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Orthogonal polynomials and Fourier series for

functions of vector variable. Multidimensional-
matrix approach

ABSTRACT

In the article, the theory of the Fourier series on the orthogonal multidimensional-matrix
polynomials is developed. The known results from the theory of the orthogonal polynomials
of the vector variable and the Fourier series are given and the new results are presented. In
particular, the known results of the Fourier series are extended to the case of the
multidimensional-matrix functions, what allows us to solve more general approximation
problems. The general case of the approximation of the multidimensional-matrix function of
the vector argument by the Fourier series on the orthogonal multidimensional-matrix
polynomials is realized programmatically as the program function and its efficiency is
confirmed. The analytical expressions for the coefficients of the second degree orthogonal
polynomials and Fourier series for the potential studies are obtained.

Keywords: Fourier series; multidimensional-matrix orthogonal polynomials; multivariate polynomial
regression.

1. INTRODUCTION

The most important tool for research of the real systems and processes is approximation.
The mathematical models of the real systems and processes are their approximate
mathematical images. The various methods of approximation there exist, one of which is
approximation by Fourier series by the orthogonal polynomials.

The general theory of the orthogonal polynomials of the vector variable and the Fourier
series by these polynomials was created in works [1, 2]. In this article, the theory is
developed in the direction of its practical use. Since the theory is created on the base of the
multidimensional-matrix mathematical approach, the multidimensional-matrix notation is
used in this article. The basic definitions of the theory of the multidimensional matrices in
English can be found in the appendix to the article [3].

2. ORTHOGONAL POLYNOMIALS OF THE VECTOR VARIABLE

Let QQbe some closed region of the space R", p(X), XxeQ, be nonnegative function
(weight function) such that the integrals (the moments of the weight function p(X) )

v, =jxip(x)dx<oo, i=012,.., )
Q




exist, and L,(p,C2) be the space of the functions with integrable square in Q with the
weight p(X). Here X' is the (0,0) -rolled degree of the one-dimensional matrix X:
x' =2%(x")="°(x-x---X) [2, 3].

The theory of the orthogonal polynomials of the vector variable is created as the theory of
two bi-orthonormal sequences of the polynomials.

A multidimensional-matrix r degree polynomial Qr(x) of the vector (one-dimensional)
variable X € Q is defined as follows [1, 2]:

Q ()= Z”(C(rk)x) 2°k(x Ciry), F=012.., )

where C(r,k) are the (r + k) -dimensional matrices of the coefficients,
Cow = ;;..) r=012.,k=012..,r,

symmetrical with respect to the indices of their two multiindices (i,,...,1,), (J;,--- J,) and
satisfying the conditions

*

r+! * B +r,
(r K = (C(k r)) “y Cun = (C(r,k)) e
The notations H,, , and B, , mean the transpose substitutions of the types “back” and

“forward” respectively [2, 3]. Each of the indices of the multiindices (i;,...,1,), (Ji,-us Ji)

takes the values 1,2,...,n

Definition. The sequence of the multidimensional-matrix polynomials Qr (X) (2) is called
orthogonal in L, (p, Q) if the following conditions are satisfied:
[, (99, (0p(x)ax { O KO @
2 # 0, k=r.
The two sequences of the orthogonal polynomials of many variables are considered: the
basic sequence P, (X) and the sequence Q, (X) conjugate of P.(x), r=012,....

Definition. The multidimensional-matrix r degree polynomial in L, (p, Q) of the following
form

r-1 r-1
P(X) =) " (CpioX )+ X" =D % (XCy ) +X", r=012,..., @)
k=0 k=0

is called the basic polynomial, where C are (r+Kk)-dimensional matrices of the

(r.k)
coefficients,

Cor =i i i) r=012,..,k=012,..,r-1

symmetrical with respect to the indices of their two multiindices (i;,...,1,), (J;--- J,) and
satisfying the conditions

r+ —_ B+r,
Ceiy =Ciit®, Cyony =Coris’ -

(rk) (k.r) (rk)



Definition. The multidimensional-matrix polynomial P. (X) (4) is called the basic orthogonal r
degree polynomial in L,(p,€2) if it is orthogonal to the homogeneous polynomials
1,x, X2, X XK =20(x9)

