Fixed Point Results on Interval-Valued Fuzzy
Metric Space using notation of Pairwise
Compatible Maps and Occasionally Weakly
Compatible Maps with Application

Abstract
The purpose of the paper is to obtain common fixed point results
on interval-valued fuzzy metric space for occasionally weakly compat-
ible maps (OWC) using contractive conditions. With the concept of
Tnorm, interval numbers, and some important properties of interval-
valued T,0rm.-
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1 Introduction

Zadeh [22] introduced the IVFS, which is a subset of fuzzy sets and is distin-
guished by its fuzzy membership function. Li [10] introduced three types of
distance between two IVFS (or numbers) are defined real line R and pointed
out that each type of distance is a metric on the associated sets and under-
lined that the metric space for any IVES of numbers is complete. Shen, Li,
and Wang [20] came up with the concept of IVFMS, which generalizes fuzzy
metric space based on the ideas of George and Veeramani [4]. Kramosil et.al.
[13] initially suggested fuzzy metrics and instantly Kaleva et.al.[8] and Abu
Osman [12] used two distinct ways to create an independent, densely fuzzy
metric space. The concept of weakly commuting maps on Probabilistic met-
ric spaces was introduced by Singh et.al. [19]. Kumar and Chung developed
some common fixed point theorems in metric space using R-weakly commu-
tative and reciprocal continuity of mappings. Mihet [11] used a contractual
need satisfying an explicit relation to derive a widely used proof theorem.
Fixed point results in Fuzzy Menger Space with Common Property and Fixed
point results for P-1 Compatible in Fuzzy Menger Space were worked on by
Ruchi Singh et.al. [17] and [18]. It is clear from a literature review that no
effort has been made to derive fixed point theorems with the requirement of
occasionally weakly compatible (OWC) mapping on IVFMS. Sewani et.al.
[16] applying the fuzzy iterated contraction abstraction to create some new
results in intuitionistic-fuzzy metric space. Here, we have derived several

approximate points for OWC mappings satisfying explicit relationships using
IVFMS.

2 Preliminaries

Definition2.1 [20]: Assume that Q is a typical non empty set.

The mapping R,, : Q — [I;,] is referred to as an interval-valued fuzzy set on
Q. IVF(Q) is used to identify all interval-valued fuzzy-set on Q.

If R, € IVF(Q), let R (p*)=[R,,,(0%), R, (0%)], R (p¥) < Ry (p*) for all
©* € @, then the conventional fuzzy-set R, : Q — [I;,] and R} : Q — [I;,]
are referred to as the Lower*-fuzzy-set and Upper*-fuzzy-set respectively.
In particular, R, is referred to degenerate fuzzy-set if R, (p*) = R} (p*)

for any p* € Q.



Definition2.2 [20]: A binary operation of the form is an interval-valued
Tnorm 18 *1,, ¢ [Liw] X [Liv] = [Liv] on [1;,]. All four of the following conditions
are satisfied for ¥y, 0x, 1 € [Li]:

(1) Commutativity: Yu *1,, 6x = 0w *1,, Vs

(2) Associativity : Ve *1,, 0w *1, Tw] = [V *1,, Ox] *1,, T,

(3) Monotonicity : Vw *1,, Ox < 0 *1,, T Whenever 6, < 7y,

(4) Boundary condition; Ve 1, 1= Toes Too #1, 0 = [Yoc, 7] 1 [0, 1] = [0, 7]
Example 1:(i) Yo #1,, 0x = [V -0, 70t -0%;

(i) Yo *1;, O = [0 A G, 7ot A O]

Definition2.3 [20] : Let {axy, } = {[ax, @5}, 7. € XT be a sequence of
interval-numbers in [I;,], dw = oy, af] € [Ly], if limy, o0 @y, = a5 and
limy,, o0 Q. = @, then we say that the sequence {a,} is convergent to o
, and which is denoted by lim,, ooy, = k.

