The Study of Mean Value Theorems of K-analytic functions®

Lingyun Sang, Hongliang Lif
Department of Mathematics, Zhejiang International Studies University, Hangzhou, 310012, China

Abstract

In this paper, we obtain differential and integral mean value theorems for K-analytic functions,
generalizing the corresponding results on analytic and conjugate analytic functions.

1 Introduction

Based on analytic functions, Chen [1] introduced conjugate analytic functions, Zhang [5] extended the
definitions of analytic functions and conjugate analytic functions to K-analytic functions. For more
knowledge of conjugate analytic functions and K-analytic functions, one can see [4, 7, 8, 2]. Differential
and integral mean value theorems are important tools in analysis. Differential and integral mean value
theorems as ones in real analysis do not hold in complex functions. For example, let f(z) = e**. Then
f(2m) — £(0) = 0, however f’(z) = ie** # 0. This example can show the integral mean value theorem
false in complex functions. Thus, the study of differential and integral mean value theorems in the
theory of complex functions lead to the interests of mathematicians. Differential and integral mean
value theorems in analytic and conjugate analytic functions have been studied in [3]. We are dedicated to
getting differential and integral mean value theorems for K-analytic functions to extend the corresponding
results in [3]. The following definitions were introduced in [5] and [6].

Definition 1.1. The forms of complex number as z + iky (k € R, k # 0) are called K-complex number
of z + iy, denoted by z(k).

Definition 1.2. If ima.)—o f(2) = f(20), then we call that f(z) is K-continuous at zo.

Definition 1.3. Let the function f(z) be defined in a neighborhood of zy. If

: Af o f(z) = f(20)
AP AR A R = 2o k)

exists, then we call that f(z) is K-differential at zg, the limit is the K-derivative of f(z) at zp, denoted
by fli(20) or L

z=z05 1€

U 16 = f(z)

fly(20) = 2(k) lz=zp 220 2(k) — 20(k) "

Definition 1.4. If f(z) is K-differential in a domain D, we say that f(z) is analytic in D; If f(z) is
K-analytic in a neighborhood of zg, then we say that f(z) is analytic at zg.
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Definition 1.5. Let a curve C(«, 8) : z = z(t) (a < z < b) be oriented with the starting point « = z(a)
and ending point 8 = z(b). Choose n — 1 points a = zg, 21,22, .., 2n—1,2n = b sequently in the curve
C(a,b) separating C to n arcs 2 17,1 <i<mn. Forany & € z_12 (1 <i<n), give a sum

> F&)A(k),
i=1
where A;z(k) = z;(k) — zi—1(k). Let d = maxi<;<p |Zic12i|. If
gﬁggﬂ@Aﬂ%)

exists, then we say that f(z) is K-integrable on C(a,b), and this value is called K-integral of f on C(a,b),
denoted by

/C F(2)da (k).

2 Main results

In this section, we give differential and integral mean value theorems of K-analytic functions on line
segments and smooth curves, which generalize the corresponding results of [3, Section 2 and Section 3].

Theorem 2.1. Let f(z) be a K-analytic function in a domain D, a line segment Cla, 3] C D. Then
there exist £,m € [, B] such that

[ £:)as(h) = [Re(5 — @) + Kili(5 — ] (Ref (€) + il ().
c
Proof. Since C[a, (] is a line segment, it can be expressed by a parametric equation:

z=z(t)=a+t(B—a), 0<t<1.

According to the method of calculating integral for a parametric equation, we have

/f@wwszmmwwmmm
C 0

But
(2/(£))(k) = Re(B — a) + kilm(8 — a),

thus
/Cf(z)dz(k) — [Re(B — a) + kilm(B — a)] /0 (Ref(a + (3 — ) + iTmf(a + (B — a)) }dt.

For f(z) is K-analytic which implies that f(z) is K-continuous, by the first integral mean value theorem
in real analysis, there exist two number ¢, t2 € [0,1] such that

/Cf(z)dz(k) = [Re(f — a) + kilm(B — a){Ref(a+t1(8 — ) +ilmf(a + t2(8 — «))}.

