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The number of the spanning trees of the general fan graphs

Abstract:

As we all know, the number of the spanning trees can be calculated by virtue of the
famous Kirchhoff’s matrix-tree theorem. However, it doesn’t work when coming across
complex graphs with thousands of edges and vertices or more. Hence, how to obtain
accurate solutions of the number of spanning trees of general fan graphs becomes a
subject to several studies of many places like computer science, physics and mathematics.
In this paper, we focus on calculating different types of graphs generated by adding
vertices and edges to the fan graph. Particularly, we define a new graph called ”C-
graph”, which brings a unique angle of view for us to recognize the construction of
original graphs. Moreover, we introduce a new recursive relation about the general fan
graph, simplifying the calculation. Therefore, we can obtain functions of the number of
spanning trees related to fan graphs, which are also suitable for larger and more complex
conditions. Finally, we discuss the effect of vertices and edges on the number of spanning
trees, finding out that edges have greater impact. Additionally, by using Kirchhoff’s
matrix-tree theorem, we verified the rationality of our results.

Keywords: fan graphs; the number of spanning trees; iterate relations; self-similar graphs;
Kirchhoff’s matrix-tree theorem

1. Introduction

The knowledge of spanning trees has widely distributed in many fields, such as
Mathematics, engineering, computer science and . Currently, researches of spanning


Editor 003
Typewritten text
Abstract:

Editor 003
Typewritten text
Original Research Article


UNDER PEER REVI EW

trees are mainly focusing on two parts: applications and algorithms. For example,
the stock market®can be studied by the maximum spanning trees, and the minimum
spanning tree perfectly guarantees the minimum sum of all paths in the entire
topology. Moreover, theory-based agglomerative hierarchical clustering technique
and neural network for emotion classification are also both associated with the
minimum spanning tree.*

In order to find the number of spanning trees of a graph, Kirchhoff had given
his famous matrix tree theorem! which achieved the calculation by finding any
cofactor of the graph’s Laplacian matrix. However, this method fails when facing
large graphs. Consequently, we want to find a formula by which the number of
spanning trees can be obtained easily, just like what lots of scientists have already
done?7.10

In this essay, we concentrate on the number of spanning trees of general fan
graphs. Our method stems from another one introduced by Kirchhoff.® He divides
the spanning trees of a graph into two parts, which are spanning trees that contain
edge”’e” and spanning trees that do not contain edge”e”. By doing this, an elimina-
tion of edge is finished ,and thus we only need to discuss spanning trees of a simpler
graph.3

Since the structure of a general fan graph can be considered as a combination
of some similar subgraphs, we want to simplify the graph by discussing the relation
between its subgraphs and spanning trees. Our goal is to obtain an iteration formula
in this process and find the formula of number of the graph’s spanning trees from
it.®

2. Definitions

To read this article smoothly, some definitions and notations are given as fol-
lows:

Definition 1. A spanning tree can be defined as the subgraph of an undirected and
connected graph, which contains all vertices of the original graph and the number
of its edges equals to the number of all vertices substract 1. We will use 7(G) to
represent the number of spanning trees of graph G.

Definition 2. Suppose that there is an undirected and connected graph Cy . which
is composed of two vertices u,v linked by e identical paths with d — 1 vertices.
That is, Cge = (V,E),V = {u,v,s;5]1 = 1,2,...,¢;5 = 1,2,...,d — 1},E =
Hu, si1}{v,sia—1}, {sij, s 414t = 1,2,...,¢;5 = 1,2,...,d — 2}. We name it
”C-graph”.(see Figure.1l) If the point of both ends of ”C-graph” is w, v, the ”C-
graph” which have e identical paths with d — 1 vertices is denoted by Cy . (u,v).
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Fig. 1. C—graph Fig. 2. G171,171(n)

Definition 3. We now consider an undirected and connected graph Gg, d,.eq,e, (1)
(see Figure 3), where di,ds,e1,ea € N and the simplest case is Gy1,1,1(n) (see
Figure 2). We start from a ”C-Graph” Cy, ., (O, s1).

By introducing vertex sq, other [e1(d; — 1) + ea(d2 — 1)] ones and related
edges, we obtain a graph in which s1, s2 and es(da — 1) vertices form a ” C-Graph”
Cly e, (51, 52), and, similarly, so, O and other e;(dy — 1) vertices form another ”C-
Graph” Cy, ¢, (s,82). This is Gy, dy.e;,e5 (1). Then Gy, dy.e,,e, (1) is obtained by con-
tinuing doing this method (start from Cy, ¢, (O, s2),Ca, e, (O, 83), ..., Cay e, (O, 8p))
for n — 1 times.

