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Some Fixed Point results of Rational Type-Contraction Mapping in S-Metric
Space

Abstract:
In this paper, we demonstratethe existence ofsome fixed points ofrational type contraction in
context of S-metric space and we examine the T-stability of the P-property for some mapping.

Also, we present few examples to illustrate the validity of the results obtained in the paper.
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1. Introduction and Preliminaries

Fixed point theory is anactive area of research with various application in real life.One of the
main approaches used in this theory to demonstrate the existence and uniqueness of fixed point is
contraction.In1989,Bakhtin[3]wasthefirstwhointroducedtheconceptofb-metricspace.
In1993,Czerwik[6]extendedtheresultsofBakhtin[7]andgavegeneralizationofBanachfixedpointtheo
reminb-metricspaces. In 2012, the idea of S- metric space was established by Sedghi et al. [14],
who also proved fixed point theorems there in. Manoj K. et al. [12], proved fixed point theorem
by using altering distance function in S-metric space. More well-known results in the direction of
S-metric space are involved in (refer [15]-[18]).

Theorem 1.1 [12]:“Let T: X — X be a mapping on a complete S-metric space (X, §) such that

S(uu, Tv)S (v, v, Tv), ( comment [a1]: " is missed

STu,Tu,Tv) <AS(u,u,v) +1

Swuv) !
forallu,veX, A,n>0, A+n < 1. Then T possess a fixed point w € X which is unique.”
Theorem 1.2 [12]:“Let 7: X — X be a mapping on a complete S-metric space (X, §) such that

S, v,Tv)[1+ S(u,u, Tu)]

STu,Tu,Tv) <AS(u,u,v) +1 1T sy

’



forallu,veX, A,n >0, A+n < 1.Then T possess a fixed point w € X’ which is unique.”

Furthermore, we proceed by reviewing some important definitions and key terms that would be
used throughout our discussion.

]Definition\ 1.3 [14]: “Let X be a non-empty set. An S-metric on X is a mapping §: X X X X

[Comment [@2]: Bring before Theorem 1.1

X - R* which satisfies the following condition:
$)Swv,w)=0ifandonlyifu=v=w = 0;

S2)Sw,v,w) < Swu,a)+Sw,v,a) +S(w,w,a), forallu,v,w,a e X.
The pair (X, 8) is called an S-metric space.”

Examplel 1.4 [14]: “Let X = R. Then S(u,v,w)is an S-metric on R given by S(u,v,w) =

|lu — w| + |v — w|, which is known as usual S-metric space on X.”

Lemma 1.5 [14]: “If (X, S) is an S-metric space on a non-empty set X, then (X, S) satisfy the

symmetric condition, that iss (u, u, v) = S(v, v,u), forall u,v e X.”

Definition 1.6 [14] “Let (X,S) be an S-metric space. For r > 0 and u € X’ we define the open

ball B;(u, ) and closed ball and B, [u, ] with a center u and radius r as follows:
B;(u,r) ={veX:S(v,v,u) <r}
Biu,r]={veX:S(v,v,u) <r}”

Definition 1.7 [15]: “A sequence {u,,} in (X, §) is said to be convergent to some point u € X, if
S(u,,u,,u) >0asn - .

Definition 1.8 [15]: “A sequence {u,} in (X,8) is said to be Cauchy sequence if
S(u,,uy,uy,) >0asn,m-

Definition 1.9 [15]: “An S -metric space (X, S) is said to be complete if every Cauchy sequence
in X is convergent in X.”

Lemma 1.10 [15]:“Let (X,§) be an S-metric space. If u, »uandv, » v then

S(uy,uy,,v,) » S(u,u,v).”

Lemma 1.11 [16]: “Let (X,S) be an S-metric space and {u, }is a convergent sequence in X.

Then lim,,_,,, u,, is unique.”

Comment [a3]: After definition 1.3 and before
theorem 1.1




Definition 1.12 [16]:“Let(X,S) be S-metric pace. A map T: X — X is said to be contraction if

there exists a constant [k € [0.1) such that

[Comment [a4]: k\in[0,1)

STuw,Tu,Tv) <AS(u,u,v), forallu,v € X.”

Lemma 1.13 [16]: “If {u, } is a sequence of elements from S-metric space (X, §) satisfying the
following propertyS (u, , U, , Up41) < kS(U,_1,Un_1,uy,), for each k e [0, 1) where ne N,

then {u, } is a Cauchy sequence.”

2. Main Results

In this section, weestablish fixed points of rational typecontractions in the context of S-metric
spaces and demonstrates that the P property is T-stable for some mappings. In order to show the
relevance of the conclusions drawn in this work, we also provide a few examples.