) =0, k=01,.
J R 00Xt px)a {io, o Q

Definition. The sequences of the multidimensional-matrix polynomials P, (X) (4) and Q, (X)

(2) are called the completely orthonormal in L2 (p, Q) if the conditions (3), (5) are satisfied
and the following condition
0, k=01...,r-1,

J Q. (9R. (0p ()= {DW .

is satisfied too. There D, is the 2r -dimensional order N matrix with the following

(6)

structure:
Doy =(@ii i i) bobgseendey By Jorens I =12,0,0 (7)
The elements of this matrix are defined by the expression
ettt perm(i iy, i) = (o Jooeen Ji)s
‘{ 0 Perm(iy i) % (i v i)
in which  perm(i,,i,,...,I.) means any permute of the values of the indices

Il L+, +..4r =r, and I, is the number of repetitions of the Kk -value,
k=12,..,n.

(8)

The matrix D(”) (7), (8) has such a useful property that for any (] -dimensional matrix
C =(Ciiyviy iniprni, ) With @ =T symmetrical with respect to the indices Jy, J,,..., J, the
following equality is fulfilled [2]:
0,
"(CD, ) =rIC.

Let us introduce the initial i-th order moments V., and the initial-central and central-initial

of the weight function p(X) :
Vo= Ip(x)dx,
Q

Vg =V = [Xp(R)dx, i+ j=12,... ©)

XX

(i+ j) -th order moments v, ;, v
x'x/

Xex!

Q
Voo = X0 =v )p(ddx, i+ j=12,..., (10)
Q

Vo =] (¢ =v Xp()dx, i+ j=12,... (11)
Q



where X', X'(x’ -v;), (x' —in)xj are the (0,0)-rolled degrees and (0,0) -rolled
products of the matrices [2]. We will often avoid the notation (0,0) -rolled product and will
write YX instead of *°(yx).

The moments (10), (11) have the following properties:

VXchj :VXLXj :Vxéxcj :Vxi+j _invxj ! (12)
_ Barinia _ _
incxcj - (chjxé) - ij” ijvxi !
where Biq+ Joi is the transpose substitution of the type “forward’[2]. These properties are

proved by calculation of the formulae (10), (11). The properties (12) allow us to use the
following notations:

Hxixj :in+j _VXiVXj ) ]lejxi :ijn _ijvxi!

— Biqﬂ'q‘iq
Mg = (ijxi) :

Let us introduce also the mutual moments
Vi = [V 00X p(x)dx (13)
Q
with the properties

= Vi = Vyid =Iyi (x)(x’ —ij)p(X)dX=Vinj ViV T Hye
)

AV
y'xd Ye

The weight function p(X) in the case Voo =1 represents the probability density function of

the some random vector & .

Theorem [2].If the sequences of the multidimensional-matrix polynomials P,(X) (4) and
Q, (X) (2) are completely orthonormal in L,(p,€2), i.e. they satisfied the conditions (3), (5),
(6), then the coefficients C(r’k)of the basic sequence Pr(x) (4) are defined by the following
multidimensional-matrix system of the linear algebraic equations

r-1
Voo #. % (CigVyp) =0, r=01..., p=01..r-1, (14)
k=0

and the coefficients C(*,Vk) of the conjugate sequence Q,(X) (2) are defined by the
expression

* 0,r/0,rp-1
Cip=r ( B(r,r)C(r,k)) :

where O‘rB(}%r) is the matrix (O, r) -inverse to the following matrix Bin:

r-1 r-1 r-1 r-1
0,k 0,k 0,k 0,
By = Ve T2 CragVi )+ 20 " Vs Cror)) 252 " (Crrt (V,0Crany)) (25)
k=0 k=0 k=0 q=0

