SOME NEW OPTIMAL BOUNDS FOR WALLIS RATIO

ABSTRACT. Wallis ratio can be expressed as an asymptotic expansion using
Stirling series and Bernoulli numbers. We prove the general inequalities for
Wallis ratio for arbitrary number of terms in the asymptotic expansion. We
show that the coefficients in the asymptotic expansion are the best possible.

1. INTRODUCTION

The Wallis ratio is defined as

2n-1!! 1 D(n+3)

o)l al(n+1)
Throughout its long history, w,, has had many important applications in mathemat-
ics such as in combinatorics and statistics. For an example, the expected value of a
noncentral t-distribution can be expressed in terms of wallis ratio [2], and so a good
estimate for Wallis ratio can be very useful to understand the ¢-distribution. The
estimates of the Wallis ratio have interested many mathematicians and as a result,
we have recently seen many remarkable results in this direction. For more on this
subject, the reader is referred to [3, 6, 9, 11, 17, 16] as well as the comprehensive
surveys [12, 13, 14].

In order to get some new and optimal estimates for Wallis ratio, we first derive
an asymptotic expansion for log(w,,). It is well known that log I" has an asymptotic
expansion for any fixed t as

Wy, =

1 1 = (=)™ B (1)
logT’ t) ~ t—=)1 - = log(2 2
og(z +1t) <az+ 2) ogx :c+2 og( 7r)+7; 2t 1)

—n
)

where B,,1(t) is Bernoulli polynomial. If we use this asymptotic expansion for
both ¢ =1 and ¢t = 1/2, we can get an asymptotic expansion for logw,,, that is,

oo

1 47k —1 By
logwn ~ —5 lOg(’I’LTl') + Z mw,
k=1

or

o0
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1.1 1 vV ~ —_
( ) Og(wn nﬂ-) ~ k(?k _ 1) n2k—1"

where By are Bernoulli numbers. A related asymptotic expansion can be found in
[15].
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Thus for any fixed N > 1, the remainder

N -k _1 Bsy, 1
log(wpv/nm) — Z Rk — 1) 1 =o0 INTT ) -
k=1

In Theorem 1.1, we will show that for all n > 1, this remainder is always positive
if N is odd and always negative if N is even.
Now consider the case when N is odd. log(w,,+/nm) is between Nth partial sum

and (N + 1)th partial sum. Since the (N 4 1)th term in the series has a positive

coefficient %BQ N-+2, we naturally want to know if this positive number can be

smaller, that is, we want to find the smallest constant Asn 41 such that

N N
47F —1 By — 478 —1 Bo,  Aonia
k(2k — 1) n2k—1 < log(wn/nm) < kZ::l k(2k — 1) n2k—1 + n2N+1L°

k=1

By Theorem 1.1, the above the inequality holds if Asny1 = %BQ}V_’_Q. In
fact, this coefficient is the smallest constant for the inequality to hold. So these
coefficients are the best possible constants. The same is true when N is even.

Theorem 1.1. For any odd N1 > 1 and even No > 1, we have
Ny _k N3 —k
1 47F —1 Bg 1 47 —1 By
1.2) — —_ | < w, < — —_
(12) Jar P < (2k — 1) n2k1> B (kl k(2k — 1) n2k—1

for all n > 1. The coefficients in the series are the best possible in the sense as
discussed.

k
k=1

We can just list a first few special cases as

1 . < < S EI
e 8n Wn, e 8n ' 192n3
Vv nm \/ N
1 1 1 1 1 1 1 1 17
eiﬁJr 19203 7 64005 < w, < e 5n 1 19203 " Ga0n® T 1233607 .
Vv nm \/ N

2. SOME IDENTITIES FOR BERNOULLI NUMBERS

We start by introducing the some basic properties for Bernoulli numbers. Bernoul-
li numbers are defined as the coefficients of the expansion of

T > z"

T :ZB,ZF, lz| < 2.
n=0 ’

Thus we see that By =1, B; = —%,Bz = %, ... and Baggyq = 0 for £ > 1. For any

k> 1, we know By, < 0 and Byr_o > 0. For n > 2, we have

(2.1) zn: C(n+1,k)By, = 0.
k=0

For more about Bernoulli numbers, please refer to [7].
We first introduce a new identity for Bernoulli numbers.

Theorem 2.1. For any integer n > 1, we have

n—1
2(2 4% —1)By,C(2n,2k) = n - 47"
k=0
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Proof. By ([7], p- 260) we know that

Bak ok
- 22k 0 .
sin +Z )(Zk)!x 0 <laf <

On the other side, we know

and
oo

1—cos(2z) =1— Z(fl) @r
i=0 '

for all . From the trigonometric identity
1 — cos(2x)
sinx

= 2sinz,
we know that

1 Bok, o —, i1 2¥ o
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Comparing both sides, we know
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Moving the factors % and 22" to the right side, we have the desired identity.

