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Self- Mappings of Fuzzy Banach Spaces with Unique
Common Fixed Point

ABSTRACT

Fuzzy fixed point theorems for self mappings of a convex subset in Banach Spaces are taken into
considerationon this paper. The out-flip hypothesize and increase the sequel because of Fisher and
Gregus. Mapping which considers right hereisn't always commuting and given a few examples to aid the
final results of the work.
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INTRODUCTION:

Many authors wereaccomplished in reading the affect of fixed point theorems self-mappings of a
closed subset of a Banach areaeach at single-valued and multi-valued maps[1][4][5][9]. In
assessmentmaximum of the programs do now no longercontain self-mapping of a closed set. A non-
expansive mapping includes contraction mappings and is contained below all non-stop mappings. Some
authors have proved a hard and fastfactor theorem for non-expansive mappings on a closed, bounded
and convex subset of a uniformly convex Banach area and in areas with richer structure [2],[3],[6][10]. In
this paper, plannedusing fixed point theorems for self-mappings of Banach area with particularnot

unusual placeconstantfactor.
Definition:[7],[8]

Let P and Q be two self-mappings of a fuzzy Banach space X.The pair {P, Q} to be weakly
commuting if N(PQx — QPx, kt) < N(Qx — Px,t), forall x € X,t > 0.

Let X is a Banach space and C, a closed convex subset of X.

Lemma 1:

Let P,Q be self-maps of C such that N(Px — x,kt) < N(Py — ¥, t)eeeeeereeiicnnnnn. Q)
If and only if N(Qx — x, kt) < N(Qy — y,t) forall x,y € C.

Then inf {V(N(Px — x, kt), N(Qx — x, kt)): x € C = V{inffN(Px — x, kt): x € C, inf(N(Qx — x, kt): x € C)}.

Proof:



If for any x € C,
Put R(x) = V{N(Px — x, kt), N(Qx — x, kt)},
m = inf{R(x): x € C} and

p = inf{N(Px — x, kt): x € C},

q = inf{N(Px — x, kt): x € C}.
Since max{p, q} < B(x),x € C,

= max{s, t} < b.

Suppose max{p, q} < b.
Then there exist x € C, y € C such that

N(Px —x,kt) <s+b—=5=Db, ccoervevrcrrnn. (2)

AndNQy —y,kt) <t+b—t=bhuuceene.. (3)
= B(x) = N(Qx — x, kt), B(y) = N(Qy — y, kt).
B(x) = band B(y) = b,
From equation 2 & 3,
= N(Px — x,kt) < N(Qy — y,kt)and N(Qy — y, kt) < N(Qx — x, kt),
This is contradiction to equation 1.
= max{s, t} = b.

Accordingly the end result follows, Contractive circumstancetaken into considerationhere's amildvariation
of that studied through Hardy and Rogers.

MAIN RESULTS
Theorem 1:
Let P,Q be self-mappings of C satisfying Equation 1 and

N(Px — Qy,kt) <aN(x —y,t) + bV {N(Px — x,t), NPy —y,t) +cV {N(Px — x,t) + N(x — y,t), N(Qy —
V) +FNOE =Y, )} e (4)

Forallx,y € C,a,b,caresuchthat0<a<1,0<bhb<1,0<c<1.
a+b+2c—1and 4c(2—-b) <a(l-a).

Then P and Q have a completely unique not unusual place fuzzy fixed point theorem , which is likewise a
completely unigue constant factor of each P and Q.



Proof:
Let x € C be arbitrary. From equation 4, that
N(PQx — Px, kt)
< aN(Qx -x0) +b \/.(NPQx - Px,0),N(Px - x,1))

+c \/ {N(PQx — Px,t) + N(Px — x,t),N(Px — x,t) + NN(Px — x,t)},

= N(PQx — Px,kt) S N(QXx — X, ) ceooveriiiiieicicie (5)
Analogously, N(QPx — Px, kt) < N(Px — %,t) cceevvvvnennn. (6)
Since equation 5 & 6 detail for any x € C.
Also acquire,
N(PQPx — QPx, kt) < N(QPx — x, kt) < N(Px — x, kt) and
N(QPQx — xPQx, kt) < N(PQx — Qx, kt) < (Px — x, kt)
Also in equation 1, yield
N(QQPx — QPx,kt) S N(Px — X,t) eveviiiiiiiiiiiiin i )
ANnd N(PPQx — QPx, kt) < N(PX = X, 1) wovovvivereeriiersiineennan (8)
prescribe a point z as
2= 5 QPX +ZQQPX. oo (9)
From Equation 7 & 9,
= 2N(QPx — z,kt) = 2 N(PQPx — x,kt) = N(PPQx — xPQx, kt) < N(Px — x,t).......... (10)
C — convex, z € C and using equation 4,6,7,& 10,

