UNDER PEER REVI EW

Original Research Article

ESTIMATION OF STRESS STRENGTH RELIABILITY
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DIFFERENT SAMPLING SCHEME

Abstract

This paper deals with estimating the stress strength reliability for a component with a strength
independent of opposite lower and upper bound stresses when the stresses and strength have
Lomax Distribution under different sampling schemes. Shrinkage maximum likelihood estimate
and Quasi likelihood estimate are obtained both under complete and right censored data. We have
considered the asymptotic confidence interval (Cl) based on MLE, and bootstrap Cl for R. Monte
Carlo simulation experiments were performed to compare the performance of estimates obtained.
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1 Introduction

The stress strength model plays an important role in reliability analysis. The term stress strength
was first introduced by (8). In the context of reliability, R is defined as the probability that the unit
strength is greater than stress, that is R = P[X > Y| where X is the random strength of the unit
and Y is the instant stress applied to it. Moreover R provides the probability of system failure.
The stress strength model was discussed in the literature from different point of view. Inference
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for generalized Lomax Distribution based on record statistics was considered by (31). (28) studied
the inference for the Lomax Distribution stress- strength model. (2) studied exponentiated Lomax
Distribution.. The different stress strength model was considered by (4), (6), (20), (33). Estimation
of R = P[X > Y] for Lomax Distribution with the presence of outliers was discussed by (29). (30)
studied the Power of Lomax Distribution with an application to bladder cancer data. The recent
developments in stress strength reliability was discussed by (40), (5), (1), (17), (32), (24), (25), (7) and
(26). In this paper estimates the stress strength reliability for a component with a strength independent
of opposite lower and upper bound stresses when the stresses and strength have Lomax distribution
under different sampling schemes. Shrinkage maximum likelihood estimate and Quasi likelihood
estimate are obtained under complete and right censored data. We have considered the asymptotic
confidence interval (Cl) based on MLE and bootstrap Cl for R. Monte Carlo simulation experiments
were performed to compare the performance of estimates obtained

As a natural extension of the two component stress strength model we consider in the present
paper the Maximum Likelihood Estimation (MLE) and Quasi likelihood estimate of stress strength
reliability model R = P[Y < X < Z], where X is the random strength and Y and Z are independent
random stress variables follows Lomax Distribution. The stress strength model of P[Y < X < Z]
was studied in many branches of science such as Psychology, Medicine, Pedagogy, Engineering
etc. The Estimation of R = P[Y < X < Z] represents the situation where the strength X should
be greater than stress Y and smaller than stress Z. For eg:- Many devices cannot function at high
temperatures; neither can very low ones. Similarly a person’s blood pressure should lie within two
limits i.e systolic and diastolic. For instance many electronic components cannot work at high or
low voltage. The estimate and the asymptotic confidence intervals are obtained for R under both
complete and censored samples.

The Minimum Variance Unbiased (MVU), Maximum Likelihood and Empirical Estimator of R =
PJY < X < Z] were discussed by (34). (10) deal with the estimation of R when Y, Z and X
are exponential random variables. Maximum Likelihood Estimate and Uniformly Minimum Variance
Unbiased Estimate of R when Y, Z and X either uniform or exponential random variable with
the unknown location parameter was considered by (15). (14) focused on the estimate of R =
PlY < X < Z], where Y and Z be a random stresses, and X be a random strength, having Weibull
distribution in presence of k outliers. (13) focused on the estimate of R = P[Y < X < Z],when
Y, Z and X are independent and that these stress and strength variable follows Kumaraswamy
Distribution. (16) discuss the estimation of Stress—Strength Reliability for P[Y < X < Z] using
Dagum Distribution. (19) the reliability of one strength- four stresses for Lomax Distribution was
studied. Shrinkage estimation of stress strength reliability P[Y < X < Z] for Lomax Distribution
based on records was studied by (23).

A shrinkage estimator is a new estimate produced by shrinking a raw estimate. (37), (22) have given
shrinkage estimates for population mean. (3) has found the shrinkage estimate of the parameters of
exponential distribution. (35), (41), (27) obtain the Shrinkage estimation in the context of exponential
distribution. (12) obtained the shrinkage estimator of stress strength reliability R = P [X < Y] when
X and Y are geometric distributions using record values.

The remaining part of this paper is organized in to seven sections. In section 3, we estimate the
shrinkage estimate of R under complete sample scheme. In section 4, we estimate the shrinkage
estimate of R based on right censored sample. Section 5 and 6 discuss the shrinkage estimate of
the quasi likelihood function based on complete and censored sample. In Section 7 we illustrate
estimator’s performance by a simulation study, and finally, in Section 8, conclusions are made.

2 Preliminary

Let X be the life of a device having an exponential distribution with a failure rate A. It ia assumed that
there could be some variation in A value because of small fluctuations in the manufacturing tolerance
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(see (21)). This fluctuation is accommodated by assuming that A have a gamma distribution with
probability density function

fF\a,0) = F”(a) AL A >0 2.1)
Then the density of X is obtained as
oo «@ —(a+1)
f(x)= / )\efm%a))\aflefg)‘d/\ = % (1 + g) ;x,a,0 >0 (2.2)
0

which is Lomax Distribution. In other words, equipment is tested in the laboratory or ideal environment
following exponential distribution when worked in the real environment, which is lighter or harsher
than the laboratory environment, follows Lomax Distribution. So it is very important to consider the
estimation problem of P (Y < X < Z) when the underlying distribution follows Lomax Distribution.

Now let X be the strength of the random variable following Lomax distribution with parameters
L (a1, A), where a is the shape parameter and X is scale parameter and Y and Z be the stress of the
random variable following Lomax distribution with parameter L (a2, A) and L (a3, A) corresponding
probability density functions are given below.

Oél>\a1
f(x,al,/\):m;x>0,a1>0,/\>0 (2.3)
012/\(12
fy,a2,A) = ————=7;¥y>0,02>0,A>0 (2.4)
000 = (s ’
Oé3>\a3
z,a3,\) = —————=;2>0,a3 >0,A >0 2.5
f( 3 ) (U+)\) 3t1 3 ( )

Under this situation the stress strength reliability

R=P[Y<X<Z]:/OooFy(:c)Fz(x)f(m)dm:/OOOFy(x)[l—Fz(ac)]f(x)dx 28

= a1a2 0<R<1
(a1 + as) (a1 + a2 + a3)

In the present paper we assumes that the scale parameter A\ which is common for all the three
variables is known.

