Fixed Point Results for Generalized Non-Linear Operators

with Convergence Analysis

Abstract:

The purpose of this research article is to introduce a new iteration scheme and to prove
convergence and stability results for it. We also claim the newly introduced iterative
scheme hasbetter efficiency than some of the existing iterations in the literature. Our
claim is supported by numerical example.
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1. Introduction and Preliminaries

The theory of fixed points has become an interdisciplinary area of research as it has
applications in mathematics, economics, game theory etc. In general, the solution of
fixedpoint problem is almost impossible therefore need of iterative solution arises.
Developing a faster and simpler iterative scheme to obtain the fixed point is an interesting
and active area of research. Over the years different iterative schemes for finding the
solution of fixed point problems for different operators have been developed by the
researchers, for example, see([5,6, 8-10, 16-19])).
In 2017, Ullah and Arshad [15] introduced the following M*-iteration scheme:

n = (1 N Bn)sn + Bty
A =2((1— ay) €53, + a,f0,)) (1.1)
Sn+1 = ‘ghn

where {a,},{B,} sequences such that a,,, 8, € (0, 1).

Authors in [15], claimed that their iteration scheme is faster than existing iteration
schemes in the literature such that Picard, Mann, Ishikawa, Noor, Agarwal et al. and
Abbas et al.

Hussain et al. [7] defined a new iteration scheme and named it as ‘K-iteration scheme’.
They proved convergence result for this iterative scheme by considering the class of

Suzuki generalized non expansive mapping in uniformly convex Banach space.

1



Fy = (1 — @), + ., (1.2)
Sn+1 = fhn'

{ g{)n =1- lgn)sn + ﬁn‘esm

Again in 2018 Ullah and Arshad [17] introduced the K*-iteration scheme by the method

n = (1 - .Bn)sn + Bnt3n
h, = f((l - an)gon + an&@n)) (13)
Sn+1 = fhn

forall n € N,where {a,},{B,} sequences such that «,,, 8, € (0, 1).
Again in 2018, Ullah and Arshad [16] introduced the M-iteration scheme by the method

§n = (1 - an)sn + angsnl
h, = €@, (1.4)
Sn+1 = ehn

forall n € N,where {a,}is asequence such that «,, € (0, 1).
In this direction Bhutia and Tiwari [5] defined the J-Iteration scheme as follows:
For some initial approximation 3, we have,

on = £((1 = B)3n + B t3n),

hn = f((]_ - an)gon + angson)'(lS)
Sn+1 = ehn

Now we introduce a new iteration scheme with the relation:
For some initial approximation x, we have

on = (1= B)3n + But"3n),

hp = (1 — @) on + @n "), (1.6)

Sns1 = (A = v "o + Vul™ ).

We claim that our newly defined iterative scheme converges faster than the iterative
scheme defined by Bhutia and Tiwari [5] and hence some of the existing iterative
sequences in the literature.
Definition 1.1[6]:Let {2, },—o be the sequence in X. Then the iterative process
I.+1 = f(£,3,,) which converges to a fixed point g of £ is said to be stable with respect

to ¢ if fort, =l g0,,.1 — f(£,80,) I, n=0,1,2,.., we have limt, = 0 if and only if

n—oo

lim g, =q

n—oco



Definition 1.2[4]:Let H be a non-empty subset of a Banach space X and¢: X — X be a
mapping. € is called a generalized contraction mapping if there exists a real numberk <
1such that for all x,y € X we have d(#"x, €"y) < kd(x,y).
Definition 1.3[15]: An operator £:K — K is said to satisfy the condition (C), if
for allx, y € K, we have %d(x, x) < d(x,y) implies d(¢x,€y) < d(x,y). Any mapping
satisfies condition (C) is also known as Suzuki generalized non-expansive mapping.
Proposition1.4[15]: Let H be a non-empty subset of a Banach space X and £: X — X be a
mapping. Then

1. If £ is non-expansive, then £ is Suzuki generalized non-expansive mapping.

2. If £ is Suzuki generalized non-expansive mapping and has a fixed point, then £ is

a quasi-non expansive mapping.

