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Abstract

Various efficient estimators using single and dual auxiliary variables with differ-
ent functions including log and exponential have been developed in the SRSWOR
design. Since the Adaptive cluster sampling (ACS) design is relatively new, esti-
mators using functions like log and exponential with single and dual auxiliary
variables have not been explored much. Therefore in this article, we propose two
wider classes of estimators using single and dual auxiliary variables respectively
so that the properties like bias and mean squared errors of various estimators
using functions like log and exponential or any other function which belong to
the proposed wider classes and have not been developed and studied yet would
be known in advance. Formulae of the bias and mean squared error have been
derived and presented. Further, since log type estimators have not been stud-
ied extensively in the ACS design we have developed new log type classes from
each of the proposed wider classes and developed and studied some new log type
member estimators. To examine the performance of these new developed log-type
estimators over some competing estimators simulation studies have been con-
ducted and all the estimators are further applied to a real data to estimate the
average number of Mules in the Indian state of Assam. The studies show that
the developed log-type estimators perform better.

Keywords: Wider class, Log-type estimator, Generalized estimator, Ratio type
estimator, Adaptive sampling designs.
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1 Introduction

In survey sampling, we might come across data that is highly clumped or patchy, in
such a case the traditional sampling designs like the Simple random sampling with-
out replacement (SRSWOR), Stratified random sampling, and Systematic sampling
among other sampling designs do not provide a representative sample. In such cases,
adaptive sampling designs are needed. Adaptive cluster sampling proposed by Thomp-
son [1] is one such adaptive sampling design where an initial sample using SRSWOR
is drawn and based on specified condition and defined neighborhood additional units
are selected. Due to its wide applicability, it has been used in a variety of disciplines
such as ecological science [2, 3], environmental science [4, 5] and social science[6].

Since Cochran [7] proposed the ratio estimator numerous ratio and product type
estimators have been developed using various transformations in SRSWOR, Stratified
random sampling, and Systematic sampling among other sampling designs. Drawing
up a list of all such estimators will be of no use. Some noteworthy works where the
authors introduced concepts like a class of estimators, constants which minimize
MSE are Grover and Kaur [8], Khoshnevisan et al.[9], Haq and Shabbir [10]. The use
of functions like log and exponential was also explored and it was found that their
use increased the efficiency of the estimators and thus various estimators have been
developed using log and exponential functions Bahal and Tuteja [11], Latpate et al.
[12], Grover and Kaur [8], Singh and Khare [13] and Singh and Rai [14]. Upon obser-
vation of such estimators it can be said that it might be possible to develop a class of
estimators such that various estimators existing and non-existing which use different
functions like log and exponential and different transformations can be derived from
only one such developed class. Developing such a class was first attempted by Srivas-
tava [15] where he developed a general class of estimators. This work was followed by
Srivastava [16] and Srivastava and Jhajj [17].

In ACS design since the work of Dryver and Chao [18] where they proposed the trans-
formed population approach numerous ratio-type estimators using a single auxiliary
variable have been developed and studied for estimating the finite population mean.
Dryver and Chao [18] first developed their ratio type estimator for estimating the
finite population mean. Chutiman [19] proposed their ratio type estimator to estimate
the finite population mean of the survey variable using some known parameters of
the auxiliary variable. Qureshi et al. [20] proposed their estimator for the population
mean of the survey variable using some robust measures. Chaudhry and Hanif [21]
proposed an estimator using two auxiliary variables for estimating the population
mean of the survey variable.

ACS is relatively new and its theory is being developed [22, 23] therefore the use of
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multi-auxiliary variables and different functions like log and exponential under differ-
ent transformations have not been extensively studied to develop efficient estimators.
Thus in this article we have combined all these ideas and proposed wider classes of
estimators based on single and dual auxiliary variables for estimating the finite popu-
lation mean of the survey variable so that the properties like bias and mean squared
errors of various member estimators using several functions like log and exponential
under different transformations would be known in advance. Further since log type
estimators have not been studied much in the ACS design we have proposed a log-
type class of estimators from each of the proposed wider classes respectively.

