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Orthogonal Polynomials and Operator
Convergence in Hilbert Spaces:
Norm-Attainability, Uniform Boundedness, and
Compactness

Abstract

This research paper investigates the convergence properties of operators
constructed from orthogonal polynomials in the context of Hilbert spaces.
The study establishes norm-attainability and explores the uniform bound-
edness of these operators, extending the analysis to include complex-
valued orthogonal polynomials. Additionally, the paper uncovers con-
nections between operator compactness and the convergence behaviors of
orthogonal polynomial operators, revealing how sequences of these oper-
ators converge weakly to both identity and zero operators. These results
advance our understanding of the intricate interplay between algebraic
and analytical properties in Hilbert spaces, contributing to fields such
as functional analysis and approximation theory. The research sheds new
light on the fundamental connections underlying the behavior of operators
defined by orthogonal polynomials in diverse Hilbert space settings.
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1 Introduction

This research paper delves into the intricate interplay between orthogonal poly-
nomials and operator convergence within Hilbert spaces. It establishes the ex-
istence of sequences of orthogonal polynomials that facilitate the convergence
of operators to norm-attainable operators, while also extending these results to
complex-valued orthogonal polynomials and self-adjoint operators. The paper
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explores the uniform boundedness of integral operators formed with orthogo-
nal polynomials, spanning infinite-dimensional Hilbert spaces. It reveals the
unique weak convergence behavior of these operators, both towards identity
and norm-attainable operators, highlighting their ability to capture operator
properties. Additionally, the paper investigates the compactness of operators
through the lens of convergence of sequences of orthogonal polynomial operators,
elucidating conditions for operator compactness. Overall, the paper uncovers
a profound connection between orthogonal polynomials and operator behavior
in Hilbert spaces, offering insights into convergence properties and enriching
diverse mathematical domains.

2 Preliminaries

In this section, we introduce the fundamental concepts and definitions that serve
as the building blocks for the subsequent results presented in this paper.

Hilbert Spaces

A Hilbert space is a complete inner product space, equipped with an inner
product that induces a norm. Let H denote a Hilbert space over the field of
complex numbers. The inner product (-,-) on H satisfies linearity, conjugate
symmetry, and positive definiteness. The norm induced by the inner product is
denoted by | - ||

Orthogonal Polynomials

Given a weight function w(z) on an interval [a,b], a sequence of polynomials
{P,(x)} defined on that interval is said to be orthogonal with respect to w(z)
if for all distinct nonnegative integers m and n:

b
/ P (2) Py (z)w(z)dx =0 if m # n.

Additionally, the orthogonal polynomials are often normalized such that || P, || =
1.

Operator Norm and Convergence

For a bounded linear operator A on a Hilbert space H, the operator norm is
defined as:
|A]l = sup [Av],
llvl=1
where v ranges over the unit vectors in H. The operator norm characterizes the
operator’s boundedness. An operator sequence {A,} on H is said to converge
in norm to an operator A if ||A, — A|]| — 0 as n — oc.
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Norm-Attainability and Self-Adjointness

An operator A is said to be norm-attainable if there exists a vector v € H
such that [|Av|| = ||A]|||v||. An operator A is self-adjoint if it satisfies A = A*,
where A* is the adjoint of A.

Compact Operators

An operator A on a Hilbert space H is compact if it maps bounded sets to
relatively compact sets, or equivalently, if the closure of the image of the unit
ball is compact.

3 Methodology

The presented results and proofs center around norm-attainable operators and
their properties in the context of orthogonal polynomials and Hilbert spaces.
The methodology primarily involves establishing various propositions, theorems,
and corollaries. The central strategy is to utilize the properties of orthogonal
polynomials, particularly their orthogonality and completeness, and their rela-
tionships with the weight function and Hilbert space operators. The results are
proven through a combination of mathematical reasoning, inequalities (such as
Cauchy-Schwarz), convergence considerations, and theorems like the Uniform
Boundedness Principle, Banach-Alaoglu theorem, and Bolzano-Weierstrass the-
orem. These tools are applied systematically to derive statements regarding
norm-attainability, self-adjointness, weak and norm convergence of operators,
as well as compactness conditions. The methodology follows a pattern of as-
suming conditions, invoking relevant properties, and employing known math-
ematical tools to deduce the desired conclusions, forming a coherent chain of
logic that substantiates the presented results.

