Prediction and assessment of stream water quality by considering
multiple water quality parameters

ABSTRACT

Geostatistical studies entail identifying the most appropriate model to describe the observed
data so that it can be used to accurately predict responses across a range of possible locations.
The purpose of such a model is to depict the link between the response variables and the predic-
tors while taking into account uncertainties in space and time. We propose a novel approach to
model such data via a multivariate spatio-temporal additive model derived through considering
a multivariate normal approximation. To demonstrate how the proposed approach works, we
use numerous water quality parameters to model and predict the water quality of a stream
network. To reflect the spatial variability of the stream network, we employed hydrologic dis-
tances in the model, which allowed certain properties of streams and rivers, such as stream flow
connectivity, to be effectively described. It was observed that the proposed multivariate model
produces accurate predictions at un-sampled locations compared to its univariate counterparts.
Accordingly, this study reveals that the proposed multivariate modelling approach is a viable
alternative for modelling complicated data such as the data found in water quality monitoring.

Keywords: Geostatistical studies, Hydrologic distance, Spatial-temporal additive model, Spa-
tial variability, Stream network.

1 Introduction

Streams and rivers are among the most precious environmental resources that belong to any
nation or country. They have numerous advantages for humans, animals, and plants. Stream
and river water is used for drinking, agriculture, fishing, and industrial purposes including man-
ufacturing and electricity. Additionally, minerals such as quartz and granite are extracted using
stream and river water. It also aids fish, insects, plants, and birds in finding suitable habitats.
Unfortunately, various factors such as industrial pollutants, chemicals used in agriculture, and
human behaviour have put this important resource in danger. Thus, appropriate monitoring
and management of water quality in streams and rivers is vital to minimize such dangers and
maximize the use of this valuable resource.

Due to the cost and scarcity of other resources, many stream and river water quality monitoring
programs assess a limited number of water quality parameters and water samples. It is vital but




difficult to identify the key parameters that explain changes in water quality. As such, taking
measurements for insufficient number of parameters reduces the accuracy of these monitoring
programs. As a result, complex statistical models for predicting water quality at unobserved
places utilizing various water quality parameters are gaining popularity (Peterson et al., 2007;
Isaak et al., 2014).

An additive model is a type of nonparametric regression model that describes nonlinear trends
using a one-dimensional smoother (Friedman and Stuetzle, 1981). Additive models provide
greater flexibility than parametric models (Seya et al., 2011) and are easier to interpret than
general regression surfaces (Qiu, 1998). Thus, additive models have recently attracted interest
for modelling ecological time series data (Vercelloni et al., 2014, 2017). Furthermore, spatial
additive models have been presented in other disciplines for capturing the true underlying
spatial and time series variabilities within the data, and they have been proved to be effective
for prediction under different conditions (Nandy et al., 2017). Accordingly, such modelling
approaches should aid in developing more appropriate models for predicting water quality at
unobserved locations.

In spatial additive models, the assumption of independence of the errors is relaxed to allow
spatial autocorrelation, which is modelled as a function of the distance separating any two
locations. However, given the branching network structure, stream flow connectivity, direc-
tion and volume (Peterson et al., 2013, 2007), spatial auto-correlation may exist in streams
data that is not well described using Euclidean distance (Davis and Curriero, 2019; Curriero,
2006; Murphy et al., 2015). Thus, standard spatial statistical modelling approaches such as
Kriging, which requires inter-point distances to be Euclidean distances, may not be sufficient
to describe the unique spatial relationships found in stream networks. Therefore, developing
new approaches for modelling specific covariance structures observed in streams data is a key
concern in this area of research (Peterson et al., 2013; Cressie et al., 2006; Ganio et al., 2005).

