Gaussian Generalized Woodall Numbers

In this work, we define and investigate Gaussian generalized Woodall numbers in detail, and focus on four
specific cases: Gaussian modified Woodall numbers, Gaussian modified Cullen numbers, Gaussian Woodall
numbers, and Gaussian Cullen numbers. We present some identities and matrices related to these sequences,
as well as recurrence relations, Binet’s formulas, generating functions, Simpson’s formulas, and summation
formulas.
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1. Introduction

First, we recall some properties of generalized Woodall numbers. The generalized Woodall sequence

{Watnso = {W,(Wo, Wi, Wa, 5, —8,4) },,>0 is defined by the third-order recurrence relation as
Wy, =5W,_1—8Wy_o+4W, _3 (11)

with the initial values Wy, Wy, Ws not all being zero.
A generalized Woodall sequence {W,, }n>0 = {W,,(Wo, W1, Wa,5,—8,4) },>0 can be extended to negative
subscripts by defining

5 1
W_,= 2VV—(n—l) - EW—(n—Q) + ZW—(n—B)
for n =1,2,3,.... Therefore, recurrence (1.1) holds for all integer n. For more details, see [48].

Next, we give Binet formula of generalized Woodall numbers.

THEOREM 1.1. [/8, Theorem 1.1] Binet formula of generalized Woodall numbers can be given as

W, = (A1 —|—A2n) x 2" + As
1
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where A1, As and Az are defined by

Ay = Wy +4W; — 3W,
Wy — 3W1 4+ 2Wy
AQ = 5
2
As = Wy —4W; + 4Wy,

that is,
Wy — 3W1 4 2W,
2 n)

Wy = ((=Wa + 4W, — 3Wp) + x 2" + (W — AWy + 4Wyp). (1.2)

Here, o, B and v are the roots of the cubic equation
2 —ba?+8r—4=(x—2)>(x—-1)=0,

where

Now, the first few generalized Woodall numbers with positive subscript and negative subscript are given
in the following table.
Table 1. The first few generalized Woodall numbers with positive subscript and negative subscript.
n W, W_,
0 Wo Wo
1 Wy i (8Wo — 5Wy + Wa)
2 Wa 1 (11Wy — 9W; + 2W5)
3 AWy — 8W1 + 5Ws 52Wo — 4TW7 + 11Ws)
4
5
6

6 (
20Wo — 36W5 + 17TWs 15 (5TWo — 54Wy + 13W3)
68Wo — 116Wy + 49Wo & (240W, — 233Wy + 57Wa)
196Wo — 324W7 + 129W, &5 (247TWo — 243W7 + 60W>)

Now, we define four specific cases of the sequence {W,,}.
The Woodall numbers {R,}, sometimes called Riesel numbers, and also called Cullen numbers of the

second kind, are numbers of the form
R,=nx2"—1.
The first few Woodall numbers are:

1,7,23,63,159, 383, 895,2047,4607, 10239, 22527, 49151, 106495, 229375, 491519, 1048575, . ..

(sequence A003261 in the OEIS [43]). Woodall numbers were first studied by Allan J. C. Cunningham and H.
J. Woodall in [12] in 1917, inspired by James Cullen’s earlier study of the similarly-defined Cullen numbers.
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The Cullen numbers {C,} are numbers of the form
C,=nx2"+1.
The first few Cullen numbers are:

1,3,9,25,65, 161, 385, 897, 2049, 4609, 10241, 22529, 49153, 106497, 229377, 491521, ...

(sequence A002064 in the OEIS).
Woodall and Cullen sequences have been studied by many authors and more detail can be found in
the extensive literature dedicated to these sequences, see for example, [7,8,12,21,23,25,28,33,34,35,39] and

references therein.

Note that {R,,} and {C,,} hold the following relations:

R, = 4R, 1—-4R, 21,

Cn = 4Cn71 - 4Cn,2 + 1.
Note also that the sequences { R, } and {C,,} satisfy the following third order linear recurrences:

R, = bR, 1—8R, 2+4R, 3, Ry=—-1,Ri=1,R, =17, (13)

C, = 5C,_1—8C,_2+ 4Cn73, Co = 1, Ci = 3, Cy=9. (14)

Modified Woodall sequence {G,,}»>0 and modified Cullen sequence {H,,},,>0 are defined, respectively,

by the third-order recurrence relations,

G, = b5G,_1—8G,_2+4G,_3, Go=0,G1 =1,G5 =5, (15)

H, = 5H, 1—8H, s+4H, 3, Hy=3,H; =5,Hy, =09. (16)

The sequences {G,}n>0, {Hn}n>0, {Rn}n>0 and {C,},>0 can be extended to negative subscripts by

defining,

5 1

G—n = 2C"Y—(n—l) - ZG—(n—2) + EG—(n—Z{)a
5 1

H , = 2I{—(n—l) - ZH—(n—Q) + ZH—(TL—3)3
5 1

R_, = 2R_(h_1)— 137(%2) = ZRf(n73)7
5 1

Cn = 2C_(p_1)— 107(n72) + 107(%3),

for n = 1,2, 3, ... respectively. Therefore, recurrences (1.3),(1.4), (1.5) and (1.6) hold for all integer n.
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For all integers n, modified Woodall, modified Cullen, Woodall and Cullen numbers (using initial con-

ditions in (1.2)) can be expressed using Binet’s formulas as

G, = (n—1)2"+1,
H, = 2"t 41,
R, = nx2"-1,
C, = nx2"+1,

respectively.

Now we give some information about Gaussian sequence from literature.

e First we give Gaussian numbers with second order recurreance

— Horadam [26] introduced Gussian Fibonacci numbers as
GF,=F, +iF,_1

where F,, = F,_1 + Fh_2, Fp = 0, F; = 1 (in fact,he defined these numbers as GF, =
F, +iF,_; and he called these numbers as complex Fibonacci numbers.)