4 Results and Discussions

Proposition 1. Let P,(x) be the nth orthogonal polynomial with respect to the
weight function w(x) on the interval [a,b]. Then, the operator T, defined by

)
T.f(z) = f; P, (z)f(z)w(x) dx is norm-attainable.

Proof. Let f(x) = P,(x). Then, ||T,,f|| = || Pn(z)|| = 1. Since || T, f]] < ||f] for
all f, we have ||T,]| < 1. On the other hand,

b
1T 1 :/ |Pa(@) | f (2) *w(@) da = |||

This implies that ||T,,|| > 1. Therefore, ||T,|| = 1, so the operator T}, is norm-
attainable. O



UNDER PEER REVI EW

Theorem 1 (Norm-attainability and self-adjointness of T,,). Let P,(x) be the
nth complex-valued orthogonal polynomial with respect to the weight function
w(x) on the interval [a,b]. Then, the operator T, defined by

b
Tf(@) = [ Pola)f(@pute) ds
is norm-attainable. Furthermore, if the weight function w(x) is real-valued and
non-negative, then the operator T, is self-adjoint.

Proof. The norm-attainability of T}, can be proved by the same argument as in
the real-valued case.
To prove that T, is self-adjoint, we need to show that

b b
/ P, (x)f(z)w(x) dx :/ f(@)P,(z)w(x) dx

for all complex-valued functions f. This can be done by using the fact that
the polynomials P, () are orthogonal with respect to the weight function w(z).
Specifically, we have

b b
/ Py (z)f(z)w(x)de = / f(z)P,(z)w(x) dx

n—1 b
= Z@/ Py (z)Pp(x)w(x) dx
k=0

a

n—1
= § aékn
k=0

= Cn,

where ¢, are the complex-valued coefficients of the polynomial f(z). This shows
that T, is self-adjoint. O

Corollary 1. Let A be a norm-attainable operator on a complex Hilbert space
H. Then, there exists a sequence of complez-valued orthogonal polynomials
P, (x) such that

4] = lim [P (A)]

Proof. Let T,, be the operator defined by

b
nﬂmz/amvmmwm

where P, (x) are the nth complex-valued orthogonal polynomials with respect
to the weight function w(x) on the interval [a,b]. Then, the operator T, is
norm-attainable for all n.
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Since A is norm-attainable, there exists a sequence of vectors f, € H such
that

[l = Tim_ | fnl]

Let g, = T, fn. Then,
gnll = [ITnfoll < [|All

for all n. Also,
llgnll = [l A]

as n — oo.
By the Bolzano-Weierstrass theorem, there exists a subsequence g,, that
converges to some vector g € H. Then,

Al = llgl

and
g= lim ¢g,, = lim T,,, fr, =T f
k—oo k—oo

for some m and f € H. This shows that there exists a sequence of complex-
valued orthogonal polynomials P, (z) such that

Al = tim [ P(A)]

as desired. O

Corollary 2 (Norm of self-adjoint norm-attainable operator). Let A be a self-
adjoint norm-attainable operator on a complex Hilbert space H. Then, there
exists a sequence of real-valued orthogonal polynomials P, (x) such that

4]l = lim_ [P (4)]

Proof. Since A is self-adjoint, there exists a sequence of real-valued orthogonal
polynomials @, (z) such that

Tim [ Qu(A)]| = [|A]

Let P, (z) be the nth orthogonal polynomial with respect to the weight function
w(z) = |z|? on the interval [~1,1]. Then, the operators T}, defined by

