Some Fixed Point results of Rational Type-Contraction Mapping in S-Metric
Space

Abstract:
In this paper, we demonstrate the existence of some fixed points of rational type contraction in
context of S-metric space and we examine the T-stability of the P-property for some mapping.

Also, we present few examples to illustrate the validity of the results obtained in the paper.
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1. Introduction and Preliminaries

Fixed point theory is an active area of research with various application in real life. One of the
main approaches used in this theory to demonstrate the existence and uniqueness of fixed point is
contraction. In1989, Bakhtin [7] was the first who introduced the concept of b-metrics pace. In
1993, Czerwik [9] extended the results of Bakhtin [10] and gave generalization of Banach fixed
point theorem in b-metric spaces. In 2012, the idea of S- metric space was established by Sedghi
et al. [21], who also proved fixed point theorems there in. More well-known results in the
direction of S-metric space are involved in (refer [22]-[25]).

Furthermore, we proceed by reviewing some important definitions and key terms that would be
used throughout our discussion.

Definition 1.1 [21]: “Let X be a non-empty set. An S-metric on X is a mapping §: X X X X

X - R* which satisfies the following condition:
(1) Sw,v,w)=0ifandonlyifu=v=w =0;
($2)Sw,v,w) < S(w,u,a) +Sw,v,a) +Sw,w,a), forall u,v,w,a e X.

The pair (X, S) is called an S-metric space.”



Example 1.2 [21]: “Let X = R. Then S(u,v,w) is an S-metric on R given by §(u,v,w) =

|lu —w| + |v — w|, which is known as usual S-metric space on X.”

Manoj K. et al. [18], proved fixed point theorem by using altering distance function in S-metric

space.

Theorem 1.3 [18]: “Let T: X — X be a mapping on a complete S-metric space (X, §) such that

S(uu,Tv)s (v,v,Tv)
S(u,u,v) ’

S(Tu,Tu,Tv) <AS(w,u,v) +1

forallu,ve X, A,m >0, A+n < 1.Then T possess a fixed point w € X which is unique.”

Theorem 1.4 [18]: “Let T: X — X be a mapping on a complete S-metric space (X, §) such that

Swr,7v)[1+8(u,u,Tu)]

S(Tu,Tu,Tv) <AS(u,u,v) +n T s@am

)

forallu,ve X, A,m >0, A+1 < 1. Then T possess a fixed point w € X which is unique.”

Lemma 1.5 [21]: “If (X,S) is an S-metric space on a hon-empty set X, then (X, S) satisfy the

symmetric condition, that is S (u, u,v) = §(v,v,u), forall u,ve X.”

Definition 1.6 [21] “Let (X,S) be an S-metric space. For r > 0 and u € X we define the open

ball B, (u,r) and closed ball and B,[u, r] with a center u and radius r as follows:
B;(wu,r) ={veX:S(v,v,u) <1}
Bi[ur]={veX:S(v,v,u) <r}”

Definition 1.7 [22]: “A sequence {u,} in (X,S) is said to be convergent to some point u € X, if
S(u,,u,,u) »0asn - .”

Definition 1.8 [22]: “A sequence {u,} in (X,8) is said to be Cauchy sequence if
S(u,,u,,u,) »>0asnm- .

Definition 1.9 [22]: “An S -metric space (X, S) is said to be complete if every Cauchy sequence
in X is convergent in X.”

Lemma 1.10 [22]: “Let (X,S) be an S-metric space. If u, »uandv, » v then

Stu, , u,,v,) » S(u,u,v).”



Lemma 1.11 [23]: “Let (X,S) be an S-metric space and {u, }is a convergent sequence in X.

Then lim,, ., U, is unique.”

Definition 1.12 [23]: “Let (X, S) be S-metric pace. A map T: X — X is said to be contraction if

there exists a constant k € [0,1) such that
S(Tu,Tu,Tv) < AS(u,u,v), forallu,v € X.”

Lemma 1.13 [23]: “If {u, } is a sequence of elements from S-metric space (X, S) satisfying the
following property §(u,, , u, , up41) < kS(u,_1,u,—1,u,), for each k e [0, 1) where ne N,

then {u, } is a Cauchy sequence.”

Finally, in this article we will apply the property introduced by G.S. Jeong and B.E. Rhoades in
[15] which they called the property P in metric spaces.

Definition 1.14: [15] “Let S be a self-mapping of S-metric space (X, S) with a nonempty fixed
point set F(T). Then T is said to satisfy the property P if F(T) = F(T™) foreachn e N."