Since the ACS design has been of a lot of interest its methodology is known to most
readers. For new readers, we recommend reading Dryver and Chao [18]. In Section
2 all the notations and terminologies used for derivations are presented. Section 3
comprises of some related estimators in the ACS design. In Section 4 we present the
proposed wider class based on single auxiliary variable along with its derivation of
bias and MSE. In sub-section 4.1 we propose a log type class of estimators along
with some new log type estimators from the proposed wider class based on single
auxiliary variable. In sub-section 4.2 two simulation studies have been conducted to
demonstrate the performance of the proposed log type estimators over competing
estimators in ACS design presented in this paper. In Section 5 we present the pro-
posed wider class based on dual auxiliary variables along with its derivation of bias
and MSE. In sub-section 5.1 we propose a log type class of estimators based on dual
auxiliary variables along with some new log type estimators from the proposed wider
class based on dual auxiliary variables. In sub-section 5.2 we have conducted two sim-
ulation studies to demonstrate the performance of these proposed log type estimators
over competing estimators in ACS design. Finally all the estimators presented in this
paper are applied to a real population to estimate the average number of Mules in the
Indian state of Assam to highlight the efficiency of the proposed log-type estimators.
In Section 7 we present the concluding remarks on this article with fruitful future
areas of research.

2 Notations and Terminologies

Consider a finite population of N units with label i = 1,2,..., N. The survey vari-
able is denoted by Y and the auxiliary variables by X; and Xs respectively. Using
SRSWOR a sample of size n is drawn and network averages wy, = wy,, Wy, ..., Wy, ,
Woy = Way g, owsy and wy, = Way, wyy oy, ATC obtained (Dryver and Chao

(2007)[18]), where the network averages w,, = % D it Wyjs Way, = mi Djee Wa,

_ 1 : )
and Way, = 5 Zje&,- Wy, are the average values of y, 1 and x5 in the network &;

containing the i*" unit where m; is the total number of units in the network &; respec-

tively. We are interested in estimating p,,. Now consider the following notations:
- l n — _ l n — _ l n
Wy = 5 21:1 Wy, Way = 5 21:1 Wg,y, >, Wey = 5 Zi:l Wy, 5
_ 1 N _ 1 N _ 1 N
Hy = N Zi:1 Wy, s hz1 = N 22:1 Wzy 5 Pay = 21:1 Wy, 5

N N
Sq%/y = ﬁ Zi:l(wyi - ,uy)27 SZ;H = ﬁ Zi:l(wﬂlli - ,uazl)Qa
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N N
SZ;IQ = ﬁ Zi:l(wfzi —fiz,)?, Swywzl = ﬁ Zi:1((wy_ﬂy)(wx1i —fizy)), Swywm2 =

N N
Nl—l Zz‘:1((wy - My)(wwzi = fha))s Swmlwmz = ﬁ Zi:1((wz1i - /’[’$1)(w$2i — )5

2 Su 2 S, 2 Stiay

_ wy _ Wy _ Wy
Cwy oM ’szl Toug, ’erfz Tong,
The error terms used are follows:
eoz%—l, el = :’”1 -1, egztﬂ—l,suchthat
Y °1 T2

E(eg) = E(e1) = E(e2) = 0 and E(e§) = fC3 . E(ef) = fC3, , E(e3) =
fC3,,. Eleoer) = frww.,Cu,Cu.,s Eleoe2) = fpu,uw,.,Cu,Cu,, Eleies) =

1 1
fpw:zlw:):2C7Uzlcw:l;2’ f = an N

3 Some related estimators

In this section, we present some related estimators in the ACS design using one and
two auxiliary variables.

3.1 Related estimators using one auxiliary variable

In this section, all the estimators presented use one auxiliary variable which will be
denoted by X. The Hansen-Hurwitz type estimator for population mean proposed by
Thompson [1] is:

1 n
t :72 . 1
HH ni_lwyz (1)

The expression of variance proposed by Thompson [1] is as follows:
_ rq?
Var = fS,, - (2)

Dryver and Chao [18] developed their estimator as follows:

w

x

The expressions of bias and MSE proposed by Dryver and Chao [18] are:
Bias(tDC) = fﬂy(cﬁjz — Pwyws, Cwy sz)u (4)

and

MSE(tpc) = fuy(Ch, + Ch. = 2puw,w, Cw, Cu,) (5)
respectively.
A transformed estimator developed by Chutiman using known coefficient of variation
and kurtosis[19] is as follows:
M + wa
) , (6)

tom = wy (w T
Yy Wy
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toH, = Wy

<Nm + B2 (w) )
wy + Ba(ws) )
The expression of MSE proposed by Chutiman [19] is:

MSE(tCH1) = fﬂi(cﬁ;y + O‘%’H1 C"iz B 2aCH1pwywz Cwy Cwl) (8)
and

MSE(tCHz) = fuz(c’?vy + a%Hzcg)w - 2aCH2pwywawwaw)’ (9)
where acp, = uzing and acm, = #;(%)

Qureshi et al. [20] proposed some ratio type estimators using robust measure as:

