
Gaussian Generalized Woodall Numbers

In this work, we de�ne and investigate Gaussian generalized Woodall numbers in detail, and focus on four

speci�c cases: Gaussian modi�ed Woodall numbers, Gaussian modi�ed Cullen numbers, Gaussian Woodall

numbers, and Gaussian Cullen numbers. We present some identities and matrices related to these sequences,

as well as recurrence relations, Binet�s formulas, generating functions, Simpson�s formulas, and summation

formulas.
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1. Introduction

First, we recall some properties of generalized Woodall numbers. The generalized Woodall sequence

fWngn�0 = fWn(W0;W1;W2; 5;�8; 4)gn�0 is de�ned by the third-order recurrence relation as

Wn = 5Wn�1 � 8Wn�2 + 4Wn�3 (1.1)

with the initial values W0;W1;W2 not all being zero.

A generalized Woodall sequence fWngn�0 = fWn(W0;W1;W2; 5;�8; 4)gn�0 can be extended to negative

subscripts by de�ning

W�n = 2W�(n�1) �
5

4
W�(n�2) +

1

4
W�(n�3)

for n = 1; 2; 3; :::: Therefore, recurrence (1.1) holds for all integer n: For more details, see [48].

Next, we give Binet formula of generalized Woodall numbers.

Theorem 1.1. [48, Theorem 1.1] Binet formula of generalized Woodall numbers can be given as

Wn = (A1 +A2n)� 2n +A3
1
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where A1, A2 and A3 are de�ned by

A1 = �W2 + 4W1 � 3W0;

A2 =
W2 � 3W1 + 2W0

2
;

A3 = W2 � 4W1 + 4W0;

that is,

Wn = ((�W2 + 4W1 � 3W0) +
W2 � 3W1 + 2W0

2
n)� 2n + (W2 � 4W1 + 4W0): (1.2)

Here, �; � and 
 are the roots of the cubic equation

x3 � 5x2 + 8x� 4 = (x� 2)2 (x� 1) = 0;

where

� = � = 2;


 = 1:

Now, the �rst few generalized Woodall numbers with positive subscript and negative subscript are given

in the following table.

Table 1. The �rst few generalized Woodall numbers with positive subscript and negative subscript.

n Wn W�n

0 W0 W0

1 W1
1
4 (8W0 � 5W1 +W2)

2 W2
1
4 (11W0 � 9W1 + 2W2)

3 4W0 � 8W1 + 5W2
1
16 (52W0 � 47W1 + 11W2)

4 20W0 � 36W1 + 17W2
1
16 (57W0 � 54W1 + 13W2)

5 68W0 � 116W1 + 49W2
1
64 (240W0 � 233W1 + 57W2)

6 196W0 � 324W1 + 129W2
1
64 (247W0 � 243W1 + 60W2)

Now, we de�ne four speci�c cases of the sequence fWng.

The Woodall numbers fRng; sometimes called Riesel numbers, and also called Cullen numbers of the

second kind, are numbers of the form

Rn = n� 2n � 1:

The �rst few Woodall numbers are:

1; 7; 23; 63; 159; 383; 895; 2047; 4607; 10239; 22527; 49151; 106495; 229375; 491519; 1048575; : : :

(sequence A003261 in the OEIS [43]). Woodall numbers were �rst studied by Allan J. C. Cunningham and H.

J. Woodall in [12] in 1917, inspired by James Cullen�s earlier study of the similarly-de�ned Cullen numbers.
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The Cullen numbers fCng are numbers of the form

Cn = n� 2n + 1:

The �rst few Cullen numbers are:

1; 3; 9; 25; 65; 161; 385; 897; 2049; 4609; 10241; 22529; 49153; 106497; 229377; 491521; :::

(sequence A002064 in the OEIS).

Woodall and Cullen sequences have been studied by many authors and more detail can be found in

the extensive literature dedicated to these sequences, see for example, [7,8,12,21,23,25,28,33,34,35,39] and

references therein.

Note that fRng and fCng hold the following relations:

Rn = 4Rn�1 � 4Rn�2 � 1;

Cn = 4Cn�1 � 4Cn�2 + 1:

Note also that the sequences fRng and fCng satisfy the following third order linear recurrences:

Rn = 5Rn�1 � 8Rn�2 + 4Rn�3; R0 = �1; R1 = 1; R2 = 7; (1.3)

Cn = 5Cn�1 � 8Cn�2 + 4Cn�3; C0 = 1; C1 = 3; C2 = 9: (1.4)

Modi�ed Woodall sequence fGngn�0 and modi�ed Cullen sequence fHngn�0 are de�ned, respectively,

by the third-order recurrence relations,

Gn = 5Gn�1 � 8Gn�2 + 4Gn�3; G0 = 0; G1 = 1; G2 = 5; (1.5)

Hn = 5Hn�1 � 8Hn�2 + 4Hn�3; H0 = 3;H1 = 5;H2 = 9: (1.6)

The sequences fGngn�0; fHngn�0; fRngn�0 and fCngn�0 can be extended to negative subscripts by

de�ning,

G�n = 2G�(n�1) �
5

4
G�(n�2) +

1

4
G�(n�3);

H�n = 2H�(n�1) �
5

4
H�(n�2) +

1

4
H�(n�3);

R�n = 2R�(n�1) �
5

4
R�(n�2) +

1

4
R�(n�3);

C�n = 2C�(n�1) �
5

4
C�(n�2) +

1

4
C�(n�3);

for n = 1; 2; 3; ::: respectively. Therefore, recurrences (1.3),(1.4), (1.5) and (1.6) hold for all integer n:
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For all integers n; modi�ed Woodall, modi�ed Cullen, Woodall and Cullen numbers (using initial con-

ditions in (1.2)) can be expressed using Binet�s formulas as

Gn = (n� 1) 2n + 1;

Hn = 2n+1 + 1;

Rn = n� 2n � 1;

Cn = n� 2n + 1;

respectively.

Now we give some information about Gaussian sequence from literature.

� First we give Gaussian numbers with second order recurreance

�Horadam [26] introduced Gussian Fibonacci numbers as

GFn = Fn + iFn�1

where Fn = Fn�1 + Fn�2; F0 = 0; F1 = 1 (in fact,he de�ned these numbers as GFn =

Fn + iFn�1 and he called these numbers as complex Fibonacci numbers.)

