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Gaussian Generalized Woodall Numbers

Abstract
In this work, we define Gaussian generalized Woodall numbers and give properties of Gaussian modified

Woodall, Gaussian modified Cullen numbers, Gaussian Woodall numbers and Gaussian Cullen numbers as
special cases. First, we present some background about Woodall numbers and Gaussian numbers before
defining Gaussian generalized Woodall numbers.

Recently, there have been so many studies of the sequences of numbers in the literature which are defined
recursively. Four of these type of sequences are the sequences of Gaussian modified Woodall, Gaussian mod-
ified Cullen numbers, Gaussian Woodall numbers and Gaussian Cullen which are special case of generalized

Woodall numbers.

Keywords. Gaussian Woodall numbers, Gaussian Cullen numbers, Gaussian generalized Woodall num-

bers, Gaussian modified Woodall numbers, Gaussian modified Cullen numbers, Woodall numbers.

1. Introduction
First, we recall some properties of generalized Woodall numbers. The generalized Woodall sequence
{Watnso = {W,(Wy, Wi, W, 5, —8,4)},,>0 is defined by the third-order recurrence relation as

W, =5W,_1 — 8W,_o +4W,,_3 (1.1)

with the initial values Wy, Wy, W5 not all being zero.
A generalized Woodall sequence {W,, },>0 = {W,(Wo, W1, Wa, 5, —8,4) },,>0 can be extended to negative
subscripts by defining

5 1
W_,= 2VV—(n—l) - EW—(R—Q) + ZW—(n—B)

for n = 1,2,3,.... Therefore, recurrence (1.1) holds for all integer n. For more details, see [18].
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This sequence has been studied by many authors and more detail can be found in the extensive literature
dedicated to these sequences, see for example [3], [4], [6], [7], [10], [12], [13], [14], [19], [23], [24].

Next, we give Binet formula of generalized Woodall numbers.
THEOREM 1.1. [18, Theorem 1.1] Binet formula of generalized Woodall numbers can be given as
Wn = (A1 + AQTL) x 2" + Ag

where A1, As and Az are defined by

A = =Wy +4W; — 3W,,
Wo — 3W7 + 2Wy
A2 = 5
2
Az = Wy —4W; +4Wy,

that is,

Wy — 3W4 + 2W,
2

W, = ((_W2 +4W7 — 3WO) + n) x 2™ + (WQ —4Wy + 4W0) (12)

Here, o, B and v are the roots of the cubic equation
=52l 48z —4=(x—-2)°(z—1)=0,

where

Now, the first few generalized Woodall numbers with positive subscript and negative subscript are given
in the following table.

Table 1. The first few generalized Woodall numbers with positive subscript and negative subscript.

n W, W_,

0 Wo Wo

1 WL 1 (8Wy — 5W1 + W)

2 Wo 1 (11Wy — 9W; + 2W5)

3 AWy — 8W1 + 5Ws = (52Wy — 4TWy + 11W5)
4 20Wy — 36W; + 17T, L (5TWy — 54W1 + 13W>)
5 68Wo— 116Wy +49W, L (240W, — 233W; + 57W>)

6 196Wo — 324W; + 120Ws oy (247TWp — 243W; + 60W5)

Now, we define four specific cases of the sequence {W,, }. Modified Woodall sequence {G,, },>0 , modified
Cullen sequence {H,, },>0, Woodall sequence {R,,} and Cullen sequence {C,,} are defined,
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respectively, by the third-order recurrence relations,

Gn = 5Gp_1—8Gpo+4Gn 5, Go=0,G1=1,Go =5, (1.3)
H, = 5H, 1 —8Hn o+4H, 35, Hy=3Hy =5 Hy=09, (1.4)
R, = B5Ry.1—8R, o+4R, 5, Ry=-1,R =1Ry=T, (1.5)
Cpn = 5Cp 1 —8C, 2+4C,_3, Co=1,C1=3,C,=09. (1.6)

The sequences {G, }n>0, {Hn}n>0, {Rn}n>0 and {Cy}n>0 can be extended to negative subscripts by

defining,

5 1

Gon = 2G_(n_1)— ZGf(nf2) + ZG,(n,g),
5 1

H., = 2H (,_1)— ZHf(n72) + ZHf(n73)a
5 1

R_, = 2R_(h_1)— zRf(an) + zRf(nffi)a
5 1

Cn = 20_(n_1)— 107(n72) + 107(%3)7

for n = 1,2,3, ... respectively. Therefore, recurrences (1.3)-(1.6) hold for all integer n.
For all integers n, modified Woodall, modified Cullen, Woodall and Cullen numbers (using initial con-

ditions in (1.2)) can be expressed using Binet’s formulas as

G, = (n—1)2"+1,
H, = 2"141,
R, = nx2"-1,
C, = nx2"+1,

respectively.