To clarify it, we introduce a more precise definition, that is, G, dy.e;,e, (N) =
(V, E) where
V =A{0, s, 1k tiwmlt = 1,2,...,n+ 14 = 1,2,...,n;5 = 1,2,...,e15k =
1,2,...,d1 —Lliw=1,2,...,ea5mm=1,2,...,do — 1};

E={{rija-1,0}{si,mi 1} {sisti w1} {Sire1, tirstw,da—1 3 {75,k Tij k41 1
{tirwmstirwmsr i = 1,2,...,n + L = 1,2,...,n;5 = 1,2,...,e13k =
1,2,...,d1 —2;w=1,2,...,ea5m=1,2,... do — 2}.

Fig. 3. Gdl,d2751,62 (n) Flg 4. Gd17d2161762 (TL - 1)
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Fig. 5. Zd17d2751752 (n - 1) Flg 6. Td11d2751162 (TL - 1)

To simplify the proof, we introduce two new graphs Ty, 4,.e,.e,(n) and
Zd, dyer,e2(n) (looking at Figure 4 and Figure 6). Ty, d,.e1,e,(n — 1) is obtained
by deleting r1,;4,% = 1,2,...,e1,5 = 1,2,...,d; — 1 from V and edges containing
these vertices from E.

Z4, dyer,e2(n — 1) is obtained by deleting sq1 from Ty, 4,.c,.e, (1 — 1)’s vertex
set and transforming edges sit1 1,k =1,2,...,€2 t0o Oty k1 In Ty, dy.eq,en(n —1)’s
edge set.

Definition 4. (vertex-division method) Let G be an undirected graph which
contains n + 2 vertices and u, v be two vertices of GG. By choosing u and some other
arbitrary vertices of G except v, a group of vertices is obtained, denoted by u-group,
and then, we call the group which is composed of other vertices v-group.

Let G;, be the graph obtained by deleting all vertices in v-group in G and
G, be the graph obtained by deleting all vertices in u-group in G, where i means
the ith way to form u-group and i =1,2,...,2™.

Then we get a set of couples of graphs I(G) = {(Giu, Giw)|i = 1,2,...,2"}.
Particularly, if G, is unconnected, 7(G;,) = 0 since it has no tree, and so is
Gli,».We name the method as ”vertex-division method” (short for "VDM?”).

3. Main Results

In order to make the following process of proofs more comprehensive and sim-
plify the expression, we firstly introduce some lemmas:

Lemma 1. We assume that an undirected and connected graph G has multiple
edges. Then we can arbitrarily choose one edge from the graph. The computation of
complexity of G can be divided into two parts. First, spanning trees don’t contain the
chosen edge. It can be denoted by the complexity of G — e,represented by 7(G — e).
second, we consider that spanning trees have this edge. Then two vertices of this
edge can merge together ,and we mark it as 7(G.e). Therefore, we can obtain:

7(G)=7(G —e)+7(G.e)

Lemma 2. Applying VDM to Cg., there are d° elements of I(Cqy.) satisfying
T(Cae iu) = T(Cae iw) =1 for somei € {1,2,..., 2e(d*1)}. Without losing general-
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ity, let these i be 1,2, ..., d¢, respectively. Additionally, T(Cy.e i w)T(Ca.e iw) = 0,for
i=d+1,d°+2,...,2°4" D) which can be written as:

1fori=1,2,...,d°

7(Cae iu)7(Cae i) = { 0 fori=d¢+1,d°+2,...,2¢0D

Proof. Considering the path u,s; s 9,...,8; 4 1,v where i e {1,2,...,e},d >
3,if sy ;.5 € {1,2,...,d—2} is included in v-group but s ;. k € {j+1,j+2,...,d—
1} is included in u-group (name this grouping as the mth way to distribute), it is
easy to find that Cgc . Will be unconnected by the definition of Cy,. and VDM,
and therefore 7(Cq e m.o)T(Ca,e m,v) = 0.

