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A Study on the Norms of Toeplitz Matrices with the Generalized Mersenne

Numbers

Abstract. In this article, we present results on Toeplitz matrices with Mersenne numbers. First, the
Toeplitz matrices whose elements are the Mersenne numbers are created and then the euclidian, row and
column norms of these matrices are found. Furthermore lower and upper bounds are obtained for the spectral
norms of these matrices. In addition, the upper bounds for the Frobenius (Euclidian) and spectral norms
of the Kronecker and Hadamard product matrices of the Toeplitz matrices with the Mersenne numbers are
calculated.
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1. Introduction

Numerous scholarly articles have been published that delve into the fascinating realm of special matrices,
particularly focusing on Toeplitz matrices, each with distinct number sequences such as Fibonacci, Lucas,
Pell, k-Fibonacci, k-Lucas, Jacobsthal, Jacobsthal-Lucas, and modified Pell numbers. Several notable con-
tributors have significantly advanced in this field such as Solak [5], Akbulak and Bozkurt [1], Shen [4], Karpuz
[3], Uygun [8] and Uygun [9]. Dagdemir [2] also made significant contributions to this field by investigating
special norms of Toeplitz matrices, including those involving Pell, Pell-Lucas, and modified Pell numbers.
Dagdemir and their colleagues further enriched the field by deriving comprehensive lower and upper bounds
for the spectral norm.

The collective efforts of these researchers have significantly expanded our knowledge of special matrices,
shedding light on their intricate properties and opening avenues for further exploration in this captivating
field. Before giving some special norms of Toeplitz matrices with Mersenne numbers, we present information

on generalized Mersenne sequence and its special cases.
1
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A generalized Mersenne sequence {Wy}, 5o = {W, (Wo, W1)},,5 is defined by the second-order recur-

rence relation
W, = 3W,_1 —2W,,_2 (1.1)

with the initial values Wy = ¢o, W1 = ¢ not all being zero.

The sequence {Wn}nzo can be extended to negative subscripts by defining
3 1
W_pn = §W7(n71) - §W7(n72)

for n =1,2,3,--- . Therefore, recurrence equation (1.1) holds for all integer n.

The first few generalized Mersenne numbers with positive subscript and negative subscript are given in

the following Table 1.

Table 1. A few generalized Mersenne numbers

n Wha W

0 Wo Wo

1 Wi %WO - %Wl

2 3W, — 2W, TWo — 3wy

3 TW1 —6Wy %WO - %Wl

4 15W, — 14W, HWo — 51
5 31W, — 300, BWo — 5Wh
6 63Wy—62W, 12w, — B,
T 12TW — 126W,  25W, — Iy,
8 255W; —254W, Sy, — 2By,
9 BUW; —510W, 02y, - Sy,
10 1023W,; —1022W, 20Ty, — 1028y,
11 2047W, — 2046W, 2095y, _ 2047y,
12 4095W, — 40941, S19lyy, _ 4095y,

For more information on generalized Mersenne numbers, see for example, Soykan [6].

Mersenne sequence {M,}, -, and Mersenne-Lucas sequence {H,}, -, are defined respectively, by the

second order recurrence relations;

M, = 3M,_1—2M,_5 My=0M =1, (1.2)

H, = 3H,.,—2H, ,  Hy=2H =3. (1.3)

The sequences {My},-, and {H,}, -, can be extended to negative subscripts by defining

3 1
M_, = §M—(n—1)_§M—(n—2)7
3 1
H_, CH 1y — =H_ (.
5H-(n-1) — 5H-(n-2)
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forn=1,2,3,--- respectively.
Therefore recurrence equation (1.2), equation (1.3) hold for all integer n.

Next, we present the first few values of the Mersenne and Mersenne-Lucas numbers with positive and

negative subscripts:
Table 2. The first few values of the special second-order numbers with positive and negative subscripts.
1 2 3 4 5 6 7 8 9 10 11 12

0

M, 0 1 3 7 15 31 63 127 255 511 1023 2047 4095
0
2

_r _ _ 31 _ 63 _ 127 255 _ 511 1023 _ 2047 _ 4095
8 16 32 64 128 256 512 1024 2048 4096

17 33 65 129 257 513 1025 2049 4097

9
H 9 9 17 33 65 129 257 513 1025 2049 4097
-n 8 16 32 64 128 256 512 1024 2048 1096

Characteristic equation of generalized Mersenne sequence {W,}, - is given as the quadratic equation

N
[0

wlw o
NS I |

2> -3z +2=0,

whose roots are «, 5 and

Binet’s formula of Generalized Mersenne sequence is given as

W1 — ﬂWO n_ W1 — OéWo ﬂn
a—pf @ a—pf
= (W1 —Wp)2" — (W — 2Wp).