Now we give some information about Gaussian sequence from literature.

e First we give Gaussian numbers with second order recurreance

— Horadam [9] introduced Gussian Fibonacci numbers as
GF,=F,+iF,_1

where F,, = F,,_1 + F,,—2, Fo = 0, F; = 1 (in fact,he defined these numbers as GF, =
F, +iF,_1 and he called these numbers as complex Fibonacci numbers.)

— Pethe and Horadam [11] introduced generalized Gaussian Fibonacci numbers
GF, =F, +iF,

where Fn =Ftp_1+ Fn_g, FO = 0, F1 =1.
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— Halic1 and Oz [8] studied Gaussian Pell and Pell Lucas numbers by written, respectively,
GPn = Pn + 7;-Pnfla
GQn = Qn + iQn—h

where P, = 2P, 1+ P, 2, Py =0, Py =1and Q, =2Q, 1 + Qn—2, Qo =2, Q1 = 2.
— Asq and Giirel [1] presented Gaussian Jacobsthal and Gaussian Jacobsthal Lucas numbers

given by, respectively,

G']n = Jn"'it]n—la

G]n ]n +jn717

where J, = J,_1 + 2Jn727 JO = 07 Ji=1and ]n = jnfl + 2jn72, jO =2, jl =1

— Tasa [22] introduced and studied Gaussian Mersenne numbers and define by
GM,, = M,, +iM,_1

where Mn = 3Mn_1 — 2Mn_2, MO = O7 Ml = 1.
— Tasag [20] introduced and studied Gaussian balancing and Lucas Balancing numbers and given

by, respectively,

GB,

Bn + ianlv

GCn = Cn+Cn—1a

where Bn = GBn_l — Bn_g, BO = O7 Bl =1 and Cn = GCn_l — Cn_g, Co = 1, Cl =3.

— Ertag and Yilmaz [2] studied Gaussian Oresme numbers and given by
GT, =T, +iT, 1

where T,, = T,,_1 — iTn,g, To=0,T, = %
e Now, we present Gaussian numbers with third order reccurance relations.
— Soykan, Tagdemir, Okumus and Gocen [15] presented Gaussian generalized Tribonacci numbers
by given

GWy, =Wy, +iW,_

where W,, = W,,_1 + W,,_o + W,,_3, with the initial condition Wy, Wy, Ws.
— Tasa [21] studied Gaussian Padovan and Gaussian Pell- Padovan numbers by written, respec-

tively,

GPn Pn"‘ipnflv

GRn Rn + iRn—l;
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where P, =P, s+ P, 3, Ph=1,PL=1, P,=1,and R, =2R, s+ R, 3, Ry=1, R =1,
Ry =1.
— Cerda-Morales [5] defined Gaussian third-order Jacobsthal numbers by given

GJp, = Jp+iJp—1
where In=Jpn-1+Jp2+ 2Jn—37 Jy = 07 Jo = 17 Jo = 1.

2. Gaussian Generalized Woodall Numbers

In this chapter, we define Gaussian generalized Woodall numbers and we give some properties.

Gaussian generalized Woodall numbers {GW,, },,>0 = {GW,,(GWy, GW1, GW>) },,>0 are defined by

GW,, =5GW,,_1 — 8GW,,_3 + 4GW,,_3, (2.1)

with the initial conditions
GWy =Wy + z( (8Wy — 5W1 + Wa)), GWy = Wy +iWy, GWy = Wy + W7,
not all being zero. The sequences {GW,, },>0 can be extended to negative subscripts by defining
GW_p = 2GW_(p_y) — ZGW,(n,g) n iGW,(n,g)
for n = 1,2,3,.... Therefore, recurrence (2.1) hold for all integer n. Note that for n > 0, we get
GW,, =W, +iW,,_4 (2.2)

and
GW_, =W_,+iW_,_1. (2.3)
The first few generalized Gaussian Woodall numbers with positive subscript and negative subscript are given

in the following table.

Table 2. The first few generalized Gaussian Woodall numbers.

n GW, Gw_,

0 Wo+it(8Wy—5Wy + Wa) Wo + i1 (8Wo — 5W; + Wa)

1 Wi +iW, 1(8WO75W1+W2)+z—(11W079W1+2W2)

2 Wa +iW, 1 (11Wy — OW; + 2Wa) + ik (52Wo — 4TW; + 11TWa)

3 AWy — 8W1 + 5Wso + iWs % (52W0 —47TW4 + 11W2) + 216 (57W0 — 54Wy + 13W2)
We consider four special cases of GW,, :

GWn(O, 1,5+ 1) = GG, is the sequence of Gaussian Modified Woodall numbers,

Wio(3+ 24,5+ 34,9 + 5i) = GH, is the sequence of Gaussian Modified Cullen numbers,
Wi(-1 i,1—1i,7+1i) = GR, is the sequence of Gaussian Woodall numbers and
W.(1+ z 3+414,9+ 3i) = GC, is the sequence of Gaussian Cullen numbers.
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We formally define them as follows. Four special cases of GW,, with the initial conditions are defined by