Theorem 2.1:Let (X, S) be a complete S-metric space and T: X’ — X'be a mapping such that

S(u,u,Tu)s (v, Tu)+S (v,v,Tv)S (u,u,Tv)

STu,Tu,Tv) < a;8(u,u,v) + ay ST LS (T

(2.1)
forall u,v € X and a;,a; = 0,5(w,u,Tv) + S(v,v,Tu) # 0 with a; + a, < 1. Then, Thas a

unique fixed point X.

Proof: Letu, be an arbitrary in X, we define a sequence{w,} in X'such that Tu,, = u,, for all

n = 1,2, ... From condition (2.1) with u = u,and v = u,,_4, Therefore
S(Up, U, Ups1) =S (Tupy_q, Tu,_q,Tuy,)
< als(un—l' Un—1, un)

S(un—liun—lﬂfun—l)g(un'un':run—l) + S(unﬁuniTun)S(un—liun—I'Tun)
S(un—lfun—lffrun) + ‘S(unrun'Tun—l)

+a2

< al‘s(un—lt Up—1, un)

S(un—1,un—1,uUn)S (Un Un Un)+8 (Un Un Un+1)S Un—1Un—1,Un+1)
S(Up—1Un—1Un+1)+8 Wnunun)

+a2

< al"s(un—lfun—lﬂun) + azg(un'un'un+1)'

It follows that




(1 - az)s(un'un!un+l) = als(un—lﬂun—lﬂun)

2.2)

a
1_

S(un: Up, un+1) < < a )‘S(un—l'un—l'un)'
2

Put 1 = (la; ) In view of a; +a; <1, then 0 <1 < 1. Thus, by Lemma 1.13, {u,} is a
—az

Cauchy sequence in X such that u, » u* asn — oo.
By (2.2), it is easy to see that

S(Upi1, Uny1, TU) = S(Tuy, Tu,, Tu*)
(2.3)

8 (U, Uy, Tuy)S (U, v, Tuy) + S, u, Tu*)S (Uy, Uy, Tu*)
S(un:un: Tu*) + S(u*:u*!Tun)

< a8 (Up, up, u*) + ay

S (U, Un, Un 4 1)S WU Upy1) + SW, U, TUN)S (U, U, TUY)
S Uy, Uy, Tu*) + S(U*, u*, Up 1) '

< a8 (up, Uy, u*) + a,

(2.4)
Taking the limit as n — oo on both side of (2.4), we have lim,,_,,, $ (U 41, Up 41, TUu*) = 0.
That is, u,, = Tu*. Hence, Tu* = u* , u* is afixed point of 7.

Finally, we prove the uniqueness of the fixed point. Indeed, if there is another fixed point v*,
then by (2.1), we have
S, u*,v*) =8@Tu*,Tu",Tv")

S, us, Tu)SW* v, Tu*) + S(w*, v, Tv*)S(u*, u*, Tv*)

<a; S u*,v*) +
St u,v*) + ap S us, TvY) + S(w*,v*, Tu*)

S usun)S* v u) + S5 v, v)St, ut,vY)
Su*,u,v*) + S, v, u*)

< a; S ukv) +ay

S u*,v*) < gy S, ub,vY).

(2.5)

Since a; + a, < limpliesp < 1. [Comment [a5]: what'sp?




Therefore, we obtain that S (u*, u*, v*) = 0, i.e.,, u* = v*.

Hence the fixed point is unique.

This completes theproof. ]

Example 2.2:LetX = [0.1] be equipped with complete S-metric space define by
Sw,v,w) = (lu—v| + [u—w| + |v—w|)?2

Consider a mapping 7: X — Xdefined by

1
T(u) = %uze_“z,

forall u,v,w € X.

S@Tu,Tu,Tv) = (|Tu — Tul + |Tu — Tw| + |Tu — Tw]|)?

=2 |Tu—Tw|)?
1 1 2 1 1 2
=4 %uze—uz _nge—wz — |Euze—u2 _sze—wz
1 2 212
< = 2,—u __ 2,—w
< 9|u e we |
< Flu- v =22 -v)P
sglu—vl" =3 (u—-v)
1
Sgé‘(u,v,w)

Swu,T7u)s (v, T7u)+S(v,v,7v)S (u,u,Tv)

<
- als(u' W 1]) + az S(w,u,Tv)+ S(v,v,Tu)

Clearly by taking a, =% , we have a; +a, = §+%= % < 1. Then, from Theorem 2.1 we

conclude that, " has a unique fixed point.Also, 0 is the only fixed point ofT.
Theorem 2.3:Let (X, S) be a complete S-metric space and T: X — X'be a mapping such that

Stu,u, TwS(w,u, Tv) + S, v, Tv)S(v, v, Tu)

STu,Tu,Tv) < a;S(u,u,v) + ay ST T 5007w




S(wu,T7u)s(w,v,Tu)+S (v,v,7v)S (u,u,Tv)
Suu,Tv)+ S(w,v,Tu)

+a3 f (26)

where aq, a,, azare non-negative constant with a; + a, + az < 1. Then, Thas a unique fixed

point X.