The coefficients C(k’r) of the basic sequence P. (X) (4) are defined by the following
multidimensional-matrix system of the linear algebraic equations



r-1
Vor + 2 (V,0uCrry) =0, r=01.., p=01..,r-1, (16)
k=0

and the coefficients C(*k’r) of the conjugate sequence Q,(X)(2) are defined by the

expression
* o,r Orp-1
Cin =T (C(k,r) B(r,r)) -

3. THE FOURIER SERIES ON THE ORTHOGONAL POLYNOMIALS

The Fourier series for the P -dimensional-matrix function Y(X) of the vector (one-

dimensional-matrix) variable X € Q = R" on the conjugate orthogonal polynomials Qr(x)
(2) has the following form:

0 1 .
y(x) ~ Zﬁ °"(B,Q, (%)), (17)
r=o I
where B, =(b; ; ;.. ;) are (Pp+r)-dimensional symmetrical when =2 with

respect to the indices Ij,1,,...,1
defined by the expressions [2]
B, = [ (YOI, () )p(x)dlx . (18)
Q
Substitution the polynomial P,(X) (4) into (18) give the following expression for the

. Mmatrices of the N degree of the coefficients. They are

coefficients B, :

B, = [ "*(YOIP. (0))p(x)dx = | | (y(x)(x' + Z 0k (ka(kyr)))jp(x)dx -

Q

r-1 r-1
£ LI vy B ) 1022009

The Fourier series on the basic orthogonal polynomials P.(X) (4) is obtained analogously:

Y09 = 3 (€, R0, (20)
where 0
C, = [ **(y(x)Q, (x))p(x)dx.
Since ’
Q()=r1""(R(0)*B,) .
then

C, = [ (YR (0lp0ax =] *(y(°" (P, ("B )k =

Q

=1 (" (y00R (0P "B, b(dx =" (B °7B,). (21)



The approximation of the scalar (zero-dimensional-matrix) function y(&) of the random
vector & with the probability density function p(X) by the finite sum of the Fourier series

(8= 3 =" (B.Q.) =Y. " (C.P(9)

=11
provides the minimum of the mean square error (m.s.e.) of the approximation
2 = E(*°(y() -5, ©)F )= [ *°(y(x)- s, (X)) p)ix.
Q

The minimal value r?

wmin Of the m.s.e. is defined by the expression [2]

2 = E(VA(2) —i%

r=0 '-
where E(-) means the mathematical expectation.

(B.C,).

4. THE POLYNOMIALS ORTHOGONAL WITH THE DISCRETE WEIGHT
FUNCTION

The theory of the polynomials orthogonal with the continuous weight function p(X) outlined
above coincides with the theory of the polynomials orthogonal with the discrete weight

function (P, X,), when the | distinct points are given in the region QQ R" with positive

weights p;, P,,..., P, and the measure p of the region € is define by the formula

u(Q)=ZX o Px [4]. One talks in this case about the polynomials orthogonal on the
K €

system of the points. The moments (9) is defined in this case by the expression
" A I . . . .
Ve =V = [XTdu=3"x"p i+ =12
Q k=1
and the mutual moments (13) is defined by the expression
|
Vi :J'y'(x)x‘du:Znyk' P, i+j=12..,
Q k=1

where y, = y(x.), k=12,..,1I.

We will call the discrete weight function with V.o =1 as the discrete distribution of some
random variable &. The important discrete distribution is so called empirical, or sample
distribution, when X; are the sample values of the random variable & and p, =1/1, where
| is the length of the sample. If the empirical distribution is used then the approximation is
called empirical.

5. THE MULTIDIMENSIONAL-MATRIX APPROXIMATION BY THE FOURIER
APPROXIMATION

Itis of interest to obtain the coefficients C,, , of the approximation of the function y(X) by
the multidimensional-matrix M degree polynomial



y(x) ~ z o (C(m,k)xk) (22)
k=0

in the case when the Fourier approximation (20) the same degree of this function is obtained

Y0 = D (G R @3)

k=0

The polynomial Pk(X) of the fixed degree k provides in the expression (23) the following
summand:

0,k
1 ' S o i SERT i
o k(C P, (X)) = (CK[Z_O: *(CunyX )D = ZO:E M (CCuy)X). (24)
The variable X of the degree |, | <k, appears in the expression (24) in the summand

O"(O’k(CkC(k]l))X')/k!. Summation of the coefficients at X' by k from | to m gives the
following formula for the desired coefficients:
1 0,k
Comiy = kzll (CiCuyy). 1=012,.,m. (25)
If one takes in account that C; ;; = E((0,1) is the symmetrical identity matrix which ensures

the equality *' (CiCi;y) =C; then instead (25) we will have the expression

1 1
C(myl):ﬂCIJer *(C, Cun). 1=012,..,m. (26)
- k=I+1

6. COMPUTER SIMULATION

The algorithm of the approximation of the functions by the Fourier series was realized
programmatically in the form of the standard Matlab function for general case and was
checked on many functions.