3 Maximum Likelihood Estimation of R based on complete
sample
Let z = (x1,x2,...,2n,) be the random sample of n, observation taken from Lomax distribution

L (aa, M) then its likelihood function is given by

n

L (zlar, ) = ]|

=1

71
= A ] (s + A) (e FY (3.1)

i=1

al)\”‘l
(ZUz' + )\)a1+1

Let y = (y1,¥2,...,yn,) be the random sample of n. observation taken from Lomax Distribution
L (a2, M) then its likelihood function is given by

n2 n2

L (ylaz, ) = [T —222 1 = agaxmee T (g, + )2 (3:2)

=1 (y5 +>‘)a2+1 j=1
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Let z = (z1, 22, ..., 2n,) be the random sample of ns observation taken from Lomax Distribution
L (a3, M) then its likelihood function is given by

n3 n3

C13)\&3 n3\nsya —(a3+1)
Lzlas,N) = [ —2% o = agamee [ (s + A) (2 (3.3)
The joint likelihood function is given by
ni ng
L (z,y, 2|1, az, a3, A) = A" T (i + A) @ agzamo2 [T (y; + )72+
i=1 j=1

(3.4)

n3

« ag;;)\ngag H (Zk + )\)—(@3+1)
k=1

Taking Logarithm on both side of (3.4) we get

ni n2
logL =nilogar + niaalogh — (a1 + 1) Z log (x; + A) 4+ nalogas + naazlogh — (a2 + 1) Z log (y; + A)

i=1 J=1

n3
+ nglogas + nzaslogh — (as + 1) Z log (z + A)
k=1

(3.5)

Differentiating (3.5) partially with respect to a1, a2 and as and equating to zero we get the MLE of
a1, as and as as

S (%) =
e = S oy (1) &)
e = Sng 1033(1 + ) (3.8)
Substituting this in (2.6) we obtained the MLE of R as
Ronte = chdz 0<R<1 (3.9)

(dh + ds) (a1 + d2 + d3)

From the above expression, it is very difficult to find the exact variance and distribution of Ry.i.. So
we use the multivariate delta method (See (38), (36), (9), (18)) to find the approximate estimate of the
asymptotic variance of R,,;. which is given as

Let the Fisher Information matrix @

2 2 2

B(=04E) B(520L) B(725

—32lnL —8%InL —8%inL
O (a1,a2,a3) = | E Sasdor FE 903 i) Fagdos (3.10)

—8%InL —8%InL —8%InL

E dazdaq E dazdas E a2
" _ | or dR _

B f[m Pas aa3 =[br by b3 (3.11)

Then ¢% = V (R) = B'®~'B. In this case

®(a17a27a3) -

o cil
SRS
wgw‘g o o
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So
21 0 0
ni
@_1 =10 ‘Lﬁ 0
ng 5
0 a3
n3
Also ) )
b OB Zoa(oi—asas—az) (3.12)
01 (0q + a3)? (o1 + az + a3)
6R a1
b= 3.13
: Oaz (a1 + a2 + a3)2 ( )
and 5
by — OR _ —a1a2(22a1 + a2 + 2a3) _ (3.14)
Oas (o +a3)” (a1 + a2 + a3)
Then ’ b2a? b3a2  bial
Ohmie =V (R)=B Q™ 'B= 214 224 323 (3.15)

ni n2 ns

By replacing the parameters with their maximum likelihood estimate we get the estimate 6%,,,. of
O Fmie- I this case the asymptotic distribution of Roie is N (R, 6% )-

Based on this asymptotic distribution a 100 (1 — ~) % asymptotic Cl for R is Ryni. +Z,/26 Rmie- Where
Z. 2 denotes the table value corresponding to v/2 of N(0,1).

3.1 Shrinkage Estimation with Constant shrinkage factor

In this case we obtain the shrinkage estimate,
Bon = (B) Buv + (1 - (/3)) Bo

with ¢ (5) = 0.01 the constant shrinkage weight factor suggested by (13) this leads the Shrinkage

estimates of a1, a2 and a3 as
af,, =0.0lar,, +0.99a10 (3.16)

as., = 0.01as,, + 0.9900

and
as,, = 0.0las,, + 0.99a30 (3.18)

as, = ”2‘; and a3, = na—l i, oo and oo is taken as the boot strap

no n3z

where a1, = =,

estimate of a1, as and as.
This leads to the constant shrinkage weight factor of R as

R h = Qi 02,
sn — ~ ~ ~ ~ ~
(at,, +az,, +as,,) (a1, +as,,)

(3.19)

3.2 The modified Thompson type shrinkage estimator

Here we use two type of shrinkage estimate first one the modified Thompson type shrinkage weight
factor and Shrinkage weight factor suggested by (22) to find out the shrinkage estimator.
(a) Suggested by (13) here we take the weight factor as

o(R) = (o ;“)bz_j(;r () (0.001) (3.20)
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where Ry =~ “Mus®uw _ gnd yar (Rub) is as defined in (3.15). So the modified
(alub:‘razub+a3u.b)(a1ub+f13ub)

Thomason type shrinkage estimator will be

Ren=¢ (R) Ry + (1 ) (R)) Ro (3.21)
(b) Shrinkage weight factor suggested by (22) here we take the weight factor as

~ N 2
. b (Ruv — Ro)
%) (R) =a.expy —————— (3.22)
var (Rub)

where 0 < a < 1 and b > 0. So the modified Thomason type shrinkage estimator will be

R = %) (R) Rup + (1 — (R)) R (3.23)

4 Maximum Likelihood Estimation of R based on right
censored sample

In this section we obtained the maximum likelihood estimate when the data on the stress is only is
right censored. Let us consider a right censored sample z = (xl, T2, ..., a:(nl,k)) with k observations
censored on right from Lomax distribution L (a1, A) then its likelihood function is given by

ni—k

n1—k
k ni—k ni1—k)a T(nqg—k —oak r 1
L(zloa, X) = [1 = Py ] T] 7 @) = afm70am b [ 4 S 0 T e
i=1 i=1 (zi +A)

(4.1)
Then using (3.2), (3.3) and (4.1) the joint likelihood function can be written as

—aik
L (2, 2la1, a2, 03, 3) =a{""HAC 7R [y USR]

A
ny—k ng ns

1 na ynaa (e " s T o
Wa22,\22ll(yj+)\) <2+1)o¢3“">\33><||(zk+)\) (az+1)
= i=1 k=1