Lemma 2.2. Forov > 1,

v—1
ZC(2U72]€)B% =0
k=0
and
Z 2041
S C(20 +1,2k) By, = “; .

k=0

Proof. Since By = f%, Bop+1 =0 for k > 1, we know by (2.1) for n > 2 that

> C(n,j)Bj=-C(n,1)By =

j=even,j<n-—1

1)
2

Lemma 2.2 follows directly from the above identity.



Theorem 2.3. For any u > 0, we have

[41
(2.2) (47% = 1)C(u + 2,2k) Bay, =
k=0

wle

u—+ 2
4

(2—u - 1)7

where [-] is the ceiling function.

Proof. Clearly if u = 0, the identity holds, as both sides of (2.2) are 0.
If u = 2v for v > 1, then by Theorem 2.1 and then Lemma 2.2, we see that

v

> (4F —1)C(2v + 2,2k) By
k=0

1 < 1<
= 5 > (2-47F —1)C(2v +2,2k) Bay — 3 Y " C(2v+2,2k)Ba
k=0 k=0

1 1 20+ 2
= = 147" — = 1) =
S0+ D4 = (1) = =]

(272v —1).

If w = 2v — 1 for some v > 1, then by Corollary 1(b) of Liu and Guo [10], we
know that

v

> (2-47F —1)C(20 + 1,2k) By = (20 + 1)477,

k=0
hence
> (47"~ 1)C(2v + 1,2k) By,
k=0
1 1«
= 3 D> (2-47F = 1)C(20 + 1,2k) By — 5 > C(2v+1,2k)Ba
k=0 k=0
2 1 1 2
= e oy = Y2,
2 4
Therefore (2.2) holds for all u > 0. O

Next we will need some estimates for Ba,,. The following (and better) inequalities
can be found in [1], [4], and [5].

Lemma 2.4. For any even k > 1, we have

2(2k)! 1 22k)! 1
e <IB :
@nZ*1_4F Bzl < (2m)2F 1 —2.4-F

Using Lemma 2.4, we can prove the following inequalities which will be used in
next section.

Lemma 2.5. Fork >1,1<u—2k <4, we have

(1 —475)C(u+ 2,2k)|Bag| — (1 — 4~ F+*NCO(u + 2,2k + 2)| Bagyo| > 0.
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Proof.
(1 —47")C(u+ 2,2k)|Bar| — (1 — 4= FFNC(u 4 2,2k + 2)| Bogyo|
_ 2(2k)! 1
1—47"% 2,2k
> (1= 470+ 2,28) Gy
ke 2(2k + 2)! 1
k—1
—(1—4 )C(u+ 2,2k + 2) OmPz T-2. 41
7 2(u+2)! 14D (= 2k 4 2)(u — 2k + 1)
(u — 2k + 2)!1(2m)%k 1—2.4-(k+1) 472 '
When k£ > 1, 1 <u — 2k <4, it is easy to see that
— 4= (k+1) _ _
1-4 (u—2k+2)(u 2k+1)21_§.£>0’
1—2.4-(k+1) 4m2 14 4n2
which proves the desired inequality. (I

The next lemma shows when u — 2k is a little larger, the inequality in Lemma
2.5 reverses.

Lemma 2.6. For k> 1,u > 2k + 7, we have
(1 — 4= N (u+ 2,2k + 2)|Bogyo| — (1 — 47F)C(u + 2, 2k)| Bay| > 0.
Proof.

(1 — 4= N (1 + 2,2k + 2)|Bogyo| — (1 — 47F)C(u + 2, 2k)| Bay|
2(2k +2)! 1

> (1—47"YH0(u+ 2,2k +2) (2m)2+2 1= 41

2(2k)! 1
—(1—47")C(u+2,2k) (2(7r)2‘)k W
B 2(u + 2)! 1—47F (u—2kz+2)(u—2k+1)'1—2-4*’“_1
(u—2k+2)!(2m)2k 1 — 2.4k 472 1—4-k ’
When k£ > 1, u > 2k + 7, it is easy to see that
—k
(u 2k+24)7r(3 2k+1)11_24ilk B >%.§71:%71>0’
which proves the desired inequality. ([

3. PROOF OF MAIN THEOREM

To prove Theorem 1.1, we first introduce an expansion related to w,. Let a = +

b= -1 Thena:ﬁand

n+1-°
1 1 b 2k—1
— 2k—1
n2k=1 " (n 4 1)2k-1 (1 —b) -

For fixed N > 1, set

() N~ A1 By
’Un :logwn—l—log nW—ZmW,
k=1



then

N —k
V) _y ™) oo (202 o (Y o4 g L1
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Now

2n+2 Vvn B b 1
g<2n+1>+log<m) = 10g<12>+210g(1b).