We show the empirical approximation (according the p. 3) of the scalar regression function
y of the two arguments X, X, as the polynomial (22) of the 7 degree (p=0, q=1,

m=7). The scalar values of the coefficients Cimky Of the polynomial are random integer

from -5 to 5. The measurement errors are independent normal with zero mean and variation
0.2 . The approximating polynomial has the degree 7 too.

We will call the approximation by the algorithm developed in this article as the Fourier
multidimensional-matrix —approximation (Fmdm-approximation) in opposite to the
multidimensional-matrix approximation (mdm-approximation) of the work [5].

Figure 1 shows three surfaces: real function, mdm-approximation and Fmdm-approximation.
The design of the experiment is random, the values of the variables X, X, are choose from

the uniform distribution U (—=L1) . The number of runs is 255. Both of the methods have the

high accuracy of the approximation. However, the program of the Fmdm-approximation
turned out to be faster-acting compared to the program of the mdm-approximation. Other
benefits are to be found out.



It should be noted that the classical approximation for the considered case is impossible
because it is very cumbersome and not developed.

400 e

X2 -1 %

Fig. 1. Real function and its two empirical approximations

The considered approximations have the undoubted advantages compared to the classical
approach: algorithmical generality and extensive possibilities. However, they have the
certain hardware limitations: out of memory and unacceptably long calculation time for the
personal computer in the case of big data.

7. THE ORTHOGONAL 0-2 DEGREES POLYNOMIALS

In the work [2], the expressions of zero and first degree orthonormal polynomials and the
particular cases of the second degree polynomials are obtained. These results are completed
in this article by the general expressions of the second degree polynomials and Fourier

series. The complete expressions are presented in the table 1 for the case v , =1. The
necessary proofs are given in the appendix.

Table 1. Orthogonal polynomials and Fourier series up to second degree inclusive

Polynomials P(X) Polynomials Q(X)

Po(x):1 QO(X)=1




P.(X) :C(l,o) +X, C(1,0) =-Vv

X"

Q) =""(""ByyR ().

B(l,l) =My = Vix = Vi Vy-

P,(X)= C(z 0) +0'l(C(z 1) X) + X,
C(z,l) = (szx ot _l)
Cio) = (C(z,l)Vx) V.

Moy = Ve = Ve V-

Q,(x) =22 ("B, P,(x)),
B2 =My _0'1(0'1(14)(2)( O'llvl;xl)HXXZ)’
szxz :Vx4 _szvxz’

szx = VX3 — szvx .

Fourier series on the polynomials P(X)

Fourier series on the polynomials Q(X)

y(x) ~ *°(CoRy ())+°(C,P, (X)) +

y(x) ~ 0'O(BoQo (X))+0’1(BIQ1(X)) +

1 l
02(C P, (x)). OZ(BzQz(X))
OO(B OOB(OO)) Vys By=vy,
1:0'1(810'18(1,1))ZOYl(nyQlH;xl), B =py.

C,=2(8,’By,). B, ==, (M )

8. CONCLUSION

The known results of the Fourier series on the orthogonal polynomials are extended to the
case of the multidimensional-matrix functions, what allows us to solve new problems such as
approximation of parametric curves and surfaces. The analytical expressions for the
orthogonal polynomials and Fourier series of the second degree useful for the potential
analytical studies are obtained. The theoretical results are realized as the single function of
the programming language with many possibilities which we call the algorithmic generality.
The efficiency of the program function is confirmed on the instance, performing of which is
impossible by the classical approach.
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APPENDIX

Al. Calculation of the polynomials of the small degrees. Let us obtain the orthonormal polynomials of the
small degrees by solving the system of the equations (14).