Let a +t1(8 — o) =&, a+ ta(8 — @) =n. Thus, we complete the proof.
O

Remark 2.1. Let f(z) = ¢**(®), D = C. Then f is a K-analytic function in D and thus satisfies the
condition in Theorem 2.1.
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Lemma 2.1. Let a,b,hy € C, hy € R. Then
(a+b)(k) =a(k) +b(k), (h2h1)(k) = ha(hi(k)).
Proof. Let a = a1 + ias, b = by + ibs, hy = hy1 + ihya. According to Definition 1.1, we have
(a+b)(k) = a1 + by + ik(az + b2) = a1 + ikag + by + ikby = a(k) + b(k).

hahi (k) = (hohiy + ihahio) (k) = hohyy + ikhahys = hao(hy (k).
O

Theorem 2.2. Let a K-analytic function f(z) be a univalent function in D, line segment Clo, 3] C D
with the representation:
z=z(t)=a+t(B—a), 0<t<1, (2.1)

the function f(z) map Cla, 5] to a curve v, and a function g(z) be continuous on . Then
(1) when k = —1, there exist £,n € [, 8], such that

/@wmmm:4ﬁ—m{mwu&»ﬁ@mo+ﬂmwummﬂ4xm}
(2) when k # —1, there exist & € [a, f], 1 <4 < 4, such that
/gwmwm:4RdﬂfaﬂﬁﬁhdﬂfaMMKHMQn+md&%ﬂ&ﬂ

+ik(8 — a)[p1(§3)h2(&3) + ip2(Ea)hi(8a)],

where

p1(§) = Re(g(f(£))), p2(&) =Im(g(f(£))),
hi(€) = Re(f(1)(€)),  h2(&) = Im(f()(£))-
Proof. From the assumption on 7, the curve y can be parameterized:
v(t) = f(2(t), 0<t<1L
In the light of f(z) being analytic on D, thus by the definition of K-derivative,
d@) _ o, FEE+AY) = fz(1)

dt At—0 At
fla(t+ AY) = f(2(1)  (2(t + At) = 2(8)) (k)
= AtDo (z(t + At) — 2(1)) (k) At
= [y ()& () (F). (2.2)

Noting that f(z) is a univalent K-analytic and the representation of the line segment C' is (2.1), we know
by (2.2) that I' is a smooth curve, i.e., 7/(t) is a continuous function with respect to ¢t and ~/(¢) # 0.

Hence,
Jatwautr = [ atreton (P2 war

~

= /Og(f(Z(t)))[f(’k)(Z(t))Z'(t)(/f)](k)dt
(1) If k= —1, then

[y (2()2" (1) (k)] (k) = [f( 1) (2(£)2" () (=DI(=1) = f{_;) (2(2))2" (D).



Thus

g(u)du(k) = / o(f(2(0)

S~

(B=0) [ ot T 0

1 — N
= B-a) [ [Re (UGN E@) + im (a7 GO, G0 ar
From the assumptions, we know that g(f(z(t)))m(z(t)) is continuous on t € [0, 1], therefore the real

and imaginary part of it are continuous functions. Thus using the integral mean value on the real and
imaginary parts of it respectively shows that there exist two numbers ¢, t5 such that

/0 1 [Re (g(f (=) (1)) + it (g (0 FT_ (=(0) ) | at

= Re (g(f ()T, () ) + il (9(F(=(2)) F{_) G(82)))
Let £ = 2(t1), n = z(¢t2). Then

| stants) = 3= ) [Be (5@ F, @) +itm (5T )]

(2) If k # —1, we use Lemma 2.1 to have
1 z
[ stwau = [ atseon (FED) w

| { (o100 + ioatet) a2 el = o) + i#2Tm(5 - )
+(Pr(0) + a2 (2(0)ha(=(0)) [KIm(B — @) + ikRe(3 — )] b

1
[Re(f — @) + ik*Im(5 — )] / (p1(2(0)) + ipa(=(8)) ) (2(1))at

+ki(8 - a)/o [p1(2(t)) + ip2(2(1))] ha(2(t))dt.

