ >)1/p ‖ x′ ‖1/p′< ε

Therefore,

limj→∞(< µ|fj |p(Nr(xi)), x
′ >)1/p ‖ x′ ‖1/p′< ε

Define Eβ
n =

⋃
k((Lp(µ)f⊗x

′

fk⊗χA
)k≥n :‖ [(

∑
k≥n < µ|fk|p(Nr(xi)), x

′ >)1/p

- (< µ|f |p(Gi), x
′ >)1/p] ‖ x′ ‖1/p′‖≥ 1/β)

Since (f1 ⊗ χA, ..., fn ⊗ χA) is measurably bound to f ⊗ x′ at x ∈ X, as noted in
proposition 1, there exists a real number β > 0 satisfying

((Lp(µ)f⊗x
′

fk⊗χA
)k≥n :‖ [(

∑
k≥n < µ|fk|p(Nr(xi)), x

′ >)1/p

- (< µ|f |p(Gi), x
′ >)1/p] ‖ x′ ‖1/p′‖≥ 1/β) ↓ ∅ as

n→∞

Subsequently,

(< µ|f |p(Eβ
n), x′ >)1/p ↓ 0

Define E =
⋃∞
β=1E

β
n

Ec =
⋂∞
β=1(E

β
n)c where Ec is the complement of E in Lp(µ)⊗X ′
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Therefore,

Ec =
⋂∞
β=1

⋂
k((Lp(µ)f⊗x

′

fk⊗χA
)k≥n :‖ [(

∑
k≥n < µ|fk|p(Nr(xi)), x

′ >)1/p

- (< µ|f |p(Gi), x
′ >)1/p] ‖ x′ ‖1/p′‖≥ 1/β)c

=
⋂∞
β=1

⋂
k((Lp(µ)f⊗x

′

fk⊗χA
)k≥n :‖ [(

∑
k≥n < µ|fk|p(Nr(xi)), x

′ >)1/p

- (< µ|f |p(Gi), x
′ >)1/p] ‖ x′ ‖1/p′‖< 1/β)

Let 1/β < ε for β > 0

Therefore,

⋂∞
β=1

⋂
k((Lp(µ)f⊗x

′

fk⊗χA
)k≥n :‖ [(

∑
k≥n < µ|fk|p(Nr(xi)), x

′ >)1/p

- (< µ|f |p(Gi), x
′ >)1/p] ‖ x′ ‖1/p′‖< ε)

On Ec.

Corollary 1

Let (fn)∞i=1, (gn)∞i=1 and f be p-integrable functions with respect to an increasingly
directed scalar measure < µi, x

′ > for each i and (Gi : i ∈ I) be a family of closed
measurable subsets of X. If (f1 ⊗ χA, ..., fn ⊗ χA) is measurably bound to f ⊗ x′
over the r-neighbourhood Nr(xi) of a point xi in A ∈ Σ, then

((Lp(µ)f⊗x
′

fj⊗χA
)nj=1 :‖ [(

∑n
j=1 < µkj | fj |

p(Nr(xi)), x
′ >)1/p

- (< µkj | f |
p(X ∼ Gi), x

′ >)1/p] ‖ x′ ‖1/p′‖≥ ε) ↓ ∅

Proof

Since Gi is closed for each i, then GC = X ∼ Gi is topologically open follows from
the results in [2, 13, 14].

Therefore,

A
⋂
Gc
i = A ∼ Gi 6= ∅
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If r = min (r1, r2, ...rn), the results in [2, 13, 14] demonstrate that for a
topologically open set Gi, there exists an r-neighbourhood Nr(xi) such that

Nr(xi) ⊂ Gi for r > 0 and for each i

By definition of measurably bound products over Nr(xi), it suffices to show
that

((Lp(µ)f⊗x
′

fj⊗χA
)nj=1 :‖ [(

∑n
j=1 < µj| fj |p(Nr(xi)), x

′ >)1/p

- (< µj| f |p(Gc
i), x

′ >)1/p] ‖ x′ ‖1/p′‖≥ ε) ↓ ∅

Applying the results discussed in [8, 9] in the context of increasingly directed
set of vector measure duality, it follows that

((Lp(µ)f⊗x
′

fj⊗χA
)nj=1 :‖ [(

∑n
j=1 < µj| fj |p(Nr(xi)), x

′ >)1/p

- (< µj| f |p(Gc
i), x

′ >)1/p] ‖ x′ ‖1/p′‖≥ ε)

= LUBk((Lp(µ)f⊗x
′

fj⊗χA
)nj=1 :‖ [(

∑n
j=1 < µkj | fj |

p(Nr(xi)), x
′ >)1/p

- (< µkj | f |
p(Gc

i), x
′ >)1/p] ‖ x′ ‖1/p′‖≥ ε)