— NwMR+51(ww)>
t =w 10
and MR+TM
_ o Mz +
t = —_ . 11
The expressions of bias and MSE give by Qureshi et al. [20] are:
Bias(tKQl) = f/l'y(a%(Qlcix — OK Q1 Pwywy Cwy sz)7 (12)
Bias(tKQz) = fﬂy(a%QQCﬁz — OK Qs Pwyw, Cwy sz)a (13)
MSE(tKQl) = f:uz(cguy + O‘%{Qlcﬁ;z - zaKlewywx Cwycwx>7 (14)
and
MSE(tKQz) = f:uz(cguy + O‘%{QQC%I - QaKszwywx Cwycwx)7 (15)
MR MR
where axg, = 7AIM#R+51(wz) and axg, = 7#1]/6[R+TM.

3.2 Related estimators using dual auxiliary variables

Since ACS is relatively new, estimators using multi-auxiliary information are not much
explored and thus in this sub-section, we present a related estimator based on two
auxiliary variables proposed by Chaudhry and Hanif [21] as follows:

T, w;c
i = (0, + 8tz — ey (121 ). (16)
x1
The expression of MSE proposed by Chaudhry and Hanif [21] is:

MSE(tu) = py fCh, + 1s fC, + 8212, fCL. . = 2Bpytins f puyu,,

(17)
Cwy Cu}mz - 2,“*324fpwywzl Cuzy Cu)ml + 2ﬂﬂy/~LI2 fpwmlww Cwml Cu)mQ .
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4 Proposed wider class of estimators based one
auxiliary variable

In this section we propose a wider class of estimators using one auxiliary variable as
follows:

by = (k1wy + ka(pe — w2))d(u) (18)
where u = ££= j;::, k1, ko are constants such that they minimize the MSE;, and d(.)
is a parametric function and satisfies the following condition:
1. §(1) =1.

2. The first and the second order partial derivatives of § with respect to u exists and
are known constants at 6 = 1.

To derive the expression of bias and MSE of the proposed wider class t,,,, we first
expand d(u) about the value 1 in second order Taylor’s series as

S(u) = 6(1) 4 (u— 1)Hy + (u — 1)*Ho,

where H1=% and Hg:%aTi
u=1 u=1
Note that upon simplification we get u —1 = =5+ + g—z and (u —1)? = g—z where
0=1+ ﬁ Using above values and the error terms defined in Section 2, we get
—e; €2 e?
tw, = (kl,uy + k;l,uyeo — ,uxeﬂi‘g) (1 + (7 + E)Hl + 97H2 . (19)

Simplifying and subtracting p, from both sides and taking expectation we get

. 1
Bias(tu,) = by (1+ 55 fC2, (H + Hy)

1 1 (20)
_EHlfpwywszwaz) + kQMaséHlfczZuJE — My
Similarly, the expression of MSE is obtained as
MSE(tw,) = pi + kiA+ k3B + 2k ksC — 2k D — 2k E (21)
where
A= 2+ grug fCo HY 13 fOR, +2 (gzpa fCL, (Hy + Ha) = 512 f Puwyw, Cuw, Cu, Hi ),
B =3 fC3,

C= %Nyﬂmlfczzum H, — /iy/izlfpwywx Cwy walv
D =2+ gp2 fCL Hy+ gzpi2 fCR Ha — 102 f pu,w, Cuw, Cus, Hi,
E = Guyp. fC;, Hi.

Partially differentiating equation (21) with respect to k1 and ke and equating it to
zero, we get the optimum values as

BD - CFE

k1o = AB_C? (22)
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. _AE-CD
2ot = AB - (2
in (21) the minimum MSE of t,,, is

(23)

Putting k1,,, and k2,

MSE(tw,,,.,) = piy + k. A+k; B+2ky,, ks, C—2k,,D—2ky,, E (24)

Is should be noted that all the estimators based on single auxiliary variable presented
in this article are members of the proposed wider class ¢, .