Proof: Chooseu, € Xand construct a Picard iterative sequence{u,}as Tu, = u,,. If there
exists ng € N such that w,, = w, 41, then w,, = u, 41 = Tu,,, i.e., u,, is a fixed point of 7.

Next, without loss of generality, let u,, # u, . forall n € N, Using (2.6), we get
S(Up, U, Ups1) = S(Tuy_q, Tu,_1,Tuy,)
< al‘s(un—lt Up—1, un)

S(un—li Up—1, Tun—l)g(un—li Up—1, Tun) + S(un'unﬁTun)S(unv Un, Tun—l)
S(un—lﬂun—lﬂTun) + S(un'uanun—l)

az

‘S(un—lﬂun—l'Tun—l)‘s(un!un':run—l) + S(un'un'Tun)‘S(un—l'un—l'Tun)
S(un—ltun—lt Tun) + S(unﬂun'Tun—l)

as

< als(un,]_, Up—1, un)

CS‘(un—l! Up—1, un)‘s(un—lﬂ Up—1, un+l) + ‘s(unv Up, un+1)5(un: Up, un)
‘S(un—li Up—1, un+1) + ‘S(un' Uy, un)

a;

S(un—li Up—1, un)‘s(unl Unp, un) + ‘S(un' Up, un+1)5(un—1' Up—1, un+1)
3

+a
S(un—lﬂun—lﬂ un+1) + ‘S(un'un'un)

< als(un—l' Up—1, un) + aZS(un—l! Up—1, un) + a35(un! Up, un+1)-
It follows that

(1 - a3)5(un'un!un+l) < (al + aZ)S(un—ltun—l'un)
2.7)

aq + a;
1— as )S(un—lrun—lrun)'

S(un' Up, un+1) < (

Put A = ‘111—”2 In view of a; + a, + a; < 1, we have 0 < A < 1. Thus, from Lemma 1.13 {u,}

—as
is Cauchy sequence in X. Since, (X, S) is a complete S-metric space, so there exists some point

u* € X such thatu,, » u*asn — oo,



Again from (2.6) it is easy to see that

S(U*, u*' TU*) <2 S(u*; U*run+1) + CS‘(un+1'un+1':Tu*)

(2.8)
<28 ut upyq) + STuy,, Tu,, Tu*)
<2 S(u*; u*: un+1) + al‘s(un'un'u*)

S (U, U, Tup)S (U, Uy, Tu) + S(u*, u*, Tu*)S (uh, ut, Tuy,)
S(unluanu*) + S(U*!u*l Tun)

+a2

S Uy, Uy, Ty )S (W', u”, Tuy) + (™, u’, Tu)S (Uy, upy, Tu™)
a3 S Uy, uy, Tu*) + S(u*, u*, Tu,)

<2 S(u*: u*:un+1) + al‘s(un:un’ u*)

S (U U Un+1)S Wp Un TU)+8 (W u*,Tu™)S (W u* Uy 1) (2.9)
S(Unn, Tu*)+S (W u* Uy 41) '

+a,

S (Up U Un+1)S WU Uy 1) +S WSt Tu*)S (U un, Tu*)
S (Up un Tu*)+8 (W u*un4+1) :

+a3

Taking the limit as n —» oo on both side of (2.9), we have lim,,_,,, S(u*, u*,7u*) = 0.
Hence, Tu* = u’it follows thatu* is a fixed point of 7.
Next, we claim the uniqueness of fixed point.
Indeed, if there is another fixed point v*, then by (2.6), we have
S, u*,v*) =8@Tu*,Tu",Tv")

S, us, Tu)S(W*, u*, Tv*) + S(w*, v, Tv S, v*, Tu*)
Su*u*,Tv*) + S v, Tu*)

< g S(uh,u*,v") +a,

S u', Tu)SW*, v, Tu*) + S(w*, v, Tv)S(u*, u*,Tv")
s S(us,u*, Tv*) + S(w*, v*,Tu*)

S utu)Srutv) + S v v)S(r, v uY)
S, us,v*) + S, v, u*)

< S ut,v) +ay

S*ur,u)Sw*,v,u*) + S, v, v)Sw',u, v
a3 Sur,u*,v*) + S(w*, v, u)

7



S*u,v*) < aS(u,ub,vY). (2.10)
Sincea; + a, + a3 < 1 = a; <1, we obtain that §(u*, u*,v*) = 0, i.e., u* = v*.
Hence the fixed point is unique.