4.2)
Taking Logarithm on both side of (4.2) we get

ni—k
T(ny—
logL = — a1 k.log [1 + %] + (n1 — k) loga + aq (n1 — k) logh — (a1 + 1) Z log (z; + A)

=1

ng

+ nalogas + naanlogh — (a2 + 1) Z log (y; + A)
=1
ng

+ nslogas + nzaglogh — (as + 1) Z log (zi + N\)

k=1

From (4.3) we get the MLE of a1, a2 and as as

Olmicc = o i (44)

S log (14 5¢) + klog (14 “=2)
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n2

d?mlec = ™) - (45)
252, log 1+%)
and
~ ns
Q3mlec — Y Z (46)
2op2qlog (1 + Tk)
So using (4.4), (4.5) and (4.6) the MLE of R can be written as
~ a1
Rmec: = = = = = ,0<R<1 4.7
! (d1 + di3) (a1 + dz + di) @)
In this case )
nlaik 0 0
—1 2
g7 =10 2 0 (4.8)
o o o
n3
Now using (3.12), (3.13), (3.14) and (4.8) we have
2 2 2 2 2 2
Chmtce = V (R) = Bl B = 01, 1203 b5 (4.9)
ny—k n2 ns

By replacing the parameters with their maximum likelihood estimate we get the estimate 6 miee Of
ohmiee- IN this case he asymptotic distribution of Riiec is N(R, 6% .10c)-Based on this asymptotic
distribution a 100 (1 — «) % asymptotic Cl for R is Ryuicc £ Z+ /26 Rmice-

4.1 Shrinkage Estimation with Constant shrinkage factor

In this case we obtain the shrinkage estimate, with ¢ (ﬁ) = 0.01 the constant shrinkage weight factor
leads the Shrinkage estimates of a1, as and a3 as

o1, = 0.0lar,, +0.99011 (4.10)

az,, = 0.0laz,, + 0.99a21 (4.11)
and

as,, = 0.0las,, + 0.99a3; (4.12)

where af,, = "=, a3, = "2= and aj,, = "=, i1, a1 and a3, is taken as the boot strap
estimate of a1,

a2’ and oz, .. This leads to the constant shrinkage weight factor of R as

mlec? mlec mlec”

- Y2sne (4.13)

+ asy,,.) (a1l +asl,.)

Rane = Algpe
shc — ~
(ar},. + a2

she

4.2 The modified Thompson type shrinkage estimator
The modified ThompsonAtype shrinkage weight factor estimates suggested by (13) and (22) are

D) — Ryp—Rone
@0 (k)= e s (0.001) (414)
5 ai,, oz, A ; ; ; i
where R, = ORI and var (Rub> is as defined in (4.9). So the modified

Thomason type shrinkage estimator will be

Rrn =6 (R) Buv+ (1= 6 (R)) Rone (4.15)
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(b) ¢ (R) = a.exp {—%} (4.16)

where 0 < a < 1 and b > 0. So the modified Thomason type shrinkage estimator will be

Ruys=¢ (R) Ruy + (1 - (1%)) Rine (4.17)

5 AQuasi Likelihood Estimation of R based on complete
sample

In this section, we derived the maximum quasi-likelihood estimates for R. The quasi-likelihood function
was introduced by (39) to be used for estimating the unknown parameters in generalized linear models
when only the mean-variance relationship is specified. Wedderburn defined the quasi- function as

Qa,p) = / T dn o (@) (5.1)

where = E (x), V (1) = Var (z) and o (z) is some function of = only. The variance assumption is
generalized to Var (z) = ¢V (1) where the variance function V (.) is assumed to be known and the
parameter ¢ may be unknown. The quasi-likelihood function has properties similar to those of the
log-likelihood function. Let x = (z1, z2, ..., z», ) be the random sample of n, observation taken from
Lomax distribution L (a1, A) then its Quasi Likelihood function is given by

Q(Iiyalv)‘):'rLIZOQ <o¢1/\—1> —V(al/\_l) (5.2)
where v =371 ;.

The natural exponent of Q (z;, a1, A) as the as taken as the Quasi likelihood function and is given
by

_ n1 ap—1 71
L (z|ai,A) = (al)\ 1) 67( 5 )V;oz1>0,1/:2m¢ (5.3)
i=1

Similar based on the sample y = (y1,y2, ..., yn,) @nd z = (21, 22, ..., 2nz ) the Quasi likelihood function
of Y and Z is given by

as —1\"™? —(a2_1)C "2
L(g|oz2,A): ( ;\ ) e A ;a2>O,C:Zyj (5.4)
j=1
and
_ ng a— n3
L (zlas, \) = (043)\ 1) e_(%)ﬁga3>0,ﬂ:sz (5.5)
k=1

So the joint quasi likelihood function can be written as

L (z,y,zlon, 00,03, A) = (m; 1)n1 o (5w, (a2; 1)n2 e (557)¢ (L?’ — 1)n3 o (58

A
(5.6)
From (5.6) the Quasi Likelihood Estimate of a1, a2, @z and R are obtained as
~ Tll/\ Tl1/\

. A A
dnamie =14 (M) =14 (2 58)
¢ j=1Yi
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N n3/\ TL3A
mle — 1 —_— =1 —na .
Q3gmi +< 3 ) +< kiy’«"f) (5.9)
and
Rymie = cidz 0<R<1 (5.10)
amte = (c1 + d3) (i + d2 + ds)’ '
In this case ,
(1—1)
) 271 0 . 0
ol = 0 (aznflU 0 (5.11)
0 0 (a3—1)?

ns3

Now using (3.12), (3.13), (3.14) and (5.11) we have

b% (a1 — 1)2 + b% (Oég — 1)2 + b§ (053 — 1)2
ni n9 ns

J?qule =V (R) = B/¢71B - (512)

By replacing the parameters with their maximum likelihood estimate we get the estimate 6%,,,.;.
of 0%,mie- In this case the asymptotic distribution of Rymic is N(R, 6hqmie)- Based on this asymptotic
distribution a 100 (1 — ~) % asymptotic Cl for R is Rymie Z 126 Rgmle-

5.1 Shrinkage Estimates

In this case we obtain the different type of shrinkage estimates as,
(a) the constant weight shrinkage estimates with 1) (ﬁ) =0.01 as