1. For (k1,k2,0(u))=(1,0,1), ty, — tgu(l]

2. For (k1,k2,6(u))=(1,0,4%), tw, = tpc[18].

3. For (kuka.d(w)=(10, %l 1, s top, [19).

4. For (ky,ka,0(u))=(1,0, {202ty ot oy, [19],

5. For (k1,k2,0(u))=(1,0, (e By b, — tio,[20]
6. For (k1,ka,0(u))=(10, Araetiad), tu, = trq,[20]

4.1 Log type class derived from t,,,

In this sub-section we have developed a log type class from the proposed wider class
tw, using 6(u) = 1+ log(u) where u = 2£=%7 The developed class is as follows:

Wz +y
ty = (kv + ko — ) (14 log [ SE220)) (25)
Y o, +
The bias of this class can be obtained by putting H; = % =1 and Hy, =
u=1
%3722 = —% in (20). Similarly the MSE can be obtained by putting H; = 1 and

u=1
Hy; = —1 in (22)-(23) and putting it in (24). The exact expressions of bias and MSE
are

. 11 1 1
Bias(t) = kl/f‘y(l + iﬁfcﬁh - afp'lUyw;nC'LUwa;n) + kQngfCiw — My (26)

and

MSE(tr,,,,) = 12+ k%w A+ kzg Br+2ky,, ko, Cr—2ki, Di—2ky, FEr

27
respectively where Af, = 2 + %uifCix + usz’ﬁ,y — %uifpwywz Cuw,Cu,, 0
By = p’xf
CrL= g,uy,uch - Nyﬂa:fpwywz Cwy Cu, ;
Dy = ,Uy 2 'Rl ﬂyf - g,uyfpwywz Cwy Cu,;
Ep = %,uy,uxwaw Wlth leopt = %%? and kQLopt = %7@6%
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From this developed class we propose the following estimators:

1.

tu, = (kuwy + koo — 10,)) (1 + log ( afiefietiifies ) ),

2.ty = (kv + kaliaa — ) (1 +log (Fiimefietiotes ) )

MR(wg)pz+S2

3. tr, = (k1 + ko (pe — 0y)) (1 +log (W))

The bias and MSE of these estimators can be easily obtained from equation (26)— (27)
using 6 = 1+ oﬁ?

4.2 Simulation study

To study the performance of the developed log type estimators (¢, ,) over competing
estimators based on single auxiliary varaible presented in Section 2 we have conducted
two simulation studies. The performance of the estimators are compared on the basis
of Relative root mean square error (RRMSE). For the simulation studies, we use the
Blue Winged Teal data used by Dryver and Chao (2007)[18] and Smith et al.[24].
The following algorithm is used for conducting the simulation studies:

1.

Population-1 of size 50 is generated using the model y = 4x + e where = takes the
values of Blue-Winged Teal[18, 24] and e ~ N(0,4x).

Using sample sizes n = 9,11, 13,15 sampling procedure of ACS is repeated 20000
times and several values of estimates of population mean p, are obtained.

. MSE for each sample size is calculated using the formula MSE(t;) =

20000
20800 r=1 (tl - ,uy)Q where t’L = tHH)tDC7tCHl?tCH2)tKQ17tKQ27 tLla tha tLg'

For comparison RRMSE is calculated as RRMSE(t;) = t\/M SE(t;) where t; is
defined in step 3 and the values of RRMSEs are presented in Table-1.

For the second simulation study population-2 is generated using model y = 3x + e.
Following steps 2-4, RRMSEs are obtained and presented in Table-2.

Table 1 Relative root mean square errors of all
estimators in case of population-1

Estimators | n =29 n=11 | n=13 | n=15
tgH 0.7472 | 0.6673 | 0.5943 | 0.5434
tpc 0.3392 | 0.2884 | 0.2345 | 0.1942
tom, 0.4399 | 0.3627 | 0.2921 0.2394
tcH, 0.4361 | 0.3594 | 0.2893 | 0.2371
trko, 0.3770 | 0.3045 | 0.2429 | 0.1976
trQ, 0.3770 | 0.3045 | 0.2429 | 0.1976
tr, 0.1609 | 0.1408 | 0.1239 | 0.1122
tr, 3.8993 | 3.3459 1.2320 | 0.7745
tr, 0.1710 | 0.1492 | 0.1309 | 0.1184
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Table 2 Relative root mean square errors of all
estimators in case of population-2

Estimators | n =19 n=11 | n=13 | n=15
tgH 0.7036 | 0.6297 | 0.5628 | 0.5106
tpo 7.0590 | 5.5925 | 4.4035 | 3.3961
tom, 1.7612 | 1.4310 1.1637 | 0.9297
tom, 1.9853 | 1.6180 1.3200 1.0556
trQ, 6.9331 | 5.5329 | 4.3742 | 3.3807
tKQ, 6.9351 | 5.5344 | 4.3754 | 3.3814
tr, 0.1639 | 0.1428 | 0.1255 | 0.1139
tr, 3.9165 | 3.3120 1.2339 | 0.7685
tr, 0.1735 | 0.1506 | 0.1327 | 0.1198

5 Proposed wider class of estimators based on two
auxiliary variabales

In this section we propose the wider class of estimators based on dual auxiliary
variables as follows

twn = (mﬂﬂy + mQ(.u“-n - w;fl) + m3(:u$2 - w}2))5(57 U), (28)
where s = Z;Zilizi LU= Z;’: ?ij; , M1, M3, m3 are constants such that they minimize
xq xo
the MSE;, —and d(s,v) is a function of s and v such that it satisfies the following
condition:

1. The point (s,v) assumes the value in a closed convex subset of Ry of two-
dimensional real space containing the point (1,1).