W, =

Binet’s formulas of Mersenne and Mersenne-Lucas are

B a Bn Con
I R v s R

H, = oa"+8"=2"+1

and Binet’s formulas of Mersenne numbers and Mersenne-Lucas at the negative index are

1 1 2" +1
M_, = 7_7:;,

ar  f 2n

1 1 2"+ 1
H, = —+—-="1

a®  B" 2n
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2. Preliminaries

A matrix T = [t;;] € M, (C) is called a Toeplitz matrix if it is of the form ¢;; = ¢;_; for

to ty t2 - tin

tq to to1 -+ tap

T, = ta t1 to SR 7 W
ln—1 tn—2 th—3 -+ to

Now, we give some preliminaries related to our study. Let A = (a;;) be an m x n matrix. The £, norm of
the matrix A is defined by
m
4], = ZZ\LLUI )b (1<p<o0).
i=1 j=1
If p = oo, then [|A[|, = lim,_. [[A]|, = max; ; [a;;]| .
The well-known Frobenius (Euclidean) and spectral norms of the matrix A are defined respectively by

m n

A = OO0 layl?)?

i=1 j=1

141l =, / max [Aif (2.1)

where the numbers ); are the eigenvalues of matrix A” A and the matrix A is the conjugate transpose of

and

the matrix A. The following inequality between the Frobenius and spectral norms of A holds.

f [Allr < 1Al < 1Al 5 - (2.2)

It follows that

IAlly < [[Allp < VrllAlly -
In literature, there are other types of norms of matrices. The maximum column sum matrix norm of n x n
matrix A = (a;;) is

[A]l; = max Zl%l (2.3)

1<j<n

and the maximum row sum matrix norm is
[A4]lc = max Z |aij| - (2.4)

The maximum column lenght norm ¢ (.) and maximum row lenght norm r; (.) of on matrix of order m x n

are defined as follows

@ s (Sl ) = 2o, ol 25)
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and

r1 (A) = max Z|aij~\2 = max (2.6)

1<i<m

laij]j_, H -
respectively.
For any A, B € M,,, (C), the Hadamard product of A = (a;;) and B = (b;;) is entrywise product and

defined by A o B = (a;;b;;) and have the following properties

[AoBlly <ri(A)ei (B), (2.7)
and

[Ae By < [[All, | Bll, - (2.8)
In addition,

[AeBllp < |Alz[IBllg- (2.9)

Let A € My, (C), and B € M,,,, (C) be given, then the Kronecker product of A, B is defined by
auB s alnB
[A® B =
amlB e amnB

and have the following properties:

1A ® B, 1Al 1Bl (2.10)
A Bl = [Allp|Bllg-
In the following theorem, we give some formulas of generalized Mersenne of numbers.

THEOREM 1. For generalized Mersenne numbers, we have following sum formulas:

(a): [6, Proposition 22. o] If 22> =3z +1=0, i.e., z =1 or x = 3, then

{:ka _ 20+ 2)e = 3(n+ D))" W +2(n + Da" Wy + (Wi — 3Wh)
o= TR 4r -3
(b): [7, Proposition 2.1. o] If 2z —1)(4z — 1)(z —1) =0, i.e., z =1 orz =% orz =1 then

= ]
k”rz
=
k.z:ox BT (2422 — 282 4+ 7)

where
U = (n(2z—1)(4z — 5) + 242% — 28 + 5)z" W2 + 4((2z — V)n+ 4z — 1)a"W2_, + 2W¢ — (4o —
D)(3Wo — W1)2 + 2(W2 + 2W2 — 3WiWo) (2" (n + 1)z — 1).
(c): [7, Proposition 2.1. d] If (x —2)(z —1)(x —4) =0, 4.e., z =1 orx =2 or x =4 then

” o
k 2
k;)x Woh = G —1az 1)

where
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U = (n(z—2) +2(x — 1)z" W2, | + (n(z — 2)(z — 5) + 32° — 14z +10)a" W2, +4W — 2(x — L)W +
AWE 4 2W§ — 3W1Wo) (27" (n + 1)z — 1),

If we set x = 1 in the last Theorem, we have the following corollary.