�Pethe and Horadam [36] introduced generalized Gaussian Fibonacci numbers

GFn = Fn + iFn�1

where Fn = Fn�1 + Fn�2; F0 = 0; F1 = 1:

�Hal¬c¬and Öz [24] studied Gaussian Pell and Pell Lucas numbers by written, respectively,

GPn = Pn + iPn�1;

GQn = Qn + iQn�1;

where Pn = 2Pn�1 + Pn�2; P0 = 0; P1 = 1 and Qn = 2Qn�1 +Qn�2; Q0 = 2; Q1 = 2:

�Aşç¬and Gürel [1] presented Gaussian Jacobsthal and Gaussian Jacobsthal Lucas numbers

given by, respectively,

GJn = Jn + iJn�1;

Gjn = jn + jn�1;

where Jn = Jn�1 + 2Jn�2; J0 = 0; J1 = 1 and jn = jn�1 + 2jn�2; j0 = 2; j1 = 1:

�Taşc¬[68] introduced and studied Gaussian Mersenne numbers and de�ne by

GMn =Mn + iMn�1

where Mn = 3Mn�1 � 2Mn�2; M0 = 0; M1 = 1:
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�Taşç¬[66] introduced and studied Gaussian balancing and Lucas Balancing numbers and given

by, respectively,

GBn = Bn + iBn�1;

GCn = Cn + Cn�1;

where Bn = 6Bn�1 �Bn�2; B0 = 0; B1 = 1 and Cn = 6Cn�1 � Cn�2; C0 = 1; C1 = 3:

�Ertaş and Y¬lmaz [2] studied Gaussian Oresme numbers and given by

GTn = Tn + iTn�1

where Tn = Tn�1 � 1
4Tn�2; T0 = 0; T1 =

1
2 :

� Now, we present Gaussian numbers with third order reccurance relations.

� Soykan, Taşdemir, Okumuş and Göcen [45] presented Gaussian generalized Tribonacci numbers

by given

GWn =Wn + iWn�1

where Wn =Wn�1 +Wn�2 +Wn�3; with the initial condition W0; W1; W2:

�Taşc¬[67] studied Gaussian Padovan and Gaussian Pell- Padovan numbers by written, respec-

tively,

GPn = Pn + iPn�1;

GRn = Rn + iRn�1;

where Pn = Pn�2 + Pn�3; P0 = 1; P1 = 1; P2 = 1; and Rn = 2Rn�2 +Rn�3; R0 = 1; R1 = 1;

R2 = 1:

�Cerda-Morales [9] de�ned Gaussian third-order Jacobsthal numbers by given

GJn = Jn + iJn�1

where Jn = Jn�1 + Jn�2 + 2Jn�3; J1 = 0; J2 = 1; J2 = 1:

2. Gaussian Generalized Woodall Numbers

In this chapter, we de�ne Gaussian generalized Woodall numbers and we give some properties.

Gaussian generalized Woodall numbers fGWngn�0 = fGWn(GW0; GW1; GW2)gn�0 are de�ned by

GWn = 5GWn�1 � 8GWn�2 + 4GWn�3; (2.1)

with the initial conditions

GW0 =W0 + i(
1

4
(8W0 � 5W1 +W2)); GW1 =W1 + iW0; GW2 =W2 + iW1;
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not all being zero. The sequences fGWngn�0 can be extended to negative subscripts by de�ning

GW�n = 2GW�(n�1) �
5

4
GW�(n�2) +

1

4
GW�(n�3)

for n = 1; 2; 3; :::. Therefore, recurrence (2.1) hold for all integer n: Note that for n � 0; we get

GWn =Wn + iWn�1 (2.2)

and

GW�n =W�n + iW�n�1: (2.3)

The �rst few generalized Gaussian Woodall numbers with positive subscript and negative subscript are given

in the following table.

Table 2. The �rst few generalized Gaussian Woodall numbers.

n GWn GW�n

0 W0 + i
1
4 (8W0 � 5W1 +W2) W0 + i

1
4 (8W0 � 5W1 +W2)

1 W1 + iW0
1
4 (8W0 � 5W1 +W2) + i

1
4 (11W0 � 9W1 + 2W2)

2 W2 + iW1
1
4 (11W0 � 9W1 + 2W2) + i

1
16 (52W0 � 47W1 + 11W2)

3 4W0 � 8W1 + 5W2 + iW2
1
16 (52W0 � 47W1 + 11W2) + i

1
16 (57W0 � 54W1 + 13W2)

We consider four special cases of GWn :

GWn(0; 1; 5 + i) = GGn is the sequence of Gaussian Modi�ed Woodall numbers,

GWn(3 + 2i; 5 + 3i; 9 + 5i) = GHn is the sequence of Gaussian Modi�ed Cullen numbers,

GWn(�1� 3
2 i; 1� i; 7 + i) = GRn is the sequence of Gaussian Woodall numbers and

GWn(1 +
1
2 i; 3 + i; 9 + 3i) = GCn is the sequence of Gaussian Cullen numbers.

We formally de�ne them as follows. Four special cases of GWn with the initial conditions are de�ned by

GGn = 5GGn�1 � 8GGn�2 + 4GGn�3; GG0 = 0; GG1 = 1; GG2 = 5 + i;

GHn = 5GHn�1 � 8GHn�2 + 4GHn�3; GH0 = 3 + 2i; GH1 = 5 + 3i; GH2 = 9 + 5i;

GRn = 5GRn�1 � 8GRn�2 + 4GRn�3; GR0 = �1�
3

2
i; GR1 = 1� i; GR2 = 7 + i;

GCn = 5GCn�1 � 8GCn�2 + 4GCn�3; GC0 = 1 +
1

2
i; GC1 = 3 + i; GC2 = 9 + 3i:

Note that for all integers n; we obtain

GGn = Gn + iGn�1;

GHn = Hn + iHn�1;

GRn = Rn + iRn�1;

GCn = Cn + iCn�1:
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The �rst few values of Gaussian Modi�ed Woodall numbers, Gaussian Modi�ed Cullen numbers, Gaussian

Woodall numbers and Gaussian Cullen numbers with positive and negative subscript are given in the following

table.