GG, = b5GG,_1—8GG,_2+4GG,—3, GGy =0,GG; =1,GG2 =5 +1,
GH, = b5GH,_1—8GH,_ o+ 4GH, 3, GHy=3+2i,GH, =5+ 3i,GHy = 9 + 51,
GR, = b5GR,_1—8GR,_2+ 4GRn73, GRy=—-1- gi, GR;=1- %, GRy =7+ i,

1
GC, = 5GC,_1—-8GC,_2+4GC),_3, GCy =1+ 52‘, GC, =3+1,GCy =9 + 3i.
Note that for all integers n, we obtain

GG, = G,+iGp_1,

GH, = H,+iH, 1,

GR, = R,+iR,_1,

GC, = Cp+iCh_1.
The first few values of Gaussian Modified Woodall numbers, Gaussian Modified Cullen numbers, Gaussian
Woodall numbers and Gaussian Cullen numbers with positive and negative subscript are given in the following

table.

Table 3. The first few values of special cases of generalized Gaussian Woodall numbers.

n 0 1 2 3 4 5 6 7
GG, 0 1 540  17+5i 494170 129449 3214129 769 + 321
GG_, 0 i 1430 t4dly BBy By sty 15y 2
GH, 3+2  5+3i 9+5i 174+9i 33417 65433 129465 257 + 129
GH_, 342 2+3i 3432 249 2447, 11433, 35, 068; 65, 139
GR, -1-3i 1-i T4+i 2347 63423 1594630 3834159 895 + 383i

~1_-3; _-3_.3;, _3_11, 1 _ 5, _5_ 37, _37r_ 35, _35_ 135, 135 _ 33,
GR_p =31 2 2t 2 8t § 1t 7~ 32t 32— 327 32 — 128¢ 128 — 32¢

GC, 1+ %Z 3+ 9+ 3¢ 25497 654257 161465 3854 1617 897 + 385¢

1, 1 1, 1 5. 5 3 3 27 - 27 29 - 29 121 121 31 -
GOn 1430 54350 5+50 g+30 3+30 5Ht+5l 3+l st 5!

We now present the Binet formula for the Gaussian generalized Woodall numbers.

THEOREM 2.1. The Binet’s formula for the Gaussian generalized Woodall numbers is
GW,, = (((=Wa + AWy — 3W,) + We=3Wat2Wo pyom o (T, — AW, + 4Wy)) + i(((—Wa + AW, — 3Wo) +
Wom3Wat2Wo (1 — 1))277L (W — AW + 4Tp)).

Proof. The proof follows from (1.2) and (2.2). O

The previous Theorem gives the following results, as special cases.

COROLLARY 2.2. For all n we have the following Binet’s Formulas

(a): GG, =i2" 1 (n—2)+2"(n—1)+1+1.
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(b): GH,, = 22" 1 42 x 2"+ 1 +1.
(¢): GR,=i2" ' (n—1)+2"n—1—i.
(d): GC, =i2" ' (n—1)+2"n+1+i.

The following Theorem presents the generating function of Gaussian generalized Woodall numbers.

THEOREM 2.3. The generating function of Gaussian generalized Woodall numbers is given as

. GWy + (GWl — 5GWO)JJ + (GWQ —5GW1 + SGWO):I:z

faw, (z) =  GWpa" = tr 807 — 1o : (2.4)

n=0

Proof. Let
fGWn, (:E) = Z GWnl’n
n=0
be generating function of Gaussian generalized Woodall numbers. Then using the definition of Gaussian

Woodall numbers, and substracting zf(z), 22 f(x) and 23 f(z) from f(z) we obtain (note the shift in the

index n in the third line)

(1 — 52 + 82% — 42®) fow, (z) = Z GW,z"™ — bz Z GW,z"™ + 8z Z GW,z" — 4z Z GW,z",
n=0 n=0 n=0 n=0
= ) GW,a" —5> GW,a™™ +8)  GW,a"? —4)  GW,a"t?,
n=0 n=0 n=0 n=0

= i GW,z" —5 i GWp_12™ + 8 i GWy_22™ — 4 i GW,,_3z"™,

n=0 n=1 n=2 n=3

= (GWy + GWyz + GWar?) — 5(GWoz + GWy?) + 8GWoa?

0o
+ Z(GWn - 5GW7L—1 + 8GW7L—2 - 4GWn—3)mn7

n=3

= GWy+GWiz + GWQ.’L‘Z — 5GWyx — 5GW1.’L‘2 + SGWOZ‘Q,
= GWy+ (GWl — 5GW())£L’ + (GW2 —5GW, + SGWO):L‘z

Now, it follows that

N GWO + (GWl — 5GWO)J3 + (GW2 — 5GW1 + SGWQ)JZQ
N 1 — 5z + 82 — 4x3 '

faw, (x)

This completes the proof. O

The previous Theorem gives the following results as particular examples:
_ x +iz?
1 —bx+ 822 — 423’

fea, (z) (2.5)

(84 6i)x* — (10 + 7i) x + 3 + 21

p— 2-
fom, () 1— 5z + 82 — 423 ’ (2:6)

—(646i) 2%+ (6 + LBi)z —1— 34

= 2.
far, () 1 —5x + 8x2 — 423 ’ 2.7)
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(242)2? — 2+ i)z +1+ i

fec, (@) = 1— 5z + 8z2 — 423

(2.8)

3. Some Identities Connecting Gaussian modified Woodall, Gaussian modified Cullen,

Gaussian Woodall and Gaussian Cullen Numbers

In this section, we obtain some identities on Gaussian modified Woodall, Gaussian modified Cullen,

Gaussian Woodall and Gaussian Cullen numbers.

