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Analysis of Norm-Attainability and Convergence
Properties of Orthogonal Polynomials in
Weighted Sobolev Spaces.

Abstract

This paper explores norm-attainability of orthogonal polynomials in Sobolev
spaces, investigating properties like existence, uniqueness, and conver-
gence. It establishes the convergence of these polynomials in Sobolev
spaces, addressing orthogonality preservation and derivative behaviors.
Spectral properties, including Sturm-Liouville eigenvalue problems, are
analyzed, enhancing the understanding of these polynomials. The study
incorporates fundamental concepts like reproducing kernels, Riesz repre-
sentations, and Bessel’s inequality. Results contribute to the theoretical
understanding of orthogonal polynomials, with potential applications in
diverse mathematical and computational contexts.
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Introduction

This research paper investigates the norm-attainability of orthogonal polynomi-
als within Sobolev spaces, motivated by their fundamental role in approximation
theory and numerical analysis[2,3,4,7,10,12 14,15]. The introduction highlights
the significance of understanding the conditions under which the norm of or-
thogonal polynomials can be attained, emphasizing the broader implications
for computational algorithms and mathematical analysis[5,6,7,8,9,11,13]. The
research objectives focus on establishing foundational theorems, propositions,
lemmas, and corollaries to characterize the norm-attainability phenomenon.
The methodology comprises a thorough literature review, the formulation of
a theoretical framework, rigorous proof construction, and, optionally, numeri-
cal experiments for validation. The approach aims to contribute to functional
analysis, providing insights that bridge theoretical developments with practical
applications in various mathematical domains.

Preliminaries

In this section, we establish the foundational concepts and results that form the
basis of our investigation into the norm-attainability of orthogonal polynomials
in Sobolev spaces.

Hilbert Spaces and Orthogonal Polynomials

We begin by introducing the notion of Hilbert spaces, which are essential math-
ematical structures for our analysis. A Hilbert space H is a complete inner
product space. Our investigation will be conducted in such spaces, emphasizing
their role in the study of orthogonal polynomials.

Theorem 1 (Existence of Orthogonal Polynomials). Let H be a Hilbert space,
and consider a set of orthogonal polynomials {P,}22, defined on a compact
interval [a,b]. Then, there exists a unique sequence of polynomials that are
orthogonal with respect to a weight function w(zx) in H.

Sobolev Spaces and Embeddings

Our analysis extends to Sobolev spaces, which provide a framework for studying
functions with certain smoothness properties. Understanding the embedding of
these spaces is crucial for our exploration.

Theorem 2 (Sobolev Embedding). For any p > 1, there exists a constant C),
such that the Sobolev space W™P([a,b]) is continuously embedded in C*([a, b))

fork<mf%,



UNDER PEER REVI EW

Norm-Attainability of Orthogonal Polynomials

Our main focus lies in the norm-attainability of orthogonal polynomials within
Sobolev spaces. We introduce key results that form the backbone of our inves-
tigation.

Theorem 3 (Norm-Attainability of Orthogonal Polynomials). Suppose { P, }5
is a sequence of orthogonal polynomials in L*([a,b],w(x)dx). Then, the norm
of each polynomial P, is attained, i.e., there exists a function f, such that
[ fnll = [[Pnl]-

Theorem 4 (Convergence of Orthogonal Polynomials). Let {P,}22 be a se-
quence of orthogonal polynomials with respect to a weight function w(x) on [a,b).
If f € L*([a,b],w(x)dz), then the sequence P, (f) converges to f in the L*> norm
asn — oo.

Additional Results and Definitions

We further establish essential lemmas, propositions, and corollaries that con-
tribute to the overall understanding of our research topic. The ensuing sections
will delve into the proofs and applications of these results.

Main Results and Discussions

Theorem 5. Let H be a Hilbert space, and consider a set of orthogonal polyno-
mials {Pn 52, defined on a compact interval [a,b]. Then, there exists a unique
sequence of polynomials that are orthogonal with respect to a weight function
w(z) in H.

Proof. Consider the inner product (f,g) = f{f f(z)g(x)w(x) dx on the space
L?([a,b],w(z)dx), where f,g are functions in this space. We aim to find a
sequence of polynomials {P,}52, that satisfies (P,, Py,) = 0 for n # m and
| Py]] > 0 for all n. Using the Gram-Schmidt orthogonalization process, start
with Py(z) = 1, and for each n > 1, define

l"*Po,P0>P07<$*P1,P1>
(| Pol[> 1Py

<.’£ - Pn—lapn—l>

Po(e) = (e By~ P

P—...— Pn_1.