Definition2.4 [15] : An interval-valued 7, *j,, is continuous if and only
if it is continuous in its first component,

i.e., for each By € [I;,], if lim,, oo @y, = s

then lim,, oo (O, *1 B ) = (liMy, o0 Qun, *1,, Bu ) = G *1,, B, Where
[} C [l @ € L]

Definition2.5 [4] :If Q is a temporary set, ;,, is a continuous
interval-valued T,orm on [I,], and is an IVF(Q) on Q* x (0,00) meets the
following conditions, the triple (Q, d, *;) is know as IVFMS on Q:
following requirements:

1) d(¢*, 0", Tnorm) > 0;

d(p*, 0", Thorm) = 1 if and only if p* = o*;

d(p*, Q*aTnorm) = d(@ 95 Tnorm)?

d(@*, Q*7Tnorm) *r d(p*u r, S) S d(@*ﬂ", Trnorm + S)a

d

*

*

d(p*, 0%,.):(0,00)— [I] is continuous;

lim, o d(9*, 0%, Thorm) = 1, where p*, o*,r € Q and Tpppm,s> 0.
Definition2.6 [4] : Let (Qk, *;) is an IVFMS,

1) For all p*, o* € Q, if s > Torm> 0 then k(p*, 0%, Thorm) < k(p*, 0%,8).

2) A sequence {p,,} in Q is referred to as a cauchy sequence if for all £ >
0 and T,,0rm >0, there is an exits a 7,9 € N such that k(p,,,0¢,Tnorm) > 1 - &
for all n,,0, > Nap-

(3) An IVFMS in which every cauchy sequence is convergent, is said to be a
complete IVFMS .

Definition2.7 [5] : In interval-valued-metric-space, a function is continuous
iff oy, = 0%, 0, = 0" = limy, 00 K(9n,,00.:Tnorm) = k(9" 0", Tnorm)-
Definition2.8 [7] : Assume that Q is a non-empty set and that Y and Z are
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the self-maps of Q. A point ©* in Q is said to be coincidence point of Y and
it Yp* = Zp*.

Definition2.9 [1] : Two mapping Y and Z on IVFMS (Q,k,*;) are weakly
compatible by the expression iff k(YZp*,ZY ©* Thorm) > k(Y 0", Z¢* Trorm ) for
Tnorm 0 and @* € Q.

Definition2.10 [7] : Two mappings Y and Z on IVFMS (Q k, %) are
compatible iff for sequence {p,.} in Q, k(YZ{p,.},ZY{p,,},t)— 1 whenever
F{p,.} = v, G{p,.} — v for some v € Q.

Definition2.11 [7] : Two mappings Y and Z on IVFMS (Q.k, *;) are said
to be OWC iff there exits a coincidence point ©* of Y and Z in Q such that
Y and Z commutes at the point.

Definition2.12 [6] : Two mappings Y and Z on IVFMS (Q,k, *;) then
they are said to satisfy E.A property if there exists a {p,,} in Q such that
limy, e F{py, } = limy, e G{py,} = v, v € Q.

Lemma2.13 [4] : IVFMS (Q,k, *;) is non-decreasing for all p*, o* € Q.
Proof: Proof is followed by the definition of Interval-valued fuzzy metric
space .

Lemma?2.14 : If for all p*, 0* € Q, Thorm > 0 and for a number he(0,1),

k(p*7 Q*7 thorm) > k(p*, Q*, Tnorm) then p* = Q*
3 Main Result

Theorem3.1 : Let (Qk, x;) be a complete IVFMS and let A,B,C,D,EF G
and H be self mappings of Q. Let {AB,CD} and {EF,GH} are pairs of
OWC mappings. If there exits he(0,1) such that

k(CDp*, GH 0", Tnorm), K(C'Dp*, ABp*, Tnorm),
k(ABp*, EF 0", hTnorm) > min |k(EF o*, GH 0%, Tyorm), K(ABp*, GH 0", Tporm ),
k(EFo*,CDp*, Thorm)

for all p*, 0" € Q and Tyrm >0, then there exit unique points wy,,, 2, €
Q such that ABw;,, = CDw;,, = w;,, and EFz;, = GHz,, = z;,. Moreover,
for z;, = wy,, A,B,C,D,E;F,G and H has unique common fixed point in Q.

Proof : Let us consider that {AB,CD} and {EF,GH} are pairs of OWC,
therefore for p*, 0*, € Q we have ABp* = CDp* and EFp* = GHo*.