— Pethe and Horadam [36] introduced generalized Gaussian Fibonacci numbers
GF, =F, +iF,

where Fn = Fn—l + Fn_g, FO = 0, F1 =1.

— Halic1 and Oz [24] studied Gaussian Pell and Pell Lucas numbers by written, respectively,
G-Pn = P+ Z’-Pnflv
GQn = Qn + iQn—l»

where P, =2P, 1+ P, 2, By =0, Pr =1 and Qn :2Qn71+Qn727 Q0:27 Ql =2.
— Asqg and Giirel [1] presented Gaussian Jacobsthal and Gaussian Jacobsthal Lucas numbers

given by, respectively,
GJn = Jn + 7:Jn—la
G]n = ]n + jn—la

where Jn = Jn—l + 2Jn_2, J() = 0, Jl =1 and jn = jn—l + 2jn—2’ jo = 2, jl =1.

— Taga [68] introduced and studied Gaussian Mersenne numbers and define by
GM, =M, +iM,_

where Mn = 3Mn—1 - 2Mn—27 MO = O7 Ml =1.
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— Tasq [66] introduced and studied Gaussian balancing and Lucas Balancing numbers and given

by, respectively,

GB, = B,+iB,_1,
Gcn = Cn + Cn—la
where Bn = GBTL,1 - Bn,Q, BO = 0, Bl =1 and Cn = GCnfl — Cnfg, CO = 1, Cl = 3.
— Ertag and Yilmaz [2] studied Gaussian Oresme numbers and given by
GT, =T, +iT,—1
where T), = T),—1 — +T,,_2, To = 0, Ty = 3.
e Now, we present Gaussian numbers with third order reccurance relations.
— Soykan, Tagdemir, Okumus and Gocen [45] presented Gaussian generalized Tribonacci numbers
by given

GW,, =W, +iW,_1

where W,, = W,,_1 + W,,_s + W,,_3, with the initial condition Wy, Wy, Ws.
— Tagcr [67] studied Gaussian Padovan and Gaussian Pell- Padovan numbers by written, respec-

tively,

GP, = P,+iP,_1,

GRn = Rn + Z‘Rnfly

where P, = P,_2 + P, 3, Ph=1,P=1 P =1, and R, = 2R, 2 + Ry,—3, Ry =1, Ry =1,
Ry =1.
— Cerda-Morales [9] defined Gaussian third-order Jacobsthal numbers by given

GJ, =Jdp+idp_1
where J, =J, 1+ Jn_o+2J,_3, J1 =0, Jo=1, Jo =1.

2. Gaussian Generalized Woodall Numbers

In this chapter, we define Gaussian generalized Woodall numbers and we give some properties.

Gaussian generalized Woodall numbers {GW,, },,>0 = {GW,,(GWy, GW1, GW3) },>0 are defined by
GW, =5GW,_1 — 8GW,_s + 4GW,,_3, (2.1)
with the initial conditions

1
GWo = Wo +i(3 (8Wo —5W1 + Wa)), GWy = Wi +iWo, GWa = Wy +iW1,
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not all being zero. The sequences {GW,, },,>0 can be extended to negative subscripts by defining

5 1
GW_, = QGW,(n,l) — EGW,(n,Q) + ZGW,(n,;j)

for n = 1,2,3,.... Therefore, recurrence (2.1) hold for all integer n. Note that for n > 0, we get

and

GW, =W, +iW,_, (2.2)

GW_py =W +iW_p_1. (2.3)

The first few generalized Gaussian Woodall numbers with positive subscript and negative subscript are given

in the following table.

Table 2. The first few generalized Gaussian Woodall numbers.

GW,

GW_,

Wi + Wy
Wy 437

n
0 Wo+it(8Wo —5W; + W)
1
2

3 AWy — 8W1 + 5Ws + W5

Wo + i1 (8Wo — 5W1 + W)
1(8Wo — 5W1 + Wa) + it (L1Wy — 9W; + 2W5)

1 (11Wo — 9Wy + 2Wa) + i< (52W — 4TW; + 11W5)

16

L (52Wy — 4TWy + 11Wa) + i (57TWy — 54W; + 13W5)

We consider four special cases of GW, :

GW,(0,1,5+ i) = GG, is the sequence of Gaussian Modified Woodall numbers,

GW, (34 24,5+ 3i,9+ 5i) = GH,, is the sequence of Gaussian Modified Cullen numbers,

GW,(-1- %z’, 1—14,74+14) = GR,, is the sequence of Gaussian Woodall numbers and

GW, (14 44,34 1,9 + 3i) = GC,, is the sequence of Gaussian Cullen numbers.

We formally define them as follows. Four special cases of GW,, with the initial conditions are defined by

GG, = 5GGn_y —8GGy_o+4GG, 3, GGy =0,GG, =1,GGy=5+1,
GH, = 5GH,_1—8GH,_»+4GH,_5, GHy=3+2i,GH, =5+ 3i,GHy = 9+ 5i,
GR, = B5GR,_1—8GR,_o+4GR,_5, GRy=—1— %z GRy=1-i,GRy =T+1,
GC, = 5GCh_1 —8GCp_5+4GCp_3, GCo=1+ %z GCy =3+i,GCy =9 + 3.

Note that for all integers n, we obtain

GG,
GH,
GR,

GC,

= Gp+iGh_1,
= Hn‘i’iHn—l:
= Rn"‘iRnfla

= Cn + Z‘C’n—l-
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The first few values of Gaussian Modified Woodall numbers, Gaussian Modified Cullen numbers, Gaussian
Woodall numbers and Gaussian Cullen numbers with positive and negative subscript are given in the following
table.