2. §(s,v) is bounded and continuous in Rs.

5(1,1) = 1.

4. The partial derivatives of first and second order of d(s,v) exists and are continuous
and bounded in R».

@

In order to derive the expression of bias and MSE of the proposed wider class t,,,,,
we first expand d(s,v) about the value (1, 1) in second-order Taylor’s series as

5(s,v) = 8(1L, 1) + (s — DAL+ (v —1)Ag + (s — 1) Az + (v —1)2Ag + (s — 1) (v — 1) A5,

a6 k) 19%
where Ay = 5 , Ay = P , Ay = 358 , Ay =
(s=1,0=1) (s=1,0=1) (s=1,v=1)
1926 9%
S 55 and As = 22> .
2 9v2 5 = Bdsov
(s=1,v=1) (s=1,0=1)

2 2 2
—e1 €1 1 — —e2 >3 _1)2 — &
o, T v—1=7 +9§7(5 1) = o2

(v—1)2 = ;—g ,(s—=Dw-1) = Zi;;, (s — 1) = % where 0, = 1 + al’):zl and

Note that upon simplification we get s —1 =
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Oy =1+ a;ﬁ . Using above values and the error terms defined in Section 2, we get
L)
—e
twu = (mluy + mipy€o — Maflg, €1 — m3:u’1262)(1 + (Tl
1
2 2 2 2 (29)
el —es €3 ey (&5 €12
—)h —= 4+ S)ho + —<hs + —5hy + ——hs).
+9%) 1+ ( 5 +9§) 2+9% 3+9§ it 5)

Simplifying and subtracting p, from both sides and taking expectation we get

1

sl

1 1 1 1
g2 T wn T g2 a2 ga s, T8 g
1 1 1
Pwg, we vaac C’wm h5 - 7fpw, Wy CyCu)T hl - 7fpw7 Wy CwaT h2) + ma by, (7f0120 hl
1 2 1 2 91 Y 1 1 92 y o 2 91 1
1 1 1

+972fpwm1wmz szl vam2 h2) + m3,u?1:2 (gfcifz h2 + ?lfp1z)z1wm2 ngcl waz hl) - lLLJ

(30)

Similarly, the expression of MSE is obtained as

MSE(ty,,) = ui +m3 Ay +m3By, +miCy + 2mimaD,,

31
+2m1m3Ew + 2m2m3Fw - leGw - ngHw - nglw, ( )

where
Aw = W20+ [C3 + RfC 1+ LfC2 M3+ 2% SC I + fC2 ha +
éfcizl hs + éfcim hy + ﬁfpwzlww szl CwIQ hs — gfllfpwywxl Cwycwzlhl -
1 1 1

@fpwywmz Cwy waQ h2 + mfpwmlwzg Cwml szQ h1h2 - ﬂfpwywzl Cwy Cwml h1

éfpwyw;2 Cwy C’wm2 h2),
B, = M;%;l fcfu” y

Cyp = /%2@ fcfumz s
D, = oy oy (g%fciﬁ hy + %fpwmlw” Cw.'nl me2 hy — fpwywml Cwy Cwml )a
w = Mylz, (%fcg;w ha + 9%]0/)11135174)552 szl ng82 hy — fpwwaQ Cwy ngc2 )s
Fy, = Hay Py fpwmlwz2 szl szz )
w o= g+ @ fCh e+ g fCh e + BfCL hs 4+ EfCL ha +
ﬁfﬂwml Wy wal Cw@ hs — %fpwywxl Cwy szl hy — éfpwyww Cwy wa h’2)7
Hy = pypia, (éfcgjml hi + éfpwmlwag mel szg h2),
Ly = pypas (55 FOR, B2 + 5o fPws, wsy Cusy Cuoay ).