Now we claim that ABp*=FEF o*.
If not, then by inequality (3.1) we have

k(C‘Dp*7 GHQ*’ Tnorm); k(C‘Dp*7 ABp*7 Tnorm)u
= k(ABp*, EF 0", hTporm) > min |k(EF0*, GH 0", Thorm), kK(ABp*, GH 0%, Tporm),
k(EFo*,CDp*, Tnorm)

k(ABp*7 EFQ*JTTLOTm)7k(C‘Dp*7C‘Dp*7TT’LOT'm)7k(EFQ*7 EF!Q*7TTLOT7TL>7

= nmn ]k(ABP*, EFQ*, Tnorm)7 k(EFQ*7 AB,O*, Tnorm)

> min [k(ABp*, EF 0", Tnorm); 1, LLK(ABp*, EF 0*, Thorm ), K(EF 0*, ABp*, Tnorm)}

Therefore ABp* = EFp*, i.e. ABp* = CDp* = FFo* = GHp*. Suppose
that 2} is another point in Q such that ABz; = CDz;, then by (3.1), we
have ABz;, =CDz;, =FEF¢*=GHg", so ABp*=ABz,, and ABp*=CDp*=wy,,
Now by Lemma 2.13, wy,, is the common fixed point of AB and CD, and it
is unique.

In the same way, there is a unique point 2, € Q such that z;, =EFz; =GHz,,
Assuming that wy, # 2;,, we have

k(w? . 2k ATnorm) = ]k(ABw EFz;,, WMorm)

up? up? up?

> i (CDwup,Gqup,Tnorm) k(CDuwy,, ABw,,,, Tnorm), kK(EF2;
= k(ABwS,, GH o, Tnorm), K(EF 2

L up?

up?

up? CDwup7 Tnorm)

* * * * *

-(k<w:;,p7 Zup? Tnorm>7 k(wuzﬂ wup7 Tnorm) k(zu[n zup) Tnorm)7 k(wup7 Zup) Tnorm)7:|

=min
k<Z:p7 wup? Tnorm)

* *

> min [(K(w,, 25, Tnorm )> 1, LKW, 25, Tnorm ) K(25, Wiy Trorm) |

> k( up? up’TnOTm)

by Lemma 2.13, we have wy, = z;, and zj, is the common fixed point
A B,C,D,E,F.G and H. The uniqueness holds from (3.1).

Theorem3.2 : Let (Qk, %) be a complete IVFMS and let A,B,C,D,EF G
and H be self mappings of Q. Let {AB,CD} and {EF,GH} are pairs of
OWC mappings. If there exits he(0,1) such that
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k(CDp*7 GHQ*7 Tnm‘m)) k(ch*7 ABp*7 Tnorm)?
k(ABp*, EF 0", hTporm) = ¢ | min |k(EF o*, GH0*, Tnorm), K(ABp*, GH 0%, Thorm),

k(EFQ*7 CDP*7 Tnorm)

for all p*, p* € Q and ¢ € *; for all 0 < 7,0 < 1, then A B,C,D,E,F.G and
H has unique common fixed point in Q.

Proof: As proved in the theorem 3.1.

Theorem3.3 : Let (Q, k, %;) be a complete IVFMS and let A,B,C,D,EF G
and H be self mappings of Q. Let {AB,CD} and {EF,GH} are pairs of
OWC mappings. If there exits he(0,1) such that

k(CDp*, GH 0*, Thorm), kK(C'Dp*, ABp*, Tnorm),
k(ABp*, EF 0", hTnorm) > ¢ |K(EF 0", GH 0", Tnorm), K(ABp*, GH 0*, Thorm),
k(EFo*,CDp*, Tnorm)

for all p*, 0* € Q and ¢ : [I;,]> — [I;,] so that

O(Trorms Ls 1y Trorms Trnorm) > Tnorm for all 0 < Tporm < 1, then A B,C,D,E,F,G
and H has unique common fixed point in Q.

Proof: Let us consider that {AB,CD} and {EF,GH} are pairs of OWC,
therefore for p*, 0*, € Q, we have ABp* = CDp* and FFo* = GHp*. Now
we claim that ABp*=FEFp*.