This completes the proof. ]

Theorem 2.4:Let (X,S) be a complete S-metric space. Let T: X — X'be a mapping satisfying

Su,u,Tu)s(v,v,Tv) S, Tv)[1+8(w,u,Tu)]
STu,Tu,Tv) < a;8(w,u,v) + ay ) 3 T STan ,
(2.11) Hor all u,v € X and a4, a,, azare non-negative constant with a; + a, +

az|< 1. Then Thas a unique fixed point X.

[Comment [a6]: next line

Proof: Chooseu, € X. Construct a sequence{u,}in X byTu, = u,4;. For alln €N, from

condition (2.11) with u = u,, and v = u, _;, we have
S(un' Unp, un+1) = S(Tun—li Tun—ll Tun)

S(un—lt Un—1, Tun—l)‘s(un' Up, Tun)

S(un—l' Un—1, un)

S a1S(Up_1, Up—1,Uy) + ay

S(Up, Up, Tup)[1 + S (Up—q, Up—1, TUp—1)
1+ S(unfl: unfl'un)

as

S(un—l! Up—1, un)s(un' Unp, un+1)
CS‘(un—lr Up—1, un)

< a1 S(Up_q,Up_1,Uy) + ay

S(un' Unp, un+1)[1 + S(un—lt Up—1, un)]
1+ S(un—lfun—l' un)

+a3

< alg(un—liun—lﬂun) + aZ"S(unﬂun'un+1) + a3S(un'un'un+1)-
It follows that

(1 —az; — a3)5(un'un'un+1) < als(un—lrun—lrun)
(2.12)

a

S(un!un'un+1) < < )S(un—lrun—l'un)'

1—a2—a3

8



ai

Put 1 = In view of a; +a, + a3 <1, we have 0 <A < 1. Thus, from Lemma 1.13

1-ay—az’
{u, } is Cauchy sequence in X. Since, (X, S) is a complete S-metric space, so there exists some

point u* € X such thatu, - u*asn — oo.
Again from (2.11) it is easy to see that

S(U*, u*' TU*) <2 S(u*; u*run+1) + S(un+1'un+1'7u*)

(2.13)
<28 ut upyq) + ST uy,, Tu,, Tu*)

S Uy, Uy, Tuy,)S (U, u, Tu*)
S (Up, Uy, u*)

<28 Ut Upyq) + a8 (U, Uy, u¥) + ay

S, us, Tu)[1 + S (up, Uy, Tuy)]
1+ S(u,, u,,u*)

as

S(un! Uy, un+1)5(u*' u*' Tu*)

‘S(un' un' u*)

<28 ut unyq) + a8 (U, uy, u*) + ay

S u"Tu)[14+8 (U, up, Tun+1)]
1+8 (up,up,u*) '

+as (2.14) Taking
the limit as n — oo on both side of (2.14), we have lim,,_,., S(u*, u*,7u*) = 0.
Hence, Tu* = u” it follows that u* is a fixed point of T
Next, we claim the uniqueness of fixed point.
Indeed, if there is another fixed point v*, then by (2.11), we have
S, u*v*) =S@Tu",Tu",Tv")

S u', Tu)SW*, v, Tv*) N S v, Tv)[1+ S, u*,Tu")]

<aSw,u",v)+a a
18( ) ! S(u*,u*,v*) 1 1+ Su*u*,v*)

S, u', u)s(",v",v") S, v)[1+Sw,u,u)]

<a; S ,u"v)+a a
15 ) 2 S(u*,u*,v*) 3 1+ S u*,v*)

S*,u%,v*) < a S u*,vh).

Since0 < a; +a; +az; < 1= aq <1,thus, we obtain S(u*,u*,v*) = 0,i.e., u* =v*.



Hence, we proved that Thave a unique fixed point in X.
Here completes the proof. ]
Example 2.5:LetX = [0.1]and(X, §) be a usual S-metric space which is complete, define by

Su,v,w)=lu—w|+ |v—wl.

Consider a mapping7: X — Xbe define as‘(u) = ﬁ , rfor allu,v,w € X.‘ ( comment [a7]: Tu-...
[Comment [a8]: Up line

Obviously,

v

STuw,Tu,Tv) =2 |Tu—Tv| =2 o

u
8

=-|u—v|,
Su,u,v) =2 lu—vl.