2. Main Results

In this section, we establish fixed points of rational type contractions in the context of S-metric
spaces and demonstrates that the P property is T-stable for some mappings. In order to show the
relevance of the conclusions drawn in this work, we also provide a few examples.

Theorem 2.1: Let (X, S) be a complete S-metric space and 7': X — X be a mapping such that

Swu,Tu)S(W,v,Tu)+S (v,v,Tv)S (u,u,Tv) 2.1)
S(wu,Tv)+ S(w,v,Tu) ! .

forall u,v e X and a;,a, = 0,5(w,u,Tv) + S(v,v,Tu) # 0with a; + a, < 1. Then, T has a

S(Tu,Tu,Tv) < a; S(u,u,v) + a,

unique fixed point X.

Proof: Let u, be an arbitrary in X', we define a sequence {u,} in X such that Tu,, = u, 4 forall

n = 1,2, ... From condition (2.1) with u = u,, and v = u,,_,, Therefore
S(unfuwun-i—l) = S(Tun—lﬁTun—lﬁTun)

< a; S(un—lﬁun—lﬁun)



Sup—1,un—1,TUn 1) (Up un, Tup—1)+8 Wn,tn, Tun)S (Up—1,Un-1,TUp)

+a
2 S(up—1,un—1,Tup)+8Un upn,Tun_1)

= a; S(un—ll Up—1, un)

S(Up—1,Un—1,Un)S (Un Up Upn )+ (Un,Un Un +1)S Un—1,Un—1,Un+1)

S(un—1Un—1,Un+1)+S Up upup)

< ay S(Up_1, Up_1,Uy) + Ay S(Uy, Uy, Upg1)-
It follows that

(1 - aZ)S(un'un'un+1) < aq ’S(un—l)un—lfun) (22)

ai

‘S(un:unrun+1) < (1 )S(un—liun—lﬂun)-

—ay

Put 1 = (1‘“ ) In view of a; +a, <1, then 0 <A< 1. Thus, by Lemma 1.13, {u,} is a

e,
Cauchy sequence in X such that u,, - u* asn — oo.

By (2.2), it is easy to see that

S(Upy1, Uns1, TUY) = S(Tuy,, Tu,, Tu*) (2.3)

S(Un,un,Tup)S (W u* Tuy ) +S (W u*,Tu*)s (up Uy, Tu™)
S(up,up,Tu*)+Sw*u*Tuy,)

<a; S(u,,u,,u")+a,

S(UpUntn+1)S W U Up 1) +S WU TU)S Uy Uy, Tu™)
S(up,up,Tu*)+S (W u*uy+1) )

S als(un;un;u*) + az

(2.4)
Taking the limit as n — oo on both side of (2.4), we have lim,, ., 8 (U141, Up41,TU*) = 0.
That is, u, —» Tu*. Hence, u* = u* , u* is a fixed point of 7.

Finally, we prove the uniqueness of the fixed point. Indeed, if there is another fixed point v*,

then by (2.1), we have
S, u*,v*) =8Tu",Tu",Tv*)

S u*TuM)SW* v, Tu*)+Sw* v Tv)S (W ut,Tv")
S*u*Tv*)+S(w*v*Tu*)

< a; S u',v)+a,



Swruru)sW v u)+s@ v vH)Sutut,v)

<a;SWwu",v)+a
=" ( P ) 2 Su*u*v*)+S(w*v*u*)

S, u,v*) < a;Su*,u,vh). (2.5)
Since a; + a; < 1 impliesa; < 1.
Therefore, we obtain that S(u*, u*,v*) = 0, i.e.,, u* = v”*.
Hence the fixed point is unique.
This completes the proof. ]
Example 2.2: Let X = [0.1] be equipped with complete S-metric space define by
Sw,v,w) = (Ju—v| + |[u—w| + |v — w|)2

Consider a mapping 7': X = X defined by

1 _2
T(u)zguze u

forall u,v,w € X.
S(Tu,Tu,Tv) = (|Tu — Tul + |Tu — Tw| + |Tu — Tw|)?
=2 |Tu—Tw]|)?

2
2, —w? u? 1 2,-w?
——w-e
18

2

_2 1 1 5 _

e v ——w-ee |=|—ue
18

S(u,u,T7u)S (v,v,Tu)+8 (v,v,7v)S (u,u,Tv)

<
= S(M, W U) + az S(uu,Tv)+ S(w,v,Tu)

Clearly by taking a, =% , we have a; + a; = %-I—% = g < 1. Then, from Theorem 2.1 we

conclude that, 7" has a unique fixed point. Also, 0 is the only fixed point of 7.