Table 3. The �rst few values of special cases of generalized Gaussian Woodall numbers.

n 0 1 2 3 4 5 6 7

GGn 0 1 5 + i 17 + 5i 49 + 17i 129 + 49i 321 + 129i 769 + 321i

GG�n 0 1
4 i

1
4 +

1
2 i

1
2 +

11
16 i

11
16 +

13
16 i

13
16 +

57
64 i

57
64 +

15
16 i

15
16 +

247
256 i

GHn 3 + 2i 5 + 3i 9 + 5i 17 + 9i 33 + 17i 65 + 33i 129 + 65i 257 + 129i

GH�n 3 + 2i 2 + 3
2 i

3
2 +

5
4 i

5
4 +

9
8 i

9
8 +

17
16 i

17
16 +

33
32 i

33
32 +

65
64 i

65
64 +

129
128 i

GRn �1� 3
2 i 1� i 7 + i 23 + 7i 63 + 23i 159 + 63i 383 + 159i 895 + 383i

GR�n �1� 3
2 i � 3

2 �
3
2 i � 3

2 �
11
8 i

11
8 �

5
4 i � 5

4 �
37
32 i � 37

32 �
35
32 i � 35

32 �
135
128 i

135
128 �

33
32 i

GCn 1 + 1
2 i 3 + i 9 + 3i 25 + 9i 65 + 25i 161 + 65i 385 + 161i 897 + 385i

GC�n 1 + 1
2 i

1
2 +

1
2 i

1
2 +

5
8 i

5
8 +

3
4 i

3
4 +

27
32 i

27
32 +

29
32 i

29
32 +

121
128 i

121
128 +

31
32 i

We now present the Binet formula for the Gaussian generalized Woodall numbers.

Theorem 2.1. The Binet�s formula for the Gaussian generalized Woodall numbers is

GWn = (((�W2 + 4W1 � 3W0) +
W2�3W1+2W0

2 n)2n + (W2 � 4W1 + 4W0)) + i(((�W2 + 4W1 � 3W0) +

W2�3W1+2W0

2 (n� 1))2n�1 + (W2 � 4W1 + 4W0)):

Proof. The proof follows from (1.2) and (2.2). �
The previous Theorem gives the following results, as special cases.

Corollary 2.2. For all n we have the following Binet�s Formulas

(a): GGn = i2n�1 (n� 2) + 2n (n� 1) + 1 + i:

(b): GHn = 2i2n�1 + 2� 2n + 1 + i:

(c): GRn = i2n�1 (n� 1) + 2nn� 1� i:

(d): GCn = i2n�1 (n� 1) + 2nn+ 1 + i:

The following Theorem presents the generating function of Gaussian generalized Woodall numbers.

Theorem 2.3. The generating function of Gaussian generalized Woodall numbers is given as

fGWn
(x) =

1X
n=0

GWnx
n =

GW0 + (GW1 � 5GW0)x+ (GW2 � 5GW1 + 8GW0)x
2

1� 5x+ 8x2 � 4x3 : (2.4)

Proof. Let

fGWn
(x) =

1X
n=0

GWnx
n

be generating function of Gaussian generalized Woodall numbers. Then using the de�nition of Gaussian

Woodall numbers, and substracting xf(x); x2f(x) and x3f(x) from f(x) we obtain (note the shift in the
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index n in the third line)

(1� 5x+ 8x2 � 4x3)fGWn
(x) =

1X
n=0

GWnx
n � 5x

1X
n=0

GWnx
n + 8x2

1X
n=0

GWnx
n � 4x3

1X
n=0

GWnx
n;

=
1X
n=0

GWnx
n � 5

1X
n=0

GWnx
n+1 + 8

1X
n=0

GWnx
n+2 � 4

1X
n=0

GWnx
n+3;

=
1X
n=0

GWnx
n � 5

1X
n=1

GWn�1x
n + 8

1X
n=2

GWn�2x
n � 4

1X
n=3

GWn�3x
n;

= (GW0 +GW1x+GW2x
2)� 5(GW0x+GW1x

2) + 8GW0x
2

+
1X
n=3

(GWn � 5GWn�1 + 8GWn�2 � 4GWn�3)x
n;

= GW0 +GW1x+GW2x
2 � 5GW0x� 5GW1x

2 + 8GW0x
2;

= GW0 + (GW1 � 5GW0)x+ (GW2 � 5GW1 + 8GW0)x
2:

Now, it follows that

fGWn
(x) =

GW0 + (GW1 � 5GW0)x+ (GW2 � 5GW1 + 8GW0)x
2

1� 5x+ 8x2 � 4x3 :

This completes the proof. �
The previous Theorem gives the following results as particular examples:

fGGn
(x) =

x+ ix2

1� 5x+ 8x2 � 4x3 ; (2.5)

fGHn(x) =
(8 + 6i)x2 � (10 + 7i)x+ 3 + 2i

1� 5x+ 8x2 � 4x3 ; (2.6)

fGRn(x) =
� (6 + 6i)x2 + (6 + 13

2 i)x� 1�
3
2 i

1� 5x+ 8x2 � 4x3 ; (2.7)

fGCn(x) =
(2 + 2i)x2 � (2 + 3

2 i)x+ 1 +
1
2 i

1� 5x+ 8x2 � 4x3 : (2.8)

3. Some Identities Connecting Gaussian modi�ed Woodall, Gaussian modi�ed Cullen,

Gaussian Woodall and Gaussian Cullen Numbers

In this section, we obtain some identities on Gaussian modi�ed Woodall, Gaussian modi�ed Cullen,

Gaussian Woodall and Gaussian Cullen numbers.

Theorem 3.1. The following equations hold for all integer n:

GHn = 2GGn+2 � 7GGn+1 + 6GGn; (3.1)

GHn = 3GGn+1 � 10GGn + 8GGn�1; (3.2)

GRn = �2GCn+2 + 8GCn+1 � 7GCn;
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GGn = �
1

2
GCn+2 +

3

2
GCn+1; (3.3)

GCn = �
7

4
GRn+3 +

27

4
GRn+2 � 6GRn+1; (3.4)

GHn = �
1

2
GRn+3 +

5

2
GRn+2 � 3GRn+1; (3.5)

GHn = 5GGn � 16GGn�1 + 12GGn�2: (3.6)

Proof. To proof identity (3.1), we can write

GHn = aGGn+2 + bGGn+1 + cGGn

and solving the system of equations

GH0 = aGG2 + bGG1 + cGG0;

GH1 = aGG3 + bGG2 + cGG1;

GH2 = aGG4 + bGG3 + cGG2:

We �nd that a = 2; b = �7; c = 6: Or using the relations GHn = Hn + iHn�1; GGn = Gn + iGn�1 and

identity Hn = 2Gn+2 � 7Gn+1 + 6Gn; we obtain the identity (3.1). The others can be found similarly. �

Lemma 3.2. Suppose that f(x) =
1P
n=0

anx
n is the generating function of the sequence fangn�0: Then the

generating functions of the sequences fa2ngn�0 and fa2n+1gn�0 are given as

fa2n(x) =
1X
n=0

a2nx
n =

f(
p
x) + f(�

p
x)

2

and

fa2n+1(x) =
1X
n=0

a2n+1x
n =

f(
p
x)� f(�

p
x)

2
p
x

respectively.