Table 3. The first few values of special cases of generalized Gaussian Woodall numbers.

n 0 1 2 3 4 5 6 7

GG, 0 1 5+ 17+5¢ 494+17¢ 129+49¢ 321+ 1297 769 + 321
1, 1 1, 1 11, 11 13 ; 13 57 ; 57 15 15 247 ;

Gan 0 ZZ Z+§’L §+176/L T6+EZ E“r‘al 674—’_%7' E+ﬁl
GH, 342 5+3i 9+5i 1749 33+17i 65+33i 129+ 65 257 + 129¢
- 3 3 5, 5 9, 9 7 17 33 33 65 - 65 129 -

GH., 3+2i 2+3i 5+% §+5 g+ tpt Htod it sl
GR, —-1- %z 1—1 T+ 234+ 7 634237 1894637 38341597 895 + 383¢
3 3 3 3 11 11 5, 5 37 37 35, 35 135 135 33,

GR-p —1-35i —5—31 —53—%1 -3 —31- 5% —53 5! 53 D' T 3!
GC, 1+ i 341 9+3i 254+9i 65+25i 161 +65i 385+ 161i 897+ 385¢
GC_, 1+% i+% i+3% 343 342 2429 2411 12,38l

We now present the Binet formula for the Gaussian generalized Woodall numbers.

THEOREM 2.1. The Binet’s formula for the Gaussian generalized Woodall numbers is
GW,, = (((=Wa + AWy — 3W,) + W2=3Wat2Wo pyom o (W, — AW, + 4Wp)) + i(((—Wa + AW, — 3Wo) +
Wom3Wat2Wo (ry — 1))277L + (Wo — AW5 + 4TWp)).

Proof. The proof follows from (1.2) and (2.2). O

The previous Theorem gives the following results, as special cases.

COROLLARY 2.2. For all n we have the following Binet’s Formulas
(a): GG, =i2" 1 (n—2)+2"(n—1)+1+i.
(b): GH,, = 22" 1 42 x 2"+ 1 +1.
(c): GR,=i2""t(n—1)+2"n—1—1.
(d): GC, =i2" t(n—1)+2"n+1+1.

The following Theorem presents the generating function of Gaussian generalized Woodall numbers.
THEOREM 2.3. The generating function of Gaussian generalized Woodall numbers is given as

> GWy + (GW1 — 5GWo)x + (GWo — 5GW; + 8GW)z?
fow, (@) =" GW,a" = =2 (CW; o)z + (G, : oz (2.4)
n=0

1— 5z + 822 — 43
Proof. Let

fow, (x) = GW,a"
n=0

be generating function of Gaussian generalized Woodall numbers. Then using the definition of Gaussian

Woodall numbers, and substracting = f(z), 22f(z) and 23 f(x) from f(x) we obtain (note the shift in the
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index n in the third line)

(1 — 5z + 822 — 42®) fow, (z) = Z GW,z"™ — bz Z GW,z" + 82> Z GW,a" — 42> Z GW,z",
n=0 n=0 n=0 n=0
= Z GW,z™ —5 Z GW, 2"t + 8 Z GW,a"t2 — 4 Z GW,z"t3,
n=0 n=0 n=0 n=0

= i GW,z" —5 i GWp_12™ + 8 i GW,_2z™ — 4 i GW,_3x"™,

n=0 n=1 n=2 n=3

= (GWo + GWyiz + GWaz?) — 5(GWox + GWyz?) + 8GWoz?

+ Y (GW,, = 5GWy_1 + 8GW,_g — 4GW,, _3)a",

n=3

= GWy+ GWiz + GWaz? — 5GWox — 5GWhz? + 8GWyz2,
= GWO + (GW1 — 5GWO).7} + (GWQ — 5GW1 + SGWO)Z‘Q

Now, it follows that

N GWO + (GW1 - 5GWO)ZE + (GWQ - 5GW1 + 8GW0)LE2
N 1 — 5z + 82 — 4x3 '

faw, (x)

This completes the proof. [J

The previous Theorem gives the following results as particular examples:

T+ ix?
faa,(z) = 1 — 5z + 8x2 — 423’ (2:5)
. 2 _ 1 . 2.
fGHn(z):(SJer)z (10+7i)x+3+2i (26)

1 —5x + 8x2 — 43 ’

—(646i) 2% + (6 + i)z —1— 30
= 2o
Jer. (@) 1 — 5z + 8x2 — 423 ’ 27)

(2+2)2? — 2+ i)z +1+3i

fec, (@) = 1— 5z + 8z2 — 423

(2.8)

3. Some Identities Connecting Gaussian modified Woodall, Gaussian modified Cullen,

Gaussian Woodall and Gaussian Cullen Numbers

In this section, we obtain some identities on Gaussian modified Woodall, Gaussian modified Cullen,

Gaussian Woodall and Gaussian Cullen numbers.

THEOREM 3.1. The following equations hold for all integer n.
GH, =2GG 12 — TGGpi1 + 6GG,, (3.1)

GH, =3GGn1 — 10GG,, +8GGy_1, (3.2)

GR, = —2GC\ 2 +8GCy41 — TGCy,
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1
GGy = —5GChsa + %GCnH, (3.3)
7 27
GCn = _EGRTH_B + ZGRTLJ,_Q - 6GRn+17 (34)
1
GH, = —iGRnJrg + gGRnJrQ — 3GRn+1, (35)
GH, =5GG,, — 16GGp_1 + 12GGyp_s. (3.6)

Proof. To proof identity (3.1), we can write
GH,, = aGG,12 + bGGp 41 + GG,
and solving the system of equations

GHy

aGGy 4+ GG + GGy,

GH,; aGG3 + bGGy + GG,

GHy, = aGGy4+ bGGs+ cGGs.
We find that a = 2, b = —7, ¢ = 6. Or using the relations GH,, = H, + iH,,_1, GG, = G, + iG,,_1 and

identity H, = 2G,+2 — TGpt1 + 6G,,, we obtain the identity (3.1). The others can be found similarly. O

[ee]
LEMMA 3.2. Suppose that f(x) = Y anx™ is the generating function of the sequence {a,}n>0. Then the
n=0
generating functions of the sequences {azn }n>0 and {asn+1}tn>0 are given as

fom (@) = 3 aggan = LV T VD)
n=0

2

and
fWz) - f(=V2)
2z

o0
fa2n+1 (iL') = Z a2n+1xn =
n=0

respectively.

