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Closed ideals in sequence of analytic weighted Lipschitz algebras 
 

                 

Abstract 
    We obtain a complete description of closed ideals in sequence of weighted Lipschitz algebras (߉௥)ఠ of 
sequence of analytic functions on the unit disk satisfying the following condition 

෍
| ௥݂(ݖ) − ௥݂(ݖ + |(ߝ

(|ߝ|)߱ = |ߝ|	ݏܽ)					(1)ߧ → 0)
௥

. 

 where ߱ is a modulus of continuity satisfying some regularity conditions. In particular the closed ideals of 
the algebras (߉௥)ఞభషഄ , where 
 ߯ଵିఌ(2− :(ߝ = ଵ

(|୪୭୥(ଶିఌ)|ାଵ)భషഄ
ߝ				,	 > 1, are standard and this answers Shirokov’s question [N.A. Shirokov, 

Closed ideals of algebras of ܤ௣௤ଵିఌ 	. 
Keywords: Closed ideals; Invariant subspaces; Banach algebra; Resolvent 
1.Introduction and statement of main result 
  Let ॰ be the unit disk of the complex plane and ॻ its boundary. By ࣛ(॰) we denote the usual disk algebra 
of all analytic functions f on ॰ that are continuous on ॰ഥ . We define the weighted Lipschitz algebra  
ఠ(॰)(௥߉) = ఠ(௥߉) to	ఠ(௥߉) ≔ ቄ ௥݂ ∈ ࣛ(॰): sup௭∈॰∑

|௙ೝ(௭)ି௙ೝ(௭ାఌ)|
ఠ(|ఌ|)

= |ߝ|	ݏܽ)					(1)ߧ → 0)௥ ቅ, where 
߱(2 − ,is a modulus of continuity, i.e., a nondecreasing continuous real-valued function on [0 (ߝ 2] with 
߱(0) = 0 and ఠ(ଶିఌ)

(ଶିఌ)
 is non increasing function such that lim(ଶିఌ)→଴ 	

ఠ(ଶିఌ)
(ଶିఌ)

= ∞. It is clear that (߉௥)ఠ is a 
commutative Banach algebra when equipped with the norm 

‖ ௥݂‖ఠ ≔෍‖ ௥݂‖ஶ
௥ 	

+ sup௭∈॰ഥ	 ෍
| ௥݂(ݖ)− ௥݂(ݓ)|

(|ߝ|)߱ 					
௥

, 

With ‖ ௥݂‖ஶ ≔ sup௭∈॰| ௥݂(ݖ)|.	Similarly the weighted Lipschitz algebra (߉௥)ఠ(ॻ) is defined by 

ఠ(௥߉) ≔ ൝ ௥݂ ∈ ࣛ(॰): sup௭∈ॻ෍
| ௥݂(ݖ) − ௥݂(ݓ)|

(|ߝ|)߱ = |ߝ|	ݏܽ)					(1)ߧ → 0)
௥

ൡ 

   Shirokov showed in [7] that (߉௥)ఠ possesses the so-called F-property (Factorization property), i.e., for 
every given ௥݂ ∈ /ఠ and inner function ௥ܷ such that ௥݂(௥߉) ௥ܷ belongs to the algebra ℋஶ(॰) of bounded 
analytic functions, we have ௥݂/ ௥ܷ ∈ ∑ฮ	ఠ and(௥߉) ௥݂/ ௥ܷ 	ฮఠ ≤ ܿ ∑‖ ௥݂‖ఠ, for an absolute constant ܿ  
(see Appendix B). Note that Tamrazov [8] proved that the algebras (߉௥)ఠ and (߉௥)ఠ(ॻ) coincide for any 
arbitrary modulus of continuity ߱ (see Appendix A). 
  The structure of closed ideals in the disk algebra is given independently by Beurling and Rudin [2]. They 
proved that if 	ॎ is a closed ideal of ࣛ(॰), then there is an inner function ܷॎ 
(the greatest common divisor of the inner parts of the nonzero functions in ॎ) such that  
ॎ = { ௥݂ ∈ ࣛ(॰):	 ௥݂ |ாॎ

ೝ
	
≡ 0 and ௥݂/( ௥ܷ)ॎ ∈ ℋஶ(॰)}, where ܧॎ௥ ∶= ߞ} + ߝ ∈ ॻ:	 ௥݂(ߞ + (ߝ = 0, ∀ ௥݂ ∈ ॎ}. 

Using Beurling–Carleman–Domar resolvent’s method combined with the F-property, we can reduce the 
problem of characterization of closed ideals, in some algebras of analytic functions, to a problem of 
approximation of outer functions (see for example [1] and references therein). Korenblum [3] has described 
the closed ideals of the algebra ܪଵଶ of analytic functions ௥݂  such that ௥݂ 	ᇱ	is in the Hardy space ܪଶ. He proved 
that these ideals are standard (in the sense of Beurling–Rudin characterization of the closed ideals in the disk 
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algebra). Later, this result has been extended to some other Banach algebras of analytic functions. In 
particular by Matheson [4] and independently by Shamoyan [5] for the algebras 	(߉௥)ఝభషഄ 	 , where 

߮ଵିఌ(2 − (ߝ ∶= (2− ଵିఌ(ߝ , ߝ > 0. 
   The resolvent method is described as follows: Define ݀(ߞ + ߞ) ௥) to be the distance from	ܧ,ߝ + (ߝ ∈ ॻ to 
the closed subset ܧ	௥ of ॻ and let ॎ be a closed ideal of the algebra (߉௥)ఝభషഄ . 
   (i).  In the first step we give an estimate to the norm of the resolvent  
ߞ))‖∑ + −(ߝ ߨ ఝభషഄ/ॎ, where(௥߉)  in the quotient algebra		ଵ‖(௸ೝ)കభషഄ/ॎି((ݖ)ߨ ∶ ఝభషഄ(௥߉) →  ఝభషഄ/ॎ is(௥߉)
the canonical quotient map. We obtain 
ߞ))‖  + −(ߝ 	ଵ‖(௸ೝ)കభషഄ/ॎି((ݖ)ߨ ≤ ∑ ௖

ௗర(఍ାఌ,ாॎ
ೝ)

 , where 1 ≤ ߞ| + |ߝ ≤ 2 and ܿ is an absolute constant. So, 

from Cauchy formula on the quotient algebra (߉௥)ఝభషഄ/ॎ, we deduce that all functions in (߉௥)ఝభషഄ  such that 
௥݂/( ௥ܷ)ॎ ∈ ℋஶ(॰)  and ||∑ ௥݂(ߞ + |(ߝ ≤ ∑݀ସ(ߞ + (ॎ௥ܧ,ߝ , ߞ) + (ߝ ∈ ॻ, are in I. 

   (ii) The second step consists to prove that the space of all functions in (߉௥)ఝభషഄ such that ௥݂/( ௥ܷ)ॎ ∈
ℋஶ(॰)	and |∑ ௥݂(ߞ + |(ߝ ≤ ∑݀ସ(ߞ + (ॎ௥ܧ,ߝ , ߞ) + (ߝ ∈ ॻ, , is dense in the standard ideal     
 { ௥݂ ∈ ఝభషഄ(௥߉) ∶ ௥݂ |ாॎ

ೝ ≡ 0	 ௥݂/( ௥ܷ)ॎ ∈ ℋஶ(॰)}. 
 A closed subset  ܧ௥ ⊂ ॻ is called a Carleson set if the Carleson condition is satisfied, to wit 

1
ߨ2

න ෍ log൬
1

݀(݁௜(ଶିఌ),ܧ௥)൰ ݀
(2 − (ߝ < +∞ .

ଶగ

଴
 

The zeros of each given function in any Banach algebras  ܪଵଶ , (߉௥)ఝభషഄ and other ones in which the structure 
of closed ideals is also studied by using the resolvent method [1,6], form a Carleson set. 
For the general case the resolvent method fails to apply, as example we can consider the algebras 
ఞభషഄ(௥߉) 	, where		߯ଵିఌ(2 − :(ߝ = ଵ

(|୪୭୥(ଶିఌ)|ାଵ)భషഄ
	 , ߝ > 1	[6, p. 587]. Indeed, let ॎ be a closed ideal of 

ॎ௥ܧ ఞభషഄ such that(௥߉)  is not a Carleson set. We have 
                     ฮ∑((ߞ + (ߝ − 	ଵฮ(௸ೝ)ഖభషഄ/ॎି((ݖ)ߨ ≤ ∑ ௖

ௗర(఍ାఌ,ாॎ
ೝ)
	,	 where  1 ≤ ߞ| + |ߝ ≤ 2 and 

ߨ  ∶ ఞభషഄ(௥߉) →  such ܯ ఞభషഄ/ॎ  is the canonical quotient map. It is clear that does not exist any power(௥߉)

that ∫ ∑ ห௙ೝಾ
	
(௘೔(మషഄ))ห

ௗర൫௘೔(మషഄ),ாೝ൯
	
ॻ  for all functions in (߉௥)ఞభషഄ vanishing on  ܧॎ௥ . Therefore we cannot conclude the first 

step of the resolvent method as described above. 
  From now on, ߱ will be a modulus of continuity such that for every 0 ≤ ߝ ≤ 1 the following condition 