The next Theorem presents the generating functions of even and odd-indexed Gaussian generalized

Woodall sequences.

Theorem 3.3. The generating functions of the sequences GW2n and GW2n+1 are given by

fGW2n
(x) =

GW0 � (9GW0 �GW2)x+ (44GW0 � 36GW1 + 8GW2)x
2

1� 9x+ 24x2 � 16x3

and

fGW2n+1
(x) =

GW1 + (4GW0 � 17GW1 + 5GW2)x+ (32GW0 � 20GW1 + 4GW2)x
2

1� 9x+ 24x2 � 16x3
respectively.

Proof. Both statements are consequences of Lemma (3.2) applied to (2.4) and some lengthy algebraic

calculations. �
The previous theorem gives the following corollaries as particular examples.
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Corollary 3.4. We have the followings:

(a): fGR2n
(x) = � (24+22i)x2�(16+ 29

2 i)x+1+
3
2 i

1�9x+24x2�16x3 and fGR2n+1
= (x)�(24+24i)x

2+(14+16i)x+1�i
1�9x+24x2�16x3 :

(b): fGC2n(x) =
(8+10i)x2� 3

2 ix+1+
1
2 i

1�9x+24x2�16x3 and fGC2n+1(x) =
(8+8i)x2�2x+3+i
1�9x+24x2�16x3 :

(c): fGG2n(x) =
(4+8i)x2+(5+i)x
1�9x+24x2�16x3 and fGG2n+1(x) =

4ix2+(8+5i)x+1
1�9x+24x2�16x3 :

(d): fGH2n
(x) = (24+20i)x2�(18+13i)x+3+2i

1�9x+24x2�16x3 and fGH2n+1
(x) = (32+24i)x2�(28+18i)x+5+3i

1�9x+24x2�16x3 :

From Corollary (3.4) we can obtain the following corollary which presents the identities on Gaussian

Woodall sequences.

Corollary 3.5. We have the following identities:

(a): (4 + 8i)GH2n�4 + (5 + i)GH2n�2 = (24 + 20i)GG2n�4 � (18 + 13i)GG2n�2 + (3 + 2i)GG2n:

(b): (4 + 8i)GH2n�3 + (5 + i)GH2n�1 = (32 + 24i)GG2n�4 � (28 + 18i)GG2n�2 + (5 + 3i)GG2n:

(c): � (24 + 24i)GG2n�4 + (14 + 16i)GG2n�2 + (1� i)GG2n = (4 + 8i)GR2n�3 + (5 + i)GR2n�1:

(d): � (24 + 24i)GG2n�3 + (14 + 16i)GG2n�1 + (1 � i)GG2n+1 = 4iGR2n�3 + (8 + 5i)GR2n�1 +

GR2n+1:

(e): (8 + 10i)GG2n�4 � 3
2 iGG2n�2 + (1 +

1
2 i)GG2n = (4 + 8i)GC2n�4 + (5 + i)GC2n�2:

(f): (8 + 10i)GG2n�3 � 3
2 iGG2n�1 + (1 +

1
2 i)GG2n+1 = 4iGC2n�4 + (8 + 5i)GC2n�2 +GC2n:

(g): (8 + 8i)GG2n�4 � 2GG2n�2 + (3 + i)GG2n = (4 + 8i)GC2n�3 + (5 + i)GC2n�1:

(h): (8 + 8i)GG2n�3 � 2GG2n�1 + (3 + i)GG2n+1 = 4iGC2n�3 + (8 + 5i)GC2n�1 +GC2n+1:

(i): �(24 + 22i)GG2n�4 + (16 + 29
2 i)GG2n�2 � (1 +

3
2 i)GG2n = (4 + 8iGR2n�4 + (5 + i)GR2n�2:

(j): �(24+22i)GG2n�3+(16+ 29
2 i)GG2n�1�(1+

3
2 i)GG2n+1 = 4iGR2n�4+(8 + 5i)GR2n�2+GR2n:

(k): 4iGH2n�4+(8 + 5i)GH2n�2+GH2n = (24 + 20i)GG2n�3�(18 + 13i)GG2n�1+(3+2i)GG2n+1:

(l): 4iGH2n�3+(8 + 5i)GH2n�1+GH2n+1 = (32 + 24i)GG2n�3�(28 + 18i)GG2n�1+(5+3i)GG2n+1:

(m): �(24+22i)C(2n�3)+
�
16 + 29

2 i
�
C(2n�1)� (1+ 3

2 i)C(2n+1) = (8 + 8i)R(2n�4)�2R(2n�

2) + (3 + i)R(2n):

(n): � (24 + 24i)C(2n� 4) + (14 + 16i)C(2n� 2) + (1� i)C(2n) = (8 + 10i)R(2n� 3)� 3
2 iR(2n�

1) + (1 + 1
2 i)R(2n+ 1):

Proof. From (3.4) we obtain

((4 + 8i)x2 + (5 + i)x)fGH2n = ((24 + 20i)x
2 � (18 + 13i)x+ 3 + 2i)fGG2n :
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The LHS (left hand side) is equal to

LHS = ((5 + i)x+ (4 + 8i)x2)
1X
n=0

GH2nx
n

= (5 + i)x
1X
n=0

GH2nx
n + (4 + 8i)x2

1X
n=0

GH2nx
n

= (5 + i)
1X
n=0

GH2nx
n+1 + (4 + 8i)

1X
n=0

GH2nx
n+2

= (5 + i)
1X
n=1

GH2n�2x
n + (4 + 8i)

1X
n=2

GH2n�4x
n

= (5 + i)GH0x
1X
n=2

GH2n�2x
n + (4 + 8i)

1X
n=2

GH2n�4x
n

= (5 + i) (3 + 2i)x+
1X
n=2

((4 + 8i)GH2n�4 + (5 + i)GH2n�2)x
n

whereas the RHS is

RHS = (3 + 2i� (18 + 13i)x+ (24 + 20i)x2)
1X
n=0

GG2nx
n

= (3 + 2i)
1X
n=0

GG2nx
n � (18 + 13i)x

1X
n=0

GG2nx
n + (24 + 20i)x2

1X
n=0

GG2nx
n

= (3 + 2i)

1X
n=0

GG2nx
n � (18 + 13i)

1X
n=0

GG2nx
n+1 + (24 + 20i)

1X
n=0

GG2nx
n+2

= (3 + 2i)

1X
n=0

GG2nx
n � (18 + 13i)

1X
n=1

GG2n�2x
n + (24 + 20i)

1X
n=2

GG2n�4x
n

= (3 + 2i)(GG0 +GG2x)
1X
n=2

GG2nx
n � (18 + 13i) (GG0x)

1X
n=2

GG2n�2x
n

+(24 + 20i)
1X
n=2

GG2n�4x
n

= (3 + 2i) (5 + i)x+
1X
n=2

((24 + 20i)GG2n�4 � (18 + 13i)GG2n�2 + (3 + 2i)GG2n)xn:

Compare the coe¢ cients and the proof of the �rst identity (a) is done. The other identities can be proved

similarly. �
We present an identity related with Gaussian general Woodall numbers and Woodall numbers.