THEOREM 3.1. The following equations hold for all integer n.

GH, = 2GGyrs — TGGri1 + 6GC, (3.1)
GH, = 3GChi1 — 10GG,, +8GGr_1, (3.2)
GRy = —2GChys +8GChy1 — TGCh,
1
GG = ~3GCpiz + %Gcnﬂ, (3.3)
7 27
GC, = —EGRnJrg + ZGRH+2 — GGRn+1, (34)
1
GHn = —§GRH+3 + gGRn+2 - 3GRn+1, (35)
GH, = 5GGh, — 16GChr_1 + 12GCrr_». (3.6)

Proof. To proof identity (3.1), we can write
GH, = aGGpi2 + GG 41 + GG,

and solving the system of equations

GHy = aGG3+bGG + cGGy,
GH, = aGG3+bGGy + GG,
GHy; = aGGy+bGG3 + cGGs.

We find that a = 2, b = —7, ¢ = 6. Or using the relations GH,, = H, + iH,_1, GG,, = G, + iG,,_1 and
identity H, = 2Gy+2 — 7TGpt1 + 6G,,, we obtain the identity (3.1). The others can be found similarly. O

[ee]
LEMMA 3.2. Suppose that f(x) = . anx™ is the generating function of the sequence {a,}n>0. Then the

o
generating functions of the sequences {agn }n>0 and {azn+1}tn>0 are given as

fasn (:Z?) = Zaznl'n = f(ﬁ) + f(_\/‘%)
n=0

2

and
fWz) — f(=Va)

fll2n+1 (.’E) = ZaQnJrlxn = 2\/5

n=0

respectively.
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The next Theorem presents the generating functions of even and odd-indexed Gaussian generalized

Woodall sequences.

THEOREM 3.3. The generating functions of the sequences GWa,, and GWay,11 are given by
GWO — (QGWO — GWQ).’E + (44GWO — 36GW1 + 8GW2)IL’2

fGWZ'n. ({E) = 1—9x + 2422 — 1623
and
; (@) — GW1 + (AGW, — 1TGW; + 5GWa)z + (32GWy — 20GWy + AGW; )z
GWany1\T) = 1— 9z + 2422 — 1623
respectively.

Proof. Both statements are consequences of Lemma (3.2) applied to (2.4) and some lengthy algebraic
calculations. [

The previous theorem gives the following corollaries as particular examples.

COROLLARY 3.4. We have the followings:

(a): far,, () = T—9z+242%— 1623 and fGR,y1 = (¥) = 1—gs 721271607
2_3 ) —
(b): fGCzn (.’L‘) (84+10%)z 2"$+1+ i and fGCQn+1 (.’Ii) — w
) =

1—9z+24x2—1623 1—9z+24x2—1623
(€): fGGa, (2 S 662011 (2) = Tgr rone 1605

(44-8i) x>+ (541)x 4ix? +(8+5i)z+1
. (24420%)z 7(18+132)a:+3+27, (32+241)a:27(28+181)z+a+31
(d). fGHQ,l(x) 10772422 — 1623 and fGH2n+1 (17) 1—9z+24x2—1623

(24+227,):v 7(16+292)x+1+ 7 (24+24z)$ +(144+163)z+1—1

From Corollary (3.4) we can obtain the following corollary which presents the identities on Gaussian

Woodall sequences.

COROLLARY 3.5. We have the following identities:

(a): (4+8i)GHyy g+ (5+1) GHop_o = (24 + 200)GGayp g — (18 + 13i) GG o + (3 + 20)GGay.

(b): (4+8i)GHop 3+ (5+17)GHap 1 = (32 + 24i) GGop g — (28 + 18i) GGy 2 + (5 + 3i)GGa,,.

(c): — (24 + 24i) GGy + (14 + 16i) GGy o + (1 — i)GGay = (4 + 81)GRap 3 + (54 1) GRop_1.

(d): — (24 + 24i) GG2p—3 + (14 + 16i) GG2p—1 + (1 — i)GGapt1 = 4iGRop—3 + (8 + 5i) GRap—1 +
GRap i1

(€): (8+10i) GGan—a — 2iGGap—s + (1 4 2i)GGay = (44 8i)GCoy—g + (54 i) GCop—a.

(£): (8+107) GGap—3 — 3iGGon—1 + (1 + 3i)GGap1 = 4iGCoy—y + (8 + 5i) GCp—2 + GCop.