Lemma 1.5[14]:Let H be a non-empty subset of a Banach space X and : X — X be a
Suzuki generalized non expansive mapping. Then for all x,y € X, we have
l€x—TyI<3€x—xl+lIx—yl (1.7)
Lemma 1.6[13]:Suppose X is a uniformly convex Banach space and {s,} be any
sequence of real numbers such that 0 <'s, < 1 for all n > 1. Let {a,} and {b,,} be any

two sequences of real numbers in X such that limsup |l a,, I< 7, limsup || b, I< r and

n—oo n—oo

limsup || s,a, + (1 —s,)b, ll=1r holds for some non-negative constantr.Then lim ||

n—oo n—oo
a, — b, = 0.
Remark 1.7[14]:Let H be a non-empty subset of a Banach space X and let {3, };r—obe a

bounded sequence in X. For J € X, we set r(J,{J,}) = limsup | J,, — I II. The

n-00
asymptotic radius of {3, } relative to H is given by r(H, {3, }) = inffr (3, {3, }): J €
H} and the asymptotic center of {J,} relative to H is the set A(H,{3,}) ={J €
H:7(3,{3.}) = r(H, {3, D}
2. Main Results

Theorem 2.1: Let H be a non-empty subset of a Banach space X and : X — X be a
generalized contraction mapping. Let {5, },,—obe the sequence of defined by the iterative
scheme (1.6) with real sequences{a, }ym—o, {Bnln=0, Wnln=o IN [0, 1] satisfyingd.;"_o ¥ =

co. Then the sequence {J,, },—o converges strongly to unique fixed point of 4.



Proof: Since £ is a generalized contraction mapping and hence contraction mapping so
by Banach contraction principle it has a unique fixed point. Let g be the unique fixed
point of £. Now by the iteration scheme (1.6) we have,
Il 00 —q I =1€"((1—B)In + Bnt"In) —q
<kIl@-=B)3,+B.2"3, —qll
SKk[(X =) 13y —q L+ But"3n —q ]
<k[A=B) 130 —q Il +Buk | frSn -q ll]
<k[1-B,0-B)]I3 —ql.
By the hypothesis of theorem, we have 1 — 3, (1 — k) < 1, so we can write
I, —qlI<klI, —ql. (2.1)
And
I Ay, —q lI=11€"((1 — ap ), + " 0,) —q
Sk —a)p, +ant" 0, —qll
<k[A-a) 1 on —qll +a, 1 €70, —q ]
<Sk[(Q—ay) 1 on —q Il +ak Il 0, — q II]
Sk[1-a,(1=k)] 1, —ql.
Again, by the hypothesis of theorem we have 1 — «, (1 — k) < 1 and using (2.1) we

have
lh,—qll<kll gp,—ql
< kI3, —ql (2.2)

And by using (1.6) and (2.1) and (2.2) we have
31 —qll=11€"((1—y)t"z, + v t"hy) —q |l
SkIlA=y )"0, +v "0, —qll
<k[A-v) I, —qll +v, 1 £y —q I']
<k[Q=v)kln—qll +yk I iy —q ]
<k[Q-y)k? 13, —ql+7.k° 13, —qll]
<El-v0-0] 13, —qll2.3)
By repeating the above arguments, we have
1S, —q IS K31 =y (A=) N1 Sy — q |l
Il S —q IS K31 =¥y (1=K)] Il Spez —q |l



IS5 —q IS E3[1—y,(1=K)] 1o —qll.
Combining all the above inequalities we have

n
I Sper —q Il < 3O S —q |l 1_[ 1—y,(1-k).
i=0

Nowk<1so1l—k>0andy; <1foralln €N, hence we have 1 —y;(1 — k) < 1.
We know that 1 — x < e~ forall x € [0, 1]. Hence,
I et — q IS K3OHD || Fg — g | e AT (2.4)