~ OclA QQA

Repng = — e - (5.13)
" (alshq tazg,, t+ a35hq) (alshq + O‘3shq)
a1, = 0.01ag,, +0.99a32 (5.14)
az},, = 0.0laz,, +0.990%2 (5.15)
and
asy,, = 0.01laz,, +0.99a32 (5.16)
where af,, = % as,, = ”732%1 and a3, = ”33;1. al2, a2 and a3z is taken as the boot strap

estimate of &1gmie, A2gmie AN &3gmie-
(b) Suggested by (13) here we take the weight factor as
o (R)=— S B (g 001) (5.17)
(Rub - Rshq) + var (Rub)

where R, = P and var (Rub) is as defined in (5.12). So the modified

(afub_+a2hub+a§u.b)(afub +?‘3Aub)
Thomason type shrinkage estimator will be

Rrng = ¢ (R) Ry + (1 — (R)) Rang (5.18)
(c) Shrinkage weight factor suggested by (22) here we take the weight factor as
~ ~ 2
N b (Rub - Rshq)
¥ (R) =aerpl ———— (5.19)
var (Rub)

where 0 < a < 1 and b > 0. So the modified Thomason type shrinkage estimator will be

Rus = (R) Ry + (1 —p (R)) Rsngq (5.20)
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6 QuasiLikelihood Estimation of R based on right censored
sample

As in the case of section 4 in this case also we considered a right censoring procedure. Let z =
(z1, z2, ..., Tn, —k) be the random sample of (n1 — k) observation taken from Lomax distribution L (a1, \)
then its Quasi function is given by

Q (21,01, \) = (n1 — k) log (0‘1;1) —y(a1;1> (6.1)

where v = 327" z,. So the quasi likelihood function in this case is given as

=1

ny—k

_ ny oy —
L (z|ai,\) = (al 1) ef( 5 1)V;a1 >0,v= Z T (6.2)
=1

A

Now using (6.2), (5.4) an (5.5) the joint likelihood function can be written as

ny1—k aq— _ n oo — P n ag—
L (2, 2lon, a2, 03, A) = (C”*l) L) (0@ 1) (o) (Ll) T (et

A A A
(6.3)
Using (6.3) we get the estimate of a1, az, az and R are obtained as
dlqmlec =1+ (M> =1+ ((n(l__]:))\> (64)
v (n1—k) ...
i=1 T
N nz)\ TLQA
Qogmiec =1+ — | =1+ - 6.5
2amt ( ¢ ) <Zj31yj> (6.9)
N . n3)\ o ’n,g)\
OCqulec =1 + <?> =1 + (723:1 Zk) (66)
and .
~ a102
R mlec =— ~ = = = = ,0 R 1 6.7
amt (di1 + d2 + d3) (d1 + di3) sfes ©6.7)
In this case
-D® g 0
ni 5
N (o=l 0 (6.8)
0 0 (a3—1)2
n3
Now using (3.12), (3.13), (3.14) and (6.8) we have
, 2 _1\2 2 _1\2 20 1\2
Chamtce =V (R) = B ¢~ p = P =17 Bafoa =117, B (os = 1) (6.9)

ny — k n2 ns

By replacing the parameters with their maximum likelihood estimate we get the estimate 6%,,,;c. Of
Ohgmice- N this case he asymptotic distribution of Rymice is N(R, 6hgmicc)- Based on this asymptotic
distribution a 100 (1 — ) % asymptotic Cl for Ris Rymicc & Z /20 Rgmlec-

6.1 Shrinkage Estimates

In this case we obtain the shrinkage estimate, with ¢ (6) = 0.01 the constant shrinkage weight factor
suggested by (13).
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This leads to the constant shrinkage weight factor of R as Rpqe

Rsh .= al;hqca2;hqc (610)
! (al.;h,qc + 052;th + a3;hqc) (OélsAhqc + a3;hqc)
with
a1, = 0.0lar,, +0.99013 (6.11)
a2y, = 0.01az,, +0.99a23 (6.12)
and
sy, = 0.01as,, +0.99a33 (6.13)

~ -1 —1 3—1 ~ ~ A
whgre ar,, = ’27 oz, = 5= and as,, = “2=—. ais, azs and a3s is taken as the boot strap
estimate of a1,

miec® P2gmiee and aaq:nlec'
Also the modified Thompson type shrinkage weight factor and Shrinkage estimate by (22) are
(b) Suggested by (13) here we take the weight factor as
o (R) = By = Roge (0.001) (6.14)

(Rub - Rshqc) + var (Rub)

2 and var (Rub) is as defined in (6.9). So the modified

(O‘fub tag,, tasy, ) (o‘fub tas,, )

Thomason type shrinkage estimator will be

where Ry, =

B = 6 (R) Rus + (1 6 (R) ) Roae (6.15)
(c) Shrinkage weight factor suggested by (22) here we take the weight factor as

b (Rub — Rshqc>2

® (]36) =a.exp{ — - (6.16)
var (Rub)
where 0 < a < 1 and b > 0. So the modified Thomason type shrinkage estimator will be
Rus = (R) Ruy + (1 —¢ (R)) Ringe (6.17)

7 Simulation Study

In this section we obtained the numerical results using simulation data.

Here, we have considered a bootstrap ClI for r by using a parametric percentile bootstrap method
((11)). The following algorithm is used to generate the parametric bootstrap estimates of R.

Step-1. Simulate a random sample from Uniform (0,1). Using this simulated value compute random
sample for X ~ L (a1,A), Y ~ L(az,A) and Z ~ L («as, \) respectively.

Compute the MLE of a1, az, as say &imie, Gamie, Gamie given in setion-2.

Step-2. Generate an independent parametric bootstrap sample using &1mie, G2mie, Gamie iNstead of
a1, az, az. Then using these values, calculate Ronte.

Step-3. Calculate the maximum likelihood estimate of &imie, Gamie, G3mie. and Ronie obtained in
Step'2 say O/lmleg a/2mles O/Smle and Rllmle-

Step-4. Repeat the step-2 and step-3 N times to obtained the parametric bootstrap estimates
Ry, R vmr2, ..., R mon of R

Step-5. Let H (z) = P (RML < x) be the cumulative distribution function of Ry;1.. Define Rpoot (z) =

H~! (z) foragiven z. The approximate 100 (1 — v) % Cl of R is given by (RBODt (v/2), Rpoot (1 — 7/2)).
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In the absence of real data finally, we study the performance of the estimates obtained in the above
section using Monte Carlo Simulated data sets. All the computations are done by using R Program.
Generate the sample of sizes n1 = n2, n3 = (10, 10), (10, 25), (10, 50), (25, 10), (25, 25), (25, 50), (50, 10),
(50,25), (50, 50) from Lomax Distribution with parameter values 0.5,2,3.5 for a1, a2 and a3. The bias,
mean square error, confidence interval and relative efficiency are calculated and are given in the
following table.