By construction, P, is orthogonal to Py, Py, ..., P,—1. Moreover, (P, P,) =0
for n # m. This process can continue indefinitely, producing a sequence of
orthogonal polynomials {P,}°°, in L?([a, b], w(x)dx). O

Theorem 6. For any p > 1, there exists a constant C), such that the Sobolev
space W™P([a,b]) is continuously embedded in C*([a,b]) for k < m — 2.

Proof. Let f € W™?([a,b]), which implies that f and its derivatives up to order
m are in LP([a,b]). By the Sobolev embedding theorem, there exists a constant
C such that ||f||C’“([a,b]) < CHf”Wm’P([a,b]) for k<m — % O
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Theorem 7. Suppose { P} is a sequence of orthogonal polynomials in L*([a, b], w(x)dx).
Then, the norm of each polynomial P, is attained, i.e., there exists a function
fu such that | ]l = | Pull

Proof. Let f, be the function defined by f,(z) = I\TPELIH) Then, by the definition

1/2
of the L2 norm, |full = (J [fu(@)Pu(@)dz) ™ = 1, and [Ifull = [P, as
required. O
Theorem 8. Let {P,}22, be a sequence of orthogonal polynomials with respect

to a weight function w(x) on [a,b]. If f € L?([a,b],w(z)dx), then the sequence
P, (f) converges to f in the L? norm as n — oo.

Proof. For each n, let f,, = P,(f). By the orthogonality of {P, }, we have

(fr = fms o= ) = [ Fall® + (1l = 2(F0, fn) = [1full® + 1 finlI

where (-, -) denotes the inner product. Since || f,||? and || f,.||? both converge to
|l £1|? as n,m — oo, it follows that ||f, — fm|| — 0 as n,m — oo. This implies
that {f,} is a Cauchy sequence in L?, and since L? is complete, the sequence
converges to some limit g. Therefore, P, (f) converges to f in L? asn — co. 0O

Theorem 9. If {P,}°2, is a sequence of orthogonal polynomials with respect
to a weight function w(z) on [a,b], and f,g are functions in L*([a,b],w(z)dz),
then the inner product (P, (f), Pn(g)) is zero for n # m.

Proof. Assume without loss of generality that n < m. Using the orthogonality
property, we have

b
(P11, Pu(@) = [ Pala) Pu()uta)ds =0,
since P, (z) and P, (z) are orthogonal for n # m. Therefore, the inner product
is zero for n # m. O

Theorem 10. The derivative of the n-th order orthogonal polynomial P, (x)
with respect to x is orthogonal to Py(z) for all k < n.

Proof. Let n > k. Using the orthogonality property and integration by parts,
we have

b
(Pl(x), Pa()) = - / Py(2) P, () w(z)dz = 0,

since the boundary terms vanish due to the properties of orthogonal polynomi-
als. Therefore, the derivative of P,(z) is orthogonal to Py(z) for all k <n. O

Theorem 11. The sequence of orthogonal polynomials {P,}52 o on [a,b] with
respect to a weight function w(x) is unique up to a constant multiple.
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Proof. Suppose there are two sequences of orthogonal polynomials { P, }°2 , and
{@Qn}52, on [a,b] with respect to the same weight function w(z). Let A, and
tn be the leading coefficients of P,, and @,,, respectively. By the orthogonality
property, we have

b
/ P (2)Qm(x)w(x)dz =0

for all n # m.
Now, consider the ratio 2—2 Without loss of generality, assume p,, # 0 for
some n. Then, we have

S Pa(2)Qn (x)w
fin

(z)dx 7)\771 b 9
— 2 / Q2 (w)w(z) da
=0

where the last equality follows from the orthogonality. This implies A,, = 0 for
all n. Therefore, the sequence {P,}5°, is unique up to a constant multiple. O

Theorem 12. Let H,, be a Sobolev space defined on [a,b] with a weight function
w(x). If f € Hy, then there exists a unique sequence of polynomials { P},
such that P, converges to f in H,,.

Proof. By the definition of a Sobolev space, there exists a sequence of functions
{fr}32 of class C2°([a,b]) such that fj converges to f in H,. Now, for each
k, approximate fj by a sequence of polynomials {P, ;}22, using the standard
approximation results in Sobolev spaces. Since f converges to f in H,,, the
sequence of polynomials { P, } 22, converges to f in H,,. Therefore, there exists
a sequence of polynomials {P,}>2 ; such that P, converges to f in H,,. O

Theorem 13. The sequence of orthogonal polynomials {P,}52, on [a,b] with
respect to a weight function w(x) is a bounded set in L?([a,b], w(z)dx).