Theorem 2.3: Let (X, S) be a complete S-metric space and 7': X — X be a mapping such that

Su,u,Tu)S (u,u,Tv)+S(w,v,7v)S (v,v,Tu)

S(Tu,Tu,Tv) < a; S(u,u,v) + a, STt S(orTw)

Swu,Tu)S (w,v,7u)+S (v,v,7v)S (u,u,Tv)

+a
3 S(uu,Tv)+ S(w,v,Tu) !

(2.6)

where aq, a;, az are non-negative constant with a; + a, + a3 < 1. Then, 7 has a unique fixed

point X.

Proof: Choose u, € X and construct a Picard iterative sequence {u,} as Tu, = u, .. If there
exists ny € N such that u,,, = u, 41, then u,, = u, 41 = Tuy,, i.6., uy, is a fixed point of 7.
Next, without loss of generality, let u,, # u,1 forall n € N, Using (2.6), we get

S(Un'umun+1) = S(Tun—erun—erun)

= ‘S(un—lﬂun—lﬂun)

Sup—1,un—1,TUn_1)S(Upn_1,Un—1,TUp)+S Wn,Un, TUn)S Uy Un, TUp_1)
Sup—1,un—1,Tun)+S (up,un,Tup—1)

+a2

Sun—1,un—1,TUn-1)S Wptn, Tup_1)+8 Wn,tn, Tun)S (Up—1,Un—1,TUp)
S(un—1,un—1,Tun)+8(WUnun,Tun-1)

+ a

< a, ‘S(un—l' Up—1, un)

S(Up—1,Un—1,Un)SWUn —1,Un—1,Un+1)+S (Un Un Un +1)S (Un Un Un)
S(Un—1Un—1,Un4+1)+8 Up tp,tin)

+Cl2

S(Up—1,Un—1,Un)S(Un Un Up ) +S (Un,Un Uy +1)S (Un—1,Un—1,Un+1)
S(Un—1Un—1,Un4+1)+8 WUp tp,tin)

+Cl3

< aq S(Un—liun—liun) + a, CS‘(un—lrun—lrun) + as S(un'un;un—kl)-
It follows that

(1 —a3)S Uy, up, Upy1) < (a1 +a2)S (Up—1, Up—1,Uy) (2.7)

ai+ap

S(un'unlurH-l) < ( )S(un—lfun—lfun)-

1—as

Put A = % In view of a; + a, + a3 < 1, we have 0 < 1 < 1. Thus, from Lemma 1.13 {u,}
—a3

is Cauchy sequence in X. Since, (X, ) is a complete S-metric space, so there exists some point

u* € X suchthatu, -» u*asn — oo,



Again from (2.6) it is easy to see that
S u',Tu") <28W", u*, upyq1) + S(Upyq, Upy1, TUY) (2.8)
<28 uuyer) +S@Tu, Tu,, Tu")

<28 ut uygr) +ag S(uy,, u,, u’)

SUn,up,Tun)S (Un,up, Tu™)+S W™ u*Tu™)S (" u*Tuy,)
S(upun, Tu*)+S (W*u*Tuy)

+a2

+a S(up Up, Tun)S W u™Tuy ) +8 (W u™,Tu")S (Up Uy, Tu")
3 S (i, Tu)+8 (W' u* Tuy)

<28 ut upgr) +ag S(uy,, u,, u’)

ta S(up un Un+1)S Wp Uy Tu)+S (W u™Tu™)S (W u" up41)
2 S(un,up, Tu*)+S(u*u*uy+1)

ta SUn,upun+1)S@W U upy+1)+SW*u™Tu")S (uy,upy, Tu*) (2 9)
3 S(un ttp, Tu*)+8 (W u*un 1) ' '

Taking the limit as n — oo on both side of (2.9), we have lim,,_,., S(u*,u*,Tu"*) = 0.
Hence, Tu* = u* it follows that u* is a fixed point of T".

Next, we claim the uniqueness of fixed point.

Indeed, if there is another fixed point v*, then by (2.6), we have

S, u*,v*) =8Tu",Tu*,Tv*)

S u*Tu")S(W* u*Tv)+S(w* v, Tv*)S(W*v*,Tu*)
S u*Tv*)+Ss(w*v*,Tu*)

<a; Sw,u',v")+a,

ta S u*,TuM)SW* v Tu*)+S (W v Tv)S (W u*,ITv")
3 Su*u*Tv*)+S(w*v*,Tu*)

Swruru*)sw*u*v)+sW* v vHS(* v u*)
Su*u*v*)+Sw*v*u*)

<a SWw,u,v)+a,

Sw*u*u*)Sw v u*)+sw* v v)Su*u*,v*)

Su*u*v*)+Ss(w*v*u*)

+a3

S u*,v") <a S, u’,v). (2.10)

Sincea; + a, +az <1 = a; <1, weobtain that S(u*, u*,v*) =0, i.e,u" =v".