The next Theorem presents the generating functions of even and odd-indexed Gaussian generalized

Woodall sequences.

THEOREM 3.3. The generating functions of the sequences GWy,, and GWa, 41 are given by
- GWy — (QGW() — GWQ)l‘ + (44GWO — 36GW + 8GW2)ZE2

Jawa, (z) = 1— 9z + 2422 — 162°
and
f ( ) o GW1 + (4GWO — 17GW1 + 5GW2)£U + (32GWO — 20GW1 + 4GW2){,E2
GWan+1 1T/ = 1— 9z + 2427 — 1623
respectively.

Proof. Both statements are consequences of Lemma (3.2) applied to (2.4) and some lengthy algebraic
calculations. [J

The previous theorem gives the following corollaries as particular examples.
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COROLLARY 3.4. We have the followings:

(24+22i)2? —(16+229)w+1+ 34 (244244) 22 +(14+160)z+1—1

(@): for,,(z) =— 1—92+2422— 1623 and fGRo, = (¥) = 1= 9742422 1623

)

(8+104)x? — iz +14+ 24 848i)z2—2x+3+

(b): fae,,(x) = 1—91:124;2%1&321 and fac,, ., () = %'
(©): fac,,(2)

_ (448 +(5+i)z _ 4iz®+(8+5i)z+1
. _ (244204)2% —(18+13i)x+3+2i
(d): fom,, () =

(324-244)2? —(28+181)x+5+3z

= 1-9rtom2 6.7 ond feGani (x) = 192424221623 °
192124221623 and fGH,,,, (x) = 1-92 12422 —16a°

From Corollary (3.4) we can obtain the following corollary which presents the identities on Gaussian

Woodall sequences.

COROLLARY 3.5. We have the following identities:

(a): (4+8i)GHap—a+ (5+19) GHap—o = (24 +200)GG2p—g — (18 + 137) GGap—2 + (3 + 2i)GGay,.

(b): (4+8i) GHayp 34 (5 +14) GHap 1 = (32 4 24i) GGop_g — (28 4 18i) GGop_o + (5 + 3i)GGa,y,.

(c): — (244 24i) GGay g + (14 + 16i) GGop_o + (1 — i)GGay = (4 + 81)GRay 3+ (54 1) GRap 1.

(d): — (24 + 24i) GGoy_3 + (144 161) GGay 1 + (1 — 1)GGapy1 = 4iGRop_3 + (8 + 5i) GRoy 1 +

GRop 1.

(€): (8+10i) GGap—a — 2iGGap_s + (1 4 2i)GGay = (44 8i)GCoy—s + (54 i) GCoyp—a.

(£): (8+10i) GGap—3 — 3iGGon—1 + (1 + 31)GGaopi1 = 4iGCoy—y + (8 + 5i) GCay—2 + GCoyp.

(g): (8+48i)GGap—a4—2GG2—o2+ 3+ 1)GGayp = (44 81)GCop—3 + (5 + 1) GCoy—1.

(h): (8 +8i)GGap_3 —2GGop_1 + (3+9)GGapy1 = 4iGCoy_3 + (8 4 5i) GCay 1 + GCop 1.

(1): —(24 +220)GGan s + (16 + 2i)GGop 2 — (1 + 31)GGap = (4 + 8iGRap—a + (541) GRop 2.

(G): —(24422)GGay_s+ (164 7@)GG2n,1 — (14 29)GGany1 = 4iGRop—s+ (8 + 5i) GRop—2+GRay.

(k): 4iGHgy_4+(8 + 5i) GHay_o+GHa, = (24 + 200) GGay 53— (18 + 130) GGay 1 +(3420) GGy 1.

(1): 4iGHay—3+(8 + 5i) GHay1+GHapq = (32 + 244) GGay—3—(28 + 180) GGy 1 +(5+31)GGapt .

(m): —(24+22i)C(2n—3)+ (16 + £4) C(2n—1)— (1+ 2i)C(2n+1) = (8 + 8i) R(2n—4) — 2R(2n —
2) + (3 +14)R(2n).

(n): — (24 + 24i) C(2n — 4) + (14 + 16i) C(2n — 2) + (1 — i)C(2n) = (8 + 10i) R(2n — 3) — 3iR(2n —
)+ (1+ 2)R(2n+1).

(
(

Proof. From (3.4) we obtain

(4+8)z* + (5+10)2) fam, = ((24 +20i) 2* — (18 + 13i) x + 3 + 24) fac,, -
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The LHS (left hand side) is equal to
LHS = (b+i)z+(A+8)x ZGHgnx

= G+i)z ZGHM + (4 +8i)x ZGHQ,Lx
n=0

oo
= (5+14) ) GHaypa"™ + (4+8i) Z GHypz" 2
n=0 n=0

= (5+14) ) GHap 52" + (4+8i) > GHap sa"

n=1 n=2

= (5+14)GHor Y  GHap 22" + (4+8i) Y  GHap 42"

n=2 n=2
= (5+i)(B+20)a+ > ((4+8i)GHap s+ (5+1) GHan o)
n=2

whereas the RHS is

RHS

(34 20 — (18 + 13i) = + (24 + 20i) = Z GGapa™

= (3+2i) Y GGz — (184 13i)x Z GGonz" + (24 + 20i) Z GGanz"
n=0 n=0

= (3+20) Y GGyna" — (18 4+ 13i) Y _ GGanz™" + (24 + 20i) Z GGapz"t?

n=0 n=0 n=0

= (3+2i) Y GGyna" — (18 4+ 13i) Y GGap_oa" + (244 20i) Y GGap_sz”

n=0 n=1 n=2

= (3+2i)(GGo + GGaz) > GGana™ — (18 + 13i) (GGox) ¥ GGap_sa”
n=2 n=2

+ (24 4 200) Y~ GGap_yz”

n=2

= 3+2)(5+i)z+ Z ((24 4 200)GGap—g — (18 + 13i) GGap—2 + (3 + 21)GGayp,) 2"

n=2

Compare the coeflicients and the proof of the first identity (a) is done. The other identities can be proved
similarly. [J

We present an identity related with Gaussian general Woodall numbers and Woodall numbers.