(g): (8+8i)GGap_gq —2GGay o+ (3+1)GGay = (4 + 81)GCoyy 3+ (5+ 1) GOy 1.

(h): (8+8i)GGap—3 — 2GGop_1 + (3 +1)GGa2yi1 = 4iGCay_3 + (8 + 5i) GCopy—1 + GCopy1.

(i): —(24 + 220)GGon—a + (16 + Z9)GGap—s — (1 4 30)GGay = (44 8iGRay—g + (54 i) GRop—2.

(G): —(24+220)GGop—3+(164+20)GGap—1— (1+ 2i)GGapi1 = 4iGRay—s+ (8 + 5i) GRop—2+ G Ra,,.

(k): 4iGHyy 4+ (8 + 5i) GHay_o+GHay, = (24 4 200) GGay_3— (18 + 13i) GGop 1+ (3+2)GGaypy 1 -

(1): 4iGHap—3+(8 + 5i) GHapo1+GHapp1 = (32 + 240) GGy 3—(28 + 180) GGap14+(5+31) GGanpr.

(m): —(24+22))C(2n—3)+ (16 + 2i) C(2n—1)— (14 34)C(2n+1) = (8 + 8i) R(2n—4) —2R(2n —
2)+ (34 1)R(2n).

(
(
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(n): — (24 +249) C(2n —4) + (14 + 16i) C(2n — 2) + (1 —)C(2n) = (8 + 10i) R(2n — 3) — 2iR(2n —
1)+ (1+ 2i)R(2n +1).

Proof. From (3.4) we obtain
(4+8i)z? + (5+1)2) fam,, = ((24 +20i) 2* — (18 + 13i) x + 3 + 24) fac,, -

The LHS (left hand side) is equal to

LHS = (5+i)x+(4+8i)z ZGHM

= b4z Z GHopz"™ + (4 + &) 2 Z GHs,x™

n=0 n=0

= (5+14) ) GHypa"™ + (4+8i) Y GHypa"
n=0 n=0

= (5+14) Y GHayp 22" + (4+8i) Y  GHap_ya"

n=1 n=2

= (5 + Z) GH().’b Z GHQTL,Q.’E” + (4 + 82) Z GH2n74LEn

n=2 n=2

= (5414 (3+20)z+ i ((4+ 8) GHops + (5 + 1) GHap_o) 2"

n=2

whereas the RHS is

RHS = (3+2i— (184 13i)z + (24 + 20i) z ZGGan

= (3+2i)) GGya" — (184 13i)x Z GGona™ + (24 +20i) 2° Y GGopa”

n=0 n=0 n=0

= (3+2i) Y GGaa" — (18 4+ 13i) Y _ GGona™™ + (244 20i) Y _ GGapa™ >

n=0 n=0 n=0

= (3+2i) Y GGana" — (18 +13i) Y GGap_oz" + (244 20i) Y GGap_yz"

n=0 n=1 n=2

= (3+2i)(GGo + GGaz) > GGana™ — (18 +13i) (GGox) ¥ GGap_sa”

n=2 n=2

+ (244 200) Y GGap_sa”

n=2
= (3+2i) Z ((24 4 200)GGap_y — (18 +13i) GGap_s + (3 + 2i)GGay) 2™
Compare the coefficients and the proof of the first identity (a) is done. The other identities can be proved

similarly. OJ

We present an identity related with Gaussian general Woodall numbers and Woodall numbers.
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THEOREM 3.6. For all n,m € Z, the following identity holds:

GWm+n = Gm+1GWn + (—SGm + 4Gm_1)GWn_1 + 4G,,,GW,,_s. (37)

Proof. First, we assume that m,n > 0. The case m,n < 0 can be proved similarly. We prove the identity

(3.7) by induction on m. If m = 0 then
GW, = GiGW,, + (—=8Go +4G_1)GW,,_1 + 4G, GW,, o

which is true because G_; = 0, Gg = 0, G; = 1. Assume that the equaliy holds for m < k. For m = k + 1,

we have

GWii1)y4n = DGWiip —8GWy i1 +4GWy g s
= 5(Gr41GW,, + (—8G) + 4G_1)GW,_1 + 4G, ,GW,,_2)
—8(GRGW,, + (—8G)_1 + 4G _2)GW, 1 + 4G 1GW,,_3)
+4(G_1GW,, + (—8Gr_2 + 4G _3)GW,_1 + 4Gy _oGW,,_3)
= (5Giy1 — 8Gk +4G_1)GW,, + (—8(Gk + Gr—1 + Gi—2)
+4(Gr—1 + G—o + G—3))GWy_1 + 4(Gr + Gi—1 + Gi—2)GW,,_o
= G2GW, 4+ (—8Gr41 + 4Gk)GW, 1 + 4G 1GW,, o

= Gu41)+1GWh + (=8Gri1 + 4G (441)—1)GWy 1 + 4G 1 GW), .