If not, then by inequality (3.3). We have,

k(CDp*7 GHQ*a Tnorm)7 k(CDP*, AB/)*’ Tnorm)a
]]{(AB/)*, EFQ*a thorm) Z 2 k(EFQ*a GHQ*7 Tnorm)a k(ABp*a GHQ*a Tnorm)a
k(EFQ*> CDP*, 7-norm)

 |k(ABp*, EF 0", Tnorm), kK(ABp*, ABp*, Tporm), K(EF 0*, EF 0", Trorm,),
I k(ABp*, EF0", Tuorm), K(EF 0°, ABp* , Tuorm)

> [k(ABp*, EF 0", Torm), 1, 1, K(ABp*, EF 0", Tyorm ), K(EF 0%, ABp*, Trorm) |

> k(ABp*, EF 0", Thorm)

Therefore ABp* = EFp*, i.e. ABp* = CDp* = FFo* = GHp*. Suppose
that 27 is another point in Q such that ABz; = CDz; then by (3.3). We
have ABz;, =CDz;, =FEF¢*=GHg", so ABp*=ABz,, and ABp*=CDp*=wy,,
is point of coincidence of AB and CD.



Now by Lemma 2.13, wj,, is the common fixed point of AB and CD, and it
is unique.
In the same way, there is a unique point z;, € Q such that 2}, =EFz;, =GHz; .
Hence z;, is the common fixed point A,B,C,D,E,F,G and H.
Example: Let I = [0, 1] with the usual metric k (p*, 0*, Tnorm) = |Tnormp™ —
Tnorm©| and set up the following maps:
ABp* = % for p in [0,1] , CDp* = % for p in [0,1], EFp* = 1 for p in [0,1],
GHp* = 1 for pin [0,1], {AB,CD} and {EF, GH} are pair of OWC mapps.
Putting ¢(s1,52,95.94:85) = -1 + 3min (52,83)+ 3(34+55). we get

k(CDp*, GH 0", Thorm), K(CDp*, ABp*, Tnorm),

k(ABp*J EFQ*J thorm) Z QO k<EFQ*7 GHQ*7 TnOT’m)j k(ABp*7 GHQ*7 TTLO’I“’H’L)?
k(EFo",CDp", Tnorm)

:>|11_%1’:%2S0{%173%7%7%11’;111 1 1 1 /3 1 /1 1
>33 tsmax(33) +3GH3) 23+3 () +30E) 25

The eight maps accept 1 as the unique fixed point between them, and hence,
all of the theorem’s requirements are satisfied.

Theorem3.4: Let (Q,k, *;) be a complete IVEMS and let A,B,C,D,EF G
and H be self mappings of Q. Let {AB,CD} and {EF,GH} are pairs of
OWC mappings. If there exits he(0,1) such that

k(CDp*, GHo", Tnorm)v
k(EFQ*a GHQ*, Tnorm),

(CDp*a ABp*a Tnorm);

]k(ABp ,EFo", thorm) Z nun (ABp*, GH ", Tnorm)

k
k
for all p*, p* € Q and T,0m >0, then A B,CD,E,F,G and H has unique com-
mon fixed point in Q.

Proof: Let us consider that {AB,CD} and {EF,GH} are pairs of OWC,
therefore for p*, p*, € Q we have ABp* = CDp* and EFp* = GHp*.

Now we claim that ABp*=FEF o*.

If not, then by inequality (3.4) we have

k(CDp*a GHQ*a 7_norm)y
k(EFo*, GH 0", Tnorm),

(CDp*, ABp*, Tnorm),

k(ABp s EFQ , thorm) Z min (ABp*, GHQ*, Tnorm)

k

k
k(ABp*, EF 0", Tnorm), kK(CDp*, CDp*, Tnorm),

~ | k(EF0*, EF 0", Tnorm), K(ABp*, EF 0, Tnorm)

2 k(ABp*7EFQ*7Tnorm)

Therefore ABp* = EFp*, i.e. ABp* = CDp* = FFo* = GHp*. Suppose
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that 27 is another point in Q such that ABz; = CDz; then by (3.4). We
have ABz;, =CDz, =FEFo*=GH ", so ABp*=ABz,, and ABp*=CDp*=wy,,.
Now by Lemma 2.13, wy,, is the common fixed point of AB and CD, and it
is unique. In the same way, there is a unique point z;, € X such that
zop=FEFz, =GHz, . Hence wy,is the common fixed point of A,B,CEF,G
and H. The uniqueness Of wj holds from (3.4).