COROLLARY 2. For generalized Mersenne numbers, we have following sum formulas:

(a):
> W= (1—-n)W, + (2n+2)W,_1 + (W1 — 3Wp). (2.11)
k=0
(b):
Xn: W2 = é((l —n)W2+4(n+3)W2_| —25W5 + 18Wo Wy — 3W7 4+ 2(Wy — 2Wo) (W — Wy) (2" (n+1) — 1)).
e (2.12)
(c):

- 1
dowz, = §(anEn+1 + (4n — D)W?2,, +4AWE + 4(WE +2W¢ - 3W W) (27 "(n+1) —1)).  (2.13)
k=0

3. Main Results

In this paper we use the notation A = T'(Wy, Wy, -+ ,W,,_1) for the Toeplitz matrix with generalized
Mersenne numbers, i.e.,
Wo W W oo Wi,
Wi Wo W_y - Wi,
A= Wy Wi Wo o Wi, |. (3.1)
anl Wn72 Wn73 e WO
For exclusive cases, we get
My M, Mo - M_, 0 -1 -3 M,_,
My My M.y - My, 1 0 -1 M;_,
A=| M M My - My, | = 3 1 0 o M, (3.2)
Mn—l Mn—Q Mn—S e MO Mn—l Mn—2 Mn—3 e 0
for the Toeplitz matrix A = T (My, My, -+, M,,_1) with Mersenne numbers and
Hy H., H., --- H_, 2 3 5 Hy_,
H, Hy H_, --- Hy_, 3 2 s H,_,
A= H, Hy Hy -+ Hz ., |= 5 3 2 Hs_, (3.3)
anl Hn72 Hn73 T H() anl Hn72 Hn73 e 2

for the Toeplitz matrix A = T(Hy, Hy,--- , H,—1) with Mersenne- Lucas numbers.
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In the following theorem, we present the norm value of [|Al|; and [|Al|, of the largest absolute column

sum and the largest absolute row sum of A.

THEOREM 3. Let A =T (Wy, Wy, -+ ,Wy,_1) be a Toeplitz matriz with generalized Mersenne numbers

then the largest absolute column sum (1-norm) and the largest absolute row sum (co-norm) of A are

1Al = 141

nWp—@2n+2)W, +3Wo-W1 , if [Wi|>|W_g| and W< 0
—nWot+©2n +2)W,  +(W,=3Wo) , if [Wi|>[W_y| and Wi>0

where k=4i—3j:4,j=0,1,--- n—1; ke N,-ke N—.

Proof.  Acknowledge A = T'(Wy, W1q,--- ,W,_1) which is given as in (3.1). By the definitions of

1 — norm and oo — norm, and equation (2.3), equation (2.4) and equation(2.11), we conclude that

(i): If [Wg| > |W_g|, k € N and Wy, <0,k € N, then we get

IAlly

n

n
max Y |ai;| = max {|ai;| + |ag;| + lags| + - + |ang|} = D |an]
1<j<n 4 =1

1=1
n—1
lax1| + lazi| + lags| + - + lana| = D [Wi]
k=0
n—1 n n
~O W) == Wi = W) ==Y Wi+ W,
k=0 k=0 k=0

—((1=n)W,, + 20+ 2)W, 1 + (W1 — 3W)) + W,
(n—1DW, —2n+2)W,_1 + BWo = W1) + W,

’I’LWTL — (2” + Q)Wn_1 + 3W0 - W1

and if [Wg| > |W_g|, k € N and W, > 0,k € N, then we obtain

1Al

n

n
max Y |aij| = max {|ay;| + |ag| + lagj| + -+ + |ang|} = D la]
1<j<n & P

n—1

laxt| + lazt| + lasi| + - + lam| = Y [Wi]
k=0

n—1 n

S W= Wi-W,

k=0 k=0

(1 —n)W, + (2n+2)W,_1 + (Wi — 3Wp) — W,

—an + (2’]1 + 2)Wn,1 + (W1 - ?)VV())
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(ii): If (Wy| > [W_g|, k € N and Wy, <0,k € N, then it follows that