8 Conclusion

From the numerical study conducted so for we can conclude that
When sample size increases bias and mean square error decreases.

The relative efficiency improvement over MLE of the R, greater than that of Rz, and Rass. S0 R
is performs better than Ry, and Ryys.

In Maximum Likelihood Estimation when sample sizes is large the width of confidence interval of
Rone is less than that of Rouec.

In Quasi Likelihood Estimation when sample sizes is large the width of confidence interval Rymic is
less than that of Rymiec-

Relative efficiency improvement over MLE is higher in the case of censored sample
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Table1:Bias, MSE and Relative Efficiency of the estimates of Reliability functions under complete

sample.
Ne=nz | na t =02 o
RMLE Rsh RTh RMs
Bias 0.0278 | 0.02201 0.0276 0.02552
10 10 MSE 0.0046 | 0.00139 0.0045 0.00311
RE 6978261 | 217391304 | 32.39130435
Bias 0.0355 0.0067 0.0354 0.0199
25 10 MSE 0.0032 | 0.00011 0.0012 0.0001
RE 06.5625 62.5 06.875
Bias 0.0127 | 0.00842 0.0156 0.0229
50 10 MSE 0.0013 0.0005 0.00125 0.00107
0.5 0.5 RE £1.53846 | 384615385 | 17.69230769
Bias 0006 | 0.00186 0.00595 0.00371
10 25 MSE 0.0004 | 0.00018 0.000348 0.00028
RE 55 13 30
Bias 0.0077 | 0.00598 0.0067 0.0087
25 25 MSE 0.0003 | 0.00011 0.00023 0.00027
RE £3.33333 | 23.3333333 10
Bias 0.0025 0.0022 0.00249 0.00181
50 25 MSE 0.00013 0.0001 0.00012 0.00011
0.5 2 RE 2307692 | 760230769 | 15.38461538
Bias 0.0063 | 0.00618 0.00631 0.00228
10 50 MSE 0.0002 | 0.00014 0.00019 0.00012
RE 30 5 40
Bias 0.0108 | 0.00562 0.01079 0.04648
25 50 MSE 0.0004 | 0.00012 0.00038 0.00024
RE 70 5 40
Bias 0.0081 | 0.00408 0.00813 0.00432
50 50 MSE 0.0005 0.0001 0.00046 0.000108
0.5 35 RE 80 8 78.4
Bias 0.0208 | 0.01786 0.0201 001714
10 10 MSE 0.0088 | 0.00654 0.0086 0.00719
RE 2568182 | 227272727 | 18.29545455
Bias 0.0418 | 0.09197 0.04124 0.0123
25 10 MSE 0.0043 0.0024 0.00424 0.00204
RE 4418605 | 1.30534884 | 52.55813953
50 10 Bias 0.0013 | 0.00154 0.00177 0.00119
2 05 MSE 0.0048 | 0.00395 0.0046 0.00372
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RE 17.70833 | 416666667 22.5
Bias 0.0064 | 0.00288 0.006502 0.00117

10 25 MSE 0.002 | 000163 0.00193 0.00125
RE 18.5 3.5 37.5

Bias 0.0147 0.0191 0.0146 0.01129

25 25 MSE 0.0021 0.001 0.0011 0.001
RE 52.38095 | 47.6190476 | 52.38005238

Bias 0.059 | 0.02413 0.02413 0.02283

50 25 MSE 0.0184 | 0.00105 0.01489 0.0108
2 2 RE 04.20348 | 19.075087 | 41.30434783

Bias 0.0189 | 0.01958 0.0184 0.01204

10 50 MSE 0.0022 | 0.00106 0.00214 0.00146
RE 51.81818 | 272727273 | 33.63636364

Bias 0.0628 | 0.04496 0.02156 0.01164

25 50 MSE 0.00089 | 0.00017 0.0006 0.00025
RE 80.80888 | 32.5842697 | 71.91011236

Bias 0.0008 | 0.00046 0.00074 0.00067

50 50 MSE 0.00067 0.0001 0.00052 0.00037
2 3.5 RE 85.07463 | 22.3880597 | 44.7761194

Bias 0.0634 | 008027 0.06215 0.01124

10 10 MSE 0.00085 | 0.00121 0.00201 0.00144
RE 87.71574 | 79.5930086 | 8538071066

Bias 0.0033 0.0055 0.0034 0.00645

23 10 MSE 0.00178 0.0011 0.00122 0.0012
RE 38.20225 | 31 4606742 | 32 58426066

Bias 0.0105 | 0.01538 0.01061 0.01269

50 10 MSE 0.0022 | 0.00108 0.002 0.00197
3.5 0.5 RE 10 | 0.09090900 | 10.45454545

Bias 0.05422 0.045 0.04406 0.03653

10 25 MSE 0.00708 0.0026 0.00356 0.00277
RE 63.27684 | 40.7175141 | 6087570621

Bias 0.0101 | 0.00509 0.01171 0.00998

25 25 MSE 0.00564 0.0022 0.00445 0.00243
RE 60.99201 | 21.0992908 | 56.91489362

Bias 0.0213 | 001085 0.021 0.0119

50 25 MSE 0.0025 | 000179 0.0024 0.002
3.5 2 RE 28.4 4 20

Bias 0.0123 | 0.01168 0.01266 0.01238

10 50 MSE 0.0027 | 0.00153 0.00262 0.0018
RE 43.33333 | 206206296 | 33.33333333

23 50 3.5 3.5 Bias 0.08267 | 007287 0.07861 0.0742
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a0