In general, various physical, chemical and biological properties of water are measured to deter-
mine the water quality of a stream network, including temperature, turbidity, pH level, alkalin-
ity, total hardness, dissolved phosphates, dissolves sulphate and algae concentration (Korashey,
2009). However, due to the complex nature of stream networks, a vast majority of previous
studies were limited to only consider a single response variable (i.e., a single physical, chemical
or biological property of water) when developing statistical models for stream data (Peterson
and Ver Hoef, 2010; Peterson et al., 2013). Such an approach requires developing multiple
models to describe the water quality of a stream network. This increases the computational
cost and time for such methods and also limits the applicability in describing water quality of
large-scale stream networks (Smith et al., 1997).

In this paper, we propose a multivariate spatio-temporal additive model (STAM) to describe
changes in the water quality of a stream network over time. To improve the accuracy of water
quality predictions at unobserved locations, the proposed approach takes into account spatial
variability and nonlinear time series trends observed in multiple water quality parameters.
Hydrologic distances are utilised to depict spatial auto-correlation in this way, allowing specific
aspects of streams and rivers, such as stream flow connectedness, to be effectively defined.
Using water quality monitoring data from the River Thames in the United Kingdom as a case
study, we evaluate the proposed modelling approach in terms of predicting water quality at un-
sampled locations. Mean square prediction errors are used to evaluate the performance of the
univariate and multivariate spatial models. As the methodologies developed throughout this
study are generic in nature, this research has the potential to improve water quality modelling



as well as other ecological modelling in the future.

The rest of the paper is organised as follows. In Section 2, the formulation of multivariate
STAM and the method of estimating the model parameters are presented. We show how the
proposed model can be extended to measure the spatial variability in the stream network. The
water quality monitoring application considered in this study is described in Section 3. Section
4 presents the results obtained from the analysis. It includes a comparison of analyses based on
univariate and multivariate STAM that are performed with an emphasis on predictive accuracy.
The important findings and recommendations for further research are presented in Section 5.

2 Spatio-temporal additive models

Given spatial dependency in the data, one can model the mean p; of a univariate response y;
as follows:

pi=X;B+si, Eyls) =9 "(w), fori=12,...n, (1)

where s; represents spatially dependent random effects related to the ¢th sampling location
(e.g. a monitoring station), X; = (1, X;1, Xj2, -, Xjp—1)7 is the covariate vector (excluding
time covariate) associated with the ¢th sampling location, and 3 = (5o, 51, B2, -+ , Bp—1) is the
vector of regression coefficients (fixed effects). In addition, g(-) represents a link function which
defines the relationship between the linear predictor u; and the expected outcome given s;.

Given the spatially dependent nature of the collected data, random effects in the spatial re-
gression models allow for spatial autocorrelation in the errors. Such random effects s; in the
above model are assumed to be from a Gaussian random field with zero-mean and a covariance
Y. Given the separation distance, the covariance measures the level of spatial autocorrelation
between two sampling locations (Olea, 1991). Here, the separation distance is simply the dis-
tance traveled from one sampling location to another, and it may be measured using a suitable
distance measure (Ver Hoef et al., 2006; Peterson et al., 2007; Lyon et al., 2008).

Hydrologic distances are used to characterise spatial autocorrelation in biological, chemical, and
physical stream data (Ganio et al., 2005; Gardner et al., 2003). In particular, the symmetric
hydrologic distance can be used to fit autocovariance functions in order to obtain the appropriate
covariances for modelling spatial data. Simply, the shortest distance between two points along
a stream is known as hydrologic distance or stream distance. In general, it is the expected
value of all conceivable distances between the two points. The hydrologic distance differs from
the Euclidean distance since it is determined by the flow connection between the two locations.
Here, it is worth noting that the exponential covariance model is the only known autocovariance
function that is valid when using covariance matrices based on symmetric hydrologic distances
to make predictions at unobserved sampling locations (Ver Hoef et al., 2001).

The exponential covariance function can be defined to determine the covariance matrix X' as

follows:
Yo+ ;ith =0

cov(h,vy) = —h\ .
yiexp | — ; otherwise
V2

where h is the hydrological distance between two locations and the parameters v = (o, 71, 72)



are the nugget effect, partial sill and the spatial range, respectively. Here, the nugget effect
indicates the variation across sampling locations as the separation distance approaches zero.
The sill is the autocovariance asymptote that represents variance among uncorrelated data.
The range parameter determines how quickly autocovariance decays as distance increases.