n
max Y ai;| = max {Jai | + |aiz| + [ais| + - + |ain|} =Y |an|
1

A
1Al max

Jj= j:l

n—1
= |ap1| + |anz| + [an3| + - + |ann| = Z Wil
k=0
n n
= _(ZWk_Wn):_ZWk+WTL
k=0 k=0
= —((1=—n)Wp+ 2n+2)W,_1 + (W1 —3Wy)) + W,
= nW, — (2n + Q)Wn71 + 3Wy — Wh

and if [W_g| > |[Wg|,k € N and Wy, > 0,k € N, then we get

n n
1Al = jax Z |laij| = max {|a;| + |ai| + |ags| + -+ |an|} = Z |ang]
== j=1
n—1 n
= an| + lana] + lans| + -+ + lana] = D (Wil = > Wi = W,
k=0 k=0

= (1 — n)Wn + (2n + 2)Wn_1 + (Wl — 3W0) - W
= —nW, + (2TL + Q)anl + (Wl — 3W0)

Thus, the proof is completed. []

REMARK 4. In the statement of the Theorem 8 the condion on W,, W_,, n € N is given to calculade

|All, and ||A||l,, norms of Mersenne, Mersenne-Lucas numbers. The other cases can be handled similarly.

From the last Theorem 3, we have the following corollary which gives norm value of ||A||; and ||A||  of the
largest absolute column sum and the largest absolute row sum of A with Mersenne numbers and Mersenne-
Lucas numbers, respectively, (set W,, = M,, with My = 0,M; = 1 and W,, = H,, with Hy = 2, H; = 3,

respectively).
COROLLARY 5.

(a): For A =T(My M,---,M,_1), the vaules of norms of Toeplitz matrices with Mersenne numbers

hold the following property:
[All, = Al o = —nMp + (2n +2)M, 1 +1

(b): For A =T (Hy,Hy, - ,H,_1), the values of norms of Toeplitz matrices with Mersenne-Lucas
numbers hold the following property:

Al = Al = —nHp + (20 + 2)Hp1 — 3.

Next theorem presents the Frobenious (Euclidian) norm of a Toeplitz matrix A.
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THEOREM 6. Consider A =T (Wo, W1, , W, _1) which is given in (8.1), then the Frobenious (Euclid-

ian) norm of matriz A is
1Al = VA

where

2.2 2 n n2 3n
Ay = (73n18+5n)W3n+1+(6n 750"+4)W3n—(144q§271)W3+(6n—|—11)WOW1—(6 gll)ng_(s +%§ +34)W72L_|_
S’ +dbn8dyy2 | opy2) 4 L(6n%27" 430227 — 1002 " 423n2" —28(27") +14(2") — 18n-+14) (W, —2Wo) (W —
Wo).

Proof. The matrix A is of the form

Wo W_1 W_o -+ Wi,
W1 WO W,l T W27n
A= W2 Wl WO to WS—n
anl anQ Wn73 T WO
Then we have
1Al = aWg+m—-1D)W2 +(n-2)W2, + (n—3)W2, +---+ W2,

= D)WE+(n—=2)Wi+ (n—3)Wi+---+W2_,

and so
n—1 k n—1 k
2
A = nWg+> O WhH+> O W) —2(n—1)Wg

k=1 i=0 k=1 i=0

n—1 k n—1 k
= (n=22n+2)W5+> O W)+ > O W)
k=1 i=0 k=1 i=0
—3n2 +5n 6n2 — 10n +4 144n + 271
6 11 3n? + 23 34 6n2 + 46 84
+(6n + 11)WoW; — %le _ (%)Wi + %Wg—l

1
—2W?2, + §(6n22_" +3n%2" — 10n27" + 23n2™ — 28(27")

+14(2n) — 18n + 14)(W1 — QWO)(Wl — Wo)

Moreover, we use equation 2.12 and equation 2.13 in Corollary 2.

Therefore, we get

JAlF = (S W2, (St 2, — (MBI 4 (Gno L1 W W, — - (Sntigntst 2
7ﬁn2+4§6n+84 We_y —2W2,

+5(6n?27" 4 3n%2" — 10n27" + 23n2" — 28(27") + 14(2") — 18n + 14) (W — 2Wy) (W — Wy).

This complates the proof. J
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From the last Theorem 6, we have the following corollary which gives Frobenius norm formulas of
Mersenne numbers and Mersenne-Lucas numbers, respectively, (take W,, = M,, with My =0,M; =1,M_; =

—1 and W,, = H, with Hy =2, H; = 3,H_; = 2, respectively).