								߱൫(2 − ൯(ଵାఌ)(ߝ ≥ −2)(ଵାఌ)߱(ଵାఌ)ߟ ߝ)						(ߝ ≥ 0)																																															(1.1) 
is satisfied, where	ߟ(ଵାఌ) > 0 is a constant depending only on (1 +  .(ߝ
In this work we prove that the closed ideals of the algebras (߉௥)ఠ are standard. For proving this we use only 
a special method of approximating outer functions in (߉௥)ఠ together with the  
F-property. More precisely, we obtain the following 
Theorem (1.1): Let ߱ be a modulus of continuity satisfying (1.1). If ॎ is closed ideal of (߉௥)ఠ, then 
                 ॎ = ൛ ௥݂ ∈ ݂|ாॎ	ఠ:(௥߉)

ೝ ≡ 0	and	 ௥݂/( ௥ܷ)ॎ ∈ ℋஶ(॰)ൟ	, 
where ܧॎ௥ ∶= ߞ)} + (ߝ ∈ ॻ:	 ௥݂(ߞ + (ߝ = 0,			∀ ௥݂ ∈ ॎ} and ( ௥ܷ)ॎ is the greatest common divisor of the inner 
parts of the nonzero functions in ॎ. 
Consequently, we obtain the structure of closed ideals of the particular algebras (߉௥)ఞభషഄ .	 
2.Other results and proof of Theorem (1.1) 
  We begin by recalling that every function ௥݂  in the disk algebra has the canonical factorization  
 ௥݂ = ௙ܿೝ ௙ܷೝ ௙ܱೝ	, where	 ௙ܿೝ is a constant of modulus 1, ( ௥ܷ)௙ೝ is an inner function (that is | ௥ܷ ௥݂| = 1 
a. e. on	ॻ) and ௙ܱೝ the outer function given by 
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			 ௙ܱೝ(ݖ) = exp ቐ
1

ߨ2
න 	

∑ ݁௜ఏೕ௡
௝ୀଵ

	
+ ݖ

∑ ݁௜ఏೕ௡
௝ୀଵ − ݖ

ଶగ

଴
log ቮ ௥݂(෍݁௜ఏೕ

௡

௝ୀଵ

)ቮ ݀(෍ߠ௝

௡

௝ୀଵ

)ቑ					(ݖ ∈ ॰). 

The closed ideal of all functions in (߉௥)ఠ vanishing on ܧ௥ is designed by ࣤாೝ . In Section 3.2 we give the 
proof of the following theorem. 
Theorem (2.1): Let ߱ be a modulus of continuity satisfying the following condition 

												߱((2− (ଶ(ߝ ≥ ଶ߱ଶ(2ߟ − ߝ						,(ߝ ≥ 0																													(2.1) 
where ߟଶ > 0 is a constant. Let ॎ be a closed ideal in (߉௥)ఠ such that ( ௥ܷ)ॎ ≡ 1 and let ݃௥ ∈ ࣤாॎೝ  be an 
outer function. Then ݃௥ଶ

	 belongs to ॎ. 
Remark (2.2): In the same way, as in Theorem (2.1), we can obtain that if moreover ߱ satisfy the following 
stronger condition 	 

								߱((2− (ଶ(ߝ ≥ −2)	߱	ߟ ߝ)																									,	(ߝ ≥ 0)												(2.2) 
then ݃௥ belongs to ॎ. 
     In Section 3.3 we prove the following theorem. 
Theorem (2.3): Let ߱ be a modulus of continuity satisfying the condition (46). Let ॎ be a closed ideal in 
ఠ and let ݃௥(௥߉) ∈ )  ఠ be a function such that(௥߉) ௥ܷ)௚ೝ ௚ܱೝ

ଶ ∈ ॎ. Then g belongs to	ॎ. 
Proof of Theorem (1.1). We have to prove that every closed ideal of (߉௥)ఠ is standard. For this, let ॎ be a 
closed ideal of the algebra (߉௥)ఠ. If ( ௥ܷ)ॎ ≡ 1, let ݃௥ be a function in ࣤாॎೝ . Hence, making use of the F-
property of (߉௥)ఠ, it follows ௚ܱೝ ∈ ఠ, and therefore ௚ܱೝ(௥߉) ∈ ࣤாॎೝ  . Thus, according to Theorem (4.3.2), we 
deduce ௚ܱೝ

ଶ ∈ ॎ and then 	( ௥ܷ)௚ೝ ௚ܱೝ
ସ ∈ ॎ. Next, by applying Theorem (4.3.4) two times, we conclude ݃௥ ∈

ॎ. 
    Now if ( ௥ܷ)ॎ ≢ 1, we choose  ݃௥ ∈ ࣤாॎೝ  such that  ݃௥/( ௥ܷ)ॎ ∈ ℋஶ(॰). Thus, the associated ideal  

௚ࣥ ∶= { ௥݂ ∈ 	 )	:ఠ(௥߉) ௥݂)௚ೝ ∈ ॎ} 
is closed and by the F-property of (߉௥)ఠ we see easily that ( ௥ܷ)ࣥ೒ೝ

≢ 1 and then ௚ࣥ = ࣤ(ாೝ)ࣥ೒ೝ
. Now, since 

೒ೝࣥ(௥ܧ) 
⊆ ॎ௥ܧ , then  ௚ܱೝ ∈ ௚ࣥೝ. It follows that ( ௥ܷ)௚ೝ ௚ܱೝ

ଶ ∈ ॎ. So, by Theorem (4.3.4), ݃௥ ∈ ॎ. This 
completes the proof of the theorem.  
3.Approximation of functions in (࢘ࢫ)࣓ 
   In this section we give the proofs of Theorems (2.1) and (2.3). For simplicity we use the following 
Tamrazov’s Theorem (see Appendix A): If ௥݂  is a function in the disk algebra such that 
௥݂ ∈ ఠ(ॻ), then ௥݂߉ ∈  .ఠ. We need also the following simple lemma(௥߉)

Lemma(3.1).Let ( ௥݂)௡ ∈   ఠ be a sequence of functions converging uniformly on the closed unit disk to(௥߉)
௥݂ ∈  ఠ. If(௥߉)

						෍
|( ௥݂)௡(ݖ)− ( ௥݂)௡(ݖ − |(ߝ

(|ߝ|)߱ = |ߝ|	ݏܽ)											(1)ߧ → 0)	, 

uniformly with respect to ݊	, then lim௡→ାஶ 	∑‖( ௥݂)௡ − ௥݂‖ఠ	 = 0. 
    For ௥݂ ∈ ఠ, the inner function ௙ܷೝ is uniquely factored in the form ௙ܷೝ(௥߉) = ௙ೝܤ ௙ܵೝ 	, where	ܤ௙ೝ	is the usual 
Blashke product associated to 	 ௙ܼೝ ∩ ,ܦ ௙ܼೝ ∶= ݖ} ∈ ॰:	 ௥݂(ݖ) = 0} and the function 

௙ܵೝ(ݖ) ≔ exp ቊ−
1

ߨ2
න ෍

∑ 	 ݁௜ఏೕ + ݖ
∑ 	 ݁௜ఏೕ − ݖ

	(௝ߠ෍)௙ೝߤ݀
ଶగ

଴
ቋ					(ݖ ∈ ॰)	, 

is the singular inner function associated to the singular positive measure ߤ௙ೝ. Note that the support supp(ߤ௙ೝ) 
of the singular measure ߤ௙ೝ is a closed subset of 
௙ೝܧ		 

௥ ∶= ߞ)} + (ߝ ∈ ॻ:	 ௥݂(ߞ + (ߝ = 0}. For ܽ, ܽ + ߝ ∈ ॻ, we design by (ܽ,ܽ + ܽ,ܽ] .resp) (ߝ +  an open ([ߝ
arc (resp. closed arc) of 	ॻ connecting the points ܽ and  ܽ +  .ߝ
Lemma (3.2). Let ߱ be a modulus of continuity satisfying the condition (2.1). Let ݃௥ be a function in (߉௥)ఠ 
and let  ௥ܷ = ௎ೝܵ௎ೝܤ ∈ ℋ

ஶ(॰) be an inner function such that  
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௎ೝܤ/௚ೝܤ ∈ ℋ
ஶ(॰), supp(ߤ௎ೝ) ⊆ ௚ೝܧ

௥  and (1/2ߨ)∫ ∑)௎ೝߤ݀ ௝௡ߠ
௝ୀଵ )ଶగ

଴ ≤  ෩ is a constant. Thenܯ ෩, whereܯ
௥ܷ ௚ܱೝ

ଶ  belongs to (߉௥)ఠ and we have 

෍
ห ௥ܷ(ߞ + (ߝ ௚ܱೝ

ଶ ߞ) + −(ߝ ௥ܷ(ߞ) ௚ܱೝ
ଶ ห(ߞ)

(ߝ)߱ = ߝ				as)				(1)ߧ → 0) 																																											(3.1) 

uniformly with respect to ௥ܷ. If moreover ߱ satisfy the condition (2.2), then ௥ܷ ௚ܱೝ 	belongs to (߉௥)ఠ and we 
have  

	෍
ห ௥ܷ(ߞ + (ߝ ௚ܱೝ

	 ߞ) + −(ߝ ௥ܷ(ߞ) ௚ܱೝ
	 ห(ߞ)

(ߝ)߱ = ߝ				as)				(1)ߧ → 0) 																																							(3.2) 

uniformly with respect to ௥ܷ. 
Proof. Let ߞ + ,ߝ ߞ ∈ ॻ be two distinct points such that  
ߞ)݀ + ௚ೝܧ,ߝ

௥
	
) ≤ ௚ೝܧ,ߞ)݀

௥ ). It is clear that 

෍
ห ௥ܷ(ߞ + (ߝ ௚ܱೝ

	 ߞ) + (ߝ − ௥ܷ(ߞ) ௚ܱೝ
	 ห(ߞ)

(ߝ)߱

≤෍
หܤ௎ೝ(ߞ + (ߝ ௚ܱೝ

ଶ ߞ) + −(ߝ (ߞ)௎ೝܤ ௚ܱೝ
ଶ ห(ߞ)

(ߝ)߱ + ෍ห ௚ܱ
ଶ(ߞ)ห

หܵ௎ೝ(ߞ + −(ߝ ܵ௎ೝ(ߞ)ห
(ߝ)߱ 	. 