1
T, f(z) = / P@)f@ule) ds

are norm-attainable by Theorem 1. Since A is norm-attainable, there exists a
sequence of unit vectors f, such that ||Af,| — ||A]. Let g, = P.(A)f,. Then,

lgnll = 1Pa(A) full = | ASnll = (Al

This shows that the sequence of operators P,(A) is norm-attainable. By the
Uniform Boundedness Principle, there exists a constant C' such that || P, (A)|| <
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C for all n. This implies that the sequence of operators P,(A) is uniformly
bounded. By the Banach-Alaoglu Theorem, there exists a subsequence P,, (A)
that converges weakly to an operator B. Since the operators P, (A) are norm-
attainable, the operator B is also norm-attainable. Since P, (z) is real-valued,
the operator P, (A) is also real-valued. This implies that the operator B is also
real-valued. Since A is self-adjoint, the operator B is also self-adjoint. Since
IP.(A)|| — ||B|l, we have ||A|| = ||B||.-Therefore, the sequence of real-valued
orthogonal polynomials P, () satisfies the conditions of the corollary. O

Theorem 2 (Approximation by orthogonal polynomials). Let A be a norm-
attainable operator on a Hilbert space H. Then, there exists a sequence of or-
thogonal polynomials P, (x), possibly complex-valued, such that the sequence of
operators P,(A) converges in norm to A as n — 0o.

Proof. Let f be a unit vector in H. Then, by the definition of norm-attainability,
there exists a sequence of vectors x,, such that

Az, — f]l =0 asn — oco.

Let P, () be the nth orthogonal polynomial with respect to the weight function
w(z), where w(z) is the scalar product on H. Then,

<||Po(A)f = Azyl| + [[Azy, — Po(an)|l
< AP (f) — znll + [[Azy, — Po(zn)]-

The first term on the right-hand side tends to 0 as n — oo, and the second term
is bounded by ||A||. Therefore, ||P,(A)f — f|| — 0 as n — oco. Since f was an
arbitrary unit vector, this implies that P,,(4) — A in norm as n — oo. O

Theorem 3 (Uniform Boundedness of T),). Let P,(x) be the nth orthogonal
polynomial with respect to the weight function w(x) on the interval [a,b]. Then,
the sequence of operators T, defined in Proposition 1 is uniformly bounded,
which holds for operators on infinite-dimensional Hilbert spaces.

Proof. Since the polynomials P, (z) are orthogonal with respect to the weight
function w(z), we have

b
/ | Py () Pw(z) do = 1.
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This implies that the operator T}, is bounded, since
2

T fI2 = ‘ / Py (@) f(@)u(z) de

- / |Pa(a) 21 (2) P () e

b
< [ 1r@Pu) ds
= |If1.
Let M = sup,, ||T,.||. Then, for any f € L*[a,b], we have
1T fIl < M| f]]-

This shows that the sequence of operators T;, is uniformly bounded. To show
that the sequence of operators T;, is uniformly bounded for operators on infinite-
dimensional Hilbert spaces, we need to show that the set {7} is pointwise
bounded. This means that for any f € L?[a, b], the sequence {7}, f} is bounded.
Let f € L?[a,b]. Then,

b
1T 12 = / 1Po(@)P1f (@) Po() de

Since the polynomials P, (z) are dense in L?[a,b], we can let n — oo to get

b
ITf|2 = / £ (@) Pw(z) da.

This shows that the set {T},} is pointwise bounded, so the sequence of operators

T, is uniformly bounded for operators on infinite-dimensional Hilbert spaces.
O

Theorem 4. Let A be a norm-attainable operator on a Hilbert space H. Then,
there exists a sequence of orthogonal polynomials P, (x), possibly complez-valued,
such that the sequence of operators P, (A) is uniformly bounded.

Proof. Since A is norm-attainable, there exists a sequence of unit vectors f,
such that
[ASnll = 1Al

Let P, () be the nth orthogonal polynomial with respect to the weight function
w(z) on the interval [a,b]. Then,

1P (A) full =

b
/ P, (2)Af,(z)w(x) dx
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By the Cauchy-Schwarz inequality,
2

b
|Pa(A) ful® = / Po(2) Af, (2)u(z) da

b

< / 1P ()2 A fo () P dr
b

- / Pa(@)2 | AflP0(z) de

b
=4 [ 1Pa(o)Pu(e) de
= (Al
This implies that the sequence of operators P, (A) is uniformly bounded. O

Theorem 5 (Weak convergence of T), to the identity operator). Let P,(z) be
the nth orthogonal polynomial with respect to the weight function w(x) on the
interval [a,b]. Then, the sequence of operators T, defined in Proposition 1 is
weakly convergent to the identity operator as n — 0.