We get the zero degree polynomials by definition:
Po (X) =1,

Qo(x) =1.

The one degree polynomials are obtained when m =1 in the expressions (14). The system of the equations (14) consists
of one equation:

0.0
(C(lYO)VXO ) = _VX .
If v, =1, then
Cuoy=Coy = Vi
0,0 0
R(¥) =X+ "(Cpo)X") =X =,
The expression for the matrix B(l,l) from the expression (15) will look like this:
0,0 0,0 0,0
Buy =Vt (C(l,O)Vx)"‘ (ch(o,l))"‘ (C(1,0) (VXOC(O,l) ).
Taking into account the expressions for Cy, ;) and C ) when v , =1 we get
B(l,l) =Vix T ViV = My -
Then

Q(¥) =" Buy RON="" (" (x=v,)).
The calculation of the first degree polynomials is completed.

The second degree polynomials are obtained when m =2 in the expressions (14). We have now the following system
consists of two equations (when Vo= 1):
01 N
Cogt (C(z,l)Vx) ="V
0,0 0,1 —
(C(z,O)Vx)"‘ (C(z,l)Vxx) =V -

We will solve this system by the Gauss elimination method. For this purpose, we subtract the first equation multiplied on
the right by Vv in the sense of the (0,0) -rolled product from the second equation. We will get the following system:

01 _
Coot (C(2,1)Vx) ="V

O’l(C(Z,l) (Vxx - vax)) = _(VXZX - VXXVX) ’
or in other notation

01
Coot+ (C(z,l)Vx) =-V

XX 1

01 _
(C(z,l)uxx) =—H.,-
We get the expression for the coefficient C,,, from the second equation:


https://dl.acm.org/author_page.cfm?id=81100056578
https://dl.acm.org/citation.cfm?id=1285804

0,1 01, -1
C(2,1) == (szx Ho) -
Substituting this expression into first equation we get the expression for the coefficient C(Z,O) :

01 01,01 01 -1
C(2,0) ="V~ (C(Z,l)vx):_vxx+ ( (szx Hxx)vx)'

The coefficients C, 5 and C 4 ,, are obtained from the following system of the equations
0,1
Cont (VCun)=—Vy,
00\, © 01y, C _
(v, (0,2))"’ (Vi (1,2)) =—V,e-
which follows from (16) when m = 2. Solving this system by Gauss elimination method we get
01,01 -1
C(l,2) == (" H Mxxz) ,
0,1 0,1 01,01 -1
C(O,Z) ==V~ (ch(l,Z)): Vit (Vx ( “xxHXXZ )) :
The second degree polynomial P, (X) of the basic sequence of the orthogonal polynomials has the form
2,01 2,01
P,(X) = X"+ (CpayX) +Cp0) = X"+ (XCy ) +Cg 2 -
The second degree polynomial Q, (X) of the conjugate sequence of the orthogonal polynomials is defined by the formula

Q,(x)=2"* ("B, P, (X)),
where, from (15),

1 1 1 1
0,
Booy = Vi + 2 " (CrapgVya) + 2" (v,auCr)) + 222 " (Crasy (Ve Cia0)))
k=0 k=0

k=0qg=0
Let us find the matrix B, ,, for the case v , =1.

Buosy=V,.e+ o0 (C(z,O)Vxx) 40 (C(Z,l)VXXZ )+ (Vxxc(o,z)) +% (VXZXC(LZ)) +
0,0 0,0 01
+ (C(z,O)C(o,z)) + (C(Z,O) (VxC(l,z) ) +
0,001 01 01
+7( (C(z,l)Vx)C(o,z)) + (C(z,l) (VxxC(l,z) )

Combining the similar terms highlighted in the previous expression we get
Bosy =V, +2%(Clay (Vi ¥ (V,Ciup))) +7° (Vi +7* (CoyV,))Cr0.29) +

+00 (C(z,O)C(o,z)) +0 (C(Z,l)VXXZ )+ O’l(VXZXC(l,Z)) - (C(Z,l)oyl(vxxc(l,Z) ) =
=el+(e2+e3)+ed+(e5+eb)+e7.