In order to capture nonlinear time series trends, the spatial model defined in Equation (1) can
be extended to incorporate an additive smooth component in terms of time as follows:
Wij = Xz;ﬁ +m(ti, A) + si, E(yijlsij, tij) = g H(py) fori=1,2,....nand j =1,...,1, (2)

where m(t;;, A) is a smooth function and in which ¢;; represents the jth time point where data
have been collected from ith sampling location and X represents all the parameters related
to the corresponding smooth function. Of note, such a smooth function can be employed
to capture nonlinear patterns not only in time but also in any other covariate. The smooth
function can be modelled in a number of ways, including cubic splines, B-splines, truncated
polynomials, radial splines and etc (Crainiceanu et al., 2005). Low-rank thin-plate splines are
appealing because they require fewer parameters, unaffected by knot selection, and inherent
prevention against overfitting (Wood, 2003). Accordingly, the smooth function in Equation (2)
can be expressed as follows:

K
m(tij, )\) = atij + Z Ck’tz] - Tk|3, (3)

k=1
where X includes the regression coefficients for time «, and random coefficients ¢ = ({1, -+, (x),

and 7, are knots, and K is the total number of knots. In the equation, |t;; — 74| are calculated
based on the sample quantile of ¢;;’s, and the reader is referred to Crainiceanu et al. (2005) for
more details on modelling a smooth function using thin plate splines.

2.1 Spatio-temporal additive model for multiple responses

Here, we focus on extending the approach proposed in the previous section for modelling more
than one response. In the case of considering two responses Y] and Y5 being normally distributed
with means (u1, 2) and variances (07, 032), the corresponding bivariate response Y = (Y1, Y3)
can be modelled through combining the individual univariate responses. In doing so, a bivari-
ate normal distribution is assumed where the corresponding mean i = (Mlij,,uzij)lfor 7 =

1,2,...,nand j =1,...,] is obtained as follows:

Hiij = X£51 +my(tij, Ar) + 515 and po;; = X3;52 +ma(tij, A2) + sz (4)

JfI + 3 o121

oo I o3l + X5 )’
where 019 = 097 is the covariance between Y; and Y3, and Xy = cov(h,~y,) and X'y = cov(h,,)
are covariance matrices based on spatial distances related to Y; and Y3, respectively. Further-
more, it is straight forward to extend such a model to incorporate more than two responses.
For example, in the case of having three responses, the mean and covariance matrix of the
spatial model can be defined as p;; = (Mlij;ﬂQij,/Lgij)/fOI' 1=1,2,...,nand y =1,...,[, and

Next, the corresponding covariance matrix can be obtained as §2 =

O'%I + 21 0'121 0'13I
2= ol ool + X, o093l , respectively. Here, 013 = 03; and 093 = 032 are the
O'31I 0'321 O'%I + 23

covariances between the corresponding responses.



2.2 Estimating the model parameters

Given the probability distributions of data and the model parameters, maximum likelihood
estimation entails establishing a likelihood function to evaluate the conditional probability
of observing a data sample. Typically, the log likelihood is considered as it makes further
mathematical analysis easier, but also it helps numerically. Assuming the univariate response
variable follows a normal distribution with mean f;; and variance o, the log likelihood function

can be defined for the model in Equation (2) as follows:
n l K

1(0) = ZZlogp(yiﬂa,,B,C, si, 0%, X, Z) + Zlogp(sil’y) + Zp(Ck|0<, Z), (5)

i=1 j=1 i=1 k=1

where p(yi;|a, B8, ¢, si, 02, X, Z) is the likelihood conditional on the random effects and random
coeflicients, p(s;|7y) is the distribution of random effects, and p((x|o¢, Z) is the distribution of
random coefficients, and @ represents all model parameters including the regression coefficients
(cr, B), random coefficients related to smooth function ¢, covariance parameters «, and the
standard deviation related to random coefficient in the smooth function o¢, and Z represents
the data matrix related to the sample quantiles.