MSE 0008 | 000173 0.0072 000394
RE 78.375 10 a0.75
Bias 0.0903 | 001578 0.08922 0.04195
MSE 0008 | 000165 0.00607 0.00229
RE 79.375 24125 7.375
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Table2:Bias, MSE and Relative Efficiency of the estimates of Reliability functions under censorsed

sample
N-hy | Ne a, =0 0,
RNLE Rsh RTh Ris
Bias 00672 | 001263 | 0.01531| 001381
MSE 0.00784 | 0.00161 | 0.00526 | 0.00423
10 10 RE 79.46420 | 32.90816 | 46.04592
Bias 0.00115| 000133 | 0.00436 | 000193
MSE 0.00049 | 0.00014 | 0.000395 | 0.00025
25 10 RE 71.42657 | 19.36776 | 48.97959
Bias 0.06179 | 0.012184 | 0.03241 | 0.015582
MSE 0.00243 | 0.00116 | 0.00227 | 000151
a0 10 0.5 0.5 RE 52 26337 | 6.584362 | 37.86008
Bias 0.07281 | 0.01567 0.0233 0.0166
MSE 0.0027 0.0011| 000174 | 000142
10 25 RE 50.25926 | 35.58586 | 47.40741
Bias 00889 | 001124 00735 | 0.01604
MSE 0.00324 | 0.00101| 0.00314 | 000135
25 25 RE 71.01911 | 3.184713 | £0.19108
Bias 0.03532 | 001809 | 0.01106 | 002206
MSE 0.0007M 0.0002 | 0.00057 | 0.00041
50 25 0.5 2 RE 71.63009 | 19.71831 | 42.25352
Bias 0.00893 | 0.00115| 0.00796 | 0.00234
MSE 0.00058 | 0.000128 | 0.00048 | 0.00027
10 50 RE 77.93103 | 17.24138 | 53.44828
Bias 0.01895 | 001392 | 0.01751| 001697
MSE 0.00076 | 0.00056 | 0.00085 0.0006
25 50 RE 26.31579 | 14.47368 | 21.05263
Bias 0.00793 | 0.001256 | 0.001851 | 0.001285
MSE 0.00048 | 0.00012 | 0.000179 | 0.000163
80 50 0.5 3.5 RE 75 | B2.70833 | 66.04167
Bias 00757 | 001574 | 0.07567 0.0651
MSE 0.00144 | 000109 | 0.00133 | 000123
10 10 RE 24 30556 | 7.636869 | 14.58333
Bias 0.01248 | 0.01185| 0.01261 | 0.013374
MSE 0.00546 | 0.00271 00053 | 000513
25 10 RE 50.3663 | 2.930403 | 6.043956
Bias 0.09703 | 0.018195 | 0.08436 0.0529
50 10 2 0.5 MSE 0.01688 | 0.001138 | 0.014294 | 0.01393
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RE 03.25820 | 15.31991 | 174763
Bias 0.09171 ) 0.011242 | 0.09075 | 0.04584
MSE 0.00855 | 000232 | 000837 | 0.00436
10 25 RE 726655 | 2105263 | 49.00585
Bias 004352 | 00112 | 00432 | 0.04088
MSE 0.00418 | 000239 | 0.00406 | 0.00312
25 23 RE 4282297 | 2870613 | 25.356883
Bias 0.0632 [ 001934 | 005783 | 0.02259
MSE 0.00505| 000113 | 0.00441| 0.00383
50 25 2 2 RE T7.62376 | 12.67327 | 24.15842
Bias 0.05729 | 001227 | 0.08679 | 0.02656
MSE 0.00461 ) 0.00101 | 0.00452 | 0.00121
10 50 RE 78.00111 | 1.952278 | 73.752T1
Bias 006276 | 001347 | 00813 | 0.01413
MSE 0.00136 | 0.001009 | 0.00127 | 0.00121
25 50 RE 25.80882 | 6.617647 | 11.02941
Bias 0.025) 0.013057 | 0.02405 | 0.017793
MSE 000143 00006 | 0.00127 | 0.00116
50 50 2 3.9 RE 56.0419 | 11.18881 | 18.88112
Bias 00216 001281 | 0.02035| 0.02081
MSE 0.00471) 000196 | 0.00442 | 0.004:
10 10 RE 56.38641 | 6157113 | 6.492569
Bias 0.09945 ) 006477 | 0.0858 | 0.06671
MSE 0.00846| 00035 | 0.00793 | 0.00651
25 10 RE 3498618 | 6.264775 | 23.04965
Bias 0.02347 | 001283 | 0.013907 | 0.01491
MSE 0.0057 [ 000237 | 000538 | 0.00475
50 10 3.5 0.5 RE 56.42105 | 5614035 | 16.66667
Bias 0.02477 | 002156 | 0.02411 | 0.02368
MSE 0.0034 | 000212 | 0.00331] 0.00329
10 25 RE 3764706 | 2647059 | 3.235294
Bias 0.07894 | 005772 | 0.07537 | 0.06982
MSE 0.0082 | 000489 | 000772 | 0.00718
25 25 RE 40.36585 | 5853650 | 12.43902
Bias 002537 | 001372 | 00244 | 002392
MSE 0.00822 | 000215 | 0.00735| 0.00636
a0 23 3.9 2 RE 73.64428 | 10.58384 | 2262774
Bias 003353 | 002413 | 0.0333 | 0.024654
MSE 0.00515 | 000402 [ 0.00508 [ 0.00471
10 a0 RE 21.94173 | 1.359223 | 6.543689
25 50 3.5 3.5 Bias 0.02439 | 001932 | 0.02157 | 0.02107
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MSE 001336 | 000127 | 0.01H 0.01
RE 0049401 | 1.946108 | 251497
Bias 0089683 | 00376 | 002133 | 00428
MSE 0.00081 | 000125 | 0.000806 | 0.007737
50 a0 RE 872579 | TB4826 | 211315
Relative efficiency improvement Relative efficiency Relative efficiency improvement
over MLE for a1 =a2=0.5,a3 improvement over MLE for a1 overMLEforal =a20503 =35
=05 =a2=0.503 =2
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Tabled:Bias, MSE and Relative Efficiency of the esimates of Reliability functions under complete

sample using Quasi Likelinood Estimation

Nelp | Ny |0y =0z | oy
RMLE Rsh RTh RMs

Bias 0.018288 0.01006 | 0.06929 | 0.021592

MSE 0.001748 0.00104 | 0.00147 | 000113

10 10 RE 40.0457666 | 1544622 | 34.89703
Bias 0.01399 001021 | 0.01492 | 0.011712

MSE 0.0018 0001 | 0.00107 | 0.00102

28 10 RE 44.4444444 | 40.55556 | 43.33333
Bias 0.0661 0.03263 0.0834 0.0536

MSE 0.0022 0.00102 | 0.00133 | 000119

50 10 0.5 0.5 RE 536363636 | 39.54545 | 45.90909
Bias 0.0588 0.01147 | 0.05024 | 004383