Hence, if 7(Cqe nu)7(Cae nov) = 1, its related u-group and v-group must satisfy
that if sqp, where a € {1,2,...,e},b € {1,2,...,d — 1} is included in u-group,
then sq.1,84,2,.-.,84,p—1 are included in u-group. Similarly, if s,; is included in
v-group, then sq p41,Sa,b4+2; - - -5 Sa,d—1 are included in v-group. Since all vertices of
C4g,. should be included in either u-group or v-group, we can conclude a necessary
condition of 7(Cq.e mu)T(Cae mv) = 1:

o If s44-1 is included in u-group, then s, 1,54,2,...,8q,4-1 are included in
u-group.

o If 5,1 is included in v-group, then s, 1,84,2,...,84,4—1 are included in v-
group.

o If s4.c € {1,2,,d — 2} is included in u-group and s .41 is in-
cluded in v-group, then s,1,54,2,...,8q, are included in u-group and
Sa,c+1sSa,c4+2+ - -+ Sa,d—1 are included in v-group.

In other words, 7(Cy.e n,u)T(Cdenv) = 1 only if Cye pny and Cye o can be
considered as being obtained by deleting one segment from each path between wu, v
in Cy . By the definition of Cy ¢, Cg.c n and Cqe ., are both trees and therefore
T(Cae nu) = T(Caenw) = 1.Thus, it is a sufficient and necessary condition of
T(Cd,e n,u)T(Cd7e n,v) =1

As each path between u,v in Cg. contains d fragments, there are totally d°
ways to choose one edge from each path. Since there is an one-to-one relationship be-

tween fragments and an element of I(Cy ), we denote these elements by 1,2, ..., d°
respectively and, similarly, denote other elements by d¢+1,d®+2, ...,2¢(4=1 Then
we get that

lfori=1,2,...,d°

7(Caeiu)7(Cac i) = {0 for i = d° +1,d° +2,...,2¢(d=D)

holds for d > 3. It is easy to show that the formula also holds when d = 1, 2.
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Fig. 7. One method making the vertices u,v not connected O

Lemma 3. The number of spanning trees of a ”C-graph” Cy . is ed®~!.

Proof. A spanning tree means that there exists only one path linking two different
vertices, particularly, there exists one path between u and v. Look at figure 4, the
red path is connected and that is one case for spanning trees of "Cy .”.

Fig. 8. A spanning tree of ”C-graph”

We assume that there are e identical paths connecting u and v, each of these
paths is divided into d parts. Except the red path which is chose arbitrarily, other
points separate ”C-graph” into 2 connected graphs such that u and v is not con-
nected. Hence, we can deduce that the number of spanning trees of ”C-graph” is
ed® 1. D

Lemma 4. Let G be an undirected and connected graph, and G’ be a subgraph of G
which contains n + 2 vertices. Assume that in G', there are 2 vertices u,v such that
any other vertices of G’ are not linked to the rest of G except u and v. Applying
VDM to G" and vertices u,v, we get I(G') = {(G} ,,G} )i = 1,2,...,2"}. Let
G — G be a new graph obtained by deleting all vertices of G' except u and v from
G, and G - G’ be a new graph obtained by merging u and v in G — G’. The number
of spanning trees of G is
on
7(G) =7(G)r(G- )+ 7(G -G (G )7(G;,)

i=1

Proof. First, we need to prove a simple statement. The number of spanning trees
of an undirected and connected graph H, which is composed of a subgraph H; and a
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tree T' with only one vertex in 7" linked to Hy, is 7(H7). Assume that some of edges
in T"may not be included in a spanning tree of H. since a tree must not have a cycle,
some vertices in T must be separated which makes the graph not connected. This
is a contradiction. so 7" must be included in any spanning tree of H, and therefore
T(H) =7(Hy).

Then we consider one case that there is a group of spanning trees of G which do not
include any entire spanning tree of G'. Considering G; , and G} ,i € {1,2,...,2"}:

(i) G, and G/ , are both trees. By the statement above, the graph, which is

i, i,V
consisted of G — G, G}, and G} ,, has 7(G — G') spanning trees.

(ii) G}, and G}, are both arbitrary connected graphs. Then the combina-
tion of G — G', G}, and G}, has 7(G} ,)7(G},)7(G — G') spanning trees since
there are 7(G7 ,)7(G7 ) ways to choose a spanning tree from G; , and G}, respec-
tively. By continuing doing this for ¢ = 1,2,...,2", we find that there are totally
Z?:Ll (G} ,)7(G ) spanning trees in this group.