Theorem 3.6. For all n;m 2 Z; the following identity holds:

GWm+n = Gm+1GWn + (�8Gm + 4Gm�1)GWn�1 + 4GmGWn�2: (3.7)
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Proof. First, we assume that m;n � 0: The other cases can be proved similarly. We prove the identity

(3.7) by induction on m: If m = 0 then

GWn = G1GWn + (�8G0 + 4G�1)GWn�1 + 4G0GWn�2

which is true because G�1 = 0; G0 = 0; G1 = 1. Assume that the equaliy holds for m � k: For m = k + 1;

we have

GW(k+1)+n = 5GWn+k � 8GWn+k�1 + 4GWn+k�2

= 5(Gk+1GWn + (�8Gk + 4Gk�1)GWn�1 + 4GkGWn�2)

�8(GkGWn + (�8Gk�1 + 4Gk�2)GWn�1 + 4Gk�1GWn�2)

+4(Gk�1GWn + (�8Gk�2 + 4Gk�3)GWn�1 + 4Gk�2GWn�2)

= (5Gk+1 � 8Gk + 4Gk�1)GWn + (�8(Gk +Gk�1 +Gk�2)

+4(Gk�1 +Gk�2 +Gk�3))GWn�1 + 4(Gk +Gk�1 +Gk�2)GWn�2

= Gk+2GWn + (�8Gk+1 + 4Gk)GWn�1 + 4Gk+1GWn�2

= G(k+1)+1GWn + (�8Gk+1 + 4G(k+1)�1)GWn�1 + 4Gk+1GWn�2:

By mathematical induction on m; this proves (3.6). �
The previous Theorem gives the following results as particular examples:

For all n;m 2 Z; we have ( taking GWn = GGn or GWn = GHn or GWn = GRn or GWn = GCn )

GGm+n = Gm+1GGn + (�8Gm + 4Gm�1)GGn�1 + 4GmGGn�2;

GHm+n = Gm+1GHn + (�8Gm + 4Gm�1)GHn�1 + 4GmGHn�2;

GRm+n = Gm+1GRn + (�8Gm + 4Gm�1)GRn�1 + 4GmGRn�2;

GCm+n = Gm+1GCn + (�8Gm + 4Gm�1)GCn�1 + 4GmGCn�2:

4. Simpson�s Formula

In this chapter, we present Simpson�s formula of generalized Gaussian Woodall numbers.

Theorem 4.1. (Simpson�s formula of generalized Gaussian Woodall numbers). For all integers n; we

have���������
GWn+2 GWn+1 GWn

GWn+1 GWn GWn�1

GWn GWn�1 GWn�2

��������� = 4n

���������
GW2 GW1 GW0

GW1 GW0 GW�1

GW0 GW�1 GW�2

���������
= 4n(

1

800
+

7

800
i)(W0 �W1 +

1

4
W2)((2� 14i)W0 � (3� 21i)W1

+(1� 7i)W2)
2:
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Proof. Use [46,Theorem 3.1]. �
From the Theorem (4.1) we get the following corollary.

Corollary 4.2. For all integer n, we get the following identities.

(a):

���������
GGn+2 GGn+1 GGn

GGn+1 GGn GGn�1

GGn GGn�1 GGn�2

��������� = (1� 7i) 2
2n�4:

(b):

���������
GHn+2 GHn+1 GHn

GHn+1 GHn GHn�1

GHn GHn�1 GHn�2

��������� = 0:

(c):

���������
GRn+2 GRn+1 GRn

GRn+1 GRn GRn�1

GRn GRn�1 GRn�2

��������� = � (1� 7i) 2
2n�4:

(d):

���������
GCn+2 GCn+1 GCn

GCn+1 GCn GCn�1

GCn GCn�1 GCn�2

��������� = (1� 7i) 2
2n�4:

5. SUM FORMULAS

In this chapter, we give some sum formulas of generalized Gaussian Woodall numbers.

Theorem 5.1. For all integers n � 0; we have the following formulas:

(a):
Pn

k=0GWk =
1
2W2(2n� 2n+1(n� 1) + 2n+2 (n� 2) + 6)� 1

2W1(8n� 2n+1(3n� 5) + 2n+2(3n�

8)+ 22)+W0(4n� 2n+1(n� 2)+ 2n+2(n� 3)+ 9)+ i( 14 (28+ 16n� 5� 2
n+2+2n+2n)W0+(�33�

16n+ 7� 2n+2 � 3� 2n+1n)W1 + (9 + 4n� 2n+3 + 2n+1n)W2):

(b):
Pn

k=0GW2k+1 =
1
18W2(18n�22n+3(2n+1)+22n+5(2n�1)+40)� 1

18W1(72n�22n+3(6n+1)+

22n+5(6n� 5)+150)+ 1
9W0(36n+2

2n+5(2n� 2)�2�22n+3n+64)+ i( 19W0(36n�22n+2(2n�1)+

22n+4(2n� 3)+ 53)� 1
18W1(72n� 22n+2(6n� 2)+ 22n+4(6n� 8)+ 120)+ 1

18W2(18n+2
2n+4(2n�

2)� 2� 22n+2n+ 32)):

(c):
Pn

k=0GW2k =
1
9W0(36n� 22n+2(2n� 1) + 22n+4(2n� 3) + 53)� 1

18W1(72n� 22n+2(6n� 2) +

22n+4(6n�8)+120)+ 1
18W2(18n+2

2n+4(2n�2)�2�22n+2n+32)+ i(( 19W0(36n�22n+1(2n�2)+

22n+3(2n� 4)+ 46)+ 1
18W2((18n� 22n+1(2n� 1)+ 22n+3(2n� 3)+ 53

2 )�
1
18W1(72n� 22n+1(6n�

5) + 22n+3(6n� 11) + 201
2 )):

Proof.