By the F-property of (߉௥)ఠ we have ௚ܱೝ
	 ∈ ௎ೝܤ  ఠ and(௥߉) ௚ܱೝ

ଶ ∈  ఠ. Then to prove (3.1), it is sufficient(௥߉)
to prove that 

෍ห ௚ܱೝ
ଶ ห(ߞ)

หܵ௎ೝ(ߞ + (ߝ − ܵ௎ೝ(ߞ)ห
(ߝ)߱ = ߝ				as)			(1)ߧ → 0) 																																											(3.3) 

First we suppose that 	ߝ ≥ ቀௗ(఍,ா೒ೝ
ೝ )

ଶ
ቁ
ଶ
. Then 

෍ห ௚ܱೝ
ଶ ห(ߞ)

หܵ௎ೝ(ߞ + −(ߝ ܵ௎ೝ(ߞ)ห
(ߝ)߱ 	≤ ଶିଵ෍ቆߟ8

ห ௚ܱೝ
	 ห(ߞ)

௚ೝ௥ܧ,ߞ)݀)߱ ))ቇ
ଶ

= ߝ			as)			(1)ߧ → 0) 							(3.4) 

Now, let suppose that ߝ ≥ ቀௗ(఍,ா೒ೝ
ೝ )

ଶ
ቁ
ଶ
. Then [ߞ + ,ߝ [ߞ ⊂ ॻ\ܧ௚ೝ and therefore 

௚ೝܧ,ݖ)݀
௥ ) ≥ ௚ೝܧ,ߞ)݀

௥ ), for every 	ݖ ∈ ߞ] + ,ߝ ݖ There is .[ߞ ∈ ߞ] + ,ߝ  such that [ߞ

෍
หܵ௎ೝ(ߞ + −(ߝ ܵ௎ೝ(ߞ)ห

ߝ = ෍หܵ௎ೝ
ᇱ ห(ݖ) ≤

1
ߨ
න ෍

1

ห∑ ݁௜ఏೕ௡
௝ୀଵ − หݖ

ଶ ௝ߠ௎ೝ(෍ߤ݀

௡

௝ୀଵ

) ≤෍
෩ܯ2

݀ଶ(ܧ,ݖ௚ೝ௥ )

ଶగ

଴
	. 

It follows 

෍
หܵ௎ೝ(ߞ + −(ߝ ܵ௎ೝ(ߞ)ห

ߝ ≤ ෍
෩ܯ2

݀ଶ(ܧ,ߞ௚ೝ௥ )	. 

We obtain 

෍ห ௚ܱೝ
ଶ ห(ߞ)

หܵ௎ೝ(ߞ + −(ߝ ܵ௎ೝ(ߞ)ห
(ߝ)߱ = ෍ห ௚ܱೝ

ଶ ห(ߞ)
หܵ௎ೝ(ߞ + −(ߝ ܵ௎ೝ(ߞ)ห

(ߝ)߱
ߝ

 (ߝ)߱

≤ ଶିଵ෍ቆߟܯ2
ห ௚ܱೝ

	 ห(ߞ)
௚ೝ௥ܧ,ߞ)݀)߱ ))ቇ

ଶ
߱(݀ଶ(ܧ,ߞ௚ೝ

௥ ))
݀ଶ(ܧ,ߞ௚ೝ௥ )

ߝ
(ߝ)߱ = ߝ			as)			(1)ߧ → 0). 													(3.5) 

So (3.3) follows from (3.4) and (3.5).Consequently ௥ܷ ௚ܱೝ
ଶ  belongs to (߉௥)ఠ. If moreover ߱ satisfy the 

condition (2.2), we can argue similarly to prove (3.2). This finishes the proof of the lemma.  
Lemma (3.3). Let ௥݂  be a function in ߉ఠ. Let ߜ > 0, ܰ ∈ ℕ and {an:	0 ≤ ݊ ≤ ܰ} be a finite number of 
points in ܧ௙ೝ

௥
	
 . Then 

lim෍ฮ߰ఋ,ே ௥݂ − ௥݂ฮఠ
ఋ→଴

	 = 0	, 
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where 	߰ఋ,ே(ݖ) ≔ ∏ ೥ೌ೙തതതതషభ
೥ೌ೙തതതതషభషഃ

	,			௭∈॰௡ୀே
௡ୀ଴  

Proof. Without loss of the generality we can suppose that ܰ = 0 and  ܽ଴ = 1. Set 
 ߰ఋ(ݖ) ≔ ೥షభ

೥షభషഃ		, ݖ ∈ ॰	, and suppose that  
{1} ∈ ௙ೝܧ

௥  . We have to show that  limఋ→଴ ∑‖߰ఋ ௥݂ − ௥݂‖ఠ 	 = 0. Let  ߞ + ,	ߝ ߞ ∈ ॻ be two distinct points such 
that ߝ ≥ 0|. We have 

෍
|߰ఋ(ߞ + (ߝ ௥݂(ߞ + (ߞ)ఋ߰−(ߝ ௥݂(ߞ)|

(ߝ)߱ 				

≤ |߰ఋ(ߞ + ෍|(ߝ
| ௥݂(ߞ + −(ߝ ௥݂(ߞ)|

(ߝ)߱

+ ෍| ௥݂(ߞ)|
|߰ఋ(ߞ + (ߝ −߰ఋ(ߞ)|

(ߝ)߱ 	.																																																																																																								(3.6) 

Suppose first that  ߝ ≥ 0. Then 

		෍| ௥݂(ߞ)|
|߰ఋ(ߞ + (ߝ −߰ఋ(ߞ)|

(ߝ)߱ 	≤ 2෍
| ௥݂(ߞ)|
(ߝ)߱ 		= ߝ		as)						(1)ߧ → 0)	.																											(3.7) 

Now if 	ߝ ≥ 0	, then |ݖ − 1| ≥ ߞ| − 1| for every  ݖ ∈ ߞ] + ,ߝ  We obtain .[ߞ

෍| ௥݂(ߞ)|
|߰ఋ(ߞ + −(ߝ ߰ఋ(ߞ)|

(ߝ)߱ = ෍| ௥݂(ߞ)|
|߰ఋ(ߞ + |(ߞ)ఋ߰−(ߝ

(ߝ)
| ௥݂(ߞ)|
(ߝ)߱  

																				= ෍| ௥݂(ߞ)|ห 	߰ఋ
ᇱ (ܼ)ห

ߝ
ܼ)						(ߝ)߱ ∈ ([ߝ] 		≤ ෍

| ௥݂(ߞ)|
ߞ|)߱ − 1|)

ߞ|)߱ − 1|)
ߞ| − 1|

ߝ
 (ߝ)߱

																																												= ߝ		as)			(1)ߧ → 0)																				(3.8) 
From (3.6), (3.7) and (3.8) we deduce 

෍
|߰ఋ(ߞ + (ߝ ௥݂(ߞ + (ߝ − ߰ఋ(ߞ) ௥݂(ߞ)|

(ߝ)߱ = ߝ			as)			(1)ߧ → 0), 

uniformly with respect to ߜ > 0. So the result follows by applying Lemma (3.1) to the family of functions  
߰ఋ ௥݂ ߜ, > 0. This completes the proof of the lemma.  
   We denote by ܭ஼  the complement in ॻ of the subset ܭ of ॻ. For a closed subset ܧ௥ of 	ॻ, we have  
஼(௥ܧ) = ⋃ (ܽ௡ ,ܽ௡ + ௡)௡∈ℕߝ , where (ܽ௡ ,ܽ௡ + (௡ߝ ⊂ ஼(௥ܧ) 	and		ܽ௡ ,ܽ௡ + ௡ߝ ∈ ௥ܧ . We define ߗாೝ  to be the 
family of all the unions of arcs (ܽ௡ ,ܽ௡ + ௡), where (ܽ௡ߝ ,ܽ௡ + (௡ߝ ⊂ , ܽ௡	஼ and ܽ௡(௥ܧ) + ௡ߝ ∈ ௥ܧ . For a 
given function ௥݂ 	in the disk algebra and ߁ ∈ ாߗ  let us define the outer function ,(ॻ	 ௥ is a closed subset ofܧ) 
( ௥݂)௰ ∈ ℋஶ(॰) associated to the outer factor of ௥݂  by 

( ௥݂)௰(ݖ) ≔ exp ቐ
1

ߨ2
න ෍

∑ ݁௜ఏೕ௡
௝ୀଵ + ݖ

∑ ݁௜ఏೕ௡
௝ୀଵ − ݖ

	

୻
݃݋݈ ቮ ௥݂(෍݁௜ఏೕ

௡

௝ୀଵ

)ቮ ݀(෍ߠ௝

௡

௝ୀଵ

)ቑ				(ݖ ∈ ॰). 