Also,

Su,u,Tu) =2 lu—Tu| =2 |u—E|—7—u
Uy - h | 8_4’
&7

4’

S,v,Tv) =2lv—-Tv|=2 |v—g

1
S(Tu,Tu,.‘Tv)=Z|u—v|
—Z 2|
=g2lu-v

1Swu,Tu)s(v,v,Tv) 18w, Tv)[14+8 (w,u,Tu)]
4 S(uu,v) 7 148 (w,u,v)

< és(u,u,v) +

It is clear that, a; + a, + a3 = %+ % + ; = 2 < 1. Thus, we conclude that inequality (2.11) of
Theorem 2.4 remains valid. Hence, T has a unique fixed point and the fixed point is 0.

Theorem 2.6:Let (X,S) be a complete S-metric space and 7: X’ — X'be a mapping satisfying

the following condition

Su,u, Tw)S (v, v, Tv) S(u,u, Tv)S(v,v,Tu)
S(u,u,v) a3 S(u,u,v)

+ay[SCu,u, Tu) + S, v, Tv)] + as[S(w, v, Tu) + S (u, u, Tv)], (2.15)

STu,Tu,Tv) < a;8(u,u,v) + a,

10



for allu, v € X and a4, a,, as, a4, asare non-negative constant ja; + a; + a3 +2a, +3as < 1.

Then, T"has a unique fixed point X.

Proof: Chooseu, € X. Construct a sequence{u, }in X by Tu,, = u,41.

For all n € N, from condition (2.15) with u = u,, and v = u,,_1, we have
S (Up) Uny Uny1) = S(TUy 1, TUp 1, TUy)

S(un—lt Up—1, Tun—l)‘s(un' Up, Tun)
S(un—l' Un—1, un)

S a1S(Up_1, Up_1,Uy) + ay

S (Up—1, Un—1, TUp)S (U, Uy, Tty _1)

CS‘(unfl' Up—1, un)

as
+a4 [S(Mn—lt Up—1, Tun—l) + S(un' Up, Tun)]
+a5 [S(unruanun—l) + S(un—lﬂun—erun)]

S(un—li Up-1, un)'s(un' Up, un+1)
S(un—l' Up—1, un)

< als(un—lfun—lrun) + a;

S(un—l' Up—1, un+1)5(un’ Uy, un)

+a3
cS(un—l! Up—1, un)

+ ay[S (U1, Up_1, Up) + S Uy, Uy, Uny1)]

+as[S (Un, Un, Un) + S (U1, Un—1, Un41)]
< 418 (Upq, Un—1, Up) + A28 (U, Uy, Up 1)
+a4[S (Un—1, Un—1,Up) + S (Wp, Up, Uny1)]
+as[2 S (U1, Un—1, Up) + 8 Uy, Uy, Up11)]-
It follows that
(1 —az —ag — as)S(Un, Un, Un+1) < (a1 + ay + 2as) S(Up—1, Up-1, U )(2.16)

a, +ay + 2as
S(u,,u,,u S(—)Su_,u_,u.
(n n n+1) 1—(12—(14—(15 (nl n—1 n)

11

[Comment [a9]: Next center line




ajtas+2as

Put A = . Inview of a; + a, + a3 + 2a, + 3a; < 1, we have 0 < A < 1. Thus, from

1—ajz—as—as
Lemma 1.13,{u,,} is Cauchy sequence in X. Since, (X,S) is a complete S-metric space, so there

exists some point u* € X such that u,, - u* asn — co.
Again from (2.15) it is easy to see that

S(U*, u*' TU*) <2 S(u*; u*run+1) + S(un+1'un+1'7u*)

(2.17)
<28Whut upyq) + ST uy,, Tu,, Tu*)

8 (U, Uy, Tup)S (U, u*, Tu*)
S(uUy, uy, u*)

<28Wut, uper) + a8 Uy, uy, u*) + ay

S(un' un! Tu*)S(U*I u*’ :Tun)

SGL w0 + ay[S (U, uy, Tuy,) + S, u*, Tu*)]

as

+as[S(u*,u*, Tu,) + S (uy,, U, Tu*)]

S (U, Uy, Uy 41)S (U5, u*, Tu®)

S (up, Uy, u*)

<28 Ut unyq) + a8 (U, Uy, u¥) + ay

S(un' Up, Tu*)s(u*r u*; un+1)
1+ S(uy, up, u*)

+ a3 +a, [S(Hn!unrun+1) + S, u, Tu*)]