THEOREM 3.6. For all n,m € Z, the following identity holds:

CWonin = Gy 1GWi + (—8Gm + 4G 1) G W1 + 4G G Wi _s. (3.7)
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Proof. First, we assume that m,n > 0. The other cases can be proved similarly. We prove the identity

(3.7) by induction on m. If m = 0 then
GW,, = G{GW,, + (—SGO + 4G_1)GWH_1 + 4G GW,,_o

which is true because G_; = 0, Gg = 0, G; = 1. Assume that the equaliy holds for m < k. For m = k + 1,
we have
GWigy4n = S5GWinix —8GWiyg 1 +4GWy g o
= 5(Gr41GW,, + (—8G) + 4G—1)GW,_1 + 4G, ,GW,,_2)
—8(GrGW,, + (—8Gk—1 + 4G)—2)GW,_1 + 4G _1GW,,_9)
+4(Gr—1GWy, 4+ (—8Gr—2 + 4G _3)GWy_1 + 4G _oGW,,_3)
= (5Gp41 —8Gk +4G—1)GW,, + (—8(Gr + Gr—1 + Gr—2)
+4(Gr—1 + Gi—o + G—3))GWy_1 + 4(Gr + Gi—1 + Gi—2)GW,,_o
= G2GW, 4+ (—8G41 + 4Gk)GWy 1 + 4G 1GW,, o
= Gu41)+1GWh + (=8Gki1 + 4G (441)-1)GWy 1 + 4G 1 GW), .
By mathematical induction on m, this proves (3.6). O
The previous Theorem gives the following results as particular examples:
For all n,m € Z, we have ( taking GW,, = GG,, or GW,, = GH,, or GW,, = GR,, or GW,, = GC,, )
GGrin = Gui1GGn+ (=8Gy, +4G,,-1)GGr_1 + 4G, GG, o,
GHpin = Gumi1GH, + (—8Gy, + 4Gy —1)GH,—1 +4G,,,GH,, o,
GRy+n = Gumi1GR, + (—8Gy, +4G,—1)GRy—1 + 4G GR,, 2,

GCrisn = Gmi1GCyp+ (—8Ghm + 4Gm_1)GCr_y + 4G GCy_s.

4. Simpson’s Formula

In this chapter, we present Simpson’s formula of generalized Gaussian Woodall numbers.

THEOREM 4.1. (Simpson’s formula of generalized Gaussian Woodall numbers). For all integers n, we

have
GWyio GWyor1  GW, GWy GWy  GWy
GWn+1 GWn GWn,1 = 4" GW1 GWO GW,1
GWn GWn_1 GWn—Q GWO GW_l GW_2
1 7 1
= 4" (— + —14 — - 2 — 144 —(3—-21:
(800 + SOOZ)(WO W1 + 4W2)(( ’L)W() (3 Z)Wl

+(1 — 7i) W)
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Proof. Use [46,Theorem 3.1]. O
From the Theorem (4.1) we get the following corollary.

COROLLARY 4.2. For all integer n, we get the following identities.

GGrys GGny GG,

(@): | GGny1 GG, GG,y | =1 —Ti)2> 4,

GG, GGn,_1 GGp_s

GH,.» GH,,, GH,

(b): | GH,.1 GH, GH,_; |=0.

GH, GH,.1 GH,_»

GR,i2 GR,+1 GR,

(¢): | GRoy1  GR, GR,_1 | =—(1—Ti)22n 4,
GR, GR,_, GR,_,
GChye GCLy1 GO,

(d): | GC,y1  GC,  GC,_y | =1 —Ti)22 4

GC, GCn_y GCp_y

5. SUM FORMULAS

In this chapter, we give some sum formulas of generalized Gaussian Woodall numbers.

THEOREM 5.1. For all integers n > 0, we have the following formulas:

(@): Y ho GWi = 2Wa(2n — 2" (n — 1) + 272 (n — 2) + 6) — 2 Wy (8n — 2"+ 1 (3n — 5) +2"+2(3n —
8) +22) + Wy (dn — 2" (n — 2) 4272 (n — 3) + 9) + (3 (28 + 16n — 5 x 2772 42" F20) Wy + (—33 —
16n 4+ 7 x 2712 — 3 x 2"FIn) Wy + (9 + 4n — 27F3 4 2nFln W),

(b): > p_o GWapy1 = 75 Wa(18n — 2273 (20 + 1) +227F5(2n — 1) 4+ 40) — 15 W1 (72n — 22" T3 (6n+ 1) +
2245 (6 — 5) + 150) + £ Wo(36m + 22745 (2n — 2) — 2 x 227430 4 64) + (3 Wo (36n — 2272 (2n — 1) +
220420 — 3) 4 53) — LW (72n — 227F2(6n — 2) + 2274 (6n — 8) + 120) + L Wa(18n + 22 +4(2n —
2) — 2 x 2272 4 32)).