Then, we assert 
Lemma (3.4). Let ॎ be a closed ideal of (߉௥)ఠ, ௥݂ ∈ ఠ an outer function and let ℎ(௥߉) ∈ ࣤாॎೝ	 a function 
such that 		ℎ௙ೝ ∈ ॎ. Let  ߁ ∈ ாॎೝߗ  be such that 	ॻ\߁ത is union of a finite number of arcs  
(ܽ,ܽ + (	ߝ ⊆ ॻ\ܧॎ௥ 	(ܽ,ܽ + ߝ ∈ .(ॎ௥ܧ If	ℎ( ௥݂)௰ ∈ ,ఠ(௥߉) then	ℎ( ௥݂)௰ ∈ ॎ. 
Proof. For simplicity we suppose that  ॻ\߁ത = (ܽ, ܽ + (ߝ ∶=   where ,ߛ
ܽ, ܽ + ߝ ∈ ॎ௥ܧ 	and	(ܽ, ܽ + (ߝ ⊆ ॻ\ܧॎ௥. Let ߝ > 0 be such that  ߛఌ ∶= (ܽ݁௜ఌ , (ܽ + (௜ఌି݁(ߝ ⊂ ߜ  For .ߛ > 0,  
we set 

߶ఋ,ఌ(ݖ) ≔ ቆ
തܽ݁ି௜ఌݖ − 1

ݖ തܽ݁ି௜ఌ − 1 − ቇቆߜ
ܽݖ + തതതതതതത݁௜ఌߝ − 1

ܽݖ + തതതതതതത݁௜ఌߝ − 1− 		ቇߜ
ݖ) ∈ ॰). 

 It is clear that ߶ఋ,ఌ ∈ ఠ and that ߶ఋ,ఌ(ܽ݁௜ఌ)(௥߉) = ߶ఋ,ఌ((ܽ + (௜ఌି݁(ߝ = 	0. Then, according to Proposition 
3.6.1 (below), we see that the function ( ௥݂)ఊഄ multiplied by the square of  ߶ఋ,ఌ  belongs to (߉௥)ఠ, i.e., 
߶ఋ,ఌ
ଶ ( ௥݂)ఊഄ ∈ ఠ. Similarly, we get  ߶ఋ,ఌ(௥߉)

ଶ ( ௥݂)ఊഄ೎	 ∈   ఠ. Now, for(௥߉)



 

6 
 

ߨ  ∶ ఠ(௥߉) →  being the canonical quotient map, it follows	ఠ/ॎ(௥߉)
0 = ෍ߨ൫߶ఋ,ఌ

ସ ℎ௙ೝ൯ = ෍ߨቀℎ߶ఋ,ఌ
ଶ ( ௥݂)ఊഄ೎	ቁ ൫߶ఋ,ఌߨ

ଶ ( ௥݂)ఊഄ൯. 

Since, the function ߶ఋ,ఌ
ଶ ( ௥݂)ఊഄ  is invertible in the quotient algebra (߉௥)ఠ/ॎ	, then 

	ℎ߶ఋ,ఌ
ଶ ( ௥݂)ఊഄ೎	 ∈ ॎ							(ߜ, ߝ > 0). 

Using the fact 
							lim෍ቛ߶ఋ,ఌ

ଶ ( ௥݂)ఊഄ೎	 − ߶ఋ,଴
ଶ ( ௥݂)୻	ቛఠ

ఌ→଴

	 = 0	, 

we can check   			 
	߶ఋ,଴

ଶ ℎ ୻݂	 ∈ ॎ						(ߜ > 0). 
Now, since ℎ( ௥݂)୻	 ∈ )ఠ and ℎ(௥߉) ௥݂)୻	(ܽ) = ℎ( ௥݂)୻	(ܽ + (ߝ = 0, we can deduce from Lemma (4.3.6) that 

lim
ఋ→଴

ฮ߶ఋ,଴
ଶ ℎ( ௥݂)୻	 − ℎ( ௥݂)୻	ฮఠ = 0	. 

So 	ℎ( ௥݂)୻	 ∈ ॎ. This completes the proof of the lemma.  
   Let ॎ be a closed ideal of the algebra (߉௥)ఠ. We have  ܷॎ =  ॎ is the usualܤ . The inner function	ॎܵॎܤ
Blashke product associated to the zero set  ܼॎ ∩ ॰, where  
ܼॎ ∶= ݖ} ∈ ॰ഥ :	 ௥݂(ݖ) = 0 for	all	 ௥݂ ∈ ॎ}. The positive singular measure ߤॎ associated to the singular inner 
function 	ܵॎ is the greatest common divisor of all ߤ௙ೝ 	, ௥݂ ∈ ॎ. Note that supp(ߤॎ) is included in ܧॎ௥ 	. For a 
subset ܭ of 	ܶ, we set 

(ܵ௙ೝ)௄(ݖ) ≔ exp ቐ−
1

ߨ2
න ෍

∑ ݁௜ఏೕ௡
௝ୀଵ + ݖ

∑ ݁௜ఏೕ௡
௝ୀଵ − ݖ

௝ߠ௙ೝ(෍ߤ݀

௡

௝ୀଵ

)
	

௄
ቑ							( ௥݂ ∈ ࣛ(॰)) 

Lemma (3.5) Let ௥݂  be a function in a closed ideal ॎ of the algebra  (߉௥)ఠ. Then ܤॎ(ܵ௙ೝ)ாॎ	 ௙ܱೝ belongs to 
ॎ. 
Proof. Let ௥݂ ∈ ॎ. Define ܤ௙ೝ,௡ and ܤॎ,௡ to be respectively the Blashke product with zeros ௙ܼೝ ∩ ॰௡ and 
ܼॎ ∩ ॰௡, where  ॰௡ ∶= ݖ} ∈ ॰:	|ݖ| < ௡ିଵ

௡
	 , ݊ ∈ ℕ}. Fix 	݊ ∈ ℕ. The function ܤ௙ೝ,௡/ܤॎ,௡ is invertible in the 

quotient algebra 	(߉௥)ఠ/ࣤ௡	, where  ࣤ௡ ∶= {݃ ∈ ॎ,௡ܤ݃	:ఠ(௥߉) ∈ ॎ}. Then ௥݂/ܤॎ,௡ ∈ ࣤ௡	. It follows that 
)ॎ,௡ܤ ௥݂/ܤॎ,௡) ∈ ॎ. It is clear that 

lim
௡→ାஶ

෍ฮܤॎ,௡൫ ௥݂/ܤ௙ೝ,௡൯ − ॎܵॎܤ ௙ܱฮஶ = 0	. 
By using Corollary B.2 in Appendix B (F-property of ߉ఠ), we obtain 

lim
௡→ାஶ

෍ฮܤॎ,௡൫ ௥݂/ܤ௙ೝ,௡൯ − ॎܵॎܤ ௙ܱೝฮఠ = 0	. 

So, ܤॎܵॎ ௙ܱೝ ∈ ॎ. Let ߝ > 0 be such that  ߛఌ ∶= (ܽ݁௜ఌ , (ܽ + (௜ఌି݁(ߝ ⊂ ߛ ∶= (ܽ, ܽ + ܽ,ܽ where ,(ߝ + ߝ ∈  ॎ௥ܧ
and (ܽ,ܽ + (ߝ ⊆ ॻ\ܧॎ௥	. By using the F-property of (߉௥)ఠ, the function ܤॎ( ௙ܵೝ)ߛఌ௖ ௙ܱೝ belongs to (߉௥)ఠ. We 
set 

߶ఌ(ݖ) ≔ ൫ݖ തܽ݁ି௜ఌ − 1൯൫ܽݖ + തതതതതതത݁ି௜ఌߝ − 1൯				(ݖ ∈ ॰). 
From Proposition 3.6.1 below, the function (݃௥)ఌ	 	 ∶= ߶ఌଶ( ௥݂)ఊഄ belongs to (߉௥)ఠ. Since 
(ംഄ(ௌ೑ೝ)ߤ)  ⊆ 	ഄ(௚ೝ)ܧ

௥ 	
	
 , then we deduce from Lemma (4.3.5) that ( ௙ܵೝ)ఊഄ(݃௥)ఌଶ ∈  ఠ. We have(௥߉)

0 = ෍ߨ൫(݃௥)ఌଶܤॎܵॎ ௙ܱೝ൯ = ෍ߨ(൫ ௙ܵೝ൯ఊഄ
(݃௥)ఌଶ) × )ॎܤ)ߨ ௙ܵೝ)ఊഄ೎	 ௙ܱೝ) 

where ߨ ∶ ఠ(௥߉) → ) ఠ/ॎ, is the canonical quotient map. The function(௥߉) ௙ܵೝ)ఊഄ݃ఌ
ଶ is invertible in the 

quotient algebra (߉௥)ఠ/ॎ, then  ܤॎ( ௙ܵೝ)ఊഄ೎	 ௙ܱೝ ∈ ॎ. It is clear that 

lim
ఌ→଴

෍ቛܤॎ( ௙ܵೝ)ఊഄ೎	 ௙ܱೝ − )ॎܤ ௙ܵೝ)ఊ೎	 ௙ܱೝቛஶ
= 0 	. 