Proof. Let f be any function in the Hilbert space L?(a, b;w(z)). Then,
b
Tt ) = [ Pula)(@puta) da

b

~ [ #@P@u() ds
= (f, Pu(2)).

Since the polynomials P, (z) are complete in L?(a, b;w(x)), we have

(Tnf, f) = (£, 1)

This shows that the sequence of operators T;, is weakly convergent to the identity
operator. O

lim
n— oo

Theorem 6. Let A be a norm-attainable operator on a Hilbert space H. Then,
there exists a sequence of orthogonal polynomials P, (x), possibly complez-valued,
such that the sequence of operators P, (A) converges weakly to A as n — oo.

Proof. The proof is by contradiction. Suppose that there does not exist a
sequence of orthogonal polynomials P, (x) such that P,(A) — A weakly as
n — oco. Then, for every sequence of orthogonal polynomials P, (z), there exists
a 0 > 0 and an infinite number of integers n such that

1P (A) = Al > 0.

Let (Qn())52, be a sequence of polynomials such that Q,,(A) — A in norm as
n — 00. Since @, (A) is norm-attainable, there exists a sequence of orthogonal
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polynomials R, (x) such that R, (Q,(A)) = Q,(A) weakly as n — oo. Let f be

any element of H. Then,

1f = Ru(@u(A)FI* = IIf = (f, Qu(A))Qu(@)|*
= Hf - <f7 Qn(A)>Pn(x)||2
= [If = {f Pa(A) Pu(a)] .
By the Cauchy-Schwarz inequality,
1 = s Pa(A) Pa(@) [ < £ + 1Pa(A) = AJP[[ Paa)]>

Since || P, (z)|| = 1 for all n, we have

1f = (f, Pa(A) Pu(@)|* < |1 £]” + 6.
This implies that
IR (@n(A))f = FI* < I£]% + 67
Since R, (Qn(A))f — f as n — oo, we can let n — oo to get

Lf = FI? < I1F11% + 62

This is a contradiction, so the theorem must be true.

O

Theorem 7. Let A be a norm-attainable operator on a Hilbert space H. Then,
the operator A is compact if and only if the sequence of operators P, (A), derived
from a sequence of orthogonal polynomials P,(x), converges to 0 in norm as

n — oQ.

Proof. (Only if) Suppose that A is compact. Then, by the definition of a
compact operator, the sequence of operators A™ converges to 0 in norm as

n — oo. Let P,(z) be a sequence of orthogonal polynomials. Then,

P,(A) = P,(A™)

for all n. Since A™ converges to 0 in norm, P, (A) also converges to 0 in norm.
(If) Suppose that the sequence of operators P,(A) converges to 0 in norm as
n — oo. Then, by the Banach-Steinhaus theorem, the sequence of operators
P, (A)™ converges to 0 in norm as n — co. Since P, (A)" = P,(A*™), we have

P,(A™) =0
in norm as n — co. Let f be any element of H. Then,
(A™f, f) = ([, A" f).
Since A™f converges to 0 in norm as n — oo,

(A f, f) =0

as n — oo. This shows that A*™ — 0 in the weak operator topology. By the
Banach-Alaoglu theorem, the weak operator topology is compact. Therefore,

A*™ — 0 in norm. This means that A is compact.

O
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5 Conclusion

In this study, we have established a series of results and proofs concerning
norm-attainable operators and their characteristics in the context of orthogonal
polynomials and Hilbert spaces. We have successfully shown properties such as
norm-attainability, self-adjointness, weak and norm convergence, and their in-
terplay with orthogonal polynomials. However, certain aspects like compactness
conditions have been left open-ended. Future research in this area could explore
more intricate relationships between norm-attainable operators and different
classes of orthogonal polynomials, delve into the applicability of these findings
in various mathematical contexts, and investigate the broader implications of
these properties in functional analysis and operator theory. Additionally, ex-
tending these concepts to other types of spaces and exploring connections to
operator algebras could further enrich the field.
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