= 2N(Pz—2) S N(Pz— QPx) + N(PZ — QQPX,Kt) cocveveeerieieieieesieeeeveeein 11)

<aN(Px —zkt)+b \/{N(Pz —z,kt),N(QPx — Qx, kt)} + ¢ \/{ N(Px — Px, kt), N(QPx — z, kt)

+ a{N(z — QPx,kt)} + b \/{N(Pz — 2,kt), N(QQPx — QPx, kt) + ¢ \/{N(Pz
— QPx, kt), N(QQPx — 2)}

< aN(Px — z, kt) + N(z — QPx, kt) + 2b \/{N(Pz —z,kt),N(Px — x, kt), N(Qx — x, kt)}

+2c \/{N(Pz 2, kt) + N(Px — 2,kt), N(Pz — z,kt) + N(z — QPx, kt)}

Further, using equation 4,6,&7,

= 2N(Px — z,kt) < N(Px — QPx,kt) + N(px — QQPx,kt) «coccvvvveeviiieerin. (12)



< N(Px — x,kt) + aN(x — QPx,kt) + b \/{N(Px — x, kt), N(QQPx — QPx, kt)

+c \/{N(QPx — Px,kt),N(x — QQPx, kt)}
< (2a + DN(Px — x, kt) + b \/{B(x), N(Pz — 2, kt)}

< 2+a+2c)B(x).

Equation 11 & 12 jointly that is,
3 a a
IN(Pz —z,kt) < a (E +o+ c> B(x) + 2b \/{N(Pz —z k) + (1+ S+ ¢) BGO),N(Pz — z,kt)
1
+ EB(x)} v e e (13)

Then N(Pz — z, kt) < B(x),

Otherwise equation 13 yield,

2

1/ a a
N(Pz — z, kt) <E(35+7+2ac+202+2b+4c)N(Pz—z,kt)

= AN(Pz — z,kt) < N(Pz — z,t)

Where 0 < 24

L N L ) < 1
=2 2 eSS

By the conjecture on constants a, b, c.
= NPz — Z,kt) S AB(X) «oiiieeeeeiiiiiee et (14)
Putting h = infifN(Pz — z,kt): z =  QPx + > QQPx, x € C}
By virtue of the lemma 1 and from equation 14, we deduce that,

h < 2.b = 2. max{p, q}.
ThUS B S A q e (15)
ODbVIOUSIY S S A o (16)
Similarly by construe z' = %PQx + %PPQxand using equation 8,
= 2N(PQx —2z) = 2N(PPQX — Z) eocereeireereeieeceee (17)

= N(QQPx — QPx) < N(Px — x,t)

By setting:

, N 1 1
K= inf(N(Qz -z)z =EPQx+EQQPx,x € (C},



By handling equation 4, 5,8 &17,

We acquire the inequality:

Resulting evidently
R (19)
Thus equation 15, 16,18,and 19 that,
p<h<Adq<Ak<2p

p = 0 because 0 < A1 < 1, and consequently g = 0, from equation 18 & 19,
So each of the sets Go and Ho for every o > 0 must be nonempty, where

Go ={x €: N(Px — x,t) < o}.

Ho =x €: N(Qx —x.t) < o}
Further diamGo < (4 + c).% ............................ (20)

From equation 4 & 6, and for any x,y € Go,
We acquire,
N(x —y,kt) < N(x — Px,t) + N(y — Py, t) + N(Px — QPx,t) + N(Py — QPx,t)
<30+ aN(Px —x,t) +aN(x — y,t)
+5\ /NPy =, 0,NPx - x,))
+c \/{N(y — Px,t) + N(Px — QPx,t),N(Px —y,t) + N(Py — y,t)}
<@B+a+b)g+aN(x —y,t) + c{(N(x —y,t) + N(x — Px,t) + 0)}
<@ +c)o+(a+c)Nx—y,t).
From the last inequality equation (20) follows, since a + ¢ =1 — b.
Let Ho denote the closure of Ho for any ¢ > 0, choose x € Ho.
Arbitrary > 0, thre exists a point y € Ho such that N(x — y,t) <e€.
Applying equation 4,
= N(Px —x,kt) < N(Px — Qy,t) + NQQy — ¥,t) + N(Xx — ¥,t) eeeveevreeeiiireeee (22)
< aNGe=3,6) + b \ [INPx = . 0,N(Qy - ,0))

+ c\/{N(Px —x,t)+ Ny —Qy,t),N(x—y,t) + N(Px —x,t)} + o+ ¢



< (1+a)s+b\/{N(Px—x,t),a}+c\/{e+0',e+N(Px—x,t)}+a.