MSE 0.00461 0.00141 | 000306 | 000102

10 25 RE 69.4143167 | 33.18872 | 77.87419
Bias 0.08438 0.04895 | 0.08139 0.079

MSE 0.00776 0.00303 00043 | 000399

25 25 RE £0.9536082 | 44.58763 | 46.98247
Bias 0.0595 0.01476 | 0.05801 | 005526

MSE 0.0042 0.00232 | 0.00392 | 000356

20 25 0.5 2 RE 447619048 | 6.666667 | 15.2381
Bias 0.0812 0.0201 0.0381 0.0311

MSE 0.00611 0.00154 | 0.00231 0.0021

10 50 RE 747954173 | 6219313 | 65.63011
Bias 0.03186 0.02046 | 002533 | 002066

MSE 0.00226 0.00051 | 0.00114 | 000094

25 50 RE 774336283 | 49.55752 | 56.40706
Bias 0.02969 001624 | 002286 | 001866

MSE 0.00112 0.0001 | 0.00016 | 000014

20 50 0.5 3.5 RE 01.0714286 | 8571429 87.8
Bias 0.0813 0.01682 | 0.08111 | 002348

MSE 0.001107 0.00014 | 0.00109 | 000046

10 10 RE 87.3532069 | 1.535682 | 56.44625
Bias 0.08196 0.01061 | 0.017825 | 0.01079

MSE 0.00771 0.00126 | 0.004517 | 000222

28 10 RE 836575675 | M1.41375 | 71.20623
Bias 0.08511 0.01253 | 0.05476 | 0.013106

50 10 2 0.5 MSE 0.00735 0.00383 | 0.00529 0.0041
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RE 46.5306122 | 28.02721 | 4421769

Bias 0.04585 0.02381 | 0.036282 | 0.02883

MSE 0.00463 0.00114 | 0.00259 | 000174

10 25 RE 75.3779698 | 44.06048 | 6241901
Bias 0.0488 002274 | 0.04821 | 004693

MSE 0.00422 0.00135 | 0.00365 | 0.00267

23 23 RE 66.0094767 | 13.50711 | 36.72986
Bias 0.0543 0.02012 | 0.02341 | 002204

MSE 0.00424 0.00127 | 0.00266 | 000176

50 25 2 2 RE 70.0471698 | 36.79245 | 56.01887
Bias 0.07654 0.01218 | 0.02656 | 0.01496

MSE 0.0013 0.00049 | 0.0011 0.0005

10 50 RE 67.3333333 | 26.66667 | BE.6E6ET
Bias 0.09303 001339 | 00889 | 007917

MSE 0.00738 0.00142 | 000725 | 000683

25 50 RE 80.7588076 | 1.761918 | 7.452575
Bias 0.09349 007497 | 008526 | 00813

MSE 0.00815 0.00264 | 000758 | 0.00619

20 50 2 3.9 RE 67.607362 | 6.993865 | 24.04908
Bias 0.09425 0.04107 | 0.06125 | 0.04187

10 0 MSE 0.00872 0.00332 | 000392 00034
RE 61.9266055 | 55.04587 | 61.00917

Bias 0.06694 0.01247 | 0.06641 | 0.02838

2 0 MSE 0.00474 0.00176 | 0.00456 | 0.00183
RE 62.8691963 | 3.797468 | 61.39241

Bias 0.05612 0.0122 | 0.03507 | 001343

0 0 MSE 0.00373 0.00256 | 0.00368 | 0.00278
3.5 0.5 RE 31.3672922 | 1.340483 | 2546917

Bias 0.0543 0.03443 | 0.04227 | 0.03449

MSE 0.00767 0.00569 | 0.00621 | 0.00576

10 25 RE 25.6148631 | 19.0352 | 2490222
Bias 0.013958 0.01142 | 0.013200 | 001151

MSE 0.002163 0.0009 | 0.00167 | 000105

25 25 RE 56.3011234 | 22.79242 | 51.45631
Bias 0.08737 0014% | 0.03314 | 001478

MSE 0.004929 0.00167 | 0.00319 | 0.00169

20 23 3.9 2 RE £6.1166862 | 32.26099 | BA.T1313
Bias 0.06102 0.02032 | 0.02465 | 0.02313

MSE 0.00871 0.00216 | 0.00835| 000273

10 a0 RE 75.2008185 | 4.13318 | 6663672
25 50 3.5 3.5 Bias 0.0543 001212 | 0.01614 | 0.01239
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MSE 000367 | 000159 | 000236 | 000163
RE 26.9147267 | 39.01609 | 37.66114
Bias 00717 00223 | 006716 | 00266
MSE 0.00308 0.0003 | 0.00212 | 000036
RE 90.2597403 | 31.16883 | 81.16883
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Fig 3.Relative efficiency improvement Over MLE with complete sample using quasi

Liklihood Estimation

Table4:Bias, MSE and Relative Efficiency of the esimates of Reliability functions under censorsed
sample using Quasi Likelinood Estimation