(a): When we use (2.2),
nX
k=0

GWk =

nX
k=0

Wk + i

nX
k=0

Wk�1:
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So, then we obtain

nX
k=0

Wk =
1

2
W2(2n� 2n+1(n� 1) + 2n+2(n� 2) + 6)�

1

2
W1(8n� 2n+1(3n� 5) + 2n+2(3n� 8) + 22)

+W0(4n� 2n+1(n� 2) + 2n+2(n� 3) + 9))

and
nX
k=0

Wk�1 = (
1

4
((28 + 16n� 5� 2n+2 + 2n+2n)W0 + (�33� 16n+ 7� 2n+2 � 3� 2n+1n)W1

+(9 + 4n� 2n+3 + 2n+1n)W2))

from sum formulas on the Generalized Woodall Sequence article. We get

nX
k=0

GWk =
1

2
W2(2n� 2n+1(n� 1) + 2n+2(n� 2) + 6)�

1

2
W1(8n� 2n+1(3n� 5) + 2n+2(3n� 8) + 22)

+W0(4n� 2n+1(n� 2) + 2n+2(n� 3) + 9)) + i(
1

4
((28 + 16n� 5� 2n+2 + 2n+2n)W0

+(�33� 16n+ 7� 2n+2 � 3� 2n+1n)W1 + (9 + 4n� 2n+3 + 2n+1n)W2)):

(b): When we use (2.1), we obtain the following equalities: If we rearrange the above equalities, we

obtain. Now, if we add the above equations by side by, we get

nX
k=0

GW2k+1 =

nX
k=0

W2k+1 + i

nX
k=0

W2k

and so we know
nX
k=0

W2k+1 =
1

18
W2(18n� 22n+3(2n+ 1) + 22n+5(2n� 1) + 40)�

1

18
W1(72n� 22n+3(6n+ 1)

+22n+5(6n� 5) + 150) + 1
9
W0(36n+ 2

2n+5(2n� 2)� 2� 22n+3n+ 64)

and
nX
k=0

W2k = ((
1

9
W0(36n� 22n+2(2n� 1) + 22n+4(2n� 3) + 53)�

1

18
W1(72n� 22n+2(6n� 2)

+22n+4(6n� 8) + 120) + 1

18
W2(18n+ 2

2n+4(2n� 2)� 2� 22n+2n+ 32)):

We get

nX
k=0

GW2k+1 =
1

18
W2(18n� 22n+3(2n+ 1) + 22n+5(2n� 1) + 40)�

1

18
W1(72n� 22n+3(6n+ 1)

+22n+5(6n� 5) + 150) + 1
9
W0(36n+ 2

2n+5(2n� 2)� 2� 22n+3n+ 64)

+i((
1

9
W0(36n� 22n+2(2n� 1) + 22n+4(2n� 3) + 53)�

1

18
W1(72n� 22n+2(6n� 2)

+22n+4(6n� 8) + 120) + 1

18
W2(18n+ 2

2n+4(2n� 2)� 2� 22n+2n+ 32)):
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(c): We know
nX
k=0

W2k = ((
1

9
W0(36n� 22n+2((2n� 1) + 22n+4((2n� 3) + 53)�

1

18
W1(72n� 22n+2(6n� 2)

+22n+4(6n� 8) + 120) + 1

18
W2(18n+ 2

2n+4(2n� 2)� 2� 22n+2n+ 32))

and
nX
k=0

W2k�1 = (
1

9
W0(36n� 22n+1(2n� 2) + 22n+3(2n� 4) + 46) +

1

18
W2(18n� 22n+1(2n� 1)

+22n+3(2n� 3) + 53
2
)� 1

18
W1(72n� 22n+1(6n� 5) + 22n+3(6n� 11) +

201

2
)):

So we know
nX
k=0

GW2k =
nX
k=0

W2k + i
nX
k=0

W2k�1:

We get
nX
k=0

GW2k =
1

9
W0(36n� 22n+2(2n� 1) + 22n+4(2n� 3) + 53)�

1

18
W1(72n� 22n+2(6n� 2)

+22n+4(6n� 8) + 120) + 1

18
W2(18n+ 2

2n+4(2n� 2)� 2� 22n+2n+ 32)

+i(
1

9
W0(36n� 22n+1(2n� 2) + 22n+3(2n� 4) + 46) +

1

18
W2((18n� 22n+1(2n� 1)

+22n+3(2n� 3) + 53
2
)� 1

18
W1(72n� 22n+1(6n� 5) + 22n+3(6n� 11) +

201

2
)):

This completes the proof. �

As special cases of above Theorem, we have the following four Corollary, we get the following corollary:

First, taking GWn = GGn with GG0 = 0; GG1 = 1; GG2 = 5 + i:

Corollary 5.2. (Sum of the Gaussian modi�ed Woodall numbers). For n � 0 we have the following

formulas:

(a):
Pn

k=0GGk = (1 + i)n+ (2 + i)2
nn� (4 + 3i)2n + (4 + 3i):

(b):
Pn

k=0GG2k+1 =
4
9 ((

9
4 +

9
4 i)n� (4 + 5i)2

2n + (12 + 6i)22nn+ ( 254 + 5i)):

(c):
Pn

k=0GG2k =
4
9 ((

9
4 +

9
4 i)n� (5 + 4i)2

2n + (6 + 3i)22nn+ (5 + 4i)):

Second, taking GWn = GHn with GH0 = 3 + 2i; GH1 = 5 + 3i; GH2 = 9 + 5i: We have the following

corollary:

Corollary 5.3. (Sum of the Gaussian modi�ed Cullen numbers). For n � 0 we have the following

formulas:

(a):
Pn

k=0GHk = 2
n+2 + n� 1 + i(n+ 2n+1):

(b):
Pn

k=0GH2k+1 =
1
3 (2

2n+4 + 3n� 1) + i( 13 (2
2n+3 + 3n+ 1)):

(c):
Pn

k=0GH2k =
1
3 (2

2n+3 + 3n+ 1) + i(n+ 1
32
2n+2 + 2

3 ):
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Third, taking GWn = GRn with GR0 = �1 � 3
2 i; GR1 = 1 � i; GR2 = 7 + i: We get the following

corollary:

Corollary 5.4. (Sum of the Gaussian Woodall numbers). For n � 0 we have the following formulas:

(a):
Pn

k=0GRk = (n� 1)(2n+1 � 1) + i(2n+1 (n� 1)� n� 2nn+ 1
2 ):

(b):
Pn

k=0GR2k+1 =
1
9 ((6n+ 1)2

2n+3 � 9n+ 1) + i( 19 ((3n� 1)2
2n+3 � 9n� 1)):

(c):
Pn

k=0GR2k =
1
9 ((3n� 1)2

2n+3 � 9n� 1) + i( 192
2n+3 (2n� 1)� 1

92
2n+1 (2n+ 1)� n� 7

18 ):