+as[Su*, u*, upy1) + S (uy, uy, Tu*) (2.18)
Taking the limit as n — oo on both side of (2.18), we have lim,,_,,, S(u*, u*,7u*) = 0.
Hence, Tu* = u* it follows that u* is a fixed point of T.
Finally, we prove the uniqueness of fixed point.
Indeed, if there is another fixed point v*, then by (2.15), we have

S, u*,v*) =8S@Tu*,Tu*,Tv")

S, ut, Tu)S(v*, v, Tv*) Su*,u*, Tv)SW*, v, Tu*)
S(u*,u*,v*) a3 S(u*,u*,v*)

< a S ut,v) +ay
+ay [S@u,Tu*) + S, v, Tv)] + as[S(Ww*, v, Tu*) + S(u*, u*, Tv*)]

12



S u', u)Sw*,v,v") Su*,u*,v)SWw*,v,u*)

<a S u*,v)+a
18( ) 2 Su*,u*,v*) 3 S(u*,u*,v*)

+ay [ u',u?) + S, v, v)] + as[S(W, v¥,u*) + S, u*, v*)]

S ubv*) < (a1 + az + 2as) S(u*, u*, v*).
(2.19)

Since 0<a;+a;+as3+2a,+3a5<1=>a+az+2a;5<1, thus, we  obtain

S(u*,u*, v*) = 0,which further impliesu* = v*.
Therefore,7have a unique fixed point in X.
Here completes the proof. ]

Theorem 2.7:Let(X,S) be a complete S-metric space and T: X — Xbe a self mapthat satisfies
the following inequality

Su,u, TwS (W, v, Tv) Stu,u, Tv)S (v, v, Tu)

STu,Tu,Tv) < a;8(u,u,v) + ay S Y) az S y)

S, Tv)[1+8 (w,u,Tu)]
1+8 (u,u,v)

+ay : (2.20)

for all u,v € X and a4, a,, as, a4 are non-negative constant a; + a, + a3 + a4 < 1. Then, Thas

a unique fixed point X.
Proof: Chooseu, € X and construct a Picard iterative sequence{u, }as Tu,, = u,41.
For all n € N, from condition (2.20) with u = u,, and v = u,,_1, we have

S (U, Un, Uny1) = S(TUp_1, Tup_1, Tuy)

S(un—lt Up—1, Tun—l)‘s(un' Up, Tun)
S(un—l' Up—1, un)

S a1S(Up_1, Up_1,Uy) + ay

S(un—lf un—lfTun)S(un' un'Tun—l)

+a3
s(un—l' Up-1, un)

S(un'un':run)[l + S(un—liun—liTun—l)]
1+ S(un—lfun—lrun)

4
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S(un—l! Up—1, un)s(unv Up, un+l)
CS‘(un—lﬂ Up—1, un)

< 1S (Up—1,Un—1,Up) + Ay

S(unflr Up—1, un+1)5(un' Up, un) +a S(un! Up, un+1)[1 + S(unflv Up—1, un)]
S(Up_1, Up—1,Up) 4 14+ 8S(Up_1, Up_1,Uy)

+a3

= als(un—l'un—l! un) + aZS(unrun'un+1) + a45(un'un'un+1):
which further implies,

(1 —az — a4)5(un'un'un+1) < a; S(un—ltun—ltun) (221)

a

S(un!un'un+1) < < )S(un—lfun—lvun)-

1_(12_(14
a

PE— In view of ay + a; +az +a, <1, we have 0 <A < 1. Thus, from Lemma
—az—ag

1.13, {u,} is Cauchy sequence in X. Since, (X,S) is a complete S-metric space, so there exists

Put A =

some point u* € X such that u, - u*asn — oo.
Again from (2.20) it is easy to see that

S u', Tu") <28, u', upy1) + S W1, Ungr, Tu¥)

(2.22)
=28 u upyq) + STy, Tuy, Tu*)

8 (U, Uy, Tuy)S (U, u*, Tu*)
S(uy, uy, u*)

<28Wut uper) + a8 (uy, uy, u*) + ay

S (uy, u,y, Tu*)S (u*, u*, Tu,) N S ut, Tu)[1 + 8§ (uy, uy, Tuy,)]
S(un:un:u*) a4 1 + ‘S(un:un: u*)

+a3

S (U, Uy, Uy 41)S (U5, u*, Tu®)

S (up, Uy, u*)

<285 ut upyq) + a8 (U, up, u*) + a

S(un U Tu)S W u"un +1)

S(u*lu*'Tu*)[1+5(un:un:un+1)] (2 23)
1+8 (up up,u*) ' '

148 (up unu*)

+a3 +a4

Taking the limit as n — oo on both side of (2.23), we have lim,,_,., S(u*, u*,7u*) = 0.