By mathematical induction on m, this proves (3.6). The case m,n < 0 can be shown similarly. [J
The previous Theorem gives the following results as particular examples:

For all n,m € Z, we have ( taking GW,, = GG,, or GW,, = GH,, or GW,, = GR,, or GW,, = GC}, )

GGrin = Gumi1GGy + (—=8Gm + 4G _1)GGry + 4G GGy_s,
GHpin = Gumi1GH, + (—8Gy + 4Gy _1)GH,_1 + 4G GH,, o,
GRpin = Gumi1GRy+ (—8G +4G,_1)GRy_y + 4G GR, s,
GCrisn = Gmi1GCp+ (—8Gm + 4Gm_1)GCr1 + 4G GCy_s.

4. Simpson’s Formula

In this chapter, we present Simpson’s formula of generalized Gaussian Woodall numbers.
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THEOREM 4.1. (Simpson’s formula of generalized Gaussian Woodall numbers). For all integers n, we

have
CWiis GWorr GW, aW, GW, GW,
GWn+1 GWn GWn,1 = 4" GWl GWO GW,1
GWn GWn_l GWn—Q GWO GW_1 GW_2
1 7 1
= 4"(— + —1 — - 2 — 143 - — 213
(800 + SOOZ)(WO Wy + 4W2)(( ’L)WO (3 Z)W1

+(1 — 7i) W)

Proof. Use [16,Theorem 3.1]. O
From the Theorem (4.1) we get the following corollary.

COROLLARY 4.2. For all integer n, we get the following identities.

GGpyo GGny1 GG,

(@): | GGpy1 GG, GG,y | =1 =722 4

GG, GGn_1 GG,_

GH,,, GH,,1 GH,

(b): | GH,y1 GH, GH,_, |=0.

GH, GH,_, GH,_,

GRyn.2 GRn..1 GR,

(©): | GRyy1 GR, GR,y |=—(1-Ti)2>"%
GR, GR,.1 GR, s
GChys GCny1 GO,

(d): | GCpyy  GC, GC,_y |=(1—Ti)22"4

GC, GCh_y GCh_s

5. SUM FORMULAS

In this chapter, we give some sum formulas of generalized Gaussian Woodall numbers.

THEOREM 5.1. For all integers n > 0, we have the following formulas:

(@): Yp_o GWi = iWa(2n — 2" (n — 1) + 2772 (n — 2) +6) — LW, (8n — 2"F1(3n — 5) 4+ 2"+2(3n —
8) +22) + Wo(dn — 2"+ (n — 2) +2"+2(n — 3) + 9) +i(3(28 4 16n — 5 x 2"+2 + 2720 Wy + (—33 —
16m 4+ 7 x 27+2 — 3 x 2nFIn) Wy + (9 + 4n — 27+3 4 2nFln)I,).

(b): Y i GWapyr = £ Wa(18n— 22320 + 1) + 22745 (20 — 1) +40) — LW, (720 — 223 (60 + 1) +
2275 (6n,— 5) + 150) + § Wo (36n + 22775 (2n — 2) — 2 x 22730+ 64) +i(§ Wo(36n — 22" T2 (2n — 1) +
2204 (20 — 3) 4 53) — F5W1(72n — 22772 (6n — 2) + 22774 (6n — 8) + 120) + 15 Wa(18n + 22"74(2n —
2) — 2 x 2212, 4 32)).
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(€): Yop_o GWop = $Wo(36n — 22" +2(2n — 1) 4 2274 (2n — 3) + 53) — LWy (72n — 22"F2(6n — 2) +
224 (6n — 8) +120) + 75 Wa(18n+22"T4(2n — 2) — 2 x 2272 + 32) 44 (($ Wy (36n — 22771 (2n — 2) +
2203 (20 — 4) 4 46) + 1z Wa((18n — 2271 (2n — 1) 4+ 2273 (2n — 3) 4 23) — LW (T2n — 2271 (6n —
5) + 22743 (6n — 11) + 2L)).

Proof.
(a): When we use (2.2),
> GWi =Y Wi+iy Wiy
k=0 k=0 k=0

So, then we obtain

Z W, = %WQ(QTL — 2" — 1)+ 2" 2 (n —2) +6) — %W1(8n — 2" (3n — 5) +2"2(3n — 8) + 22)
k=0
+Wo(4n — 2" (n — 2) + 2" 2(n — 3) +9))
and
i Wi = (i((28 +16n — 5 x 2"T2 1 2" T2 W 4 (=33 — 16n + 7 x 2772 — 3 x 2" n)IW;
k=0
+(9 + 4n — 2713 4 2" Hp)IN))
from sum formulas on the Generalized Woodall Sequence article. We get
En: GW, = %W2(2n — 2"y — 1) + 2" (n — 2) +6) — %Wl(Sn — 2" (3n — 5) 4+ 2"T2(3n — 8) + 22)
k=0

1
+Wo(4n — 2" (n —2) +2"2(n — 3) +9)) + i(z((28 +16n — 5 x 22 4 2" P2

+(=33 — 161 + 7 x 22 — 3 x 2" In)Wy + (9 + 4n — 23 4+ 27T 1In)Wy)).