Thus o) — vfﬁ)l can be expressed in terms of b. Set

IR N —4_kB y \
fv(y) = ~log (1= 4)+ log( S e (1y) )

Then fn(b) = o) — ”7(111)1

In'ly) = L 1 +iﬂ3 (2k — 1) ﬁf 2k—2
MW ey Ty T &kt =y 7
N
1 1 1—47F
= - > Boyy™ 2((1 = )~ ~ 1)

1 1 el =1, (1 1
oy = 2a(8) X=X ()

u=0 u=0 u=1
(1—y)* = > CQk+j—1,4)y.
=0

We have

N o1 _yk
S By (- ) )

k=1
N1 gk >
_ - 2k—2 . N g
= > BT CCk+ - 1)y
k=1 j=1
N 1 -4k :
= D)~ BaC@k+i-15)y*"
k=1 j=1
) min(N,[u/2]) 1— 4—k
u=1 k=1
Since %HC(u +2,2k) = W, we can define
1 1 9 min(N,[u/2])
MM = - 1 — 47 %) By C(u + 2, 2K).
R R S D ) BarC(u+2,2k)

k=1
Then

fn'(y) = Z MiN)yu~

u=1
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Now we can complete the proof of our main theorems.

Proof of Theorem 1.1

Let N > 1 be fixed. By Theorem 2.3, if 1 <u < 2N,
1 1 2 u+2

3.1 MWN) = _—_ 2

(3.1) “ Qutl 2+u+2 4

If u=2N+1 or u=2N + 2, then by (3.1), we MY = 0. But

(1—27") =0.

2
MM = pp(NHD) ?(1 — 4"V N Byn1oC(u + 2,2N + 2).
u
This implies that if NV > 1 is odd, then Ban42 < 0 and hence Mé%ll and MQ(%ZH
are both positive, and if N > 1 is even, then M2(J]\\Q&-1 and Mz(xzu are both negative.
If u=2N+3or u=2N+4, we know by (3.1) M = 0. If follows that that
2
MM = 0-——1-4"HB 2,2N +2
u 0 u+2( )Ban42C(u+2,2N +2)
2
- 1 -4 " BynaC(u+2,2N +4).
u+2( )Ban+4C(u+2,2N +4)

If N is odd, then Boy42 < 0 and hence by Lemma 2.5, MTSN) > 0 and if N is even,
then then By > 0 and hence ngN) < 0.

Suppose now u > 2N + 5. If N is odd, then we regroup the terms of MisN) to
make

MM
2
= w2 [(1 — 47N)BQNC(’U, +2,2N)+ (1 — 4*N+1)B2N_QO(U +2,2N — 2)}
2
+t3 [(1=47%)BsC(u+2,6) + (1 —47%)B4C(u + 2,4)]
1
-1
Tlaral - )BCud 22+ 5 =5
We see that
2 1 11 1 1
1—4"YByClu+2,2 - =Z(u+1 _ 250
——1 )BC(u+2,2) + gy — 5 = glut Dt ooy — 5 >

and all the other sums are positive by Lemma 2.6, since v > (2N — 2) + 7. Hence
if N is odd, then MqSN) > 0 for all w > 2N + 5.
Similarly, if N is even, and u > 2N + 5, we regroup the terms in Ml(LN) as
M)
2

= (1 —4"M)BonC(u+2,2N)

[0 =4 BCu+2,9) + (1- 47 BaClu+2,2)]

1 1
Jurl " 3

+

+

[(1 =4V Byny 2C(u+2,2N — 2) + (1 — 4N+ Bon _4C(u + 2,2N — 4)]



It is easy to see the first term is negative as Boy < 0, the last sum is negative
and all the other sums are negative by Lemma 2.6.

Therefore we have showed that M&N) =0foru=1,2,---,2N and when u >
2N + 1, if N is odd, then M{") > 0 and if N is even, then MY < 0. Tt follows
that fj(y) > 0 when N is odd, so fy is increasing. But fx(0) =0, so fx(y) >0
for y > 0, which implies vgN) > vgN) . > v%N) > ... As vy(lN) — 0, we know
that vi") > 0 for all n. This proves the left 1nequahty of (1.1). Similarly if N is
even, then fi(y) <0, so fn is decreasing, and fy(y) < 0 for y > 0, which implies

( ) < véN) . < vgN) . < 0. This proves the right inequality of (1.1).
Now let us show that the coefficients in (1.1) are the best possible. Let N be

odd. We know from (1.1)

“k—1 By
w0 (Z k(2k — 1) n2—1

for all n > 1. Now we want to find the smallest C such that

N
1 47k 1 Boy, C
2 n < ——
(3:2) Wn < Jnm P (k—l k(2k — 1) n2k-1 * n2N+1
for all n > 1. N
—N-1
By (1.1), we know (3.2) holds for C = Cy41 = WBQNJ’,Q for all n > 1.