Corollary3.5 : Let (Q, k, *7) be a complete IVFMS and let A,B,C,D,E.F,G
and H be self mappings of Q. Let {AB,CD} and {EF,GH} are pairs of

OWC mappings. If there exits he(0,1) such that

k(CDp*, GHo*, Thorm), k(CDp*, ABp*, Tnorm),
k(ABp*, EF 0", hTyorm) > min |k(EF o*, GH0*, Tnorm), K(ABp*, GH 0*, Thorm), | - (3.5)
k(EFo*,CDp*, 2Thorm)

for all p*, 0* € Q and 7,0 > 0, then A B,C,D,E,F,G and H has unique
common fixed point in Q.
Proof: We have

k(CDp*, GH 0", Tnorm), K(C'Dp*, ABp*, Tnorm),
k(ABp", EF 0", hTporm) > min |k(EFo*, GHo*, Tphorm), k(ABp*, GH 0%, Tporm),
k(EFo*,CDp*, 2Trorm)

k<C‘Dp*7 GHQ*7 Tnorm)a k(CDp*7 ABP*7 Tnorm); k(-EFQ*; GHQ*7 Tnorm)a-
k

o
= M K (ABp*, GH 0", Taorm), K(CDp*, GH 0", Tyoym), K(EF 0", GHO®, Taorm) |

'k(CDp*, GH 0", Tnorm), K(CDp*, ABp*, Tnorm ), K(EF 0*, GH 0%, Toiorm ),

>
Z min k(ABp*, GH ", Tnorm)

From Theorem 3.4, unique common fixed point exists for A,B,C,D,E F,G and
H.

Theorem3.6 : Let (Q, k, *7) be a complete IVFMS and let A,B,C,D,R and
V be self mappings of Q. Let { R, AB} and {V,CD} are pairs of OWC map-
pings. If there exits h€(0,1) such that

k(ABp*, CDo*, Tnorm), k(ABp*, Rp*, Tnorm),
k(Rp*, V0", hTnorm) = min | kK(Vo*, CDo*, Thorm), K(Rp*, CDo*, Thorm), | - (3.6)
k(VQ*, ABP*, Tnorm)



for all p*, 0" € Q and T orm >O then there exit unique pomts Wos Znp €
Q such that ABwy, = Rw;, p,and CDz; =V . Moreover, for
Zop = Wopy ABC D ,R and V has unlque common ﬁxed pomt in Q.

Proof: Let us consider that {R, AB} and {V,CD} are pairs of OWC,
therefore for p*, p*, € Q, we have ABp* = Rp* and C'Dp* = V o*.

Now we claim that Rp* = Vp*.

if not, then by inequality (3.6) we have

k(ABp*, CDo*, Thorm), k(ABp*, Rp*, Tnorm),
k(RIO*7 VQ*7 thorm) 2 m/ln k(‘/g*? CDQ*7 TnOT’m)? k(Rp*7 CDQ*7 Tnorm)a
k(VQ*, ABP*a Tnorm)

k(Rp*7 VQ*7 Tnorm)a k(Rp*7 Rp*7 TnOT’m)7 k(vg*’ VQ*’ TTLO’I“m)7
k(Rp*, V0", Tnorm ), kK(V 0%, Rp*, Trorm)

= min

> [k(Ro*, V0", Tnorm), 1, LK(RP*, V0", Toorm)K(V 0", RD*, Torm), |

> min [k(Rp*, V0", Tnorm)]

Therefore ABp* = Ro*, i.e. ABp* = Rp* = CDp* = Vp*. Suppose that
2y, is another point in Q such that ABz;, = Rz, then by (3.6). We have
ABz, =Rz, =CDg*=V ", so ABp*=ABz,, and ABp*=Rp*=wy,,. Now by
Lemma 2.13, wy,, is the common fixed point of AB and R, and it is unique.
In the same way, there is a unique point z;;, € Q such that z; =CDz; =V 2z

3 * *
Assummg that wy, # z;,, we have

k(wupa up? thorm) = ]k(Rwup, VZup7 thorm)