(€): Yop_o GWap = Wo(36n — 22"+2(2n — 1) + 2274 (2n — 3) + 53) — £ W1(72n — 22"72(6n — 2) +
224 (6 — 8) + 120) + 15 Wa (18n+ 2274 (20 — 2) — 2 x 22720 4 32) +4 (3 Wy (36n — 221 (20— 2) +
22143(2n — 4) + 46) + £ Wa((18n — 2271 (20 — 1) + 2203 (20 — 3) + 22) — LWy (T2n — 2271 (6n —
5) + 22743 (6n — 11) + 21)).

Proof.

(a): When we use (2.2),

ZGWk = ZWk +7;ZW]€,1.
k=0 k=0 k=0
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So, then we obtain
> W = %Wg(Qn — 2" (p — 1) + 2" (n — 2) +6) — %Wl(Sn — 2" (3n — 5) 4+ 2"T2(3n — 8) + 22)
+Wo(4n — 2" (n — 2) +2"2(n — 3) +9))
and
i Wi1 = (i((% 4+ 16n — 5 x 2"T2 12" P2 )Wy 4 (=33 — 16n + 7 x 272 — 3 x 2" T in)I;
k=0
+(9+4n — 271 4 27 n)Wy))
from sum formulas on the Generalized Woodall Sequence article. We get
> GWy = %WQ(zn — 2" (n — 1) + 2" 2(n — 2) +6) — %Wl(Sn — 2" (3n — 5) 4+ 22 (3n — 8) + 22)
+Wo(4n — 2" (n — 2) +2"2(n — 3) +9)) + i(i((?S + 160 — 5 x 2"F2 4+ 27 F2n) W,
+(=33 = 16n 4+ 7 x 2"2 — 3 x 2" Wy + (9 + 4n — 273 4 2" FIn)Wy)).

(b): When we use (2.1), we obtain the following equalities: If we rearrange the above equalities, we

obtain. Now, if we add the above equations by side by, we get

Z GWagq1 = Z Waogt1 +1 Z Woay,
k=0 k=0 k=0

and so we know
" 1 s 1
Z Wapsr = 17314/2(1811 — 2232 - 1) + 22715(2n — 1) + 40) — EW1(72n — 2236 + 1)
k=0

1
+22(6n — 5) + 150) + S Wo(36n + 2745 (20 — 2) — 2 % 27 4 64)

and

- 1 1
> Wy = ((5Wo(36n — 222 (9, — 1) 4 2274 (20 — 3) + 53) — gWi(72n — 222 (6p, — 2)
k=0

1
+22"H4 (6n — 8) + 120) + 152 (18n + 2214 (2n — 2) — 2 x 2212 4 32)).

We get

- 1 1
> GWapyr = gW2(18n — 223 (2 4 1) 4 2275 (20 — 1) + 40) — gWi(72n - 223 (6n + 1)
k=0

1
+2*"5(6n — 5) + 150) + g Wo(36n + 227520 — 2) — 2 x 22" *0n 4+ 64)
1 1
+i((5Wo(36n — 22"*%(2n — 1) + 22"+4(2n — 3) + 53) — WA (720 — 22"7%(6n — 2)

1
+221%4(6n — 8) + 120) + EW2(18n + 224 (2p — 2) — 2 x 227F 2 4 32)).
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(c): We know

- 1 1
> Wy = ((§W0(36n —227F2((2n — 1) + 22" ((2n — 3) + 53) — 1731/[/1(7% — 2212 (6n, — 2)
k=0

1
+2°77 (6 — 8) + 120) + T2 Wa(18n + 2777 (20 — 2) — 2 x 2% 0 + 32))

and
n 1 1
> Wk = (5 Wo(36n - 220+ (2 — 2) 4 2273 (20, — 4) + 46) + gWa(18n — 22+l (2p — 1)
k=0
, 53, 1 , 201
42273 (2, — 3) + 3) - EW1(72n — 22" (6n — 5) 422713 (6n — 11) + 7)).
So we know
Z GWyy, = Z Wap +14 Z Wak—1.
k=0 k=0 k=0
We get
- 1 1
> GWy, = §Wo(gﬁn — 2222 — 1) + 22" T4 (2n — 3) + 53) — EW1(72n —22"%2(6p — 2)
k=0

1
+27714(6n — 8) +120) + o W(18n + 27 (20 — 2) — 2 x 2% 0 4 32)

1 1
+i(§W0(36n — 221 (90 — 2) 4+ 223 (20 — 4) + 46) + 1—8W2((18n — 22t (2n — 1)

1 201
) — EVV1(72n — 227 (6 — 5) + 2273 (6n — 11) + 7)).

53

+22713(2n, — 3) 4 5
This completes the proof. [

As special cases of above Theorem, we have the following four Corollary, we get the following corollary:

First, taking GW,, = GG,, with GGy =0,GG; =1,GGs =5 + 1.

COROLLARY 5.2. (Sum of the Gaussian modified Woodall numbers). For n > 0 we have the following
formulas:
(a): Yr_ GG =(1+i)n+ (2414)2"n — (4+ 3i)2" + (4 + 30).
(b): 3o GGaprr = a((3 + Ji)n — (4 + 50)2%" + (12 + 6)2%"n + (£ + 5i)).
(©): Y i GGar = 2((3+ 2i)n — (5 + 40)2°" + (6 + 30)2*"n + (5 + 4i)).