In another case, if we choose a tree from G’ instead of separating it as a part of
spanning trees of G, another group of spanning trees will be found. Due to we have
already selected a spanning tree of G, we merge vertices u and v, and the number
of spanning trees of G which contain the chosen spanning tree, is equal to that of
G.G', that is, 7(G - G'). Considering G’ has 7(G') spanning trees, we get that there
are entirely 7(G")7(G - G’) trees .

Since a spanning tree of a graph must contain all its vertices and has no cycle,
it is not difficult to deduce that all spanning trees of G are included in two cases
which we have discussed above.

As a result, we get that
2"1
7(G) = 7(G)7(G - G) +7(G = G') Y _7(Gi)7(GL,)
i=1
If G’ is a 7 C-graph”, that is, Cy ¢, then by Lemma 3, 7(G’) = ed®~!. By Lemma
2, Zf; (G} ,)7(GY,) = d°. Therefore,

7(G) = ed* '7(G - G') + d°7(G — G') O

Lemma 5. Let G be an undirected and connected graph and u be a vertex of G. If
several cycles are added to u, denoted by Ly, Lo, ..., L,, respectively, then the num-
ber of spanning trees of the new graph is 7(G) [[;—, 7(L;). To clarify the definition,
let G = (Vo,Ep) and L; = (Vi, E;),i = 1,2,...,n, where (u; is another notation of
u)

Vi={ui,ai1,0:2,...,a;;j; € N}
and

B = { o for ji =0
! {{U'a a/i,l}) {ai,kvai,k+1}7 {a']mu}“f = 1727 e 7ji - 1} fO?” .]7, Z 1
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Let V, E be the verter set and edge set of the new graph, then V = U}, _oVy, and
E=U_En.

Proof. Assume the number of cycles in this graph is n. We particularly choose one
cycle from them, and assume the cycle is divided into d segments by d—1 vertices. It
is easy to understand that the number of spanning trees of this cycle is d(removing
one segment of the cycle obtains a spanning tree and the cycle has d segments).

)

Fig. 9. The red part of this graphs is cycles

If there exists several cycles with the same vertex, then from multiplication
theorem, we can get that the number of spanning trees of many cycles with the
same vertex is the multiplication of the number of spanning trees of each cycle. We
denoted it by [[;_, 7(L;), where n represents n cycles, and L; represents the ith
cycle. Accordingly, the number of spanning trees of the graph is 7(G) [T, 7(L;).

Specially, when there are e cycles and each cycle have d segments. [, 7(L;) =
d®. The total number of spanning trees is d°7(G). O

After illustrating all preliminaries, we now enter into the stage of calculating the
number of spanning trees of fan graphs under different circumstances. To starters,
we consider fan graphs with multiple vertices.

4. Fan Graphs with Multiple Vertices

Theorem 1. Consider Gg, 11,1(n), which means we only add di — 1 vertices into
isosceles edges of the original G(n) (See Figure 1.3). The number of spanning trees
of Gay111(n) is 7(Gay1,11(n) = =527""1[(2d1 + 1+ VAdy +1)"+ — (2d1 +
1— \/m)rwrl]



UNDER PEER REVI EW

Fig. 10. Gdl,l’lﬁl(n)

Proof. Obviously, the path from O to s; can be viewed as a ”C-Graph”
Ca, 1(0, s1). According to Lemma 4, we can obtain the equation:

T(Gay,1,1(n) = dit(Gay0,0(n—1) — Cqy 1(0,81)) + 7(Gay 11,1 - Cay 1(0, 81))

where Gg, 11,1 - Cg,,1(0, s1) can be alternated by Zg, 1.11(n—1) and Gg, 1,1,1(n —

1) — Cq,,1(0, s1) can be alternated by Ty, 1,1,)(n — 1). Thus, we can transform it
into

m(Gar111(n) = di7(Ta, 121 (n = 1)) +7(Za, 1,11(n = 1)) (1)

It is not difficult to find that Ty, 1,1,1(n—1) consists of a ” C-Graph” C; 1(s1, s2)

and Gy, 1,11(n — 1). By Lemma 4, we have

T(Tay111(n = 1)) =7(Gay 111(n — 1))

Subsequently,
T(Za 1100 = 1)) = 7(Gay 1.11(n)) = dar(Gay 1,10(n = 1)) (2)
and then we can get
T(Zgy 10010 —2)) =7(Ggy111(n— 1)) —d17(Ggy 1,1,1(n — 2)) (3)

Next, we consider Zg, 1.1,1(n — 1), and one of two paths from O to s, can be
seen as Cq,1(0, s2). From Lemma 4 and Lemma 5, we get:

T(Zaya11(n—1)) =7(Za,1,11(n—1) = C1,1(0,82)) + 7(Za,1,11(n — 1) - C1,1(0, 52))
=7(Gay1,1,1(n — 1)) + di7(Zay 1,11 (n — 2)) (4)

Now we substitute equation 2,3 into equation 4,
7(Gay1,1,1(n) = (2d1 + D7(Gay 10,1 (n = 1)) = diT(Gay 11,1 (n — 2))

Hence, we get the iteration of 7(Gg, 1,1,1(n)).