(b): When we use (2.1), we obtain the following equalities: If we rearrange the above equalities, we

obtain. Now, if we add the above equations by side by, we get

Z GWagq1 = Z Waogq1 +1 Z Woay,
k=0 k=0 k=0

and so we know

" 1 1
> Worpr = S Wa(18n — 2273 (2, 4 1) 4 2274520 — 1) + 40) — gWi(72n — 2273 (61,4 1)
k=0

1
+22"F5 (60 — 5) + 150) + §Wo(36n + 22715 (2, — 2) — 2 x 22" T3 1 64)
and

- 1 1
> Wy = ((§W0(36n — 22122 — 1) + 22774 (20 — 3) + 53) — EWl(72n — 2272 (6n, — 2)
k=0

1
+27 4 (6 — 8) + 120) + T Wa(18n + 27 (20 — 2) = 2 x 2220 + 32)).
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We get
n 1 4 ]'
Z GWort1 = 1—8W2(18n — 223 (20 4 1) + 2275 (20 — 1) + 40) — 1—8W1(72n —22"3(6n + 1)
k=0
1
+2*"5(6n — 5) + 150) + g Wo(36n + 2275(2n — 2) — 2 x 2730 4 64)
1 1
+il(GWo(36n — 2272 (2n — 1) + 22" (2n — 3) + 53) — 22 WA (720 — 22"72(6n — 2)
1
+27 (6 — 8) + 120) + 7o Wa(18n + 277 (20 — 2) — 2 x 22720 + 32)).
(c): We know
Z Wor = ((§WO(36n —22F2((2n — 1) + 22" 4((2n — 3) + 53) — T8W1(72n —2°"F2(6n — 2)
k=0
1
+22"H (6n — 8) +120) + 7o Wa(18n + 2277 (20 — 2) — 2 x 2272 4 32))
and
n 1 1
Z Wop_1 = (§WO(36n — 227 (9n, — 2) 42273 (20, — 4) + 46) + 1—8W2(18n — 22t (2n — 1)
k=0
53, 1 201
+273 (2 = 3) + ) = g W72 = 227 (6n — 5) + 227 (6n — 11) + 7).
So we know
Z GWyy, = Z Wop, + 4 Z Wak—1-
k=0 k=0 k=0
We get
DO GWar = GWo(36n —22"2(2n — 1) + 27 (2n = 3) + 53) — W1 (720 — 22"72(6n - 2)
k=0

1
+277 (6 — 8) +120) + 7o Wa(18n 4 2774 (2n — 2) — 2 % 27" n + 32)

1 1
+i(§Wo(36n — 22 (2 — 2) + 223 (20 — 4) + 46) + 17314/2((1871 — 22 (2 — 1)

53, 1 201
7) - EWl(72n — 227 (6n — 5) + 22" T3 (6n — 11) + 7)).

+22"3(2n — 3) +
This completes the proof. [
As special cases of above Theorem, we have the following four Corollary, we get the following corollary:

First, taking GW,, = GG,, with GGy =0,GG1 =1,GGs =5 + 1.

COROLLARY 5.2. (Sum of the Gaussian modified Woodall numbers). For n > 1 we have the following
formulas:
(a): > i o GGr =1+ i)n+ (2+10)2"n — (4 + 34)2" + (4 + 3i).
(b): 3o GGapir = 2((2 + Ji)n — (4 + 50)2%" + (12 + 60)2*"n + (£ + 5i)).
(©): Y i GGar = 3((§ + Zi)n — (5 + 40)2°™ + (6 + 3i)2*"n + (5 + 4i)).

n
9
4
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Second, taking GW,, = GH,, with GHy = 3+ 2i,GH; = 5+ 3i,GH> = 9 + 5i. We have the following

corollary:

COROLLARY 5.3. (Sum of the Gaussian modified Cullen numbers). For n > 1 we have the following
formulas:
(@) Yohoo GHr = 2" +n—14id(n +2"H1).
(b): > p_o GHapy1 = (22" +3n — 1) +i(5(22"73 + 3n + 1)).
(€): Y p_oGHop = 32" 4 3n + 1) +i(n+ §22"72 + 2).

Third, taking GW,, = GR,, with GRy = —1 — %i,GRl =1—-14,GRy = 7+ i. We get the following

corollary:

COROLLARY 5.4. (Sum of the Gaussian Woodall numbers). For n > 1 we have the following formulas:

(@): Y4 oGRr=(m—-1)2"" —1)+i@2" (n—1)—n—2"n+3).
(b): > p_o GRopt1 = 5((6n+1)22"T3 —9n 4+ 1) 4+ i(§((3n — 1)22"73 — 9n — 1)).
(€): Y p_oGRak = 5((3n —1)227F3 —9p — 1) +i(322"+3 (2n — 1) — $22"F1 (2n 4+ 1) —n — §).