Second, taking GW,, = GH,, with GHy = 3+ 2¢,GH; = 5+ 3i,GHs = 9 + 5i. We have the following

corollary:

COROLLARY 5.3. (Sum of the Gaussian modified Cullen numbers). For n > 0 we have the following
formulas:
(a): Y p_oGHy=2""2+n—1+i(n+2"").
(b): Y i_o GHapypr = 5(22" 7 +3n — 1) +i(3(2°"™ + 3n + 1)).
(€): Yop_oGHayp = (2*" T3 +3n + 1) +i(n+ 5212 4+ 2),
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Third, taking GW,, = GR,, with GRy = —1 — %i,GRl =1-14,GRy = 7+ i. We get the following
corollary:
COROLLARY 5.4. (Sum of the Gaussian Woodall numbers). For n > 0 we have the following formulas:
(@): Y oGRr=(mn—-1)2"" = 1) +i2" (n—1) —n—2"n+3).
(b): Y i_o GRakg1 = §((6n +1)22"3 — 9n 4+ 1) + (5 ((3n — 1)22"F3 — 9n — 1)).
(€): Y p_oGRak = §((3n — 1)22"F3 — 9n — 1) +i(§2*" 73 (2n — 1) — §22" T (2n 4+ 1) — n — 5).

Fourth, taking GW,, = GC,, with GCy = 1 + %i,GC’l = 3+41i,GCy; = 9 + 3i. We have the following
corollary:

COROLLARY 5.5. (Sum of the Gaussian Cullen numbers). For n > 0 we have the following formulas:

(@): Y4 o GCr=(n—12"" +n+3+i(n+2"" (n—1) —2"n + 2).

(b): Y i GChky1 = ((6n + 1)22"F3 4 9n + 19) +i(5((3n — 1)22"F3 4 9n + 17)).
(€): S h_oGCo% = 2((2 + i)n — (4 + 5i) 22" + (12 + 67) 22"n + (L + 229)).

6. Matrix Formulation of GW,,
Consider the sequence {G,} which is defined by the third-order recurrence relation

Gn = 5Gn71 - 8Gn72 + 4Gn73

with the initial conditions
Go=0,G1 =1,G5 =5.

We define the square matrix A of order 3 as

5 —8 4
A=11 0 0
0 1 0

such that det A = 1. We give the following Lemma.

LEMMA 6.1. For n > 0 the following identity is true

n

GWito 5 -8 4 GW,
GWpir | =1 1 0 0 GW,
GW, 0 1 0 GW,y
Proof. The Lemma (6.1) equality can be proved by strong induction on n. If n = 0 we obtain
0
GWyia 5 -8 4 GWy
GWpsr | = 1 0 0 GWy

GW, 0 1 0 GWy
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which is true. We assume that the identity given holds for n < k. So that the following identity is true.

k

GWyao 5 -8 4 GWy
GWpsr | = 1 0 O GW;
GW, 0o 1 0 GWy
Forn=Fk+ 1, we get
k+1 k
5 —8 4 GWy 5 —8 4 5 -8 4 GWy
1 0 0 GW; = 1 0 0 1 0 0 GW;
0 1 0 GW, 0 1 0 0 1 0 GWy
5 —8 4 GWiya
= 1 0 0 GWi1
0o 1 0 GWy,

5GWi o — 8GWi41 +4GW,

= GWiyo
GWi1
GWiys
= GWiyo
GWip

Consequently, by induction on n, the proof is finished. [J

Note that
Gn-{-l _8Gn + 4Gn—1 Gn

Gn *SGn—l + 4Gn—2 Gn—l
anl _8Gn72 + 4Gn73 Gn72

ATL

For the proof see [47].

THEOREM 6.2. We assume that the matrices Naw and Egw are defined as follows

GWy  GWq GWy
NG’W = GW1 GWO GW_1 s
GWy GW_; GW_4

GGnis GGni1 GGy
Eew=| GGpi1 GG, GGn_1
GGTL GGn—l GG71,—2

The following identity is true between A™, Ngw and Egw .

A"Neow = Egw.

17
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GW;
GW,
GW_,

Gn+1 78Gn + 4Gn—1 Gn GWZ
AnNGW = Gn _8Gn71 + 4Gn72 anl GWl
anl _8Gn72 + 4Gn73 Gn72 CYVI/VO
ailr a2 ais
= Q21 Q22 Q23
asy as2 as3
such that
a1 = GWaGpy1 + GWi (4G—1 — 8G,) + GWHG,,
aiga = GWlGn+1 + GWO (4Gn_1 - 8Gn) + GW_lGn,
a1z = GWoGn+1 +GW_4 (4Gn_1 — SGn) + GW_oG,,
a1 = GWLG, +GW; (4Gn72 — 8Gn71) + GWyGp_1,
asy = GWHLG, + GW, (4Gn_2 — SGn_l) + GW_1Gp_1,
ass = GWHG, +GW_1 (4G—2 — 8Gp—1) + GW_oG)_1,
az1 = GWoGu_1+GWq (4G5 — 8Gp—2) + GW,G,,—a,
azg = GW1Gp_1+GWy (4G, —3 — 8Gy—2) + GW_1G,_o,
a3z = GWyGL_1+GW_4 (4Gn73 — Sanz) + GW_9G,—2.

Using the Theorem (3.6) the proof is completed. O

We have the following identities for Ngw, Eqw :

540 1 0 9+ 5i
Nga = 1 0 30 , Neu=1| 5+3i
0 L 1+ 342i
T+i 1—i —1-3 9+ 3
Ner = 1—i -1-3; -3_3; s Nec=1 3+i
-1-3; -3-3; 31 1+ 2
and
GGni» GG, GG, GH,\ o
Ecc=| GG,.1 GG, GG, , Ega=| GH,4,
GG, GG, 1 GG, , GH,
GR,i2 GR,.1 GR, GChpis
Ecr=| GR,;1 GR, GR, , Feo=1 GC,i1
GR, GR,1 GR, GC,

54 3i
342i
24 3i
3+
1+ 31

1 1.
§+§Z

GHpta
GH,
GHp
GCnta
GC,,
GCh_1

3+2i
243
2 4
1+ 3i
3+ 30

1 5,
§+§Z

GH,
GH,_,
GH,_»

GCy
GCp_1
GCp_2

)
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From the previous theorem presents, we have the following corollary.