Taking limit asn — oo both sides, we have lim || J,, — g ll= 0. This completes the proof.
n—-oo

Theorem 2.2: Let H be a non-empty subset of a Banach space X and#: X — X be a
generalized contraction mapping. Let {3, };—obe the sequence of defined by the iterative
scheme (1.6) with real sequences {a,, }n—0.{Bn n=0, {¥n }n=o IN [0, 1] satisfyingd.r—y ¥ =
oo. Then the sequence {3, }n—, IS £- stable.
Proof: Let {3, },—obe any sequence in H and let the sequence generated by (1.6)
bet,,+1 = f(¥,3,) and let it converges to the unique fixed point g of #.
Supposed, =l t,41 — f (£, t,) II. Now, we will prove that nli_)rgcﬁn = 0 if and only if
nli_{gtn = q. First of all, suppose that nligtn = q.
Then we have
6n =ty = (£ 00) |l
Sty —qll+0fEt) —qll

<ltppr—qll+K3[1 -y, (1 —=K)] IIt, —qll

Taking limit asn — oo both sides of the above inequality we have nligdn =0.

Conversely suppose that lim §,, = 0.
n—oo

Now, we have

It —q SNt —fFEE) N HNFE ) —qll
< &5, + I f&,t,)—qll.

Using Theorem 2.1, we can write

Il tn+1_q”S5n+ [1_Vn(1_k)] I ty _q"



Now 0 <k<1and y;<1 for all neN and lim §, =0. Then from the above

n—oo
inequality and lemma (1.6) we have, nli_g Ilt, —qll=0.
Hence the sequence {x,, };,—ois £-stable.

Now we establish some fixed point results related to Suzuki generalized non-
expansive mapping.
Lemma 2.3: Let H be a non-empty closed convex subset of a Banach space X and¢: X —
X be a Suzuki generalized non-expansive mapping with F(£) # @. Let {3, },—obe the
sequence of X defined by the iterative scheme (1.6) with real sequences {a,},—o .
{Brln=0, {¥ntn=o iIn [0,1] satisfying .7y, = . Then r}l_r)?o Il 3, —q Il exists for
allg € F(¥).
Proof: Let g € F(£). Now,using the convexity of H we have, (1 —y,)3,, + v,3,, € H

forall n € N. Since ¢ is Suzuki generalized non-expansive mapping so we can write

% lgq—4ql1=0<1qg—(1—-y)S +7t3n) I,

which implies that
I €q —€((1 = ¥)In + 10 t3n) 11 g = (1 = )0 + 10 830) .

Now from the iterative process (1.6) we have

I 0, —q I =1€"((1 = B3 + Bnt"Ty) —£"q

<I (A =B)3n + But"3n) —qll
SA=-BI)IS —qll+B, 1 €3, —q ll
SA-BI)IBn—qll+8, 13, —qll

<l 3, —q lI(2.5)
Now
Iy —q I =1€"((1— ap)fn + ant",) — £ q
<I (A —ap)n + ant" o, —qll
<A-a)ll@,—qll +a, | ", —qll
SA-a)llop—qll +a, 1, —qll
<Il $, —q (2.6)

<I3,—qll.(27)
Again using (1.6), (2.5) and (2.7), we get



I Sper —q =1 €"((1 =y )"0, + ¥t hy) —£7q
SHT@A=y)"on +vut"hy —q
SA-y) "0 —qll+y, 1 €M, —q I
SA-v)l@n—qll+y A, —qll
SA-y)IS —ql+y 13, —qll
<I3,—qll
Hence {Il 3, — q I} is bounded and non-increasing for all g € F(¥).