Ny=Mz N3 ay =d; Qs
RMLE Rsh RTh RMs

10 Bias 0.08254 | 001433 | 007033 | 0.018275
MSE 0.001729 | 000114 | 0.00169 | 0.00158
10 RE 34.06993 | 2.255639 | 8.617698
Bias 0.05561 0.0102 | 0.020104 | 0.013016
10 MSE 0.00108 | 0.000624 |  0.0009 | 0.000843
25 RE 42.22222 | 16.66667 | 21.94444
Bias 0.02004 | 0.02045 0.027 | 0.02047
MSE 0.00414 | 0.00101 00038 [ 0.00109
50 10 05 0.5 RE 7560366 | 8.21256 | T3.6715
Bias 0.09784 | 006245 | 008565 | 0.0826
MSE 00043 | 000143 | 0.00356 | 0.001639
10 23 RE 66.74419 | 172093 | 61.88372
Bias 00661 ) 0.01149| 008356 0.058
MSE 0.00586 | 0.00145| 000477 | 00039%
25 25 RE 75.25597 | 18.60068 | 32.50386
Bias 00683 | 0.012039 | 005738 | 0.01471
MSE 0.00582 | 000158 | 00038 | 0.00231
50 2 05 2 RE 72.85223 | 347079 | 60.30928
Bias D078 | 00208 | 00473 00323
MSE 0.00195| 0.00053 | 000123 | 000113
10 20 RE 72.62051 | 36.92308 | 4203128
Bias 0.02994 | 0.02477 0.027 | 0.02047
MSE 0.00241 | 000109 | 000414 | 000225
25 20 RE 79.85213 | 23.47505 | 56.41035
Bias 0.03958 | 001632 | 003127 | 002954
MSE 0.00143 | 000111 ] 000125| 000123
20 20 05 3.5 RE 22.37762 | 12.58741 | 13.98601
Bias 0.06867 | 0.01198 | 004748 | 002108
MSE 0.00734 | 000101 | 0.00184 | 0.00121
10 10 RE 86.23978 | 74.93186 | 83.51499
Bias 0.09425 | 0.01061 | 0.017621 | 0.012828
MSE 0.00447 | 0.00114 | 000222 | 0.0017
25 10 RE 74.49664 | 50.33557 | 61.96866
Bias 0.08468 | 0.012935 | 0.073037 | 0.0529
MSE 0.00933 | 000399 | 000731 | 000627
50 10 2 0.5 RE 57.23473 | 21.65059 | 3279743
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Bias 0.03628 | 0.02238 | 003123 | 002348
MSE 0.00594 | 0.00357 | 0.00468 | 000449
10 25 RE 30.89899 | 21. 21212 | 24 41077
Bias 00468 | 0.02268 | 0.04845| 0.03935
MSE 0.0036 | 0.00135| 000253 | 0.00221
25 25 RE 62.5 [ 20.72222 | 38.61111
Bias 0.04062 | 0.02204 | 00233 | 002209
MSE 0.00393 | 0.00113 | 0.002204 | 0.00147
50 25 2 2 RE 71.24682 | 43.91856 | 62.50542
Bias 0.095)| 001106 | 002499 0.0114
MSE 0.00166 | 0.00145| 0.00163 | 000156
10 a0 RE 12,6506 | 1.607229 | 6.024096
Bias 0.07321 00339 006533 | 0.0652
MSE 0.00875 | 0.00372 | 000522 | 000475
25 50 RE 5748571 | 40.34286 | 45.71429
Bias 0.097437 | 0031086 | 0.08647 | 008439
MSE 0.00158 | 000754 | 0.0065
50 50 2 35 RE 83.77623 | 22.58727 | 33.26489
Bias 0.08646 | 0.012706 | 0.050316 | 0.04036
MSE 0.00378 | 0.00127 | 0.00331| 000209
10 10 RE 66.40212 | 12.43366 | 44.70899
Bias 0.09946 0024 009245 | 002858
MSE 0.00899 | 0.00316| 00035| 000436
25 10 RE 64.84983 | 38.82091 | 49.27697
Bias 0.0906 | 0.015309 | 0.04924 | 0.03101
MSE 0.00339 | 0.00215| 000281 | 000229
50 10 3.5 05 RE 36.57817 | 1710014 | 3244838
Bias 005298 | 00234 | 003425| 002626
MSE 0.00766 | 0.00558 | 0.00722 | 0.00648
10 25 RE 2715405 ) 5744125 | 154047
Bias 00766 | 0.02974 | 0.06911| 006182
MSE 0.0046 [ 0.00128 [ 0.00382 | 0.00154
25 25 RE 72.17391 | 16.95652 | 66.52174
Bias 0.036 | 001377 ] 00331 0.0175
MSE 0.00228 | 0.00129 | 000216 | 000135
50 25 3.5 2 RE 43.42105 | 5.263156 | 3201754
Bias 0.0223 [ 0.01184 [ 0.01074 | 0.01699
MSE 0.00465 | 0.00078 | 0.00197| 000126
10 50 RE 83.22561 | 57.63441 | 7200323
Bias 0.0674 [ 0.0142 [ 0.02891 | 0.01276
28 50 3.5 38 MSE 0.00762 | 0.00117 ] 000154 | 000123
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Fig 4.Relative efficiency improvement Over MLE with censored sample using quasi

Liklihood Estimation

Table5: Confidence Interval for R

ve] [ | % |0l basedon atinum Ll C1 based on Quasi Lkelhood
S Complete Sample | Censored Sample | Complete Sample Censored Sample
10 05 | 05 | (0.288550316%) | (015360,0.16600) | (000297,022206) | (010668,021231)
10 [25]05 |2 | 0.07304007904) | (003121,0.03312) | (0.01313013004)) | (0.00627,0.13539)
50 |05 |35 | (023686025177) | (001306,002264) | (0.00635005423) | (0.01295,0.07302)
1005 |05 | 0217720253%8) | (0113320 1630d) | (008064022760) | (040724,021307)
25 [25[05 |2 | (005207005080 | (001741,003321) | (0016250.13186) | (0.01450,0.13017)
50 |05 |35 | (004857,0050%) | (001305002863 | (000787 005611) | (0.00689.006164))
10|05 |05 | 021337022004) | (004533016615 | (0152860.17211) | (0.00408,0.22524)
50 [25[05 |2 | (005090,005340) | (001120,003327) | (001110,0.13803) | (0.01115,013520)
50|05 |35 | (0053190061%) | (01452303015 | (001692007439) | (0.01359,0.06037)
10 2 | 05 | (0.17504055508) | (0206990.33641) | (028300.034670) | (023608,03%5615)
10 [25] 2 | 2 | (0.08069.025004) | (007523016638 | (015048020268) | (005709.029771)
50| 2 | 35| (001201010087) | (00422600043) | (000419011192) | (0.033850.16506)
102 |05 | (0.25560049728) | (034512037807) | (024060,035355) | (027467,0307%)
05 [25]2 |2 | 011002023800) | (016217021468 | (016406021748) | (0-10514.0.26754)
50 (2 |35 | (005560,015098) | (008384017286) | (0.08850.0.16556) | (0124820 14317)
102 |05 | 022044049104) | (027315034092 | (02706603533) | (0.20460,033182)
50 [25[2 |2 | (0188210581%0) | (010556,016458) | (016412022350) | (0-10510,0.19856)
5|2 |35 | (004538014877 | (0095%.012356) | (0092800 16555) | (0120890 12784)
10 35 | 05 | (0.20326054007) | (028368.051137) | (0328610.44617) | (020003055621)
10 [25]35 |2 | (016684028309 | (014396.032620) | (011580.041648) | (0.08899,043220)
50|35 |35 | (013660,015472) | (004220,0.32455) | (007480,0.28166) | (0.10906,0.23500)
1035 |05 | 034019047513) | (026030060112 | (037260037860) | (0356220%916)
05 [25[35 |2 | (0140070345%8) | (016010,025580) | (020404020204) | (021082027799
50 |35 |35 | (024106,030561) | (005483036377) | (000132022061) | (0.33681,0.44883)
1035 |05 | 031777,0488%) | (026758.0.52560) | (0.961030.29050) | (0351030.44120)
s | 25(35 |2 | (001268011261) | (031240083280) | (0A722203750) | (015675031004
50 39 |39 | 02571605976) | (00154026508 | (013524020805) | (012838.0:18297)
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