Finally, we consider initial cases. That is, 7(Gg,1,11(1)) = 2d; + 1 and
7(Gay 1,1,1(2)) = 3d? +4d; + 1. By putting the iteration we have already figured out
and initial cases into Mathematica, we can attain spanning trees of Gg, 1,1,1(n). O
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Theorem 2. The spanning trees of G1,4,1,1(n) is 7(G1,45,1,1(n)) = ﬁ

211 (dy + 2+ VA F AV — (dy +2 — Vil FAv/dR)" ]

Fig. 11. G1,42,1,1(n)

By imitating the proving process of Theorem 1, we can eventually get spanning
trees of G1,4,,1,1(n).
Based on these cases above, we have

Theorem 3. The spanning tree of Gy, dy,1,1(n) i T(Gay ,dp,1,1(n)) = m
2in71[(2d1 +doy + \/(TQ\/ 4d, + d2)n+1 — (2d1 +dy — \/@\/4d1 + dg)n+1]

Fig. 12.  Gg1,a2,1,1(n)

Proof. Similarly, the path which starts from O and ends with s; can be considered
as a "C-Graph” Cy, 1(0, s1). Therefore, by Lemma 4,

T(Gay dy11(n)) = T(Gaydp1,1(n) - Cay 1(0, 81)) + di7(Gay dy1,1(n) — Cay 1(0, 81))

where Gg,.4,11(n) - C4,,1(0,51) represents Zg, 4,11(n — 1) and Gg, 4,11(n) —
Ca, 1(0, s1) represents Ty, 4,1,1(n — 1). Then we obtain:

(G, dy11(n) = 7(Zaydy 1,1 (0 — 1)) + d17(Tay dy,1,1(n — 1))

Apparently, Ty, a4,,1,1(n — 1) is composed of a ”C-Graph” Cy, 1(s1,s2) and
Gd,.,dy,11(n —1). By Lemma 4, we get:

T(Taydy,11(n = 1)) = 7(Gay dp,1.1(n — 1))
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Subsequently, we get:
T(Gaydp11(n) = 7(Zay dz1,1 (0 — 1)) + d17(Gay ap,11(n — 1)) (1)

and,

7(Gaydp11(n = 1)) = 7(Zay ay1,1(n = 2)) + di7(Gay dy 1,1 (0 — 2)) (2)

When it comes to Zg, 4,,1,1(n—1), it is easy to see that the one of the two paths
which start from O and end with sp can be considered as Cy, 1(O, s2). Therefore,
by Lemma 4 and Lemma 5,

T(Zaydy110(n = 1)) = 7(Zay ay11(n = 1) - Cay 1(0, 52)) + do7(Zay a5,1.1(n — 1) = Ca, 1(0, 52))

= d17(Zay dy11(n = 2)) + d27(Gay d,,11(n — 1))
(3)

By equation (1), (2) and (3), we get:
T(Gaya,1,1(n)) = (2d1 + d2)7(Gayap1,1(n = 1)) = di7(Gay ap,1.1 (0 — 2))

With T(Gdl,d271,1<1)) = 2dy + d2 and T<Gd17d2,1,1(2)> = 3d% + 4dydy + d%7 we
obtain the formula by applying Mathematica. D

5. Fan Graphs with Multiple Edges

Theorem 4. The spanning tree of G11,e,,1(n) is T(G1,1,e,,1(n)) Vo _og—n-1

T Vet
[(e14+2+ erver + Hntt —(eg +2— Vverver + 4)ntl]

]

Fig. 13. Gi,1,e;,1(n)

Proof. Like the process we display before, the e; edges which all start from O and
end with s; can be considered as a ”C-Graph” Ci , (O, s1). Therefore, by Lemma
4

T(G11,e,,1(n)) = e17(G1,1,e,,1(n) - Che, (O, 51)) + T(Gi,1,e,,1(n) — Che, (O, 51))

where G11.e,1(n) - C1e,(0,51) represents Z11.e,1(n — 1) and Giie,1(n) —
C1e,(0, 1) represents 17 1, 1(n — 1). Then we obtain:

T(Gr1,e,1(n) =e1m(Z11,e,,1(n — 1)) + 7(T11,6,,1(n — 1))
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Apparently, 71 1,.1(n — 1) is composed of an edge s152 and Gy 1.¢,,1(n — 1).
By Lemma 1, we get:

T(T11,e0,1(n = 1)) = 7(G1,1,6,,1(n — 1))

Subsequently, we get:
T(G11,e,1(n)) = e17(Z11,e,1(n = 1)) + 7(Gr1,e0,1(n — 1)) (1)

and,

T(G11,e0,1(n— 1)) =e17(Z11,e,1(n — 2)) + 7(Gr1,11(n — 2)) (2)

When it comes to Z1 1.,,,1(n—1), it is easy to see that all edges which start from
O and end with sy can be divided into two groups. One of the two contains only
a single edge Oss and the other one contains a ”C-Graph” Ci ¢, (O, s2). Therefore,
by Lemma 1 and Lemma 5,

T(Z1g,e00(n—1)) =7(Z11,e,0(n—1) - C16,(0,82) + 7(Z11,e,1(n — 1) = Cie, (O, 52))
=7(Z11,e1,1(n —2)) + T(G11,e,,1(n — 1))
(3)
By equation (1), (2) and (3), we get:
T(G11,e1,1(n) = (e1 +2)7(G11,e,1(n — 1)) = T(G11,e4,1(n — 2))

With 7(G1.1,6,,1(1)) = €2 + 261 and 7(G1,1.¢,,1(2)) = €} + 4e? + 3e1, we obtain
the formula by applying Mathematica. This case has been calculated by the other
method.? D

Theorem 5. The spanning tree of G11,1,e,(n) 18 T(G11,1,e5(n)) = ﬁQ_l_n[
(1 + 262 + \/1 + 462)n+1 — (1 + 262 — \/1 + 462)n+1]

Fig. 14. G1,1,1,e5(n)

After emulating the proving process of Theorem 4, we can finally get the num-
ber of spanning trees forG 1.1 ¢,(n).

Theorem 6. The spanning tree of G11,e,,e5(n) 18 T(G1,1,e,.e5(n)) = \/6‘1/5714622_1_"[
(61 -+ 262 —+ \/a\/ e1 + 462)n+1 - (61 + 262 — \/a\/ er + 462)n+1]
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Fig. 15. Gi,1,e1,e2(n)

Proof. Vertices s1,0(See figure3) and paths between them form a ”C-Graph” as
well. Keeping on applying Lemma 4, we can get:

T(G11,e1,e2() = €1T(G11,e1,65 (1) - C1,6, (0, 81)) + T(G1,1,e1 0 (7) — C1,e, (O, 51))

where G116, .¢,(1n) - C1e,(0,81) represents Zi e, .e,(n — 1)(See Figure 7) and
Gi,e1,e0(n) — Cie, (0, 51) represents T4 1¢, ¢,(n — 1)(see Figure 9) in this case.
Then we can obtain:

T(G1,1,e1,0:(M) = €17(Z1 101,05 (0 — 1)) + 7(T1 1,000, (0 — 1))
Gilee,(n—1) and Tq 1 e, 6,(n — 1) is included in Cy ¢, (s1,52) . Using Lemma 4,
T(T11,e1,00(m— 1)) = €27(G1 1,61,0,(n — 1))

Next,

T(Gl,l,el,ez (n)) = eQT(Gl,Lel,% (Il - 1)) + elT(Zl,Lel,ez (Il - 1)) (1)

T(G1,1,61,62 (n)) - eQT(GLl,el,ez (Il - 1))

€1

T(Zl,l,el,ez (Il - 1)) = (2)

and we can deduce that

T(G11,e1,e,(0 = 1)) = €27(G1 1,6y ,e,(n — 2))

T(ZLl,el,ez(n_ 2)) = e1

(3)

Consider Z1 1 ¢, e, (n—1), two different groups of edges ,which are edges between
s1 and sy and edges between O and sy in Gy 1.¢, e, (1), consist of all edges between
O and so. (In other words, by definition 3, all vertices on paths between O and
Sg in Z11 e, e,(n — 1) can be divided into 2 groups such that each of them form
a ”C-Graph” with O, s2, that is, Cy ¢, (O, s2) and Ci.,(0,sz2).) Now, we delete
all edges between s; and sz in Gi 1,¢y,e,(n). Then we merge vertices O and sy in
Z11,e,.e5(n — 1), and cycles are accordingly generated. By applying Lemma 5, we
can get