Hence, Tu* = u* it follows that u* is a fixed point of T

14



Finally, we prove the uniqueness of fixed point.
Indeed, if there is another fixed point v*, then by (2.20), we have

S, u*,v*) =8@Tu*,Tu*,Tv")

S u*, Tu)SW*, v, Tv") Su*,u*, Tv)S(*, v, Tu*)

< a S usv) + oy aq

S(ur,u,v*) S(ur,u,v*)

S v, Tv)[1+ S, v, Tu)]
1+ S u*,v*)

+a4_

Sus, vt ur)S(wr, v, vY) St ut, v)S(w*, v, u)

<aq S u",v)+a a
CICRLL) 2 S(ur,u*,v*) 3 S(u*,u*,v*)

Syt v)[1+sw u"u)]
1+S(u*u*v*)

+a4

Su*,u%,v*) < (ag + az) S, u*, v*)

S usv*) < (ag +a; +az+ay) S, u',vY),
(2.24)

a contradiction.

Thus, we obtain § (u*, u*, v*) = 0, which further impliesu* = v*.

Therefore,7have a unique fixed point in X.

Here completes the proof. [ ]

Example 2.8:LetX = [0.1] be equipped with complete S-metric space define by
Sw,v,w) = (lu—v|+ lu—w| + |v—w|)?2

Let the mapping 7: X — X be defined by

T(u)=%.

Then, for all u, v, w € X, we have,

Su,u,v) = 4lu —v|?,

15



w2 16
S(u,u,Tu) = 4lu — Tul? = 4|u_§| - ﬁuz

v12 16
— _ 2 __ _ 2
S(U,U,T’I])—ll-lv Tv| —4-|’U 5| _—251]
Also,
S(Tu,Tu,Tv) = (ITu = Tul + |Tu — Tw| + |Tu — Tw|)?

=2 |Tu—Tw|)?
T lu —v|?

1 4 Su,u, TwSw,v,Tv) 28w, v,Tv)[1+ S, u,Tu)]
<=58w,v,w)+— -
25 25 S(u,u,v) 5 1+Sw,u,v)

Clearly, we have a; +a, + a3 = %+ 24—5 +§ = g < 1. Then, from Theorem 2.7 we conclude

that, 7" has a unique fixed point. Also, 0 is the only fixed point of 7.
Theorem 2.9:Let (X, S) be a complete S-metric space. Let 7: X’ — X'be a mapping satisfying

S, u, Tw)S (u,u, Tv) + S(w,v,Tv)S(v, v, Tu)

STu,Tu,Tv) < a;8(u,u,v) + a, ST T 5w, 0. Tw

+ a8 (Tu,Tu,Tv),
(2.25)
forall u,v € X and ay,a,,a3; = 0. S(u,u,Tv) + S(v,v,Tu) # 0with a; + a, + az < 1. Then
Thas a unique fixed point X.
Proof: Chooseugas an arbitrary point in X. We define a sequence {u,}in X by Tu, =

Un41.Then orall n € N, from condition (2.25) with u = u,, and v = u,,_1, we have
S(un'un' un+1) = S(Tun—li Tun—liTun)
< al‘s(un—lﬂun—liun)

‘S(un—ltun—lﬂTun—l)‘S(un—ltun—erun) + S(un'un'Tun)S(un'un'Tun—l)
S(un—h Un—1, Tun) + S(un:un'Tun—l)

+a2

+a3 S(Tuy_q, Ty, TuUy)
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< al‘s(un—l' Up—1, un)

S(un—lﬂ Up—1, un)‘g(un—l! Up—1, un+1) + S(un'unr un+1)5(unv Up, un)
‘S(un—li Up—1, un+l) + S(un: Up, un)

+a2

+a35(un'un'un+1)
< a8 (Up—1, Up—1, Up)F A28 (Up—1, Up—1, Up) + 38 (Up, Uy, Uy g1)-
Which further implies

(1 - a3)5(un'un!un+l) = (al+a2)5(un—1'un—l!un)

(2.26)

a+a;
T a3> S(Up_q, Upy—1, Up).