COROLLARY 6.3. The following identities are true:

(a): A"Nge = Egq-
(b): A"Ngy = Egn.
(c): A®Nggr = Egr.
(d): A"Ngc = Egc.

7. Conclusions

Recently, there have been so many studies of the sequences of numbers in the literature that concern
about subsequences of the Horadam numbers and generalized third-order Pell numbers such as Fibonacci,
Lucas, Pell and Jacobsthal numbers; third-order Pell, third-order Pell-Lucas, Padovan, Perrin, Padovan-
Perrin, Narayana, third order Jacobsthal and third order Jacobsthal-Lucas numbers. The sequences of

numbers were widely used in many research areas, such as physics, engineering, architecture, nature and art.

e In section 1, we present some background about the Gaussian generalized Woodall numbers and
give some information about Gaussian sequences from literature.

e In section 2, we define Gaussian generalized Woodall numbers and give some proporties such as
Binet’s formula and generating function.

e In section 3,we present some identities, using reccurance relation and generating function, on Gauss-
ian modified Woodall, Gaussian modified Cullen, Gaussian Woodall, Gaussian Cullen numbers.

e In section 4, we give Simpson’s formula of Gaussian generalized Woodall numbers.

e In section 5, we identify some sum formulas of Gaussian generalized Woodall numbers.

e In section 6, We give the square matrix A™ using modified Woodall sequence {G,,} and present

some identies abouth Gaussian generalized Woodall numbers.

Linear recurrence relations (sequences) have many applications. Next, we list applications of sequences
which are linear recurrence relations.

First, we present some applications of second order sequences.

e For the applications of Gaussian Fibonacci and Gaussian Lucas numbers to Pauli Fibonacci and
Pauli Lucas quaternions, see [3].

e For the application of Pell Numbers to the solutions of three-dimensional difference equation sys-
tems, see [6].

e For the application of Jacobsthal numbers to special matrices, see [71].

e For the application of generalized k-order Fibonacci numbers to hybrid quaternions, see [22].

e For the applications of Fibonacci and Lucas numbers to Split Complex Bi-Periodic numbers, see

72].
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For the applications of generalized bivariate Fibonacci and Lucas polynomials to matrix polynomi-
als, see [73].

For the applications of generalized Fibonacci numbers to binomial sums, see [70].

For the application of generalized Jacobsthal numbers to hyperbolic numbers, see [49].

For the application of generalized Fibonacci numbers to dual hyperbolic numbers, see [50].

For the application of Laplace transform and various matrix operations to the characteristic poly-
nomial of the Fibonacci numbers, see [14].

For the application of Generalized Fibonacci Matrices to Cryptography, see [37].

For the application of higher order Jacobsthal numbers to quaternions, see [38].

For the application of Fibonacci and Lucas Identities to Toeplitz-Hessenberg matrices, see [20].
For the applications of Fibonacci numbers to lacunary statistical convergence, see [5].

For the applications of Fibonacci numbers to lacunary statistical convergence in intuitionistic fuzzy
normed linear spaces, see [29)].

For the applications of Fibonacci numbers to ideal convergence on intuitionistic fuzzy normed linear
spaces, see [30].

For the applications of k-Fibonacci and k—Lucas numbers to spinors, see [32].

For the application of dual-generalized complex Fibonacci and Lucas numbers to Quaternions, see
[40].

For the application of special cases of Horadam numbers to Neutrosophic analysis see [19].

For the application of Hyperbolic Fibonacci numbers to Quaternions, see [13].

We now present some applications of third order sequences.

For the applications of third order Jacobsthal numbers and Tribonacci numbers to quaternions, see
[11] and [10], respectively.

For the application of Tribonacci numbers to special matrices, see [74].

For the applications of Padovan numbers and Tribonacci numbers to coding theory, see [41] and
[4], respectively.

For the application of Pell-Padovan numbers to groups, see [15].

For the application of adjusted Jacobsthal-Padovan numbers to the exact solutions of some differ-
ence equations, see [18].

For the application of Gaussian Tribonacci numbers to various graphs, see [65].

For the application of third-order Jacobsthal numbers to hyperbolic numbers, see [16].

For the application of Narayan numbers to finite groups see [31].

For the application of generalized third-order Jacobsthal sequence to binomial transform, see [51].
For the application of generalized Generalized Padovan numbers to Binomial Transform, see [52].

For the application of generalized Tribonacci numbers to Gaussian numbers, see [53].
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For the application of generalized Tribonacci numbers to Sedenions, see [54].

For the application of Tribonacci and Tribonacci-Lucas numbers to matrices, see [55].

e For the application of generalized Tribonacci numbers to circulant matrix, see [56].

For the application of Tribonacci and Tribonacci-Lucas numbers to hybrinomials, see [69)].

For the application of hyperbolic Leonardo and hyperbolic Francois numbers to quaternions, see
[17].
Next, we now list some applications of fourth order sequences.

e For the application of Tetranacci and Tetranacci-Lucas numbers to quaternions, see [57].

e For the application of generalized Tetranacci numbers to Gaussian numbers, see [58].

e For the application of Tetranacci and Tetranacci-Lucas numbers to matrices, see [59].

e For the application of generalized Tetranacci numbers to binomial transform, see [60].

We now present some applications of fifth order sequences.

For the application of Pentanacci numbers to matrices, see [42].

For the application of generalized Pentanacci numbers to quaternions, see [44].
e For the application of generalized Pentanacci numbers to binomial transform, see [61].

We now present some applications of second order sequences of polynomials.

For the application of generalized Fibonacci Polynomials to the summation formulas, see [62].
e For some applications of generalized Fibonacci Polynomials, see [63].
We now present some applications of third order sequences of polynomials.

e For some applications of generalized Tribonacci Polynomials, see [64].
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