=

Q

Partially differentiating (31) with respect to mj, ms and ms3 and equating them to
zero we get
mlAw + mQDw + m3Ew = Gwa (32)

mlDw —|— mng + mng = Hw, (33)

10
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mi1E, +meFy, + m3Cy = I, (34)
This system of linear equation can be written as
Aw Dw Ew m1 Gw
Dy By Fy| X |mo| = |Hy (35)
Ew F w Cw ms Iw
Using Cramer rule we get
A, A, A
mlopt = AL ’m20pt = AL 7m30pt = %7 (36)
where
GU) DU} EUI
Aml = Hw Bw Fw (37)
I, Fy Cy
A'LU G'IU E’ll}
Ay, = |Dyw Hy Fy (38)
Ew I’LU O'LU
Ay = |Dyw By Hy (39)
Ey, Fy Ly
and
A'LU Dw Ew
A= Dw Bw Fw (40)
E, F, Cy

—~ &

Solving the determinants in equations (37) — (40) and using them in (36) we get

Gu(BuwCy — F2) — Doy(HyCo — IFy) + Ey(HyFy — Iy By) (1)
m = 9
Lopt AypByCy — AyF2 — D2Cy + 2Dy EF, — B,E?,

w

Aw(Hwa - Iwa) - Gw(Dwa - Ewa) + Ew(DwIw - EwHw)

mzupt AwaCw - AwE% - quuow + 2DwEwa - BwE?U ’ ( )
_ Aw(Iwa - Hwa) - Dw(Iwa - HwEw) + Gw(Dwa - Ewa) (43)
M3op = AwByCop — AgF2 — D2Cy + 2Dy EyFy — By E2 ‘
Using (41) — (43) in (31) we get
MSE(thmm) = ,uf, + m%optAw + m%omb + mgom Cw +2my,,,ma,,, Dy
+ 2m10mm30me + 2m20mm3thw — 2m10pt Gy — 2m20ptHw — ngoptlw. (44)

11
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5.1 Log type class derived from t,,,,

In this sub-section we have developed a log type class from t_l&e proposed wij_:ler class
. al 1 a2y 2

tw,; using 6(s,v) = (1 + log(s))(1 + log(v)) where s = #ﬁ, = W}; The

developed class is:

lr;, = (mlwy +ma(pe, — Wey) + M3((Hay — Way)))

45
<1+log<mufl+%)> (1+log<0‘2“f2+72>) (45)
0 Wy + M1 QoWgey + V2
The bias and M SE,,;, of this class can be obtained using
2
T T B Tt
(s=1,v=1) (s=1,0=1) (s=1,v=1)
2 2
Y | e

2
(s=1,0=1) (s=1,v=1)
n (30) and (41) — (44) respectively.The expressions of bias and MSE,,;, of the

developed class ty,,, are
. 1, 1, ., 1
BZCLS(tL“) = ml:uy(l + To%fcwml + Togfcww + @fﬂwzlwmz C’U)ml
1 1 1
Cwmz - ilfpwywxl nyc(wml - 0*2fpwyww2 CwaQ) + M2l (971 CZ;“ (46)

z2

1 1 1
+9*2fpwm1wm2 Cu,, CwmQ) + mBUwz(ngi + EfpwmlwmQ Cu,, CwmQ) — Hy,

MSE(tLUmm) = ng/ + m%

+2mlopt m3opt EwLII +2m20pt m3opt FwLII _2m10pt GwLII _2m2opt HwLII _2m30pt IwLII ’
(47)

2 2
opt AwLII + L BwLn + M3, CwLII + 2m101”5 mQOPtDwLU

where A, == ug(l + fC?,Jy + %fciml + %fcﬁw + 91492 fPwa,wey Cuyy Cuoyy —

%fpwywm Cwycwzg - %fpwywrl Cwycwzl )’

BwLH = :ufilfcimla

CwLH = :U'ig 0120127

DwLU = ’uy’uajl(% Cﬁ’q + %fpwwlwwz Cw”—'l waz - fpwywﬁcwycwwl)’
By, = Ny:uwz(% Cg;w + %fﬂwmlwzz Cu,, Cuw,, = [Pwyw.,Cu, w12)7
FwL” = Nw1ﬂwzfpwm1w12 szl Wag

1 1 1
GwLII = Iu,zzl(l + ﬁfcirl + @fcg,w + 0,0, fpwaplwm2 Cwmcﬂ)mz _
éfpwyww Cwy Cwm - %fpwywzl Cwy sz1 )7

fcil fPwg; we, Cwg, Cw
— at xy Wrg TWay TWrg
HwLH - :u‘ylu‘zl( 01 + 0o )7
fcfva. fPwg, weo Cwe, Cw
— 2 @y Wag TWay TWag
IwL” = flyHas ( 5, T 0, )s
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WLpp TWLpp T%Lpg WL WLy wrpp YLpp WLpp TWLpr T WLpg WLpp TWLyy
ma,,, = AwLII(HwLI}IleLIéileCI’I FwLuxiGwlL‘_éI(DiLDIé CwLII EiLQIéFwLIé)JrEwFLU (D:“%H IWLEIé —Bury, HwLII)’
WLpp TWLpp T"Lpy WLip WLy WLy wLII WL "YWLy WLpp WL