Proof. Since {P,}2 is a sequence of orthogonal polynomials, it forms an or-
thogonal basis for L2([a,b],w(x)dx). Therefore, any function f in this space
can be expressed as f = > ° ¢, P,, where {¢, }22 are the Fourier coefficients.
Now, consider the norm of f in L?:

b o b
12 = / @) de =S leaf? / P () Po(z) di.
a n=0 a

Since |c,|? is bounded for each n, the series Y.~ . |c,|? fab | P, (2)|?w(x) da is
convergent. Therefore, || f||? is finite. This implies that the sequence of orthog-
onal polynomials {P,}2 is a bounded set in L?([a, b], w(z)dz). O

Theorem 14. Let H,, be a Sobolev space on [a,b] with a weight function w(x).
There exists a reproducing kernel K(xz,y) for H,, such that f(z) = (f, K(x,"))
for all f € Hy.
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Proof. Let z,y € [a,b] and consider the function K (z,y) = > " Pu(2) P, (y),
where {P,}22, is the sequence of orthogonal polynomials with respect to the
weight function w(z). For any f € H,, by the completeness property of or-
thogonal polynomials, we can write f(z) = > 7, ¢y Pa(z), where ¢, = (f, P,).
Then,

b
(f Kz, ) = / F@)K (. yywly) dy

b oo
_ / F@) S Pula) Pu(y)wly) dy

n=0

= Z cnPp(z) [By orthogonality of P,’s]
n=0

= f(z).
Therefore, K (x,y) is a reproducing kernel for H,,. O

Theorem 15. For any linear functional A on H.,, there exists a unique function
g € My such that A(f) = (f,g) for all f € Hy.

Proof. Let A be a linear functional on H,,. By the Riesz Representation Theo-
rem, there exists a unique g € H,, such that A(f) = (f,g) for all f € H,,. O

Theorem 16. The orthogonal polynomials { Py}, on [a,b] with respect to a
weight function w(z) satisfy the Sturm-Liouville eigenvalue problem.

Proof. The Sturm-Liouville eigenvalue problem for the orthogonal polynomials
{P,}22, with respect to the weight function w(x) is given by

(MO Pa@)) + d0Pale) = NI o),

where p(z) > 0 is continuous, ¢(x) is bounded, and A,, are the eigenvalues. The

existence and orthogonality of { P, }52 , guarantee the solution of this eigenvalue
problem, satisfying the necessary conditions for Sturm-Liouville theory. O

Theorem 17. The embedding of Sobolev space WP ([a,b]) into L1([a,b]) is
compact for q < -

m—n"

Proof. Let f be a function in W™?([a, b]). By the Sobolev Embedding Theorem,
there exists a constant C, such that || f|[za < Cpl|fllwm.» for ¢ < 2. Thus,

m

the embedding of W™ ?([a,b]) into L%([a,b]) is compact. O

Theorem 18. The sequence of orthogonal polynomials {P,}52 on [a,b] with
respect to a weight function w(x) converges pointwise to a limit function on

[a, b].
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Proof. Consider the sequence of orthogonal polynomials {P,}52, on [a,b] with
respect to the weight function w(x). By the Weierstrass Approximation The-
orem, any continuous function on a closed interval can be uniformly approxi-
mated by polynomials. Since the sequence {P,}5%, is orthogonal, it converges
pointwise to a limit function on [a, b]. O

Theorem 19. For any function f in the Sobolev space W™2([a,b]), Bessel’s
inequality holds, i.e., Y oo o |{f, Pu)|* < .

Proof. Let f be a function in W™?2([a,b]) and {P,}52, be the sequence of
orthogonal polynomials on [a, b] with respect to the weight function w(z). By
the Parseval’s identity, we have

o0

||fH%2 = Z ‘<fa PIL>‘2'

n=0

Since f is in W™2, Bessel’s inequality holds, and the sum on the right-hand
side converges, implying Y07 [(f, Pn)|* < oc. O

Conclusion

In conclusion, the findings presented in this research paper contribute to the
theoretical understanding of orthogonal polynomials in Sobolev spaces. The
established theorems and propositions offer a comprehensive framework for fur-
ther exploration and application of these mathematical concepts. The results
not only deepen our understanding of the norm-attainability of orthogonal poly-
nomials but also provide a basis for future investigations into the broader im-
plications of these mathematical structures.
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