Hence the fixed point is unique.
This completes the proof. ]

Theorem 2.4: Let (X, S) be a complete S-metric space. Let 7: X’ — X be a mapping satisfying

Suu,Tu)s (v,v,Tv) S(,v,Tv)[1+S (u,u,Tu)]
S(u,u,v) 3 1+S8 (u,u,v)

S(Tuw,Tu,Tv) <a; S(u,u,v) + a, , (2.11)

for all u,v € X and ay, a,, az are non-negative constant with a; + a, + a3 < 1. Then T has a
unique fixed point X.

Proof: Choose u, € X. Construct a sequence {u,} in X by Tu, = u,,¢. For alln € N, from
condition (2.11) with u = u,, and v = u,,_4, we have

S(Un'umun+1) = S(Tun—erun—erun)

S(un—1,un—1,TUn-1)SUp,un,Tuy)

SUp_1,Un—1,uUn)

< a3 S(Up_1,Up_1,Uy) + ay

S (un,un, Tun)[1+8 (Up—1,Un-1,TUn—1)

+a
3 1+8(Up—1,Un—1,Un)

S(Up—1,Un—1,Un)S (Un,UpUpn+1)
Sup—1,un-1.un)

< a; S(Up_1,Up_1,Uy) + a5

S(Up i tn 1)1+ (Wn —1,Un—1,Up)]

+a
3 1+8(Up—1,Un—1,Un)

< aq S(un—liun—liun) + a, S(unfun'un—i-l) + as cS‘(unrunrun—i-l)-
It follows that

(1 —az —az)S Uy, Up, Upt1) < 18 (U1, Up—1,Up) (2.12)

a
S(un: un;un+1) < (1—a 1_ )S(un—lf Up—1 un)-
2—as

ai

Put 1 =

—% An view of a; + a; +az <1, we have 0 < 1 < 1. Thus, from Lemma 1.13
(L2 a3

{u, } is Cauchy sequence in X. Since, (X,S) is a complete S-metric space, so there exists some

point u* € X such that u, - u*asn — oo.
Again from (2.11) it is easy to see that

S u",Tu") <28W", u", upy1) + S(Upyq, Upy1, TUY) (2.13)



<28 utuye) +S@u, Tu,, Tu")

Sup,up,Tuy)SW*u*,7u™)

S(up,un,u*)

<28 ut uyyr) +ag S(uy, u,, u) + ay

S(U-*ru*;:ru*)[l‘l'g(un run':run)]
1+8 (up,un,u*)

+a3

Supupup+1)S@*u*,Ju™)

<28 ut uygr) +ag S(uy,, u,,u) + ay o)

S u*Tu)[1+8 (up,upn,Tuy+1)]
14+8(up,up,u*)

+az (2.14)

Taking the limit as n — oo on both side of (2.14), we have lim,,_,, S(u*,u*,Tu*) = 0.
Hence, Tu* = u” it follows that u* is a fixed point of 7.

Next, we claim the uniqueness of fixed point.

Indeed, if there is another fixed point v*, then by (2.11), we have

S, u*,v) =8Tu",Tu",Tv*)

S u*Tu*)s(w*v*,Tv*)
S(u*u*v*)

S v Tv)[1+8S(u*u*,Tu")]

<a S ,u",v’)+a
= U1 ( ) ’ ) 1 1+8 (W*u*,v*)

+a1

S utu*)s(w* v v*) SW* v v)[1+S(w*u*u")]

<a S u,v* a a
=" ( P )+ 2 S(u*u*v*) tas 1+8(u*u*v*)

S, u*,v*) <a S, u',v).

Since 0 < a; + a; +a; <1 = a; <1,thus, we obtain S(u*,u*,v*) =0, i.e., u" = v*.

Hence, we proved that T have a unique fixed point in X.

Here completes the proof. [ |

Example 2.5: Let X = [0.1] and (X,S) be a usual S-metric space which is complete, define by
Su,v,w) =|lu—w|+|v—w|.

Consider a mapping T: X — X be define as (u) = % , forall u, v,w € X. Obviously,

1
=-|lu—v|,

S(Tu,Tu,Tv) =2 |Tu—Tv| =2 =

u
8

v
8



S(u,u,v) =2 |u—v|.