Fourth, taking GW,, = GC,, with GCy = 1 + %i,GCl =3 +1,GCy = 9+ 3i. We have the following

corollary:

COROLLARY 5.5. (Sum of the Gaussian Cullen numbers). For n > 1 we have the following formulas:

(@): Y1 o GCr=(n—1)2"" +n4+3+i(n+2"" (n—1) —2"n + 2).
(b): i GChry1 = ((6n + 1)22"F3 4 9n + 19) + (5 ((3n — 1)22"F3 4 9n + 17)).
(€): S oGO = 2((3 + Ji)n — (4 + 5i) 22" + (12 + 61) 22"n + (& + 24)).

6. Matrix Formulation of GW,,
Consider the sequence {G,,} which is defined by the third-order recurrence relation
Gn = 5Gn—1 - SGn—Q + 4Gn—3

with the initial conditions

Go=0,G1 =1,G2 =5.

We define the square matrix A of order 3 as

5 —8 4
A=11 0 0
0 1 0

such that det A = 1. We give the following Lemma.
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LEMMA 6.1. For n > 0 the following identity is true

n

GW s 5 —8 4 GW,
GWn+1 = 1 0 0 GWl
GwW, 0 1 0 GW,

Proof. The Lemma (6.1) equality can be proved by strong induction on n. If n = 0 we obtain

0

GWis 5 -8 4 GW,
GWnJrl - 1 0 0 GW1
GW, 0 1 0 GW,

which is true. We assume that the identity given holds for n < k. So that the following identity is true.

k

GWita 5 -8 4 GW,
GWor =11 0 o0 GW,
GW,, 0 1 0 GWj
For n =k + 1, we get
k41 k
5 -8 4 GW, 5 -8 4 5 -8 4 GWy
1 0 0 GW, = 1 0 0 1 0 0 GW,
0O 1 0 GWj 0 1 0 0 1 O GW,
5 -8 4 GWio
= 1 0 0 GWii1
0O 1 0 GWy

5GWk+2 — 8GWk+1 + 4GWy,

= GWigo
GWiia
GWiqs
= GWiga
GWiia

Consequently, by induction on n, the proof is finished. [
Note that
Gnt1  —8Gn +4G,_1 G,
A" = G, —8Gu-1+4G,—2 G
Gno1 —8Gp—2+4G,_3 Gnp_2

For the proof see [17].



UNDER PEER REVI EW

THEOREM 6.2. We assume that the matrices Naw and Egw are defined as follows

GWy  GWh GWy
NGW = GW1 GWO GW_1 3
GWy GW_1 GW_4

GGry2 GGy GGy
Eew =1 GG,.1 GG, GG,
GGn GGn— 1 GG7L—2

The following identity is true between A", Now and Egw .

Proof. Note that one gets

such that

ail

a12

a13

a1

a22

az3

a3

a32

a33

A"Ngw = Egw.

G7L+1 _SGn + 4Gn—1 Gn GWQ GWl
Gn _8Gn71 + 4G7172 anl GWl GWO
Gno1 —8Gn_2+4GH_3 Gp_2 GWy GW_4

ailr a2 ais
a21 Qa2 G23

aszy asz ass

GWGri1 + GWy (4G 1 — 8Gy) + GWoGh,
GWiGns1 + GWo (4Gn_1 — 8Gy) + GW_1Gh,
GWoGni1 + GW_1 (4G_1 — 8Gy) + GW_oGh,
GW)G + GWi (AGn—o — 8G_1) + GWoGh_1,
GWi1G + GWo (4G n_2 — 8Gp_1) + GW_1Gy_1,
GWoGn + GW_1 (4Gp_3 — 8Gp_1) + GW_2Gy_1,
GWaGn_1 + GWi (4G n_3 — 8Gp_2) + GWoG_o,

GW1Gp_1 + GW, (4Gn73 — 8Gn72) + GW71GH72,

GWoGr—1 4+ GW_1 (4G—3 = 8G—2) + GW_2G), .

Using the Theorem (3.6) the proof is completed. [

GWy
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We have the following identities for Ngw, Eqw :

54+i 1 0 9+5i 5+3i 3+2i
Nea = 0 i . New=| 5+3i 342 2+3i |,
0 1i 144 3+2 2437 3454
7T+ 1—i  —1-34 9+3i 3+i 1+
Ngr = 1—4  —1-3i -3-34 . Nec=| 3+i 143 L4+
—1-3i -3-3; 3L 1+3i 2430 3432
and
GGpia GGny1 GG, GH,,» GH,;1 GH,
Ece=| GGn11 GG, GG,y . Egu=| GH,,» GH, GH, |,
GG, GG, GG, GH, GH, , GH,
GR,i2 GR.,.1 GR, GCnys GCny1 GO,
EGr=| GR,4y1 GR, GR, , Eec=| GCuy1 GC, GCpuy
GR, GR,1 GR, GC, GC,_1 GC,

From the previous theorem presents, we have the following corollary.

COROLLARY 6.3. The following identities are true:
(a): A"Nge = Ega-
(b): A"Ngu = Egn.
(c): A"Ngr = Egr-
(d): A"Nge = Ego.
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