Fourth, taking GWn = GCn with GC0 = 1 + 1
2 i; GC1 = 3 + i; GC2 = 9 + 3i: We have the following

corollary:

Corollary 5.5. (Sum of the Gaussian Cullen numbers). For n � 0 we have the following formulas:

(a):
Pn

k=0GCk = (n� 1)2n+1 + n+ 3 + i(n+ 2n+1 (n� 1)� 2nn+ 5
2 ):

(b):
Pn

k=0GC2k+1 =
1
9 ((6n+ 1)2

2n+3 + 9n+ 19) + i( 19 ((3n� 1)2
2n+3 + 9n+ 17)):

(c):
Pn

k=0GC2k =
2
9 ((

9
2 +

9
2 i)n� (4 + 5i) 2

2n + (12 + 6i) 22nn+ ( 172 +
29
4 i)):

6. Matrix Formulation of GWn

Consider the sequence fGng which is de�ned by the third-order recurrence relation

Gn = 5Gn�1 � 8Gn�2 + 4Gn�3

with the initial conditions

G0 = 0; G1 = 1; G2 = 5:

We de�ne the square matrix A of order 3 as

A =

0BBB@
5 �8 4

1 0 0

0 1 0

1CCCA
such that detA = 1: We give the following Lemma.

Lemma 6.1. For n � 0 the following identity is true0BBB@
GWn+2

GWn+1

GWn

1CCCA =

0BBB@
5 �8 4

1 0 0

0 1 0

1CCCA
n0BBB@

GW2

GW1

GW0

1CCCA :
Proof. The Lemma (6.1) equality can be proved by strong induction on n. If n = 0 we obtain0BBB@

GWn+2

GWn+1

GWn

1CCCA =

0BBB@
5 �8 4

1 0 0

0 1 0

1CCCA
00BBB@

GW2

GW1

GW0

1CCCA
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which is true. We assume that the identity given holds for n � k. So that the following identity is true.0BBB@
GWn+2

GWn+1

GWn

1CCCA =

0BBB@
5 �8 4

1 0 0

0 1 0

1CCCA
k0BBB@

GW2

GW1

GW0

1CCCA :
For n = k + 1, we get0BBB@

5 �8 4

1 0 0

0 1 0

1CCCA
k+10BBB@

GW2

GW1

GW0

1CCCA =

0BBB@
5 �8 4

1 0 0

0 1 0

1CCCA
0BBB@
5 �8 4

1 0 0

0 1 0

1CCCA
k0BBB@

GW2

GW1

GW0

1CCCA

=

0BBB@
5 �8 4

1 0 0

0 1 0

1CCCA
0BBB@
GWk+2

GWk+1

GWk

1CCCA

=

0BBB@
5GWk+2 � 8GWk+1 + 4GWk

GWk+2

GWk+1

1CCCA

=

0BBB@
GWk+3

GWk+2

GWk+1

1CCCA :
Consequently, by induction on n, the proof is �nished. �

Note that

An =

0BBB@
Gn+1 �8Gn + 4Gn�1 Gn

Gn �8Gn�1 + 4Gn�2 Gn�1

Gn�1 �8Gn�2 + 4Gn�3 Gn�2

1CCCA :
For the proof see [47].

Theorem 6.2. We assume that the matrices NGW and EGW are de�ned as follows

NGW =

0BBB@
GW2 GW1 GW0

GW1 GW0 GW�1

GW0 GW�1 GW�2

1CCCA ;

EGW =

0BBB@
GGn+2 GGn+1 GGn

GGn+1 GGn GGn�1

GGn GGn�1 GGn�2

1CCCA :
The following identity is true between An; NGW and EGW :

AnNGW = EGW :
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Proof. Note that one gets

AnNGW =

0BBB@
Gn+1 �8Gn + 4Gn�1 Gn

Gn �8Gn�1 + 4Gn�2 Gn�1

Gn�1 �8Gn�2 + 4Gn�3 Gn�2

1CCCA
0BBB@
GW2 GW1 GW0

GW1 GW0 GW�1

GW0 GW�1 GW�2

1CCCA

=

0BBB@
a11 a12 a13

a21 a22 a23

a31 a32 a33

1CCCA
such that

a11 = GW2Gn+1 +GW1 (4Gn�1 � 8Gn) +GW0Gn;

a12 = GW1Gn+1 +GW0 (4Gn�1 � 8Gn) +GW�1Gn;

a13 = GW0Gn+1 +GW�1 (4Gn�1 � 8Gn) +GW�2Gn;

a21 = GW2Gn +GW1 (4Gn�2 � 8Gn�1) +GW0Gn�1;

a22 = GW1Gn +GW0 (4Gn�2 � 8Gn�1) +GW�1Gn�1;

a23 = GW0Gn +GW�1 (4Gn�2 � 8Gn�1) +GW�2Gn�1;

a31 = GW2Gn�1 +GW1 (4Gn�3 � 8Gn�2) +GW0Gn�2;

a32 = GW1Gn�1 +GW0 (4Gn�3 � 8Gn�2) +GW�1Gn�2;

a33 = GW0Gn�1 +GW�1 (4Gn�3 � 8Gn�2) +GW�2Gn�2:

Using the Theorem (3.6) the proof is completed. �
We have the following identities for NGW ; EGW :

NGG =

0BBB@
5 + i 1 0

1 0 1
4 i

0 1
4 i

1
4 +

1
2 i

1CCCA ; NGH =

0BBB@
9 + 5i 5 + 3i 3 + 2i

5 + 3i 3 + 2i 2 + 3
2 i

3 + 2i 2 + 3
2 i

3
2 +

5
4 i

1CCCA ;

NGR =

0BBB@
7 + i 1� i �1� 3

2 i

1� i �1� 3
2 i � 3

2 �
3
2 i

�1� 3
2 i � 3

2 �
3
2 i � 3

2 �
11
8 i

1CCCA ; NGC =

0BBB@
9 + 3i 3 + i 1 + 1

2 i

3 + i 1 + 1
2 i

1
2 +

1
2 i

1 + 1
2 i

1
2 +

1
2 i

1
2 +

5
8 i

1CCCA :
and

EGG =

0BBB@
GGn+2 GGn+1 GGn

GGn+1 GGn GGn�1

GGn GGn�1 GGn�2

1CCCA ; EGH =

0BBB@
GHn+2 GHn+1 GHn

GHn+1 GHn GHn�1

GHn GHn�1 GHn�2

1CCCA ;

EGR =

0BBB@
GRn+2 GRn+1 GRn

GRn+1 GRn GRn�1

GRn GRn�1 GRn�2

1CCCA ; EGC =

0BBB@
GCn+2 GCn+1 GCn

GCn+1 GCn GCn�1

GCn GCn�1 GCn�2

1CCCA :
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From the previous theorem presents, we have the following corollary.