Also,
S(V;U;TU)=2|U—TU|=2|v—§|:%},

S(Tu,Tu,Tv) =i lu — v|

1
==2|u—v|
8

1 Swu,Tu)S(w,v,Tv)
4 S(u,u,v)

S, Tv)[1+S8 (u,u,Tu)]

<
- 1+8 (u,u,v)

@ |-

S(u,u,v) + %

It is clear that, a; + a, + a3z = % + i + % = % < 1. Thus, we conclude that inequality (2.11) of

Theorem 2.4 remains valid. Hence, 7" has a unique fixed point and the fixed point is 0.

Theorem 2.6: Let (X,S) be a complete S-metric space and 7: X’ — X be a mapping satisfying

the following condition

ST, T, Tv) < a3 S(u,u,v) + ap BT 4 g Ten TSy
+a, [Suw,u,Tu) + S, v, Tv)] + as [S(v,v,Tu) + §S(u,u, Tv)], (2.15)

for all u,v € X and a4, ay, as, a4, as are non-negative constant a; + a, +az +2a4 +3 as <

1. Then, T has a unique fixed point X.
Proof: Choose u, € X. Construct a sequence {u, } in X by Tu, = u,,41.
For all n € N, from condition (2.15) with u = u,, and v = u,,_4, we have

S(un'unlun+1) = S(Tun—lfTun—lfTun)

S(up_1un—1,TUn—1)S(Up upn,TUp)

S(Up—1Un—1,Un)

< a3 S(Up_1,Up_1,Uy) + ay

S(Up—1,Un—1,TUp)S (Up upn,Tn—1)

+a3

S(un—l:un—l'un)

+a4[5(un—1'un—1':run—1) + S(un'un'Tun)]

10



+a5 [S(unfunfTun—l) + S(un—lfun—lﬂTun)]

S(uUp—1,Un—1,Un)S(WUn UpUpn11)

S(up—1,un—1Un)

< a; S(Up_1,Up_1,Uy) +ay

S(Upn—1,Un—1,Un+1)S(Up,Un,Up)

S(Mn—l;un—lrun)

+a;z + ag[S(uy—1, up_1, Up) + S (U, Uy, Uy 1)]

+as5[S (Un, Uy, Upn) + S (Up—1, Un—1, Un41)]

< a; S(Up—1, Un—1,Up) + Az S(Up, U, Un 1)

+ay[S(Up—1, Un—1,Up) + S (Up, Uy, U 41)]

+as[2 S (Un—1, Un—1, Up) + S Uy, Up, Un41)].
It follows that

(1 —a; —as—as)S Uy, Uy, Upy1) < (ag + ag + 2as) S(Up—1, Up—1,Uy) (2.16)

ai+agt+2as

S(un'unlun—i-l) < ( )S(un—l'un—lrun)-

1—ay—as—as

ai+ast+2as

Put 1 = .Inview of a; + a; + az + 2a4 + 3as < 1, we have 0 < 1 < 1. Thus, from

l—ay—as—as
Lemma 1.13, {u, } is Cauchy sequence in X. Since, (X, S) is a complete S-metric space, so there

exists some point u* € X such that u,, » u* asn — oo.
Again from (2.15) it is easy to see that
SwHu",Tu") 28w u" uyyq) + S(Wpp1, Uy, TUY) (2.17)

<28 utuye) +S@u, Tu,, Tu")

S(Un un,Tup)S (W*u*,Tu*)

S(up,up,u*)

<28 ut upyr) +a; S(uy, u,, u) + ap

S(upun, Tu™)S W u*,Tuy,)

S(up,up,u*)

+as + a,[S (uy, uy,, Tuy,) + S, u', Tu")]

+as[S(w*,u*, Tu,) + S(u,, u,, Tu")]

S(upn Uni1)S@ u*Tu")

S 2 ‘S(U*r u*) un+1) + al S(un'un'u*) + aZ S(Un Up u*)

11



S(Up up,Tu")S (W u" Un 41)
148 (uy,uy,u*)

+ az + ay[§(uy, uy, Upyq) + S, u*, Tu")]

+as[S(u', u' uyq1) + S(uy, u,, Tu*) (2.18)
Taking the limit as n — oo on both side of (2.18), we have lim,,_,,, S(u*,u*,7u*) = 0.
Hence, Tu* = u* it follows that u* is a fixed point of T".
Finally, we prove the uniqueness of fixed point.
Indeed, if there is another fixed point v*, then by (2.15), we have
S, u*,v) =8§Tu",Tu",Tv")