AwLH (IwLH B“’Lu 7H’”’LU YLir )— DwLU (IwLH DwLII H“’LU E“’Lu )JrGwLII (DwLH FwLu 7E"”L11 BwLII )

m3 —
opt A L B C —A I F2 7D2 C +2D E F, I —B I E2
WLry WLrr WLrr WLrr WLrr WLry WLrr YLy

From this developed classtr,,, we propose the following estimators:

WL Y%Ly WL WL

L tLU1 = (mlwy + mQ(th wﬂh + m3((ﬂ'$2 - wgﬁz)))

TM(wyg, )pz, +MR(wy, ) TM(wgy ) oy +MR(ws,)
(1 + log (TM(lel)wzll-i-MR(wzl) ) (1 + log (TM(wzj)w;ZJrMR(wzz)))v

2. tLU2 = (mlwy + mo(pe, — Wy, ) + ms((ey — Wey)))
(1 + log (TM(wIl)le +B2(way ) ) (1 + log (TM(wanz);tgfz-‘rﬁz(wmz)))7
)

TM Wz, )Way +62(Wey ) TM(Way ) Way+B2(Way)
3. tryy, = (Mawy +ma(pe, — Wy, ) +m3((pay — Wa,)))
(1t (e )) (1o (i) )
The bias and MSE of these estimators can be easily obtained from equation (46) — (47)
using@lzl—i—a'ﬁ1 and 0 =1+

a2/»“zz.

5.2 Simulation study

In this section we conduct two simulation studies to assess the performance of the
developed log type estimators over competing estimators that are based on two aux-
iliary variables presented in Section 2 on the basis of Relative root mean square error
(RRMSE). For the simulation studies, we again use the Blue Winged Teal data from
Dryver and Chao (2007)[18] and Smith et al.[24].

The following algorithm is used for conducting the simulation studies:

1. Population-3 of size 50 is generated using the model y = %xl + %xg + e where
x1 takes the values of Blue-Winged Teal [18] and x5 is generated using the model
To = 311 + €.

2. Using sample sizes n = 9,11, 13,15 sampling procedure of ACS is repeated 20000
times and several values of estimates of population mean p, are obtained.

3. MSE for each sample size is calculated using the formula MSE(t;) =

20000 220000( :uy) where ¢; = tm, tL1117 tL1127 tLU3
4. For comparison RRMSE is calculated as RRMSE(t;) = uy MSE(t;) where t; is
defined in step 3 and the values of RRMSEs are presented in Table-3.

For the second simulation study population-4 is generated using model y = 71’1 +
gzg + e where 7 takes the values of Blue-Winged Teal [18] and x5 is generated using
the model x5 = 3.521 + e. Following steps 2-4, RRMSEs are obtained and presented

in Table-4.
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Table 3 Relative root mean square errors of all estimators in
case of population-3

FEstimators | n =29 n=11 n =13 n =15

tHH 0.748470 | 0.668437 | 0.595328 | 0.544375
tg 0.887735 | 0.778505 | 0.683279 | 0.620539
thl 0.430774 | 0.336801 | 0.277607 | 0.240991
tL112 0.741258 | 0.372371 | 0.501833 | 0.887541
tLH3 0.685537 | 0.475919 | 0.370864 | 0.311403

Table 4 Relative root mean square errors of all estimators in
case of population-4

Estimators | n =19 n =11 n =13 n =15
tHH 0.748383 | 0.668359 | 0.595258 | 0.544311
ty 0.887737 | 0.778506 | 0.683280 | 0.620538
tLlll 0.742780 | 0.502529 | 0.387352 | 0.323269
tLH2 0.744425 | 0.371564 | 0.507063 | 0.896693
tL”3 0.685473 | 0.475888 | 0.370845 | 0.311389
14 1 0 0 3 1
4 0 2 10 13 0
3 4 0 0 6 0
0 0 0 7 ] 0
0 0 0 24 0 0

chart 1 Network of Mules formed using the condition Cy : ¥i > 0.