Taking into account the expressions Cp, o) =" (C(,1yV,) = Vi» Coy =—V—  (V,C2)) gives

82 = _010(0'1(0(2,1)Vx)vxx)_ > (011(C(Z,l)vx)oyl(vxc(l,Z)))_O’O (Vxxvxx)_ O]O(Vxx O'l(VxC(l,Z)))v

0,0

63 N (vxx Oyl(VxC(l,Z)))_ 0'0(Oyl(c(z,l)vx)0’1(VXC(1,2)))_0’0(VXXVXX ) - > (O'l (C(Z,l)vx)vxx )'

ed = 0'1(C(2,1)OYl(VxVXC(l,Z)) + O'l(C(z,l) (Vivi)) + 0’1((Vxxvx)c(l,2) D+ (Vava)

e5= 0’1((:(2~1)Vxx2 ) ’

e6 = O'l(VXzXC(l,z)) ,

e7=" (C(2,1)0'1 (Vxxc(l,z))) .

Summation of the terms e€l—e7 and combining the highlighted similar terms leads to the expression

B(z,z) =Vt O'l(C(z,l)VXXz) - 0,1(0(2’1) (ViVed) + 0,1(0(2’1)0,1(VXXC(1’2))) -




- 0Vl(C(Z,l)OYl(VXVXC(l,Z)) + 0,1(szxc(1'2)) - 011((Vxx x)C(l 2))) : 0( oV xx)

or
0,0 , ,
Boz =V, 22— (Vv )+ (Can (V2 —VVy)) 401 ((v2, = VoV, )Ci2)) +
0,1
- (C(Z,l) ((V _VXVX)C(l,Z) ).

or
0,1
B2y =W +04 (C(z,l)MXXZ) +o (HXZXC(Lz)) +o (C(2,1) (HxxC(l,z) ) -
Taking into account the expressions C,,, =—0’1(uxzx “uly, Cu2 =2y 1 .) we get
(T T TS Rl (TR G T VRIS B
+01(MX2X01(01 -1 H ))

01 (0,1

0,1 (O,l

B(sz) = szxz -

or finally
B. . — _ 01, -1
22 =M (TS T [T B

A2. Calculation of the Fourier series of the small degrees. The Fourier series (17) with three terms on the conjugate
polynomials Q, (X) for the scalar function of the vector variable y(X) has the form

1
y(x) ~ *°(ByQu (x))+** (BQ;(X)) 5 "#(B,Q, (X))
Let us find the coefficients B, of this series by the formula (19).
B, = [ ** (V)P ())p(x)dx = [ y()p(x)dx = v,
Q Q
B, = [ **(y()R.(x)p()dx = [ **(y(x)(x—v,))p(x)dx =1,
Q Q
B, = [ *°(y(x)P, (x))p(x)dx = [ *(Y()(x*+°*(XCyy ) + i) (X)X =
Q Q
=v 2+°’l(v C(lz))+v C(O’Z) =
=V, =V, i )" (v, Y, Cuzy) — Yy Vi =
=V, =V O D+ v v 0‘1(0’1M§uxxz M) =V, Vi =
e (T G TRTRE ) B
The Fourier series (17) with three terms on the basic polynomials P. (X) for the scalar function of the vector variable
y(X) has the form
1
y(x) ~ O'O(Co R (x))+"*(C,P.(x)) +E "2(C,R (X)) -
We get in accordance with the formula C, =" (B,*'B ;) (21):
C :0,0(B O,OB(O]’.O)) — V
€= B8, ).
2 :20 Z(BZO,ZB(—;Z) .

The coefficients of the approximation of the function Y(X) by the series (22) on the degrees of the variable X up to
second degree inclusive (m = 2) are defined by the following expressions defined by the formula (26):



102

1
Coo = Z Ok(c C(kO)) C, +01(C C(lo))ﬁL (C, C(zo))

k=1

1 2,1 o
Cony = Z (CiCiy) =G +

k=2
1
C(2’2) = ECZ .

1
> 2(C Cen)