S u*Tu")S(W*v*Tv")
Su*u*v*)

Sw*u*,Tv)S(W* v*,Tu*)
S(u*u*v*)

<a Swu',v)+a, + a;

+a, [SWu',Tu) +SW v, Tv)] + as[S(W*, v*,Tu") + S, u*, Tv")]

S u*u”)Sw*v*v") Sw*u*v)SWw*v*u*)

<a Suu*,v* a a
<a SLul v +ap S(u*u*v*) + a3 S(u*u*v*)

+a, [SWus,u”) + S, v, v)] + as[SW*, v, u*) + S(u',u*, v*)]
S u*,v") < (aq +az + 2as) S, u*,v"). (2.19)

Since 0<a +a,+a3+2a,+3as<1= a;+a3+2as<1, thus, we obtain

S(u*,u*, v*) = 0, which further implies u* = v*.
Therefore, T have a unique fixed point in X.
Here completes the proof. [ |

Theorem 2.7: Let (X,S8) be a complete S-metric space and 7: X — X be a self map that

satisfies the following inequality

S(Tu,Tu,Tv) < a; S(u,u,v) + a, S(u'ug(z)j%'v'w) + a; S(u'ug(z)i%'v'h)

Sww,Tv)[1+8(u,u,Tu)]

a
+ay 14+8(u,u,v) !

(2.20)

for all u,v € X and a4, a,, az, a, are non-negative constant a; + a, + az + a4 < 1. Then, T

has a unique fixed point X.

12



Proof: Choose u, € X and construct a Picard iterative sequence {u, } as Tu, = u, 1.
For all n € N, from condition (2.20) with u = u,, and v = u,,_;, we have

S(Up, Uy, Ups1) = STup_1, Tuy_1,Tuy,)

S(un—1,un—1,TUn 1) (Up,un,Tuy)

S(un—l;un—l;un)

< a3 S(Up_1,Up_1,Uy) + ay

S(up—1,un—1,Tun)S(Up un,Tup_1)

+a3

S(up—1un—1,Un)

Sun,up,Tup )[1+S(up—1,un—1,Tup—-1)]
1+8(Up—1,Un-1,Un)

+a,

S(Up—1,Un—1,Un)S (Un,UpUpn+1)

S(up—1un—1,upn)

< a3 S(Up_1,Up_1,Uy) + ay

S(Upn—1,Upn—1,Un1+1)S (U Up Uy) S(upup n 4 1)[14+8 (Up —1,Un —1,Un)]

+a +a
3 S(Up—1,Un—1,Un) 4 1+8 (Up—1,Un—1,Un)

< aq S(un—lrun—lrun) + a, S(un»un'un—H) + a45(unrunrun+1)a

which further implies,

(1 —az —ag)S(Up, Up, Uy 1) < a3 S(Up—q, Uy—1,Uy) (2.21)
ai
S(unlun'un+1) < (1—a2—a4) S(un—lfun—l'un)-

ai

Put 1 =

. Inview of a; +a, + az +a, <1, we have 0 < A1 < 1. Thus, from Lemma

1—a2—a4
1.13, {u, } is Cauchy sequence in X. Since, (X, S) is a complete S-metric space, so there exists

some point u* € X such that u, - u* asn — oo,
Again from (2.20) it is easy to see that
S u', Tu") <28, u", upyq1) + S(Upyq, Upy1, TUY) (2.22)

=285 uuypr) +STu, Tu,, Tu*)

S(Un,un,Tup)S (W u*,Tu*)

S(up,up,u*)

<28 ut, upy1) +ag S(up, uy, u’) + ay

S(up,up,Tu)SW* u*Tuy)

S(un,un,u*)

S utTu")[1+8 (Up un, Tun)]

+a
3 148 (upup,u*)

+a4
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S(UpUptni1)S @ u",Tu")

S(up,up,u*)