> man k<ABwUP’ CDZUP’ Tnorm) k(ABwu;m Rwupa Tnorm) k(VZup, CDZZp, Tnorm)a

- | k(Rwup, CDz;, Tnorm)s k(Vzup, ABw;,, Tnorm)

= min -(k<w2p7 ZZpa Tnorm)7 k(wupa wupa 7_norm) k(ZZp, z;jp, Tnorm)> k(w;’;p, z;jp, Tnorm)>
k('Z;pa wupa 7—norm)

> mm [k(w:;p’ Z;Zp’ Tnorm), Iv L k(w:;pa ZZp; Tnorm)a k(z;p, w;;pa Tnorm)}

> k( 'u,p7 up7 h‘Tnorm)



by Lemma 2.13, we have wy, = z;, and zj, is the common fixed point
A.B,C,D,R and V. The uniqueness holds from (3.6).

Theorem3.7 : Let (Q, k, %) be a complete IVFMS and let A,B,C,D,R and
V be self mappings of Q. Let {R, AB} and {V,CD} are pairs of OWC map-

pings. If there exits he(0,1) such that

k(ABp*,CDo*, Tnorm), K(ABp*, Rp*, Thorm),
k(Rp*7 VQ*7 thOTm) Z QD mZn k(‘/g*? C‘DQ*7 Tno?"m)? k(Rp*7 CDQ*7 Tno’f‘m)?
k(Vo*, ABp*, Tnorm)

for all p*, 0* € Q and ¢ € *; for all 0 < T,0pm < 1, then A;B,C,D,R and V
has unique common fixed point in Q.
Proof: As proved in the theorem 3.6.
Theorem3.8 :Let (Q, k, %) be a complete IVFMS and let A,B,C,D,R and
V be self mappings of Q. Let {R, AB} and {V,CD} are pairs of OWC map-
pings. If there exits he(0,1) such that

. . . | k(ABp*, CDo*, Thorm ), K(ABp*, Rp*, Trhorm),
k(Rp ’ VQ ’ thOTm) Z n H£<V9*7 C'DKQ*7 Tno7"m)7)k((Rp*7 C‘DQ*7 Tnm‘m)? .
for all p*, 0" € Q and 7,,00m >0, then A B,C.D,R and V has unique common
fixed point in Q.

Proof: Let us consider that {R, AB} and {V,CD} are pairs of OWC,
therefore for p*, p*, € Q we have ABp* = Rp* and CDp* = V o*.

Now we claim that Rp* = V™.

if not, then by inequality (3.8) we have

k(RP*> VQ*> h’Tnorm) > min ]k(ABp 7CDQ 7Tnorm)7 ]k(AB,O ’Rp 7Tnorm>>:|

k(Vo*,CDo*, Tnorm), k(Rp*, CDo*, Tnorm)

k(Rp*, V0", Tnorm), K(Rp*, Rp*, Trorm ), kK(V 0, V 0*, Tnorm,)
k(Rp*7 VQ*, Tnorm)

> [k(Ro*,Vp*, Tnorm), L, LK(Rp*, V0", Tnorm) |
> |k(Rp*, V0", Tnorm)]

Therefore ABp* = Ro*, i.e. ABp* = Rp* = CDp* = Vp*. Suppose that
2y, is another point in Q such that ABz;, = Rz, then by (3.8). We have
ABz;,, =Rz, =CDo*=V ", so ABp*=ABz,, and ABp*=Rp*=w;,,.

Now by Lemma 2.13, wj,, is the common fixed point of AB and R, and it is
unique.

:min{
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In the same way, there is a unique point z;,, € Q such that z; =CDz; =V z7 .
Hence we get wy,, is a common fixed point of A,B,C,D,R and V.
Corollary3.9 : Let (Q, k, %;) be a complete IVFMS and let AB,C,D,R

and V be self mappings of Q. Let {AB, R} and {C'D,V'} are pairs of OWC
mappings. If there exits he(0,1) such that

k(ABp*, CDo*, Tnorm)a ]k(ABp*, Rp~, Tnorm):
k(R:O*7 VQ*7 thorm) Z min k<VQ*7 CDQ*, Tnorm)7 k(R/)*7 CDQ*7 Tnorm)u
k(Vo*, ABp*, 2Tsorm)

for all p*, p* € Q and 7,5, >0, then AB,C,D,R and V has unique com-
mon fixed point in Q.