COROLLARY 7. Forn > 0, Toeplitz matrices with the Mersenne and Mersenne-Lucas numbers, respec-

tively have the following properties:

(@): [|Allp = VA2
where A is given as in (3.2)

_ (—=3n%+5n 2 6n2—10n+4 2 3n2+423n+34 2 | 6n24+46n+84 7 2 1 20—
A2 - ( 18 )M—n+1+( 9 )M *( 18 )MnJr 9 Mn—1+§(6n 27"+

3n22" — 10n2~" + 232" — 28(27") + 14(2") — 2Tn — 7).
(b): [|Allp = VA
where A is given as in (3.3)

A3 — ( —3n128+57z )Hzn-&-l + (6n2—$1)0n+4 )HEH _ (3n2+?gn+34 )H?l + ( 6n2+496n+84 )H?z_l _ %(677/227” +

3n22" — 10n27" + 23n2" — 28(27") + 14(2") + 27n + 151).
In the following theorem, we find the lower and upper bounds for the spectral norm of the matrices with
the Mersenne numbers, Mersenne-Lucas numbers, respectively, (take W,, = M,, with My = 0,M; = 1 and

W, = H, with Hy = 2, H; = 3, respectively).
THEOREM 8.

(a): Consider A =T (My, My, -+, M,_1) which is given as in (3.2). Let

1 M_, M_y - M_, 1 _% _% ceo My,

1 MO M—l e MQ—n 1 0 _% M2—n

C= 1 M My - Ms_y, = 1 1 0 s M3y,

1 My M, - M 1 My My—3 - 0
and

My 1 1 1 0 1 1 1
M, 1 1 1 1 1 1 1
D= My 11 1 = 3 1 1 1
M, 1 1 --- 1 M, 1 1 --- 1

such that A = C o D (Hadamard Product of C' and D).

(i
4l > /5 2

where As is as in Corollary 7.
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(ii):
[All; < Aq
where
1 .
Ay = (g((—z —n)MZ2 + (4n+9)M2_, + 2" (n+1) —2))2
1 \
x(3((=2=n)Mg+4(n+ 3)M;_ +2"" (0 +1) - 5))>.

(b): Consider A =T(Hy, Hy,- -, H,_1) which is given as in (3.3). Let

1 H, H., - Hi_, 1 3 5 Hy_,

1  Hy H_ , - Hy, 1 2 3 Hy_,

c=|1 B H - Hsy, |=|1 3 2 Hsy .,

1 Hn—2 Hn—S e HO 1 Hn—2 Hn—3 2
and

Hy 1 1 1 2 1 1 1
H, 1 1 1 3 1 1 1
H,; 1 1 --- 1 H,; 11 --- 1

such that A = C o D (Hadamard Product of C and D).

(i)
41, > 4/~ Ag

where Aj is as in Corollary 7
(ii):
[All; < As

where

A = (U2 m)H2 + (dn+ 9)HI_, — 2" (n 4 1) — 14))

x(%((ﬂ —n)H2 +4(n+3)H2_, — 2" (n+1) — 17))3.

Proof.

(a): (i): We use equation (2.2).
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(ii): We get

(b):

r(C) = max(Y_lel)? = (3 lensl")?

n—2 n
= O ME+1)T =0+ ME-MZ-ME,)?

k=0 k=0

— (%((—2 —n)M? + (4n + 9)M?2_, — 25M2 + 18 My M,
—3MP +2(My — 2Mo)(My — Mp)(2"(n+1) — 1)) +1)*

- (é((fg —n)M2 + (4n+9)MZ_, + 2" (n + 1) - 2))?

and

(D) = max(} ] |dig")t = (3 Idiaf*)?
4 i=1

n—1 n

= Owpr =0 wE-w2)s
k=0 k=0
1

= (5((=2~ n)M? + 4(n + 3)M?2_, — 25M3 + 18 My M,

—3M2 4+ 2(M;y — 2Mo)(My — Mo)(2"(n + 1) — 1)))2
1

= (G((2=n)M A+ 3ME, + 2" (n41) —5))

so, from inequality (2.7),

[All; < mi(C)er(D) = Ay
1

= GU-2-m)ME+ @0+ M2,

+2" (n 4+ 1) - 2))

=

« (%((_2 — )M 4 A(n + 3)M2_,

N|=

+2" (n + 1) — 5))=.