<28 ut upyq) +a; S(uy, uy,, u*) + ay

S (U un, Tu™)S W  u*upy +1) S u*Tu)[1+8 (up Uy, Un +1)]

tas 1+8 (up unu*) T ay 148 (up un,u*) ' (223)
Taking the limit as n — oo on both side of (2.23), we have lim,,_,,, S(u*,u*,7u*) = 0.
Hence, Tu* = u” it follows that u* is a fixed point of 7.
Finally, we prove the uniqueness of fixed point.
Indeed, if there is another fixed point v*, then by (2.20), we have
S, u*,v) =8§Tu",Tu",Tv")
£ % % S u*Tu*)s(W*v*,Tv*) Swru*,TvHSW* v* ,Tu*)
< aq ‘S(u yu,v ) + aq Su*utv*) + aq St utv*)
SW* v TvI)[1+S(u*u*,Tu*)]
+a4 1+S(u*u*v*)
% % S u*u”)Sw*v*v") S u*v*)Ss* v u*)
<a SW,u*,v")+a, S o) + a3 e
SW* v v)[1+S(w*u*u*)]
+a4 1+S(u*u*v*)
S u",v*) < (ag +az) S(u*,u*, v*)
SwHu',v) <(a; +a; +az +ay) SWw,u",v"), (2.24)

a contradiction.

Thus, we obtain § (u*, u*, v*) = 0, which further implies u* = v*.

Therefore, T have a unique fixed point in X.

Here completes the proof. |

Example 2.8: Let X’ = [0.1] be equipped with complete S-metric space define by
Sw,v,w) = (Ju—v| + |lu—w| + |v —w|)?

Let the mapping 7: X — X be defined by

14



T(u)z%.

Then, for all u, v, w € X, we have,

Sw,u,v) = 4lu —v|?,

2
S(u,u,f]"u)=4|u—f]"u|2:4|u_£ _16_»
5 25
v|2 16
5(17,17,Tv)=4|1;—Tv|2=4|v_E =12

Also,

STu,Tu,Tv) = (|Tu — Tul + |Tu — Tw| + |Tu — Tw|)?

= (2 |Tu—Tw|)?
=2 |u—vl?
T 25 lu—vl
1 4 Swu,TwWSwv,Tv) 2 Swr,Tv)[1+S(wu,Tu)]
<1 4 &
=25 S(uv,w) + 25 Suu,v) 5 1+8(uuv)

Clearly, we have a; +a, +a; = % + % + % = % < 1. Then, from Theorem 2.7 we conclude

that, 7" has a unique fixed point. Also, 0 is the only fixed point of 7.

Theorem 2.9: Let (X, S) be a complete S-metric space. Let 7: X’ — X be a mapping satisfying

S(u,u,Tu)S (u,u,Tv)+8 (v,v,Tv)S (v,v,7u)

S(Tu,Tu,Tv) <a; S(u,u,v) + a, ST 5 (o0 T

+a3;S(Tuw,Tu,Tv),
(2.25)

forall u,v € X and ay,a,,a3; = 0. S(u,u,Tv) + S(v,v,Tu) # 0 with a; + a, + az < 1. Then

T has a unique fixed point X.

Proof: Choose u, as an arbitrary point in X. We define a sequence {u,} in X by Tu, =

U,4+1-Thenorall n € N, from condition (2.25) with u = u,, and v = u,,_;, we have
S(un'unlurH-l) = S(Tun—lfTun—lfTun)

< a; ‘S(un—llun—llun)

Sup—1Un—1,Tup—1)8(Up—1,un—1,Tun)+S p,un,Tup)S (up,un,Tuy—1)
Sun—1un—1,TuUp)+8 (U Un, TUp 1)

+a2
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+az S(Tu,_1,Tu,_1,Tu,)
< a CS‘(un—lfun—lfun)

Sun—1,un—1,Un)SWUn —1,Un—1,Un+1)+8 Wy Up Un +1)S Uy Up,Uy)

S(Un—1Un—1,Un+1)+S (Up upup)

+a2

+a38 (Un, Un, Un 1)
< Ay S(Un_1, Un—1, Un)+a2S (Uy—1, Uy —1, Uy ) + @38 (U, Uy, Upg1)-
Which further implies
(1 — a3)S$ (up, Un, Un+1) < (A1 +a2)S (Un—1, Up—1, Un) (2.26)

ai+ay

‘S(unrun:un+1) < ( )S(un—liun—lﬂun)-

1—a3

Put 1 = allﬂ In view of a; + a, + a; < 1, we have 0 < A1 < 1. Thus, from Lemma 1.13 {u,,}

—as
is Cauchy sequence in X. Since, (X,S) is a complete S-metric space, so there exists some point

u* € X suchthatu, » u*asn — oo.