S(un; Uy, un+1) =< <

Put A = % In view of a; + a, + a; < 1, we have 0 < A < 1. Thus, from Lemma 1.13 {u,}
—as

is Cauchy sequence in X. Since, (X, S) is a complete S-metric space, so there exists some point

u* € X such thatu,, » u*asn — oo,
Again from (2.25) it is easy to see that

S(U*, u*' TU*) <2 S(u*; u*run+1) + ‘s(un+1'un+1'7u*)

(2.27)
<28Whut upyq) + ST uy,, Tu,, Tu*)
< 2 ‘S(u*:u*lun+1) + al‘s(unlunru*)

S (U, Up, T )S (U, Uy, Tu*) + S, u*, Tu*)S (', u*, Tuy,)
S (Up, up, Tu*) + S, u*, Tu,)

+a2

+a38(Tu,, Tu,, Tu*)

<28 ut uper) + arS(u,, u,, u)

S (U, Uy Uy 41)S (U, Uy, TU) + S, u", TS (W, U5, Uy iq)
S(un: Up, Tu*) + S(u*: u’, un+1)

+a2
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+ a3 S(Up41, Ungr, TUY) . (2.28) Taking the limit
as n — oo on both side of (2.28), we have lim,,_,,, S(u*,u*,Tu*) = 0.

Hence, Tu* = u” it follows that u* is a fixed point of T

Finally, we claim the uniqueness of fixed point.

Indeed, if there is another fixed point v*, then by (2.25), we have
S u*v*) =S@Tu", Tu", Tv")

S u*, Tu)S*, u*,Tv*) + S(w*, v, Tv)S(w*, v, Tu")
S, u*, Tv*) + S(v*,v*,Tu*)

< g S ut,v) +a,

+azS(Tu*, Tu*, Tv*)

S ut,u)SrutvY) + S v v)Sr, v, u*)
S(ur,ur,v*) + S(w*, v, u*)

< g S ut,v) +ay

+azS(u*,u*,v*)

S*u*,v*) < (a; +a3) S, u*,v*).

(2.29)

Since0 < a; +a, +a; <1=ay +asz < 1,thus, we obtain S(u*,u*,v*) = 0,i.e., u* = v*
Hence, we proved that Thave a unique fixed point in X.

Here completes the proof. ]

Remark 2.10.

1. Ifwe puta, = a; = a, = as = 0 in Theorem 2.6,we get the Banach Theorem [[2].

[Comment [a10]: Which S=?

2.1fweputa; = a; = az = as = 0 in Theorem 2.6, we get the Kanan Theorem [11].
3. Ifwe puta, = az = as = 0 in Theorem 2.6, we get the Fisher Theorem [9].

4. If we put a; = a, = az = a4 = 0 in Theorem 2.6,we get the result of Chaterjee Theorem

[5].

5. If we put a, = az = 0 in Theorem 2.9, we get the result ofDass and Gupta Theorem [8].
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Theorem 2.11: Let (X, S) be a complete S-metric space and 7: X — X'be a mapping such that
F(T) # @and that

S(Tu,Tu,T?u) < 218w, u,Tu), (2.30)

forall u € X, where 0 < 1 < 1is a constant. Then T has the P property. Comment [a11]: Where s definition of p-

property?

Proof:We always assume that n > 1. Since the statement for n = 1 is trivial. Let w € F(T™).
By the hypotheses, we get
Sw,w,Tw) = S(TT" w, 77" tw, 727" 1w)
<AS@T w, 7w, Tw)

< AS@TT" 2w, TT" 2w, T2T"2w)
< A2 ST 2w, T 2w, T 1w)
<< 1"S(w,w,Tw) > 0,as n — oo,
Hence S(w,w,Tw) = 0, that is Tw = w.
Theorem 2.12:Under the condition of Theorem 2.3,7" has the P property.

Proof:We have to prove that the mappingT” satisfies (2.30). In fact, for any u € X, we have

STu,Tu,T%u) = S(Tu, Tu, TTu)

Su,u, TwWS(u, u, TTuw) + S (Tu, Tu, TTw)S (Tu, Tu, Tu)
Su,u,TTu) + S(Tu, Tu,Tu)

Stu,u, Tu)S(Tu, Tu, Tu) + S (Tu, Tu, TTWS (u, u, TTu)
Stu,u,7Tu) + S(Tu,Tu,Tu)

< S(u,u, Tu) + a, S(u,u, Tu) + a3 S(Tu, Tu, TTu)
1 -a3)S(@Tu, Tu,T?u) < (a; + a3)S(u,u, Tu)

<a;S(u,u,Tu) + a,

+a3

a, +a
S(Tu, Tu, T?u) Sﬁé‘(u,u,ﬂ"u)
—az

Deduce that A = all—:az Note that a; + a, + az < 1, then A < 1. Accordingly, (2.30) is satisfied.
—as

Consequently, by Theorem 2.3, T has the P property.
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