= LUBk((Lp(µ)f⊗x
′

fj⊗χA
)nj=1 :‖ (

∑n
j=1 < µkj | fj |

p(Nr(xi)), x >
1/p

- (< µkj | f |
p[(A

⋃
Gi)

c)
⋃

(X ∼ Gi)], x
′ >)1/p] ‖ x′ ‖1/p′‖≥ ε)

⊆ LUBk((Lp(µ)f⊗x
′

fj⊗χA
)nj=1 :‖ [(

∑n
j=1 < µkj | fj |

p(Nr(xi)), x
′ >)1/p

- (< µkj | f |
p[(A

⋃
Gi)

c)], x′ >)1/p

+ (< µkj | f |
p[(X ∼ Gi)], x

′ >)1/p] ‖ x′ ‖1/p′‖≥ ε)

Therefore

((Lp(µ)f⊗x
′

fj⊗χA
)nj=1 :‖ [(

∑n
j=1 < µkj | fj |

p(Nr(xi)), x
′ >)1/p

- (< µkj | f |
p[(X ∼ Gi)], x

′ >)1/p] ‖ x′ ‖1/p′‖≥ ε)
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⊆ ((Lp(µ)f⊗x
′

fj⊗χA
)nj=1 :‖ (

∑n
j=1 < µj| fj |p(Nr(xi)), x

′ >)1/p

- (< µj| f |p(Gc
i), x

′ >)1/p] ‖ x′ ‖1/p′‖≥ ε)

The preceding discussion satisfy the monotone property in [6, 13] from
which the results follows

((Lp(µ)f⊗x
′

fj⊗χA
)nj=1 :‖ [(

∑n
j=1 < µkj | fj |

p(Nr(xi)), x
′ >)1/p

- (< µkj | f |
p(X ∼ Gi), x

′ >)1/p] ‖ x′ ‖1/p′‖≥ ε) ↓ ∅

3 Conclusion

The results obtained in this study highlight the boundedness of sequentially
generated measurable products at a point using the neighbourhood topological
properties of open sets.

REFERENCES

[1] Agud, L., Calabuig, J. M., Juan, M. A. and Sanchez Perez, E. A. Banach
Lattice Structures and Concavifications in Banach Spaces. Mathematics, 2020,
8(1), 127.

[2] Almuhur, E., Miqdad, H., Al-labadi, M. and Idrisi, M. I. µ-L-Closed Subsets
of Noetherian Generalized Topological Spaces. International Journal of
Neutrosophic Science, 2024, 23(3), 148-48.

[3] Calabuig, J. M., Rodrez, J., Shez-Pz, E. A. Strongly embedded
subspaces of p-convex Banach function spaces. Positivity, 2013, 17(3),
775-791.

[4] Gbemou, K. and Mensah, Y. Aspects of the Fourier-Stieltjes transform
of C-algebra valued measures. Journal of Advances in Mathematics and
Computer Science, 2019, 33(5), 1-8

[5] Konstantogiannis, S. Relaxation of the Sequential Criteria for Continuity and

16

UNDER PEER REVIEW



Uniform Continuity of a Real Function. The Teaching of Mathematics, 2022,
25(2), 116-121

[6] Otanga, O. L. On the finiteness and sigma finiteness of a
cubic measure function. Inter. Math. Forum, Hikari Ltd, 2015, 10(3),
111 - 114.

[7] Otanga, O. L., Oduor, M. O. and Aywa, S. O. Partition of
measurable sets. Journal of Advances in Mathematics, 2015, 10 (8),
3759 - 3763.

[8] Otanga, O. L., Oduor, M. O. and Aywa, S. O. On Generation of Measurable
Covers for Measurable Sets Using Multiple Integral of Functions. Journal of
textit Mathematics and Statistical Science, 2015, 2015, 32 -41

[9] Otanga, O. L. and Oduor, M. O. On Pointwise product vector
measure duality. Journal of Advances in Mathematics, 2021, 20, 8 - 18

[10] Otanga, O. L.. On Absolute continuity of non negative
functions. Asian Research Journal of Mathematics, 2022, 8(11),
385 - 392.

[11] Olwamba, L. O. On Projection Properties of Monotone Integrable
. FunctionsJournal of Advances in Mathematics and Computer Science, 2024,
39(3), 29-36.

[12] Rodrez, J.and Zoca, A. R. Weak Precompactness in Projective Tensor
Products. Indagationes Mathematicae, 2024, 35(1), 60-75.

[13] Tyagi, B. K. and Chauhan, H. On Generalized Closed Sets in Generalized
Topological Spaces. Cubo (Temuco), 2016, 18(1), 27-45.

[14] Van Ngai, H., Tron, N. H. and Tinh, P. N. Directional Hlder metric
subregularity and application to tangent cones. Journal of Convex Analysis,
2017, 24(2), 417-457.

17

UNDER PEER REVIEW