The likelihood function defined in Equation (5) can be extended for a bivariate response as
follows:

n l
1(6%) =Y > log p(yrij, yaijlar, az, Br, Ba, 1, G2, 514, 521, 01, 03, 012, X, Z)+

i=1 j=1
K K (6)

> logp(siilva) + > logp(sailvz) + D p(Gikloc, Z) + Y p(Gakloc,, Z),

i=1 i=1 k=1 k=1

where 0* = (a1, a9, B1, B2,71,72,C1, €2, 06,0y, 01,05, 012) and the rest of the distributions
have the same meaning as described in relation to Equation (5). When comparing this 6*
to 6, it is clear that the bivariate model involves the estimation of a covariance parameter
012 in addition to the univariate counterparts. Similarly, a multivariate model with three
responses necessarily requires the estimate of three more covariance parameters as compared
to the respective univariate models (012, 013, 093).

3 Application

This work was motivated by a water quality monitoring program in the River Thames in the
United Kingdom. The case study data were collected from the Environmental Information Data
Centre of the Centre for Ecology and Hydrology in the United Kingdom (Bowes et al., 2017).
This data set includes weekly water quality monitoring data from seven sampling locations
along the River Thames, as well as fifteen of its major tributaries, from March 2009 to February
2013, see Table 1 and Figure 1. There are 4300 observations in total, with 45 columns of water
quality parameters including water temperature, pH value, nitrogen species, dissolved sodium
and chloride concentrations. Here, some observations were excluded from the data set as they
included missing values. The remaining weekly data were then converted to monthly data by
taking monthly averages, due to their flexibility and ease of representation.



Table 1: Water quality monitoring stations along the River Thames in the United Kingdom,
as well as fifteen of its major tributaries. Station numbers have been assigned arbitrary for the
identification purposes only.

Station Monitoring Station Monitoring
number station number station
1 Jubilee River at Pocock’s Bridge 12 River Ray at Islip
2 River Cherwell at Hampton Poyle 13 River Thame at Wheatley
3 River Cole at Lynt Bridge 14 River Thames at Hannington Wick
4 River Coln at Whelford 15 River Thames at Newbridge
5 River Enborne at Brimpton 16 River Thames at Runnymede
6 River Evenlode at Cassington Mill 17 River Thames at Sonning
7 River Kennet at Woolhampton 18 River Thames at Swinford
8 River Leach at Mill Lane,Lechlade 19 River Thames at Wallingford
9 River Lodden at Charvil 20 River Windrush at Newbridge
10 River Ock at Abingdon 21 River Wye at Bourne End
11 River Pang at Tidmarsh 22 The Cut at Paley Street

Figure 1: The River Thames water quality monitoring network. The names of the monitoring
stations that correspond to the numbers indicated here are listed in Table 1.

To investigate the performance of the proposed approach for modeling a multivariate response,
we considered three water quality parameters; dissolved sodium (Y7), dissolved chloride (Y5)
and dissolved nitrite (Y3) concentrations, as response variables. These responses were chosen for
their known adverse effects on human health (Kumar and Puri, 2012; Mueller et al., 1997; Hal-
lenbeck et al., 1981) and their usefulness in evaluating water quality. In addition, we observed a
significant correlation between each pair of responses, which is another motivation for employ-
ing a multivariate STAM in this study. Water quality characteristics such as water temperature
and pH value were employed as predictor variables in the models as they are straightforward
to measure. To evaluate the effectiveness of the proposed modelling approach, two scenarios



were considered, which differ in terms of the number of responses utilised when formulating
the multivariate model, see Table 2. Furthermore, under each scenario, two cases were consid-
ered where each case is different in terms of the number of prediction locations included in the
analysis. These two cases were considered to demonstrate the predictive performance of the
proposed multivariate models, under different conditions.

Table 2: The number of response variables and the number of prediction locations utilised
under the two scenarios adopted in this study.