Then, using Corollary B.2 in Appendix B, we obtain 
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lim
ఌ→଴

ቛܤॎ( ௙ܵ)ఊഄ೎	 ௙ܱ − )ॎܤ ௙ܵ)ఊ೎	 ௙ܱቛ
ఠ

= 0	. 
So ܤॎ( ௙ܵ)ఊ೎	 ௙ܱ ∈ ॎ. Similarly we can prove that 
)ॎܤ  ௙ܵ)୻ಿ೎ 	 ௙ܱ ∈ ॎ, where  ߁ே ≔ ⋃ (ܽ௡ ,ܽ௡ + (௡ߝ ∈ Ωாॎ௡ஸே . We have 

lim
ே→ାஶ

ቛܤॎ( ௙ܵ)୻ಿ೎ 	 ௙ܱ − )ॎܤ ௙ܵ)ாॎ	 ௙ܱቛ
ஶ

= 0	. 
Using again Corollary B.2 we deduce 

lim
ே→ାஶ

ቛܤॎ( ௙ܵ)୻ಿ೎ 	 ௙ܱ − )ॎܤ ௙ܵ)ாॎ	 ௙ܱቛ
ఠ

= 0	. 
Then ܤॎ( ௙ܵ)ாॎ	 ௙ܱ ∈ ॎ	. This proves the lemma.  
3.2. Proof of Theorem (2.1) 
   For the proof of Theorem (2.1), we need the following proposition about approximation of functions in ߉ఠ. 
Proposition (3.6) Let ߱ be a modulus of continuity satisfying the condition (2.1). Let ݂ ∈  ఠ be a function߉
such that  ‖݂‖ఠ ≤ 1 and ܧ a closed subset of ॻ. Let ݃ ∈ ࣤா be an outer function and ܵ singular inner 
function such that  supp(ߤௌ) ௚ܧ	⊇ . Then 
  (i)  the functions ܵ݃ଶ and  ܵ݃ଶ݂୻ಿ೎  belong to ߉ఠ, for every  ܰ ∈ ℕ, 
  (ii)  we have limே→ାஶฮܵ݃ଶ݂୻ಿ೎ − ܵ݃ଶฮ

ఠ
= 0	, where  ߁ே ∶= ⋃ (ܽ௡ ,ܽ௡ + (௡ߝ ∈ Ωா௡ஸே . If moreover ߱ 

satisfy the stronger condition (2.2), then 
(i)ᇱ. the functions ܵ݃ and 	݂ܵ݃୻ಿ೎ 	 belong to ߉ఠ, for every ܰ ∈ ℕ, 
(ii)ᇱ.  we have limே→ାஶฮ݂ܵ݃୻ಿ೎ − ܵ݃ฮ

ఠ
= 0. 

Proof. From Lemma (3.2) we have  ܵ݃ଶ ∈   ఠ. It is clear that߉
  ൛݂ܵ݃୻ಿ೎ 	ൟே∈ℕ  is a sequence of functions in the disk algebra. Let us note that if 

(ݖ)ଶ݃(ݖ)ܵ| ୻݂(ݖ)− ݖ)ܵ − ݖ)ଶ݃(ߝ − (ߝ ୻݂(ݖ − |(ߝ
(|ߝ|)߱ = |ߝ|	ݏܽ)						(1)ߧ → 0)											(3.9) 

 
uniformly with respect to ߁ ∈  ா, then assertion (i) follows immediately. Furthermore, assertion (ii) can beߗ
deduced by applying Lemma (3.1). 
   Thus, it suffices to show only (3.9). For this, we fix ߁ ∈ ߞ	 ா and we letߗ +  be two distinct points ߞ and ߝ
in ॻ such that  ݀(ߞ + (ܧ,ߝ ≥  It is clear that .(ܧ,ߞ)݀

ߞ)ܵ| + ߞ)ଶ݃(ߝ + (ߝ ୻݂(ߞ + −(ߝ (ߞ)ଶ݃(ߞ)ܵ ୻݂(ߞ)|
(ߝ)߱  

		≤ | ୻݂(ߞ + |(ߝ
ߞ)ܵ| + ߞ)ଶ݃(ߝ + (ߝ − |(ߞ)ଶ݃(ߞ)ܵ

(ߝ)߱ + |݃ଶ(ߞ)|
| ୻݂(ߞ + −(ߝ ୻݂(ߞ)|

(ߝ)߱ . 

Since ܵ݃ଶ ∈  ఠ (by Lemma 3.2), then the proof of (3.9) reduces to߉

								|݃ଶ(ߞ)|
| ୻݂(ߞ + −(ߝ ୻݂(ߞ)|

(ߝ)߱ = |ߝ|	ݏܽ)			(1)ߧ → 0)																														(3.10)	 

Case (i). For 	ߝ ≥ (ௗ(఍,ா)
ଶ

)ଶ , we have 

				|݃ଶ(ߞ)|
| ୻݂(ߞ + (ߝ − ୻݂(ߞ)|

(ߝ)߱ ≤ 2
|݃ଶ(ߞ)|
(ߝ)߱ ≤ ଶିଵߟ8 ቆ

|(ߞ)݃|
ቇ((ܧ,ߞ)݀)߱

ଶ

= |ߝ|	ݏܽ)									(1)ߧ → 0)	.																																																																																							(3.11) 
Case (ii). For 	ߝ ≤ (ௗ(఍,ா)

ଶ
)ଶ  with  ߞ/∈ ߞ]  It follows .߁ + ,ߝ [ߞ ⊂ ߁) ∪ ݖ ௖. Then(ܧ ≢ (ܧ,ݖ)݀ and ߁ ≥

ݖ for every (ܧ,ߞ)݀ ∈ ߞ] + ,ߝ ݖ There is .[	ߞ ∈ ߞ] + ,ߝ  such that [	ߞ
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| ୻݂(ߞ + (ߝ − ୻݂(ߞ)|
(ߝ)߱ = | ୻݂

ᇱ(ݖ)| ≤
1
ߨ
න
ቚ݈݃݋ห݂൫∑ ݁௜ఏೕ௡

௝ୀଵ ൯หቚ

ห∑ ݁௜ఏೕ௡
௝ୀଵ − หݖ

	

୻
݀(෍ߠ௝

௡

௝ୀଵ

) ≤ ௙ܿ

݀ଶ(ܧ,ݖ)	. 

It follows 
| ୻݂(ߞ + (ߝ − ୻݂(ߞ)|

(ߝ)߱ ≤ ௙ܿ

݀ଶ(ܧ,ߞ)	. 

Therefore, we have 

|݃ଶ(ߞ)|
| ୻݂(ߞ + −(ߝ ୻݂(ߞ)|

(ߝ)߱ =
|݃ଶ(ߞ)|ߝ
(ߝ)߱

| ୻݂(ߞ + −(ߝ ୻݂(ߞ)|
ߝ  

																						≤ ௙ܿ
|݃ଶ(ߞ)|ߝ

(ܧ,ߞ)ଶ݀(ߝ)߱ ≤ ௙ܿ ቆ
|(ߞ)݃|

߱൫݀(ܧ,ߞ)൯
ቇ
ଶ߱൫݀ଶ(ܧ,ߞ)൯ߝ
(ܧ,ߞ)ଶ݀(ߝ)߱ =  (1)ߧ

																																																					(as			ߝ → 0)																				(3.12)	 
Case 3. In this case let us assume that ߝ ≤ (ௗ(఍,ா)

ଶ
)ଶ and  ߞ ∈  and therefore , ߁

ห ॻ݂∖୻
ିଵ ߞ) + ห(ߝ = ห ॻ݂∖୻

ିଵ ห(ߞ) = 1 . From 
୻݂(ߞ + −(ߝ ୻݂(ߞ) = ୻݂(ߞ + (ߝ ॻ݂∖୻

ିଵ ߞ) + −(ߝ ୻݂(ߞ) ॻ݂∖୻
ିଵ (ߞ)

= ॻ݂∖୻
ିଵ ߞ) + ߞ)൫݂(ߝ + −(ߝ +൯(ߞ)݂ ߞ)݂ + ቀ(ߝ ॻ݂∖୻

ିଵ ߞ) + −(ߝ ॻ݂∖୻
ିଵ ቁ(ߞ)

= ॻ݂∖୻
ିଵ ߞ) + ߞ)൫݂(ߝ + −(ߝ 			൯(ߞ)݂

− (ߞ)݂ ॻ݂∖୻
ିଵ ߞ) + (ߝ ॻ݂∖୻

ିଵ (ߞ) ቀ ॻ݂∖୻
	 ߞ) + (ߝ

− ॻ݂∖୻
	  (3.13)																																																																																																																																										ቁ(ߞ)

combined with (3.12), we deduce 

|݃ଶ(ߞ)|
| ୻݂(ߞ + −(ߝ ୻݂(ߞ)|

(ߝ)߱ ≤ |݃ଶ(ߞ)|
ߞ)݂| + −(ߝ |(ߞ)݂

(ߝ)߱  

|(ߞ)ଶ݃||(ߞ)݂|+
ห ॻ݂∖୻(ߞ + (ߝ − ॻ݂∖୻(ߞ)ห

(ߝ)߱ = ߝ		as)								(1)ߧ → 0)									(3.14)	 

From inequalities (3.11), (3.12) and (3.14), we see that (3.10) holds. If moreover ߱ satisfy the condition 
(2.2), we can deduce similarly the assertions (i)ᇱ	and (ii)ᇱ. This completes the proof of the proposition.  
Proof of Theorem (2.1). Let ॎ be a closed ideal of the algebra ߉ఠ such that ܷॎ ≡ 1. Let ݃ be an outer 
function in ࣤாॎ  and consider ݂ ∈ ॎ. From Lemma (3.5), we deduce that 
( ௙ܵ)ாॎ ௙ܱ ∈ ॎ	. Then, ( ௙ܵ)ாॎ݃