Again from (2.25) it is easy to see that

SwHu",Tu") <28W", u" upsq) + S(upp1, Uns1, TUY) (2.27)
<285 u'uye) +S@u, Tu,, Tu")

S 2 S(u*l u*, un+1) + al S(un;un;u*)

SUnun,Tup)S Uy, Uy, Tu™)+S (W*u*Tu*)S(u* u*Tuy)
Supup,Tu*)+S@W*u*Tuy)

+a2

+a3 S(Tu,, Tu,, Tu")

S 2 S(u*’ u*’ u‘l’l+1) + a’l S(un’un’u*)

S(Un un,up+1)8 (Un,up, Tu*)+S (W™ u*Tu*)S(w*u*uy +1)
S(un,un, Tu*)+8S W*u*up 1)

+a,

+ a3 S(Upsq, Upy, TUY) . (2.28)

Taking the limit as n — oo on both side of (2.28), we have lim,, ., S(u*,u*,Tu*) = 0.

Hence, Tu* = u* it follows that u* is a fixed point of T.
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Finally, we claim the uniqueness of fixed point.
Indeed, if there is another fixed point v*, then by (2.25), we have
S u*,v) =8Tu",Tu",Tv")

S u*Tu")S(Ww* u*Tv)+S(w* v*,Tv*)s(W*v*,Tu*)

<a;SW,u',v')+a
=" ( P ) 2 Sw*u*Tv*)+S(w*,v*,Tu*)

+a; S(Tu*, Tu*,Tv*)

S uru)Sw u*v)+S@w* v vHSw* v u*)

<aSWHu*,v')+a
=" ( P )+ 2 Su*u*v*)+Sw*v*u*)

+az; S(u*,u*,v")
Swhu,v*) <(ag +az) S, u,v"). (2.29)
Since0 <a; +a;+az; <1=a;+a; <1,thus, weobtain § (u*,u*,v*) =0, i.e.,u" =v".
Hence, we proved that T have a unique fixed pointin X.
Here completes the proof. |
Remark 2.10.

1. If we put a, = a3 = a, = as = 0 in Theorem 2.6, we get the Banach Contraction Theorem

[2] in S-metric space.

2. If we put a; = a, = a3 = as = 0 in Theorem 2.6, we get the Kanan Theorem [11] in S-

metric space.

3. If weputa,= az = as =0 in Theorem 2.6, we get the Fisher Theorem [9] in S-metric

space.

4. If we put a; = a, = a3 = a4 = 0 in Theorem 2.6, we get the result of Chaterjee Theorem

[5] in S-metric space.

5. If we put a, = a3 = 0 in Theorem 2.9, we get the result of Dass and Gupta Theorem [8] in S-

metric space.
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Theorem 2.11: Let (X, S) be a complete S-metric space and 7: X’ — X be a mapping such that
F(T) # ®and that

STu,Tu,T?u) < A8(w,u,Tu), (2.30)
forall u € X, where 0 < A1 < 1is aconstant. Then 7" has the P property.
Proof: We always assume that n > 1. Since the statement for n = 1 is trivial. Let w € F(T™).
By the hypotheses, we get
Sw,w,Tw) = S§(TT" tw, 77" tw, 727" 1w)
<AS@" w77 lw, 7 w)

< ASTT 2w, TT™ 2w, T2T"2w)
<22 ST Pw, T w, T w)
<< A'S(w,w,Tw) - 0,asn — oo,
Hence S(w,w,Tw) = 0, thatisTw = w.
Theorem 2.12: Under the condition of Theorem 2.3, 7" has the P property.

Proof: We have to prove that the mapping T satisfies (2.30). In fact, for any u € X', we have
S(Tu,Tu, T?u) = S(Tu,Tu, TTu)

S(u,u,Tu)S (u,u, TTu)+S (Tu,Tu,TTu)S (Tu,Tu,Tu)

<
=q S(U, W Tu) ta; Swu,TTwW+S(Tu,Tu,Tu)

S (u,u,Tw)S (Tu,Tu,Tu)+S (Tu,Tu,TTu)S (u,u,TTu)
S(uu,TTu)+ S (Tu,Tu,Tu)

<a; Swu,Tu)+a, S(uw,u,Tu) + a3 S(Tu, Tu, TTu)
(1 —a3)S(Tu,Tu,T?u) < (a; + ay)S(u, u, Tu)

+Cl3

S(Tw, Tu, T?u) < % S(u,u, Tu)
—a3

Deduce that A = allﬂ Note that a; + a, + a3 < 1, then 1 < 1. Accordingly, (2.30) is satisfied.

—as

Consequently, by Theorem 2.3, 7" has the P property.

Conclusion: In this article, we have established the existence of fixed points theorems of

rational type contractions mappings in the framework of S-metric spaces and also studied the
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P property for some mappings. To further demonstrated the reliability of the findings in the

article, we additionally offer a few examples.
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