. Dimension of the ~ Number of prediction
Scenario

multivariate model locations
1 bivariate (Y1,Y3) 5
10
2 trivariate (Y1,Y2,Y3) 5
10

All simulations were run using RStudio 1.4.1106 (R Core Team, 2021), and R code to reproduce
the results in this paper is available via the following GitHub repository, https://github.c
om/SenarathneSGJ/Water _Quality Modelling.

4 Results

Scenario 1: Here, we first investigated the predictive performance of the bivariate STAM and
its univariate counterparts based on a randomly selected five and ten prediction locations, see
Figures 2 and 3, respectively. For this comparison, we used station wise prediction means and
prediction intervals, where the width of a prediction interval is equal to the prediction mean
plus or minus standard deviation. As it can be seen, the proposed bivariate model produces
narrow prediction intervals than univariate models. This implies that the proposed bivariate
spatial model has higher prediction accuracy compared to its univariate counterparts.

Next, to confirm the results obtained for a random set of locations shown in Figures 2 and 3,
we re-evaluated the prediction performance of the bivariate model based on 500 independent
simulations. In each simulation, a set of prediction locations were selected randomly, and then
the multivariate and the corresponding univariate models were used for predictions for those
locations. Those results are summarised in Figures 4 and 5. Accordingly, for the majority of
prediction sites, the bivariate model yields lower prediction intervals and predicted mean values
that are closer to actual values than the univariate models. Of note, the actual values for the
monitoring stations 21 and 22 were not included in the prediction intervals of both bivariate
and univariate models. It may be due to the water quality parameters that we predict for these
locations are significantly lower than the actual values.

To statistically compare the prediction accuracies of the bivariate and univariate STAMs, the
absolute prediction errors (obtained using 500 runs) were assessed using two samples Hotelling’s
T-square test. The Hotelling’s T-square is a statistic for a multivariate test of discrepancies
between the mean values of two groups, where the null hypothesis states that centroids of the
groups are identical. As shown in Table 3, the p-values of the hypothesis tests are less than
0.05 significance level, which indicates that there is a significant difference between the mean
absolute prediction error (MAPE) of bivariate model and the univariate models. Following
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the results of this test, post-hoc comparisons were made using 95% confidence intervals for the
difference of MAPE of bivariate and univariate models, see Table A.1 in Appendix. According
to the post-hoc test findings, the MAPE of the bivariate model is less than that of the univariate
model for the majority of prediction locations.
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Figure 2: Predictions (mean+standard deviation) from the bivariate and univariate STAMs for
the randomly selected five locations.
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Table 3: Comparison of bivariate and univariate models using two samples Hotelling’s T-square
test.

Number of prediction locations Response Test statistic p-value

n=> Y, 173.8810 0.0000
Y, 318.5971 0.0000
n=10 Y, 721.7687 0.0000
Y, 1249.1760 0.0000

Scenario 2: Similar to Scenario 1, we first assessed the prediction performance of the proposed
multivariate model with three responses by utilising a randomly selected five and ten prediction
locations, see Figures 6 and 7, respectively. For some prediction locations, it can be observed
that the prediction intervals produced from multivariate models are smaller than those derived
from univariate models. In summary, these results show that the multivariate model slightly
outperformed univariate models in terms of prediction accuracy.

Next, we examined the prediction performance of the multivariate model based on 500 in-
dependent simulations, with Figures 8 and 9 depicting the results for five and ten randomly
selected prediction locations, respectively. For the majority of prediction locations, it can be
seen that the multivariate STAM has lower prediction intervals and prediction mean values
that are closer to actual values than univariate models. Furthermore, as previously stated, the
maximum values of the prediction intervals of the responses Y; and Y5 for both multivariate
and univariate models were less than the actual values for the monitoring stations 21 and 22.