6 Application on real data

In this section we use all the estimators presented in this article to estimate the average
number of Mules in the Indian state of Assam using number of Mules over three years
and number of male Donkeys in the same district as the auxiliary variables. In this
section we use the 19" Livestock Census data [25] of the state of Assam. In order
to use the ACS design, each of the twenty seven districts of Assam are treated as a
quadrat and the entire population of Mules is divided into twnety seven quadrats. In
order to have 5 X6 quadrats (for easily applying the ACS design) we add three quadrats
having zero Mules and finally a population of Mules of Assam divided amongst thrity
quadrats is used for this study. For comparison of estimators the formula of MSE of
each estimator is used and the values obtained are presented in Table-5.

14
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Fig. 1MSEs of all estimators based on one auxiliary variable in estimating average number of Mules.
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Fig. 2 MSEs of all estimators based on two auxiliary variable in estimating average number of Mules.
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Table 5 Mean squared errors of all estimators in
estimating average number of Mules in Assam

Estimators | n =9 n=10 | n=11 | n=12
tgH 1.4421 | 1.2361 1.0676 | 0.9271
tpe 3.1050 | 2.6621 2.2991 1.9966
tom, 2.8298 | 2.4255 | 2.0948 1.8191
tom, 2.4508 | 2.1007 | 1.8142 1.5755
trko, 3.0923 | 2.6505 | 2.2891 1.9879
tKQo 3.0600 | 2.6200 | 2.2600 1.9700
ty 1.2277 | 1.0523 | 0.9088 | 0.7892
thl 1.3000 | 1.1300 | 0.9830 | 0.8610
tL12 1.3400 | 1.1600 1.0100 | 0.8810
tLI3 1.2795 | 1.1100 | 0.9731 0.8530
tLHl 0.0642 | 0.0562 | 0.0493 | 0.0433
tL”2 0.0361 | 0.0365 | 0.0351 0.0330
tLug 0.0561 | 0.0506 | 0.0452 | 0.0403

7 Conclusion

The ACS design is relatively new and has not been explored much. Various efficient
estimators based on single and dual auxiliary variables studied in the SRSWOR
design have not been explored in the ACS design. Thus the aim of this research paper
was to develop wider classes of estimators based on single and dual auxiliary variables
in the ACS design so that the properties like bias and MSE of numerous member
estimators of these proposed wider classes will be known in advance. The proposed
wider classes using single and dual auxiliary variables have been presented in section
4 and 5 with their formulae of bias and MSE. In sections 4.1 and 5.1 we developed
new log type classes of estimators using single and dual auxiliary variables tw,, and
twy,, from the proposed wider classes t,,, and t,,, and further proposed some log
type estimators from each developed class t,, ., and ¢y, respectively.

The proposed log type estimators twLI1 — tw,, and &y Lo T tw Liry have been devel-
oped using known parameters of auxiliary variables namely Tri-mean, Mid-range,
coefficient of kutrosis and population variance. The performance of these estimators
are then compared with several competing estimators presented in this article using
various simulation studies presented in sections 4.2 and 5.2 respectively. The per-
formance is compared using the Relative root mean square errors or RRMSEs. The
results of the simulation studies have been tabulated in Tables 1-4. From the results
we can see that the developed log type estimators tlel, twLI3 and twLul’ twLH3
result in lower RRMSEs than the competing estimators.

Further we studied the performance of all the estimators on real data in section 6
using the 19" Livestock Census data[25] to estimate the average number of Mules
in the Indian state of Assam using all the estimators that have been presented in
this article. The performance of all of these estimators have been compared on the
criteria of MSE which is calculated using the formulae of MSE of all the estimators.
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The result of this study is tabulated in Table-5. Note that amongst all the estima-
tors based on single auxiliary variable namely tgg,tpc,tcH,, tcH,, tKQ,, tKQ, OUr
proposed estimators twLI1 —twLI3 result in much lower MSE. Further we can see that
the competing estimator based on two auxiliary variables namely ¢y results in much
higher MSE than the proposed log type estimators based on two auxiliary variables

namely ¢ -1

WLy, WLppg*

Our aim in this study was to develop wider classes of estimators based on single and
dual auxiliary variables so that the properties like bias and MSE of numerous member
estimators based on any function which have not been developed yet will be known in
advance without much effort. Since the ACS design is relatively new, estimators using
functions like log and multiauxiliary variables have not been explored much therefore
from the proposed wider classes ¢y, and t,,, we develop log type classes t,, and
tw,,, and further propose some log type estimators twy, —twr,, and twr,, ~twe,,
from the proposed log type classes t,,,  and ¢,  respectively. From the results of the
simulation studies and application on real data, we recommend using the proposed
log type estimators tlel , twL,3 and twLHl s tw,,, when the population under study
is rare or hidden clustered and ACS design is to be used. For future research studies
we recommend studying different functions like exponential and different definition
of neighborhood.
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