Corollary 6.3. The following identities are true:

(a): AnNGG = EGG:

(b): AnNGH = EGH :

(c): AnNGR = EGR:

(d): AnNGC = EGC :

7. Conclusions

Recently, there have been so many studies of the sequences of numbers in the literature that concern

about subsequences of the Horadam numbers and generalized third-order Pell numbers such as Fibonacci,

Lucas, Pell and Jacobsthal numbers; third-order Pell, third-order Pell-Lucas, Padovan, Perrin, Padovan-

Perrin, Narayana, third order Jacobsthal and third order Jacobsthal-Lucas numbers. The sequences of

numbers were widely used in many research areas, such as physics, engineering, architecture, nature and art.

� In section 1, we present some background about the Gaussian generalized Woodall numbers and

give some information about Gaussian sequences from literature.

� In section 2, we de�ne Gaussian generalized Woodall numbers and give some proporties such as

Binet�s formula and generating function.

� In section 3,we present some identities, using reccurance relation and generating function, on Gauss-

ian modi�ed Woodall, Gaussian modi�ed Cullen, Gaussian Woodall, Gaussian Cullen numbers.

� In section 4, we give Simpson�s formula of Gaussian generalized Woodall numbers.

� In section 5, we identify some sum formulas of Gaussian generalized Woodall numbers.

� In section 6, We give the square matrix An using modi�ed Woodall sequence fGng and present

some identies abouth Gaussian generalized Woodall numbers.

Linear recurrence relations (sequences) have many applications. Next, we list applications of sequences

which are linear recurrence relations.

First, we present some applications of second order sequences.

� For the applications of Gaussian Fibonacci and Gaussian Lucas numbers to Pauli Fibonacci and

Pauli Lucas quaternions, see [3].

� For the application of Pell Numbers to the solutions of three-dimensional di¤erence equation sys-

tems, see [6].

� For the application of Jacobsthal numbers to special matrices, see [71].

� For the application of generalized k-order Fibonacci numbers to hybrid quaternions, see [22].

� For the applications of Fibonacci and Lucas numbers to Split Complex Bi-Periodic numbers, see

[72].
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� For the applications of generalized bivariate Fibonacci and Lucas polynomials to matrix polynomi-

als, see [73].

� For the applications of generalized Fibonacci numbers to binomial sums, see [70].

� For the application of generalized Jacobsthal numbers to hyperbolic numbers, see [49].

� For the application of generalized Fibonacci numbers to dual hyperbolic numbers, see [50].

� For the application of Laplace transform and various matrix operations to the characteristic poly-

nomial of the Fibonacci numbers, see [14].

� For the application of Generalized Fibonacci Matrices to Cryptography, see [37].

� For the application of higher order Jacobsthal numbers to quaternions, see [38].

� For the application of Fibonacci and Lucas Identities to Toeplitz-Hessenberg matrices, see [20].

� For the applications of Fibonacci numbers to lacunary statistical convergence, see [5].

� For the applications of Fibonacci numbers to lacunary statistical convergence in intuitionistic fuzzy

normed linear spaces, see [29].

� For the applications of Fibonacci numbers to ideal convergence on intuitionistic fuzzy normed linear

spaces, see [30].

� For the applications of k-Fibonacci and k�Lucas numbers to spinors, see [32].

� For the application of dual-generalized complex Fibonacci and Lucas numbers to Quaternions, see

[40].

� For the application of special cases of Horadam numbers to Neutrosophic analysis see [19].

� For the application of Hyperbolic Fibonacci numbers to Quaternions, see [13].

We now present some applications of third order sequences.

� For the applications of third order Jacobsthal numbers and Tribonacci numbers to quaternions, see

[11] and [10], respectively.

� For the application of Tribonacci numbers to special matrices, see [74].

� For the applications of Padovan numbers and Tribonacci numbers to coding theory, see [41] and

[4], respectively.

� For the application of Pell-Padovan numbers to groups, see [15].

� For the application of adjusted Jacobsthal-Padovan numbers to the exact solutions of some di¤er-

ence equations, see [18].

� For the application of Gaussian Tribonacci numbers to various graphs, see [65].

� For the application of third-order Jacobsthal numbers to hyperbolic numbers, see [16].

� For the application of Narayan numbers to �nite groups see [31].

� For the application of generalized third-order Jacobsthal sequence to binomial transform, see [51].

� For the application of generalized Generalized Padovan numbers to Binomial Transform, see [52].

� For the application of generalized Tribonacci numbers to Gaussian numbers, see [53].
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� For the application of generalized Tribonacci numbers to Sedenions, see [54].

� For the application of Tribonacci and Tribonacci-Lucas numbers to matrices, see [55].

� For the application of generalized Tribonacci numbers to circulant matrix, see [56].

� For the application of Tribonacci and Tribonacci-Lucas numbers to hybrinomials, see [69].

� For the application of hyperbolic Leonardo and hyperbolic Francois numbers to quaternions, see

[17].

Next, we now list some applications of fourth order sequences.

� For the application of Tetranacci and Tetranacci-Lucas numbers to quaternions, see [57].

� For the application of generalized Tetranacci numbers to Gaussian numbers, see [58].

� For the application of Tetranacci and Tetranacci-Lucas numbers to matrices, see [59].

� For the application of generalized Tetranacci numbers to binomial transform, see [60].

We now present some applications of �fth order sequences.

� For the application of Pentanacci numbers to matrices, see [42].

� For the application of generalized Pentanacci numbers to quaternions, see [44].

� For the application of generalized Pentanacci numbers to binomial transform, see [61].

We now present some applications of second order sequences of polynomials.

� For the application of generalized Fibonacci Polynomials to the summation formulas, see [62].

� For some applications of generalized Fibonacci Polynomials, see [63].

We now present some applications of third order sequences of polynomials.

� For some applications of generalized Tribonacci Polynomials, see [64].

References
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[52] Soykan, Y., Taşdemir, E., Okumuş, ·I., A Study on Binomial Transform of the Generalized Padovan Sequence, Journal of

Science and Arts, 22(1), 63-90, 2022. https://doi.org/10.46939/J.Sci.Arts-22.1-a06
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[66] Taşc¬, D.�Gaussiam Balancing And Gaussian Lucas Balancing Numbers, Journal of Science and Arts, 3(44),661-666,2018.
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