The two sample Hotelling’s T-square test results obtained for this scenario is shown in Table
4, which shows that there is a significant difference between the predictions of multivariate and
univariate models in both cases (i.e., for n = 5 and n = 10). Furthermore, using the post-
hoc comparison findings acquired for this scenario, it was enable to identify the places where
the multivariate model outperforms the comparable univariate models in terms of MAPE. A
summary of these results are shown in Table A.2 in Appendix.
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Figure 9: Prediction summary (meantstandard deviation) from 500 simulations in each with
multivariate and univariate STAMs were used to predict the randomly selected ten locations
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Table 4: Comparison of multivariate and univariate models using two samples Hotelling’s T-
square test.

Number of prediction locations Response Test statistic p-value

n=>»s Y, 1103.3653 0.0000
Y, 843.8431 0.0000
Ys 1759.3320 0.0000
n=10 Y, 589.2464 0.0000
Y, 417.9147 0.0000
Ys 2041.2734 0.0000

5 Discussion and Conclusion

The present study was designed to develop a multivariate modelling approach to minimise the
prediction error of STAMs. The approach was based on the derivation of a covariance structure
where spatial auto-correlation was modeled using hydrologic distances, which may effectively
capture specific aspects of streams and rivers. It was shown that the variability of spatial process
over time could be captured using a smoothing function. Furthermore, we extended univariate
STAMs to include multivariate spatio-temporal responses, allowing for a more flexible modeling
approach in the geostatistical contexts. In addition, we extended our methodology to handle
time dependent data at each location, which was inspired by what is observed in real-world
studies. Overall, these improvements demonstrate the potential for enhancing water quality
modeling in order to reduce associated water quality surveying work as well as other ecological
monitoring.

Two scenarios were explored in relation to the case study in order to evaluate our proposed
approach and multivariate model under various conditions based on multiple responses and
number of prediction locations. Overall, the proposed multivariate models outperformed their
univariate counterparts. However, as the dimension of the multivariate models increases, the
predictive performance of the model approaches that of univariate models. This is primarily due
to the enormous number of additional parameters that must be evaluated in the multivariate
model, necessitating a large number of data points to accurately estimate them. As such, it is
essential to consider the dimension of the multivariate model based on the availability of the
data and the application.

The responses or water quality parameters used in this investigation were chosen because of
their known detrimental health effects. Despite this, all of these parameters must be determined
under laboratory settings, making the measurement process time consuming and costly. Using
the novel approach proposed in this paper, we were able to predict these parameters with high
accuracy over the entire network based on a selection of stations. As a result, our approach has
the potential to dramatically enhance overall water quality monitoring.

Kriging is the most extensively used statistical method for modelling spatially dependent data,
which assumes inter-point distances to be Euclidean distances. This assumption further guar-
antees that the spatial covariance matrix corresponding to the variable of interest is positive-
definite (Cressie, 2015). However, several attempts have been made to validate the use of non-
Euclidean distances for spatial prediction via kriging (Boisvert and Deutsch, 2011; Ver Hoef,
2018; Lu et al., 2014; Curriero, 2006). Most of these efforts concentrated on transforming geo-
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logical distances, for example through multi-dimensional scaling (Murphy et al., 2015), which
is known to have a significant amount of bias in prediction variance (Davis and Curriero, 2019).

In summary, the presented methodology for predicting water quality makes a valuable contri-
bution to the scientific community’s understanding of geostatistical modelling, spatio-temporal
analysis, and water quality monitoring. This contribution is particularly pertinent for re-
searchers and practitioners engaged in geostatistical investigations and water quality assess-
ment. Moreover, this methodology effectively relaxes certain underlying assumptions inherent
in conventional geostatistical models used for water quality prediction, offering a more resilient
and comprehensive approach for modelling multiple responses that exhibit spatial and temporal
correlations. This advancement promises to significantly enhance our ability to understand and
manage water quality with greater precision and reliability.