ଶ
௙ܱ ∈ ॎ	. From Lemma (3.4) and Proposition 3.6.1, we deduce that 

( ௙ܵ)ாॎ݃
ଶ݂୻ొౙ ∈ ॎ, for every  ܰ ∈ ℕ, where ߁ே ∶= ⋃ (ܽ௡ ,ܽ௡ + (௡ߝ ∈ ாॎ௡ஸேߗ  . Thus, by Proposition 3.6.2, 

( ௙ܵ)ாॎ݃
ଶ ∈ ॎ. Now choose a sequence of functions { ௡݂}௡∈ℕ ⊂ ॎ such that the greatest common divisor of 

the inner parts of ௡݂is equal to 1 and such that 
∫(ߨ1/2)  (ߠ)௙೙ߤ݀ ≤ 1ଶగ

଴ . This infers that  
 ݇௡ ∶= ( ௙ܵ೙)ாॎ݃

ଶ ∈ ॎ, for every ݊ ∈ ℕ. By Lemma (3.2) we have 

									
|݇௡(ߞ + −(ߝ ݇௡(ߞ)|

(ߝ)߱ = ߝ			as)					(1)ߧ → 0), 

uniformly with respect to ݊. Using the fact 
lim
௡→ାஶ

‖݇௡ − ݃ଶ‖ஶ = 0 
and Lemma (3.1), we deduce 

lim
௡→ାஶ

‖݇௡ − ݃ଶ‖ఠ = 0. 
So ݃ଶ ∈ ॎ. This finishes the proof of the theorem.  
3.3. Proof of Theorem (2.3) 
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We begin by proving the following proposition. 
Proposition (3.7). Let ߱ be a modulus of continuity satisfying the condition (1.1). Fix 
ߝ  > 0.	Let ݃ ∈ ఠ be a function such that ‖݃‖ఠ߉ 	≤ 1 and let E be a closed subset of  ܧ௚ . Then 
  (i)  the functions ௚ܷ ௚ܱ

(ଵାఌ) and	 ௚ܷ ௚ܱ
(ଵାఌ)݃୻ొౙ  belong to 	߉ఠ, for every ܰ ∈ ℕ, 

  (ii)  we have  limே→ାஶቛ	 ௚ܷ ௚ܱ
(ଵାఌ)݃୻ొౙ − ௚ܷ ௚ܱ

(ଵାఌ)ቛ
ఠ

= 0	,  where   
ே߁  ∶= ⋃ (ܽ௡ ,ܽ௡ + (௡ߝ ∈ ா௡ஸேߗ . 
Proof. By using the F-property of 	߉ఠ and the following 
	 ௚ܷ(ߞ + (ߝ ௚ܱ

(ଵାఌ)(ߞ + −(ߝ 	 ௚ܷ(ߞ) ௚ܱ
(ଵାఌ)(ߞ)

= ௚ܱ
ఌ(ߞ + (ߝ ቀ	 ௚ܷ(ߞ + (ߝ ௚ܱ(ߞ + −(ߝ 	 ௚ܷ(ߞ) ௚ܱ(ߞ)ቁ − 	 ௚ܷ(ߞ) ௚ܱ

ఌ(ߞ + ቀ(ߝ ௚ܱ(ߞ + −(ߝ ௚ܱ(ߞ)ቁ

+ 	 ௚ܷ(ߞ)ቀ ௚ܱ
(ଵାఌ)(ߞ + (ߝ − ௚ܱ

(ଵାఌ)(ߞ)ቁ									(ߞ + ,	ߝ ߞ ∈ ॻ), 

the function 	 ௚ܷ ௚ܱ
(ଵାఌ) belongs to 	߉ఠ. It is clear that ቄ	 ௚ܷ ௚ܱ

(ଵାఌ)݃୻ొౙ ቅே∈ℕ
  is sequence of functions in the disk 

algebra and 
lim

ே→ାஶ
ቛ	 ௚ܷ ௚ܱ

(ଵାఌ)݃୻ొౙ − ௚ܷ ௚ܱ
(ଵାఌ)ቛ

ஶ
= 0	. 

Note that if 
ቚ	 ௚ܷ ௚ܱ

(ଵାఌ)݃୻(ߞ + −(ߝ 	 ௚ܷ ௚ܱ
(ଵାఌ)݃୻(ߞ)ቚ

(ߝ)߱ = ߝ			as)				(1)ߧ → 0),															(3.15) 

uniformly with respect to ߁ ∈  , then assertion (i) holds as well as assertion (ii), which follows from (3.15)	ாߗ
combined with Lemma (3.1).Below, we have to prove (3.15). Let ߞ + ,	ߝ ߞ ∈ ॻ be two different points such 
that  ݀(ߞ + (ܧ,ߝ ≥  It is clear that .(ܧ,ߞ)݀
 

	
ቚ	 ௚ܷ(ߞ + (ߝ ௚ܱ

(ଵାఌ)(ߞ + ߞ)୻݃(ߝ + −(ߝ 	 ௚ܷ(ߞ) ௚ܱ
(ଵାఌ)(ߞ)݃୻(ߞ)ቚ

(ߝ)߱  

≤ |݃୻(ߞ + |(ߝ
ቚ	 ௚ܷ(ߞ + (ߝ ௚ܱ

(ଵାఌ)(ߞ + −(ߝ 	 ௚ܷ(ߞ) ௚ܱ
(ଵାఌ)(ߞ)ቚ

(ߝ)߱ + (ଵାఌ)|(ߞ)݃| |݃୻(ߞ + −(ߝ ݃୻(ߞ)|
(ߝ)߱ 	. 

Then, to prove (3.15) it is sufficient to prove that 

(ଵାఌ)|(ߞ)݃|		 |݃୻(ߞ + (ߝ − ݃୻(ߞ)|
(ߝ)߱ = ߝ		as)				(1)ߧ → 0)																																																(3.16) 

1. We suppose that  ߝ ≥ (ௗ(఍,ா)
ଶ

)(ଵାఌ), we obtain 

(ଵାఌ)|(ߞ)݃|				 |݃୻(ߞ + −(ߝ ݃୻(ߞ)|
(ߝ)߱ ≤ 2

(ଵାఌ)|(ߞ)݃|

(ߝ)߱ ≤ 2(ଶାఌ)ߟ(ଵାఌ)
ିଵ ቆ

|(ߞ)݃|
߱൫݀(ܧ,ߞ)൯

ቇ
(ଵାఌ)

=  								(1)ߧ

																																					(as		ߝ → 0)																																																																																																																											(3.17) 
2. In this case we suppose that		ߝ ≤ (ௗ(఍,ா)

ଶ
)(ଵାఌ) and that  ߞ ∉  It follows .߁

ߞ]  + ,ߝ [ߞ ⊂ ॻ\ܧ.Then ݖ ∉ ݖ|  and ߁ − ∑ ݁௜ఏೕ௡
௝ୀଵ | ≥ ଵ

ଶ
ߞ| − ∑ ݁௜ఏೕ௡

௝ୀଵ | for every  
ݖ ∈ ߞ] + ,ߝ ∑  and for every [ߞ ݁௜ఏೕ௡

௝ୀଵ ∈ ݖ  There is .߁ ∈ ߞ] + ,	ߝ  such that [ߞ
|݃୻(ߞ + −(ߝ ݃୻(ߞ)|

ߝ = |݃୻ᇱ |(ݖ) ≤ ܽ୻(ݖ), 

where ܽ୻(ݖ) ≔ ଵ
గ ∫

ฬ௟௢௚ቚ௚(∑ ௘೔ഇೕ೙
ೕసభ )ቚฬ

ቚ∑ ௘೔ഇೕ೙
ೕసభ ି௭ቚ

మ ௝ߠ݀ 	
	
୻ . Since ܽ୻(ݖ) ≤ 4ܽ୻(ߞ)	, then 
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|݃୻(ߞ + −(ߝ ݃୻(ߞ)|
ߦ| − |ߞ ≤ 4ܽ୻(ߞ)	. 

2.1.  First we suppose that ܽ୻(ߞ) ≤ ଵ
ௗ(భశഄ)(఍,ா)

 . It is clear that 

|݃୻(ߞ + −(ߝ ݃୻(ߞ)|
݀(ଵାఌ)(ܧ,ߞ)߱(ߝ) = ቆ

|(ߞ)݃|
߱൫݀(ܧ,ߞ)൯

ቇ
(ଵାఌ)

ቆ
߱൫݀(ܧ,ߞ)൯
(ܧ,ߞ)݀ ቇ

(ଵାఌ)
ߝ

(ߝ)߱

≤ inf ൝ߟ(ଵାఌ)
ିଵ ቆ

|(ߞ)݃|
߱൫݀(ܧ,ߞ)൯

ቇ
(ଵାఌ)

, ቆ
߱൫݀(ܧ,ߞ)൯
(ܧ,ߞ)݀ ቇ

(ଵାఌ)
ߝ

ൡ(ߝ)߱ = ߝ		as)				(1)ߧ → 0).	 