Since the functions p1(2(t)), p2(2(t)), h1(2(¢)), ha(z(t)) are real-valued continuous functions, by integral
mean value theorem of real functions, there exist ¢;, 3 < i < 6, such that

/O (p1(2(1)) +ipa(2(1))) ha(2(8))dt = pr(2(t3))ha(2(t3)) + ip2(2(ta))ha (2(ta)),

/O [p1(2(t)) + ip2(2(2))]ha(2(t))dt = p1(2(ts))h2(2(t5)) + p2(2(ts)) ha(2(t6))-
Thus,

/g(u)du(k) = [Re(8 — ) 4+ ik*Im(B — )] (p1(2(t3)) 1 (2(t3)) + ip2(2(ta))ha (2(ta)))
+ki(B — a) (Pl(z(ts))hz(z(t5)) + iP2(Z(t6))h2(Z(t6)))~
Let Z(tg) = 51, Z(t4) = 52, Z(tg,) = 53, Z(t(;) = 54. Then
/g(u)du(k) = [Re(8 —a) +ik’Im(B — a)] (p1 (&) 11 (&1)) + ip2(E2)ha (E2))

(5 — ) (1 (E)ha(€5) + 2 (€02 (€))-
The proof is finished. O



Remark 2.2. When k = —1, the K-analytic function is just the conjugate analytic function. [3, Theorem
3.3.3] got the integral mean value on a smooth curve of the conjugate function. But we should indicate
that the result has an error, i.e., the coefficient 3 — a should be 3 — a.

Remark 2.3. Let f(z) = ¢*®) D = {2 € C:0 < Rez < 2m,—00 < Imz < co0}. Then f is a univalent
K-analytic function in D and thus satisfies the conditions in Theorem 2.2.

Theorem 2.3. Let a function f(z2) is a K-analytic function on domain D, line segment C(«, 3) C D.
Then there exist &, n € Cla, (], such that

f(B) = f(a)
Re(f — a) + ikIm(8 — «)

= Ref{y) (€) +iImf{y, (n).

Proof. Let the parametric equation of the line segment C(a, 3) be:
z=z(t) =a+t(f—a), 0<t<1.

Suppose that
_ fla+t(8—a))
~ Re(B — a) +ikIm(3 — a)

Due to f(z) being K-analytic on D, (2.2) and the fact

F(t)

—U@#) +iV(t), 0<t<1.

2 (t)(k) = Re(B — a) + ikIm(3 — ),

it follows that

WFO BE®) 00
dt ~ Re(f—a) +ikIm(3 — a)
Floy (2(8))

= U'(t)+iV'(t).

So U(t) and V (¢) satisfy the conditions of Lagrange mean value theorem in real analysis and thus there
exist two numbers tq, to € R such that

f(B) = fle)
Re(f — a) + ikIm(8 — «)
[U(1) =U(0)] +:[V(1) = V(0)]
U'(t1) +iV'(t2)
Ref(pla+t1(8 — a)] +ilm fi [a + 1 (8 — a)].

Let £ =a+t1(f —a), n=a+t2(8 — a). We obtain that

f(B) = f(a)
Re(f — a) + ikIm(8 — «)

= Ref('k) &)+ ilmf(/k)(n)~

From Theorem 2.3, we have

Corollary 2.1. Let f(z) be a K-analytic on domain D, line segment C(a, 5) C D, f(a) = f(B8). Then
there exist £, n € Cla, 3], such that

Refi(€) = Imff (n) = 0.
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Conclusion

In the present paper, we extend differential and integral mean value theorems from analytic and conjugate
analytic functions to K-analytic functions.
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