T(Z11,e1,e0(n = 1)) = T(Z11,61,e0(n — 1) = C1,6,(0, 82)) + €2T(Z11,e1,e,(n — 1) - C16,(0, 52))

= 7(G11,e1,e: (1 — 1)) + €27(Z1,1,6 e, (1 — 2)).
(4)
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By substituting equations (2) and (3) into equation (4) and simplifying the
equation, we can get the iteration of 7(G1 1 ¢, e, (n)). The iterative equation is:

T(G1 101,00 () = (22 +€1)7(G11 01,0, (0 — 1)) = €37(CG11,0,(n = 2))  (5)

Then, we find the initial case: 7(G11,e,,e,(1)) = ex1(e1 + 2e2).

Based on 7(G1,1,e;,e,(1)), we can deduce the value of 7(G1 1., e,(2)), that is:
T(G11,e1,e0(2)) = €1(e1 + e2)(e1 + 3e2) Combining the iterative equation and initial
cases, the result of 7(G1 1, ¢, (1)) can be easily computed by Mathematica. O

6. Fan Graphs with Multiple Vertices and Edges

The most complex case is that the value of di,ds, e1,es are arbitrarily chosen
from N*. Thus, we have:

Theorem 7. The number of spanning trees of G, dy.e,es (M) 18 T(Gdy dyeq,e5(N)) =
A T T (A O T (e + 2 + Ve T Ay
)t — (deeld;Hez (daer + 2dyea — /do\/e1v/daer + Adies)) ]

Fig. 16.  Gay dg,e1,e2(n)

Proof. Obviously, vertices S1,0(See figure3) and paths between them form a ”C-
Graph”. By applying Lemma 4, we can get:

T(Gd1~d2’61,€2 (’I’L)) = eldil_lT(Gdez,el,eQ (n> : Cd1’61 (07 81))
+d(151T(Gd1-d27617€2 (TL) - th@l (Oa 51))

where Gq, d, e;,e,(11) - Cd, e, (O,81) represents Zg, 4, e, .e,(n — 1)(See Figure 7) and
G, .dy,er,e5(n) —Cay e, (0, 51) represents Ty, d,.e, e, (7 —1)(see Figure 9) in this case.
Then we can obtain:

T(Gd1~d2,el7e2 (n)) = eld?ilT(Zdl-d’z,el,% (Il - 1)) + d?T(Tdez,ehe’z (Il - 1))

Apparently, Tq, dye; .o (n — 1) is composed of Cq, e, (51,52) and G, dy.e;.e0 (0 — 1).
Using Lemma 4,

T(le’d21clyc2 (Il - 1)) = eQdSZ_lT(Gdlyd2701702 (n - 1))
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Subsequently,

T(Gd17d2,61,62 (n)) = d§162d§2_1T(Gd17d2,61762 (n - 1)) + eld’il_lT(Zde’z,el,ez (Il - 1))

(1)

(Gdl,d2761762 (n)) - dil 82d§2_17—(Gd17d2,61762 (1’1 - 1)) (2)

eld?*l

.
T(Zd1>d21011c2 (H - 1)) =

and we can deduce that

T(Gdl,dz,ehez (n - 1)) - d(l31 e2d§271(TGd17d2,61,62 (n - 2))
eldilil
(3)

Consider Zg, dy,e,eo(n — 1), all vertices on paths between O and s in
Zdy dg,er,e2(m — 1) can be divided into 2 groups such that each of them form a
”C-Graph” with O, sq, that is, Cy, ¢, (O, s2) and Clg, ., (O, s2).) Now, we delete all
edges between s; and so in Gy, d,.e,,e, (). Then we merge vertices O and sy in
Z 4y dyer,e2(n—1), and cycles are accordingly generated. From Lemma 5, we can get

T(Zd17d2;€1;52 (’I’L - 1)) = dng(Zdhdz@hez (n - 1) - Cdz,ez (07 52))
+ 62d§2_17(2d17d2,61782 (n - 1) : Cd2,€2 (Ov 82))
= dEZT(Gdhdz,ely@ (n - 1)) + engzild?T(Zdhdz,elﬁz (n - 2))
(4)
After substituting equations (2) and (3) into equation (4) and simplify the
equation, We can get the relationship between 7(Gy, dy.eq.e2 (1)), T(Gdy dg.eq,e0 (N —
1)) and 7(Ga, dy.e1,e5(n — 2)) . The iterative equation is:

T(Zdl,dz,ehez (Il - 2)) =

T(Gdl,d2,€1,€2 (TL)) :(262di1d§2_1 + eld(lil_ld?)T(Gdl,d2761’82 (TL - 1))_

egd%ﬁ d§€2_2T(Gd17d2,€1,€2 (n - 2))

(5)

Next, we return back to consider the initial case:7(Ga,.dy.er.e2(1)) =
dyT2dy 1 2e (dyey 4 2dieg).Based on T(Gy, dy.er.er(1)), we can deduce the
value of 7(Ga,.dy.er.cn(2)), that is: 7(Gay dy.er.ea(2)) = dy*t30d;272%2¢) (dyey +
dleg)(dgel + 3d1€2).

Combining the iterative equation and initial cases, the result of
T(Gdy ds,e1.e5(n)) can be easily computed by Mathematica. O

7. Analysis

After clarifying all theorems, by using the result of theorem 7, we then start
to discover and analyse the impact that di,ds,e; and ey respectively have on the
number of spanning trees of Gy, d, e, e, (7). Additionally, we will use Matrix Tree
Theorem to test the rationality of our results.

To begin with, we let one of these four parameters(d,ds, e, and ez) as a
variable (greater than 0 and belongs to natural numbers). At the same time, we
set other three parameters’ value to be 2, thus, by using Matlab, we subsequently
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get four following subgraphs, where the Y-axies represents the number of spanning
trees of Gy, dy.eq1,e,(n), the X-axies represents the number of dy, ds2, e1 and es:

<10

Fig. 17. Graphs of Four Factors di,d2,e; and ea

Firstly, we get a close look on two graphs at the bottom, which respectively
are the graph of e; as variable and the graph of e; as variable. Apparently, when
e1 and ey are both equal to 10, the according value of Y-axies are approximately
4.0 x 10'? and 6.5 x 10°.

We then observe graphs of dy, do. When the value of d; and dy are both 100,
the number of spanning trees of G, dy.e,.c,(n) is about 9.8 x 10! and 6.9 x 10°
correspondingly.

It is not difficult to find that when d; and dy are both 10 times the value of e;
and es, values of Y-axies of d; and e; are nearly at the same order of magnitudes, so
as values of Y-axies of dy and es. Therefore, we can simply conclude that graphs of
d; and ds have the similar rising tendency, and the same goes for graphs of e; and
e2. Hence, in the next step, we will analyse and compare these graphs by integrating
graphs of d; and ds, e; and es.

Fig. 18. Graphs of d1 and d2 Fig. 19. Graphs of el and e2
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To clarify, we use the natural logarithmic function to buffer these curves and
then separate graphs of 4 parameters into 2 groups, where one of the two contains
dl,d2 and another contains the rest. By observing Figure.18, the rate of increase of
number of spanning trees caused by the change of parameters d1 and d2 respectively
is shown. By comparing the two curves, we can see that the change of d1 has stronger
influence on the number of spanning trees than d2.

Next, we analyse the influence of e; and es(see Figure.19). Similar to the anal-
ysis of d; and da, we use the natural logarithmic function for buffering (See Figure
19). By comparing two curves, it is obvious that the increase of e; has stronger
effect on the number of spanning trees than the increase of e; does.

8. Conclusion

In summary, we have calculated the number of spanning trees of all kinds of
graphs developed from the fan graph. Furthermore, the new graph called ” C-graph”
and the recursive relation that we introduced greatly simplify the derivation process,
and at the same time, it gives us a different viewpoint to identify the construction
of general fan graph. After analysing the function we obtain from Theorem 7, we
have drew the conclusion that edges play a major role in the number of spanning
trees. Eventually, we have proved our results by applying Matrix Tree Theorem.

In the main result part of our article, it is easy to discover that Lemma 4
actually is the generalization of Lemma 1, and it has the advantage of directly
addressing subgraphs of the original graph, which is more efficient than only working
with one edge at a time. Similarly, when considering some complex graphs(such
as wheel graphs), which are the composition of many subgraphs with the same
structure, a general expression can be obtained by the method we employed in
Lemma 4. Moreover, based on the general expression, the corresponding iterative
relation and the number of spanning trees will be deduced.
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