Proof We have

k(ABp*, CDo*, Tnorm), K(ABp*, Rp*, Tnorm),
k(Rp*7 VQ*7 thorm) 2 mZTL k(VQ*, CDQ*7 TnOT’m)7 k(Rp*7 CDQ*7 Tnorm)a
k<VQ*7 ABIO*v 2Tnorm)

> min [k(AB,o ,CDo*, Tnorm), K(ABp*, Rp*, Tnorm), k(V 0*,CDp ,Tnorm),]

k(Rp*7 CDQ*7 Tnorm)a k(ABp*7 CDQ*7 Tnorm)k(VQ*a CDQ*7 TTLO’I"m)

> min |:k(ABp 7CDQ 7Tnorm)ak(ABp :RP >Tnorm>k(VQ 7CDQ 77—norm)7:|

k(Rp*, CDo*, Tnorm),

From theorem 3.8, unique common fixed point exits for A,B,C,D,R and V.
Theorem3.10 : Let (Q, k, %;) be a complete IVFMS and let A;B,C,D be
self mappings of Q. Let {AB} and {CD} are pairs of OWC mappings. If
there exits he(0,1) such that

k(ABp*7 ABQ*a Tnorm);
k(CDp*,CDo*, hTporm) > [ak(ABp*, ABo*, Tnorm)] +8min | k(CDp*, ABp*, Thorm),
k(O‘DQ*a ABQ*, Tnorm)

where o, 5 > 0, + 3 > 1. Then A,B,C and D has unique common fixed
point in Q.

Proof: Let AB and CD are OWC, therefore for point p*eQ such that
ABp*=CDp*. Suppose that there exist p*eQ for which ABp*=CD o*.

11



On contrary let us assume ABp*=CDg*. We have,

k(ABp*, AB0", Tuorm),
[ak(ABp*, ABo*, Tnm.m)] +8min |k(CDp*, ABp*, Thorm),
k(CDg*, AB0*, Torm)

k(CDp*,CDo*, hTyorm) >

k(CDp*, CDo*, Tnorm), kK(CDp*, CDp*, Trorm),
k(CDg*,CDg*, Thorm)

> [ak(CDp*,CDo*, Tyorm)| + Bmin [k(CDp*, CDo*, Tuorm), 1,1]

= [ak(CDp*,CDo", Tnorm) | +Bmin

2 [ak<CDp*7 CDQ*, Tnorm)} + 6 [k(CDp*v CDQ*, Tnorm)]

2 (Oé + ﬁ) [k(C‘DIO*7 CDQ*7 Tnorm)]

Which is a contradiction, since (a+ ) > 1.

Therefore CDp* = C'Dg* and hence ABp* = ABp* and ABp* is unique.
Therefore from lemma 2.13 A,B ,C and D have a unique fixed point.

4 Application

An essential component of analytic and engineering mathematics research is
the examination of the existence, nonexistence, and uniqueness of solutions
to differential and integral equations. An important tool created in this field
is the use of the ﬁxed pomt theorem.Consider the 1ntegral equation

p(z7) =& (p(2),7) + [5(25,7)0,(5,0(5),7)ds + [%(2,5,7)ja(5,0(5),7)ds for
all z€ [a, B where

1. &, : |a, 8] = [0,1] are Continuous.

2. y(2,8,7)x(2,57) : [, B] x e, B] = [0, 1] are Continuous.

3. Dy,jn @ [, B] x [0,1] = [0,1] are Continuous.

Let E = C[0, 1] be the set of Continuous function on [a, 3]

k(p,0,7) = |Tp|1 + |T0|1 = max (p(z),7) + max (o(z),7) for all p,p € E. It
is evident that k(p, 0, 7) is a dislocated fuzzy metric space.

5 Conflicts interest

According to the authors, there are no conflicts interest.
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6 Conclusions

We have shown that there is a unique common fixed point for eight self-
mappings, six self-mappings, and four self-mappings in a complete IVFMS
using the concepts of contractive conditions and OWC. Our results are useful
for theoretical mathematics and computer science.
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