(i): We use equation (2.2).

(ii): By definition, we get

r(0) = max(Yleyl")E = (Y lensl)?

J Jj=1
n—2 n
= Q_Hi+V):=(+) H -H,-H; >
k=0 k=0
= (é((—2 —n)H2 + (4n+9)H2_| — 25H; + 18HoH, — 3H}

+2(Hy — 2Ho)(Hy — Ho)(2"(n +1) — 1)) 4+ 1)7

= (1((—2 —n)H? + (4n + 9)H?

3 n—1"" 2n+1(n + 1) - 14))%
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and
n n—1 n
el (D) = max(} ] ldi")t = (3] 1dial)F = (30 H)F = (3 HE — H})*
i i=1 k=0 k=0
= (%((_2 —n)H, +4(n+3)H._, — 25H; + 18HoH, — 3H}
+2(Hy — 2Ho) (Hy — Ho)(2"(n +1) — 1)))*
= (%((_2 —n)H? +4(n+3)H2_, — 2" (n+ 1) — 17))2

so, from inequality (2.7)
[All, < 7m(C)er(D) = As
= (%((—2 —n)H? 4 (d4n+9)H?_, — 2"t (n+ 1) — 14))3
x(%((—Z C)H? 4 A(n+ 3)H2_, — 2" (n 4+ 1) — 17))%.
This complates the proof. [J

From the equation (2.10) and Corollary 7, we have the following corollary which gives the Frobenius

norms of the Kronecker products of the Toeplitz matrices with special cases of generalized Mersenne numbers.

COROLLARY 9. Suppose that A = T(My, My, -+ ,M,_1) and B = T(Hy,Hy, -+ ,H,—1) be Toeplitz
matrices with Mersenne numbers and Mersenne-Lucas numbers respectively, then we have the following

property:.
[A©@Bllp = [AlglBllg
= VA2V/A3
where Ay and A3 are as in Corollary 7 (a) and (b),
(set W,, = M,, with My =0, M, =1 and W,, = H,, with Hy = 2, H; = 3 respectively).
Proof. Tt can be easily seen from equation (2.10) and Theorem 6 and Corollary 7. O
From the above inequality (2.9) and Theorem 6 and Corollary 7, we have the following result, which

gives an upper bound for the Frobenius norm of Hadamard products of Toeplitz matrices with different

Mersenne sequences.

COROLLARY 10. Assume that A = T (Mo, My, -+ ,M,_1) and B = T(Hy, Hy,--- ,H,_1) be Toeplitz
matrices with Mersenne numbers and Mersenne-Lucas numbers, respectively, then we have the following

property:
[Ao Bl < [AllplIBlg

v

IN

where Ay and A3 are as in Corollary 7 (a) and (b),
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(set W,, = M,, with My =0, My =1 and W,, = H,, with Hy = 2, H; = 3, respectively).
Proof. For the proof see inequality (2.9) and Theorem 6. OJ
In the last inequality (2.8) and Theorem 8, we have the following corollary, which gives an upper bound

for the spectral norm of Hadamard products of Toeplitz matrices with different Mersenne sequences.

COROLLARY 11. Given A =T(My, My, -+ ,M,_1) and B =T(Hy, Hy, -+ ,H,_1) be Toeplitz matrices

with Mersenne numbers and Mersenne-Lucas numbers respectively, then we have the following property:
|Ao B, <Ay x As
where Ay and A5 are as in Theorem 8,

(take W,, = M,, with My =0, M; =1 and W,, = H,, with Hy = 2, H; = 3, respectively).
Proof. See inequality (2.8) and Theorem 8. [J
From the related equation (2.10) and Theorem 8, we have the following corollary which gives an upper

bound for the spectral norm of Kronocker products of Toeplitz matrices with different Mersenne sequences.

COROLLARY 12. Let A = T(My, My, -+ ,M,_1) and B = T(Hy,Hy,--- ,H,—1) be Toeplitz matrices

with Mersenne numbers and Mersenne-Lucas numbers, respectively, then we have the following property:
|A® Bll, < Ay x A
where Ay and A5 are as in Theorem 8,

(set W,, = M,, with My =0, My =1 and W,, = H,, with Hy = 2, H; = 3, respectively).
Proof. See equation (2.10) and Theorem 8. [J
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