Hencelim || J,, — q Il exists for allg € F(¥£).
n—oo

Theorem 2.4: Let H be a non-empty closed convex subset of a Banach space X
and £: X — X be a Suzuki generalized non-expansive mapping. Let {J,},—, be the
sequence of defined by the iterative scheme (1.6) with real sequences {a,},—o .
{Brn Ym0, (V=0 In [0, 1] satisfying Yoo ¥n = 0. Then F(T) # @ if and only if {3, }r—

is bounded andlim || TJ,, — 3, I= 0.

n—00

Proof:Firstsuppose that,F (€) # @. Let q € F(¥).

Then by Lemma 2.4,lim || J,, — q |l exists for all g € F(¥)and {J,,};—, IS a bounded
n—oo

sequence.

Let lim || J3,, — q ll= 0 for some 8 > 0.
n—oo

Now, from (2.5), we have

limsup || o, — q I< limsup 1 3,, —q Il = 6.

n—oo n—oo
By Proposition 1.4, we have

limsup | €3, —q I< limsup 1 3,, —q Il = 6.

n—oo n—oo

Now using (1.6) and (2.5) we have
I Spt1 =g =€ (1 =y )" 05 + vat"hy) —£"q |l
SHQA =y )t"on +vat"hy —q i
SA-v) €0y —qll+y, 1 €20, —q |l
SA-v)lop—qli+y,lh, —ql
SA-y) @ —ql+rva 0, —ql
<l,—ql,



which implies that || 3,11 — g I< |l $,, — q |l and hence

6 < liminf || g, — q |.
n—->00

Therefore, we can write

6 < liminf || g,, — q II< limsup |l g,, — q II< 6.
n—oo

n—w
Thus, we obtain 7}1_1)1010 Il o, —qll= 6.
Now, we have
6= lim Il £"((1 = B3 +But"Sa) — 4
< T}l_)rgo I (1—=B)3, + B "3, —qll
< rlil?o[(l =B I3 —q l +6, 1 €3, — q ]
Sgi_r){)lo(l—ﬁn) 13, —ql+8, 13, —ql
S,}T&, I3, —qll< 6.
Hence we can write
< lim Il (1= )@ — @)+ Bu(£"Sn - @) IS 6.

Thus lim 1| (1= B,)(3, — @) + Bu(£"30 - q) I=0.

Using Lemma 1.6 and the above calculations we have lim || €3, — 3, II= 0.

n—-0o

Conversely, let {3, }5—o is bounded and lim || €3, —J,, II= 0.

n—oo
Let g € A(H,{3,.}).
By Lemma 1.5, we have

r(£q,{3,}) = limsup I 3, — £q |l

n—-oo

< limsup3 I €3, —x, I +11 3, —q 1)

n—oco

< limsup(I 3, —q I

n—oo

which implies that #q € A(H,{3,}). Since X is uniformly convex Banach space. It
follows that A(H,{J,}) is singleton. Hence £q = q implies that g € F(£) and hence
F(£) # @. This completes the proof.

1
Example 2.3: Consider the mapping #(6) = (6 + 2)z. Clearly ¢ is a generalized

contraction mapping and {@, }r—o, {Bntn=0, {¥nln=o be the sequence defined byea, =



1 . .
Bn =Vn = Zfor all n € N. We now compare the rate of convergence of our iterative

scheme with J-iteration scheme by considering the example of Bhutia and Tiwari [5]

using following Table 1.

Table 1. Iterative scheme with J-iteration scheme by considering the example of Bhutia

and Tiwari

Iteration J-Iteration Iteration (1.6)
0 4 4
1 2.0183456356079 2.01874653158
2 2.0001845667869 2.00015675043
4 2.0000000200677 2.00000001877
5 2.0000000002057 2.00000000011
6 2.0000000000026 2
7 2.0000000000002 2
8 2 2

From the above table, we can see that the iterative scheme (1.6) has higher rate of

convergence than the J-iteration process.
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