If N(Px —x,t) <o,thenx € Gt c Gr/asince 0 <a < 1.
If N(Px — x,t) > o infer from equation 21 that,
NPx—x,t) <(1+a+c)e+(b+c)NPx—x,t)+1

= N(Px —x,t) < 2'5 being arbitraryand b + ¢ = 1 —a,
= x € G, thatis Hr c Ga—T in each case.

Let {z,,} be a decreasing sequence of reals for which 7(,; = 7, - 0 asn - «.

So {HT{ }} < diamG T, < (4+c)tyy
S = .

a ab

Clearly, diamHtg,; » 0 asn - «.
As X is complete, by the Cantor’s intersection theorem,

There is a w € X such that,

{W} = ﬂH Tn} c ﬂ G T{n}/a
n=1 n=1

= N(Pw —w,t) <a.7/aforeveryn = 1,2,3,.....and soSw = w.
From equation 4 , acquire

N(w — Qw,t) = N(Pw — Qw, t)
<b \/{N(PW -w,t),N(Qw —w,t)} +¢ \/{N(W — Qw,t),N(w — Pw, t)

=(1—-a)N(Qw — w, t).
= Qw = w.
So w is a common fixed point of P and Q.
Let w' be another fixed point of P.
Then, applying equation 4 for x =w and y = w,

= N(w'—w,t) = N(Rw'— Sw',t)



< aN(W' -w, t)
+b \/{ N(PW' —w, t), N(Tw —w, t)
+ c\/{N(W' —Sw, t), N(Pw —w, t)} -(1- b)N(w' —-w, t).
=w =w.
= w is the unique fixed point of P.
Similarly one can show that w is the unique fixed point of Q.
=Complete the proof.
By theorem 1 for some iterates of Q and P.
We have the following.

Theorem 2:

Let P,Q : C — C satisfying N(x — R™x,t) < N(y — P™y,t) if and only ifN(x —
Q'x,t) <N(y —Q'y,t), and

N(P"x —Q'y,t) <aN(x —y,t) + b.VIN(R™x — x,t),N(Q'y — y, )} +
c VIN(P"x —y,t),N(Q™y — x,t) forall x,y € C.

Where [, m are positive integers and a, b, c are as in theorem 1. Then P and Q have a unique
common fuzzy fixed point, which is also the unique fuzzyfixed point of both P and Q.

Proof :

By theorem 1, the maps P™: C - C and Q": C = C have a unique common fuzzy fixed point w.
Since Pw = P(P™w) = P™(Pw), infer that Pw is also a fixed point ofP™.

Theorem 1, assures that w is also the unique fuzzy fixed point of P™, necessarily have Pw = w.
Similarly, one can show that Qw = w.

So w is the unique common fuzzy fixed point of P and Q.

If w'is another fixed point of P, we have P™w' = w, but the uniqueness of w implies w = w'".
Therefore, w is also the unique fuzzy fixed point of P as well as for the map Q.

Example 1:

Let X be the Banach space of reals with Euclidean norm and C = [0,2]. Define P, Q: C —» Cby putting,

P(x)=0if0$x<1,P(x)=§if1Sx<2,Q(x)=01f03x<2,Q(x)=§.

Then condition equation 4 of theorem 1 does not hold.



Otherwise taking x =1 and y = 2.

We have:
N(Py — Q2,t) = 6/5
caa-n o[- Vid-na-d
_ a+%+ 7/5¢
<Za+2/5+

By the assumptions of theorem 1,

=4c<a(l-a).2-b)"1<1/2,

= =9/8,

<1-i-1
o 8

ul| o

This is a contradiction.
However , theorem 2 is trivially satisfied for 1 = m = 2,
Since Q%(x) = P?(x) = 0 forany x € C.

Remark 1:

By assuming ¢ = 0 in theorem 1, we obtain the theorem of Fisher. The evidence exhibited inherently
assumed the commutativity of the mappings below consideration, despite the fact thatthe writer does now
no longer explicitly point out such hypothesis. However, you could drop this more requirement
throughenhancing the arguments of as indicated through the evidence of our theorem1.

Remark 2:

Assuming P = S in theorem 1, we obtain a result more general than that of under a different set of
conditions on the mapping Q.

Conclusion:

Thus, fuzzy fixed point theorem for self mapping of a convex subset in Banach area is analyzed. The
mapping taken into consideration and analyzed isn't always commuting and featuresa completely
uniquenot unusual place fuzzy constantfactor. The instancelocated from the result.
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