6 Future Work

Despite the theoretical underpinning of the covariance structure of multiple spatial responses
presented in this study, a notable limitation of this approach arises from its assumption of
normal distribution for the responses. Indeed, this assumption may not always be valid. For
instance, when dealing with observations that involve both continuous and binary data in
a bivariate context, relying on a multivariate normal approximation becomes uncertain for
estimating the covariance structure accurately. As such, further work is required to explore
alternative methods such as Copula based models for mixed outcomes (Senarathne et al., 2020).
In studies where high-dimensional multivariate data are observed, it could be important to use
certain Vine-Copulas (Brechmann et al., 2013). Other areas we hope to pursue into the future
include extensions of the proposed covariance structure to quantify the variability of spatio-
temporal processes where temporal variability is inclusive in the model as a random effect (Liu
and Vanhatalo, 2019).
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Appendix

Table A.1: Post-hoc comparisons results to evaluate station-wise prediction accuracy of bivari-
ate and univariate models based on mean predictions of 500 simulations

Station
Number

Response 1

Response 2

d=5

d=10

d=5

d=10

1
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
17
18
19
20
21
22

(-2.4108, 0.3247)
(-3.6080, 0.2625)
(-1.9675, 0.3428)
(-2.2120, 0.4523)
(-4.9621, -0.2483)
(-2.0457, 0.5021)
(-1.7077, 0.3475)
(-3.7667, -0.1555)
(-2.9596, -0.1015)
(-2.1363, 0.2811)
(-3.4385, -0.2104)
(-2.4409, 0.1660)
(-1.8216, 0.4542)
(-1.7525, 0.8997)
(-3.3503, -0.2602)
(-4.3399, -0.2901)
(-2.0909, 0.4470)
(-1.5310, 0.5324)
(-1.8382, 0.7058)
(-1.8376, 0.4581)
(-1.4881, 0.8070)
(-1.7669, 0.5539)

(-3.9731, -1.1167)
(-4.8872, -0.9479)
(-4.1884, -0.7413)
(-3.1719, -0.2645)
(-4.5647, -0.5055)
(-1.9207, 1.0814)
(-2.5724, -0.0348)
(-2.9335, -0.1965)
(-2.4903, 0.1797)
(-6.4700, -1.5305)
(-2.4045, 0.2291)
(-2.8302, -0.0440)
(-3.9429, -0.3326)
(-3.4944, 0.0336)
(-2.4004, -0.1750)
(-2.0789, 0.4575)
(-2.3828, 0.4457)
(-4.8289, -0.4678)
(-1.5531, 1.1257)
(-2.1854, 0.3244)
(-1.7080, 0.7333)
(-2.1127, 0.4101)

(-6.0102, -0.4795)
(-7.1029, 0.7452)
(-4.3191, 0.5229)

(-5.4299, -0.2360)

(-10.6878, -1.0766)

(-5.0630, -0.2559)

(-4.9147, -0.4513)

(-8.3572, -1.1839)

(-8.0569, -1.0547)

(-5.2014, -0.1170)

(-8.0560, -1.8071)

(-6.7585, -0.9077)
(-4.4621, 0.6697)
(-4.7793, 0.7634)

(-7.9021, -2.0324)

(-8.9079, -1.2550)
(-4.5451, 0.2527)
(-4.7427, 0.1683)
(-3.6544, 0.4834)

(-6.1298, -0.3389)
(-4.9044, 0.1607)
(-4.4512, 0.0619)

(-9.5114, -3.3545)
(-10.1478, -2.7671)
(-8.0956, -1.6714)
(-7.3911, -1.3583)
(-8.9460, -1.6151)
(-4.9541, 0.8807)
(-5.5109, -0.5965)
(-6.4677, -1.5094)
(-6.1179, -0.6786)
(-13.2253, -4.6544)
(-5.0787, -0.2038)
(-7.0348, -1.1735)
(-8.1657, -1.9741)
(-7.7706, -1.5777)
(-5.5528, -0.8965)
(-4.8483, 0.1101)
(-5.7115, -0.0667)
(-10.4414, -2.8806)
(-4.4620, 0.6366)
(-5.0305, -0.2024)
(-5.1559, -0.0014)
(-5.4764, 0.0976)
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