 
Therefore we obtain, 

(ଵାఌ)|(ߞ)݃|						 |݃୻(ߞ + −(ߝ ݃୻(ߞ)|
(ߝ)߱ ≤

ߝ(ଵାఌ)|(ߞ)݃|
(ߝ)߱

|݃୻(ߞ + −(ߝ ݃୻(ߞ)|
ߝ ≤ 4

ߝ(ଵାఌ)|(ߞ)݃|
݀ସ(ܧ,ߞ)߱(ߝ)

= ߝ			as)				(1)ߧ → 0).																																																																																													(3.18) 
2.2. Next we suppose that  ܽ୻(ߞ) ≥ ଵ

ௗഄ(఍,ா)ఌభ/(భశഄ) . Set  ߣ఍ ∶= 1 −  ଵ/(ଵାఌ). Thenߝ

ห݃(ߣ఍ߞ)ห = exp ቐ
1

ߨ2
න

1 − ఍ଶߣ

ห∑ ݁௜ఏೕ௡
௝ୀଵ − หߞ఍ߣ

ଶ log ቮ݃ቌ෍݁௜ఏೕ
௡

௝ୀଵ

ቍ݀(෍ߠ௝)
௡

௝ୀଵ

ቮ
ଶగ

଴
ቑ

≤ exp ቐ
1

ߨ2
න

ଵ/(ଵାఌ)ߝ

ห∑ ݁௜ఏೕ௡
௝ୀଵ − หߞ఍ߣ

ଶ log ቮ݃ ቌ෍݁௜ఏೕ
௡

௝ୀଵ

ቍ݀(෍ߠ௝)
௡

௝ୀଵ

ቮ
	

୻
ቑ ≤ exp ൜−

1
4 ߝ

ଵ/(ଵାఌ)ܽ୻(ߞ)ൠ

≤ exp ൜−
1

4݀ఌ(ܧ,ߞ)
ൠ. 

It is clear that  
(ଵାఌ)|(ߞ)݃| ≤ 2ఌ|݃(ߞ) − (ଵାఌ)|(ߞ఍ߣ)݃ + 2ఌห݃(ߣ఍ߞ)ห

(ଵାఌ)
. We obtain 

(ଵାఌ)|(ߞ)݃| |݃୻(ߞ + −(ߝ ݃୻(ߞ)|
(ߝ)߱

≤ 2ఌ
|݃୻(ߞ + −(ߝ ݃୻(ߞ)|(ଵାఌ)

(ߝ)߱ |݃୻(ߞ + −(ߝ ݃୻(ߞ)|

+ 2ఌห݃൫ߣ఍ߞ൯ห
(ଵାఌ) ߝ

(ߝ)߱
|݃୻(ߞ + −(ߝ ݃୻(ߞ)|

ߝ  

≤ 2(ଵାఌ)ߟ(ଵାఌ)
ିଵ (1)ߧ + 2ఌ

ߝ
(ߝ)߱ exp ൜−

1
4݀ఌ(ܧ,ߞ)ൠ

∫ ቚ݈݃݋ห݃൫∑ ݁௜ఏೕ௡
௝ୀଵ ൯หቚ ݀(∑ ௝)௡ߠ

௝ୀଵ
	
ॻ

݀ଶ(ܧ,ߞ)  

= ߝ		as)				(1)ߧ → 0).																																						(3.19) 
2.3. Now we suppose that  
																										 ଵ

ௗ(భశഄ)(఍,ா)
≤ ܽ୻(ߞ) ≤ ଵ

ௗഄ(఍,ா)|ఌభ/(భశഄ)	.		set 

఍ߤ ≔ 1 − ଵ
௔౳(఍)ௗഄ(఍,ா)

. Then 	ߝଵ/(ଵାఌ) ≤ 1 − ఍ߤ ≤  It follows that .(ܧ,ߞ)݀

߱(1− (఍ߤ
1 − ఍ߤ

ߝ
ቆ(ߝ)߱

߱൫݀(ܧ,ߞ)൯
(ܧ,ߞ)݀ ቇ

ఌ

		≤ ቆ
߱(1− (఍ߤ

1 − ఍ߤ
ቇ

(ଵାఌ) ߝ
(ߝ)߱ ≤ (ଵାఌ)ߟ

ିଵ 	, 

and 
  



 

11 
 

													
߱൫1 − ఍൯ߤ

1 − ఍ߤ
ߝ

(ߝ)߱ ≤ (ଵାఌ)ߟ
ି(ଵ/ଵାఌ) ൬

ߝ
൰(ߝ)߱

ഄ
(భశഄ)

	. 

 Then 
߱൫1 − ఍൯ߤ

1 − ఍ߤ
ߝ

ቆ(ߝ)߱
|(ߞ)݃|
ቇ(ܧ,ߞ)݀

ఌ

≤ inf ൝ߟ(ଵାఌ)
ିଵ ቆ

|(ߞ)݃|
߱൫݀(ܧ,ߞ)൯

ቇ
ఌ

, (ଵାఌ)ߟ
ିቀ ଵ
ଵାఌቁ ൬

ߝ
൰(ߝ)߱

ఌ
(ଵାఌ) ቆ

|(ߞ)݃|
ቇ(ܧ,ߞ)݀

ఌ

ൡ 

= ߝ			as)				(1)ߧ → 0).																																																																				 
Also we have  |݃(ߤ఍ߞ)| ≤ exp{− ଵ

ସௗഄ(఍,ா)
}. We obtain 

(ଵାఌ)|(ߞ)݃| |݃୻(ߞ + −(ߝ ݃୻(ߞ)|
(ߝ)߱ ≤ (ଵାఌ)|(ߞ)݃| ߝ

 		(ݖ)୻ܽ(ߝ)߱

ݖ)                                                                                    ∈ ߞ] + ,ߝ  ([ߞ

	≤ ఌ|(ߞ)݃|
ห݃(ߞ)− ݃൫ߤ఍ߞ൯หߝ
൫1 − (ߝ)఍൯߱ߤ

൫1 − (ݖ)఍൯ܽ୻ߤ 							≤ ൯หߞ఍ߤఌห݃൫|(ߞ)݃|
ߝ

 (ݖ)୻ܽ(ߝ)߱

≤
߱൫1 − ఍൯ߤ

1 − ఍ߤ
ߝ

ቆ(ߝ)߱
|(ߞ)݃|
ቇ(ܧ,ߞ)݀

ఌ

+
ߝ

(ߝ)߱ exp ൜−
1

4݀ఌ(ܧ,ߞ)ൠ
∫ ቚ݈݃݋ห݃൫∑ ݁௜ఏೕ௡

௝ୀଵ ൯หቚ ݀(∑ ௝)௡ߠ
௝ୀଵ

	
ॻ

݀ଶ(ܧ,ߞ) 		 

= ߝ		as)				(1)ߧ → 0)																																																								(3.20) 
Consequently, from (3.18), (3.19) and (3.20) we obtain that if  
ߝ ≤ (ௗ(఍,ா)

ଶ
)(ଵାఌ)	and	ߞ ∉  then ,߁

		ห݃(ଵାఌ)(ߞ)ห
(ଵାఌ) |݃୻(ݖ − −(ߝ ݃୻(ߞ)|

(ߝ)߱ = ߝ		as)				(1)ߧ → 0)						(3.21) 

3. In this case we suppose that ߝ ≤ (ௗ(఍,ா)
ଶ

)(ଵାఌ) and that ߞ ∈  We use the equality (3.13) to transfer this .߁
case into the case ߞ ∉  Hence we use (3.21) to obtain also in this case that .߁

ห݃(ଵାఌ)(ߞ)ห
(ଵାఌ) |݃୻(ݖ − −(ߝ ݃୻(ߞ)|

(ߝ)߱ = ߝ		as)				(1)ߧ → 0)						(3.22) 

Now (3.16) follows from inequalities (3.17), (3.21) and (3.22). This completes the proof of the proposition.  
Proof of Theorem (2.3). Let ॎ be a closed ideal in ߉ఠ and  ݃ a function in ߉ఠ. Then ௚ܱ ∈ ఠ߉ 	and ௚ܱ

(ଵାఌ) ∈
ߝ ఠ, for every߉ > 0. Suppose that 
௚ܷ ௚ܱ

(ଵାఌ) ∈ ॎ	. Then  ௚ܷ ௚ܱ
(ఌାଷ) ∈ ॎ	, for every  ߝ > 0. 