Now let us show this Cy 1 is the smallest constant of C' for (3.2) to hold. Suppose
now C < Cn41. Let

s+ v | Gvnn = C
n n n2N+1

11—y

IN+1
fnei(®) = v (y) + (Onyr — C) ((y) _ y2N+1> .

Fnvar' () = fys1'(y) + (Cngr — C) 2N + 12N [(1—g) 2N 2 — 1]

We already showed that for N + 1, ngNﬂ) =0 forw =1,...,2N + 2. Thus
Sy (y) = o (y*NT2) . It follows that for sufficiently small y, we have fyi1/(y) >

0. This implies 5" 7" > 0, and hence the inequality in (3.3) reverses. Thus Cyy1 is

the smallest constant of C for (3.2) to hold. The same way can show the coefficients

are the best possible when N is even.
O

4. CONCLUSIONS

We see recently much progress on the estimates of Wallis ratio, searching for the
best bounds. In this paper, we first get an asymptotic expansion for log(w,/nm),
and then we consider the Nth partial sum of this expansion and show that log(w.,/n)
is always larger than Sy when N is odd for all n > 1 and always less than Sy when
N is even for all n > 1. Finally we prove that all the coefficients in the asymptotic
series are the best possible.



SOME NEW OPTIMAL BOUNDS FOR WALLIS RATIO 9

REFERENCES

[1] H. Alzer, Sharp bounds for the Bernoulli Numbers, Arch. Math., 74(2000), no. 3, 207-211.

[2] E. Benhamou, Distribution and statistics of the Sharpe Ratio, 2021, ffhal-03207169.

[3] C.P.ChenandF. Qi, The best bounds in Wallis inequality, Proc. Amer. Math. Soc. 133(2005),
no. 2, 397-401.

[4] C. D’Aniello, On some inequalities for the Bernoulli numbers, Rendiconti del Circolo Matem-
atico di Palermo, 43(1994), no. 3, 329-332.

[5] H. Ge, New sharp bounds for the Bernoulli Numbers and refinement of Becker-Stark inequal-
ities, Journal of Applied Mathemtaics, 2012(2012), no. 10, 7 pages.

[6] S. Guo, J. Xu, and F. Qi, Some ezxact constants for the approximation of the quantity in the
Wallis’s formula, J. Inequal. Appl., 2013(2013), 67, 7 pages.

[7] C. Jordan, Calculus of Finite Difference, New York: Chelsea, 1965.

[8] D. K. Kazarinoff, On Wallis’s formula, Edinburgh Math. Notes 40(1956), 19-21.

[9] S. Koumandos, Remarks on a paper by Chao-Ping Chen and Feng Qi, Proc. Amer. Math. Soc
134(2005), no. 5, 1365-1367.

[10] G. Liu and H. Luo, Some identities involving Bernoulli numbers, Fibonacci Quarterly,
43(2005), no. 3, 208-212.

[11] C. Mortici, Completely monotone functions and the Wallis ratio, Applied Mathematics Let-
ters 25(2012), 717-722.

[12] F. Qi, Bounds for the ratio of two gamma functions, J. Inequal. Appl. 2010(2010), 493058,
84 pages.

[13] F. Qi and Q. M. Luo, Bounds for the ratio of two gamma functions: from Wendel’s asymp-
totic relation to Elezovié-Giordano-Pecarié’s theorem, J. Inequal. Appl. 2013(2013), 542, 20
pages.

[14] F. Qi and Q. M. Luo, Bounds for the ratio of two gamma functions - From Wendel’s and
related inequalities to logarithmically completely monotonic functions, Banach J. Math. Anal.
6 (2012), no. 2, 132-158.

[15] A. Xu, Asymptotic expansions related to the Wallis ratio based on the Bell polynomials,
Asian Research Journal of Mathematics, 18(11) (2022), 342-350.

[16] X. You and D. R. Chen, Sharp approzimation formulas and inequalities for the Wallis ratio
by continued fraction, J. Math. Anal. Appl. 455 (2017), no. 2, 1743-1748.

[17] Y. Zhao and Q. Wu, Wallis inequality with a parameter, RGMIA Res. Rep. Coll., 7(2006),
no. 2, Art. 56.

DEPARTMENT OF MATHEMATICAL SCIENCES, LAKEHEAD UNIVERSITY, THUNDER BAY, ONTARIO,
CANADA, P7B 5E1

Current address: Department of Mathematical Sciences, Lakehead University, Thunder Bay,
Ontario, Canada, P7B 5E1

E-mail address: ychen2@lakeheadu.ca