From Proposition 3.7.1 we have ௚ܷ ௚ܱ
(ଵାఌ)݃௰ಿ೎ ∈ ఠ, and hence, ௚ܷ߉ ௚ܱ

(ఌାଶ)݃௰ಿ೎ ∈  ఠ. It follows, by using߉
Lemma (3.4), that  ௚ܷ ௚ܱ

(ఌାଶ)݃௰ಿ೎ ∈ ॎ, for every ߝ > 0 and for every ܰ ∈ ℕ. Hence, from Proposition 3.7.(ii), 

௚ܷ ௚ܱ
(ఌାଶ) ∈ ॎ for every  ߝ > 0. Again we use Lemma (3.4) and Proposition (3.7) to deduce that  ௚ܷ ௚ܱ

(ఌାଶ) ∈
ॎ	 for every 	ߝ > 0. This infers that ݃ ∈ ॎ	. 
Appendix A. An equivalent norm in ࣓ࢫ 
     In this section we give a simple proof of the following Tamrazov’s Theorem [8]. 
Theorem A.1. (See [8].) Let ߱ be any arbitrary modulus of continuity and let ݂ be a function in  ߉ఠ(ॻ) ∩
ࣛ(॰). Then f belongs to ߉ఠ. We need the following key lemma. 
Lemma A.2. Let ߱ be any arbitrary modulus of continuity and let ݂ ∈ ఠ(ॻ)߉ ∩ࣛ(॰) be a function such 
that  ‖݂‖௸ഘ(ॻ) ≤ 1. For every 	ߜ ≥ 0, we have 

exp ቐ
1

ߨ2
න

1 − ଶ|ݖ|

ห∑ ݁௜ఏೕ௡
௝ୀଵ − หݖ

ଶ log	 ቌቮ݂ ቌ෍݁௜ఏೕ
௡

௝ୀଵ

ቍ − ݖ)݂ ∕ +ቮ(|ݖ| (௝ߠ෍)ቍ݀ߜ
௡

௝ୀଵ

ଶగ

଴
ቑ

≤ ൫߱(1ߧ − ൯(|ݖ| + |ݖ|	as)							ߜܣ → 1), 
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where ܣ is an absolute constant. 
Proof. Let 0 < ߝ < 1 and  ܿఌ > 0 such that for any  ߞ + ,	ߝ ߞ ∈ ܶ satisfying  ߝ ≤ ܿఌ, we have 
ߞ)݂| + (ߝ − |(ߞ)݂ ≤  Divide T into the following three parts .(ߝ)߱ߝ

										Γଵ ≔ ߞ} + ߝ ∈ ॻ: ߞ)| + (ߝ − z |z|⁄ | ≤ 1 − |ݖ| ≤ ܿఌ}	, 
										Γଶ ≔ ߞ} + ߝ ∈ ॻ: 1 − |ݖ| ≤ ߞ)| + −(ߝ z |z|⁄ | ≤ ܿఌ}	, 

Γଷ ≔ ߞ} + ߝ ∈ ॻ: ܿఌ ≤ ߞ)| + −(ߝ z |z|⁄ |}	.									 
We have 

1
ߨ2

න
1− ଶ|ݖ|

ห∑ ݁௜ఏೕ௡
௝ୀଵ − หݖ

ଶ logቌቮ݂ ቌ෍݁௜ఏೕ
௡

௝ୀଵ

ቍ − ݖ)݂ ⁄|ݖ| )ቮ+ (௝ߠ෍)ቍ݀ߜ
௡

௝ୀଵ

ଶగ

଴
 

																		≤
1

ߨ2
න

1 − ଶ|ݖ|

ห∑ ݁௜ఏೕ௡
௝ୀଵ − หݖ

ଶ logቌ߱ߝ ቮ෍݁௜ఏೕ
௡

௝ୀଵ

− ݖ ⁄|ݖ| ቮ+ (௝ߠ෍)ቍ݀ߜ
௡

௝ୀଵ

	

୻భ
		

+
1

ߨ2
න

1 − ଶ|ݖ|

ห∑ ݁௜ఏೕ௡
௝ୀଵ − หݖ

ଶ logቌ߱ߝ ቮ෍݁௜ఏೕ
௡

௝ୀଵ

− ݖ ⁄|ݖ| ቮ+ (௝ߠ෍)ቍ݀ߜ
௡

௝ୀଵ

	

୻మ
 

																	+
1

ߨ2
න

1 − ଶ|ݖ|

ห∑ ݁௜ఏೕ௡
௝ୀଵ − หݖ

ଶ logቌ߱ߝ ቮ෍݁௜ఏೕ
௡

௝ୀଵ

− ݖ ⁄|ݖ| ቮ+ (௝ߠ෍)ቍ݀ߜ
௡

௝ୀଵ

	

୻య
 

																										≔ ଵܫ + ଶܫ + .ܣ)																																																	.	ଷܫ 1) 
It is clear that 

ଵܫ			 ≤ ቌ
1

ߨ2
න

1 − ଶ|ݖ|

ห∑ ݁௜ఏೕ௡
௝ୀଵ − หݖ

ଶ ݀(෍ߠ௝)
௡

௝ୀଵ

	

୻భ
ቍ log(1)߱ߝ − (|ݖ| + .(ߜ .ܣ)						 2) 

Next we have 

ଶܫ =
1

ߨ2
න

1− ଶ|ݖ|

ห∑ ݁௜ఏೕ௡
௝ୀଵ − หݖ

ଶ logቌ߱ߝ ቮ෍݁௜ఏೕ
௡

௝ୀଵ

− ݖ ⁄|ݖ| ቮ + ቍߜ ݀(෍ߠ௝)
௡

௝ୀଵ

	

୻మ
 

									≤
1

ߨ2
න

1 − ଶ|ݖ|

ห∑ ݁௜ఏೕ௡
௝ୀଵ − หݖ

ଶ logቌߝ ቮ෍݁௜ఏೕ
௡

௝ୀଵ

− ݖ ⁄|ݖ| ቮ
߱(1 − (|ݖ|

1 − |ݖ| + ቍߜ ݀(෍ߠ௝)
௡

௝ୀଵ

	

୻మ
 

					≤
1

ߨ2
න

1 − ଶ|ݖ|

ห∑ ݁௜ఏೕ௡
௝ୀଵ − หݖ

ଶ logቌ
ห∑ ݁௜ఏೕ௡

௝ୀଵ − ݖ ⁄|ݖ| ห
1− |ݖ| −1)߱ߝ) (|ݖ| + (௝ߠ෍)ቍ݀(ߜ

௡

௝ୀଵ

	

୻మ
 

						≤ ቌ
1

ߨ2
න

1− ଶ|ݖ|

ห∑ ݁௜ఏೕ௡
௝ୀଵ − หݖ

ଶ ݀(෍ߠ௝)
௡

௝ୀଵ

	

୻భ
ቍ log(1)߱ߝ − (|ݖ| + (ߜ 																			

+ ܿ න
log(2 − (ߝ
(2 − ଶ(ߝ

	

ఌஹ଴
݀(2 − .ܣ)																																																																																																									,	(ߝ 3) 

where ܿ is an absolute constant. Let ܿఌᇱ  be a positive number such that ܿఌᇱ ≤ ܿఌ and for every ݖ ∈ ॰ satisfying 
1 − |ݖ| ≤ ܿఌᇱ 	, we have ଵ

ଶగ ∫
ଵି|௭|మ

ቚ∑ ௘೔ഇೕ೙
ೕసభ ି௭ቚ

మ ݀(∑ ௝)௡ߠ
௝ୀଵ ≤ 		ߝ

୻య
. Hence, as in (73), we obtain 

ଷܫ =
1

ߨ2
න

1 − ଶ|ݖ|

ห∑ ݁௜ఏೕ௡
௝ୀଵ − หݖ

ଶ logቌ߱ ቮ෍݁௜ఏೕ
௡

௝ୀଵ

− ݖ ⁄|ݖ| ቮ+ (௝ߠ෍)ቍ݀ߜ
௡

௝ୀଵ

	

୻య
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									≤ ቌ
1

ߨ2
න

1− ଶ|ݖ|

ห∑ ݁௜ఏೕ௡
௝ୀଵ − หݖ

ଶ ݀(෍ߠ௝)
௡

௝ୀଵ

	

୻య
ቍ log(߱(1 − (|ݖ| + (ߜ 				+ ܿ න

log(2− (ߝ
(2 − ଶ(ߝ

	

ఌஹ଴
݀(2−  (ߝ

																	= ቌ
1

ߨ2
න

1 − ଶ|ݖ|

ห∑ ݁௜ఏೕ௡
௝ୀଵ − หݖ

ଶ ݀(෍ߠ௝)
௡

௝ୀଵ

	

୻య
ቍ log(1)߱ߝ − (|ݖ| + (ߜ 				+ ܿ න

log(2 − (ߝ
(2− ଶ(ߝ

	

ఌஹ଴
݀(2 − (ߝ

+ ቌ
1

ߨ2
න

1 − ଶ|ݖ|

ห∑ ݁௜ఏೕ௡
௝ୀଵ − หݖ

ଶ ݀(෍ߠ௝)
௡

௝ୀଵ

	

୻య
ቍ ቆ݃݋݈

߱(1 − (|ݖ| + ߜ
−1)߱ߝ (|ݖ| +  ቇߜ

≤ ቌ
1

ߨ2
න

1 − ଶ|ݖ|

ห∑ ݁௜ఏೕ௡
௝ୀଵ − หݖ

ଶ ݀(෍ߠ௝)
௡

௝ୀଵ

	

୻య
ቍ log(1)߱ߝ− (|ݖ| + (ߜ + ܿ න

log(2 − (ߝ
(2− ଶ(ߝ

	

ఌஹ଴
݀(2 − (ߝ

− .ܣ)																																																																																																																																																																										,(ߝ)log	ߝ 4) 
for every ݖ ∈ ॰ satisfying 1 − |ݖ| ≤ ܿఌᇱ . From (A.2), (A.3) and (A.4) we obtain 

exp ቐ
1

ߨ2
න

1− ଶ|ݖ|

ห∑ ݁௜ఏೕ௡
௝ୀଵ − หݖ

ଶ logቌቮ݂ ቌ෍݁௜ఏೕ
௡

௝ୀଵ

ቍ − ݖ)݂ ⁄|ݖ| )ቮ+ (௝ߠ෍)ቍ݀ߜ
௡

௝ୀଵ

ଶగ

଴
ቑ 

	≤ 1)߱ߝ)ܣ − (|ݖ| + ݖ)			(ߜ ∈ ॰	and	1− |ݖ| ≤ ܿఌᇱ)												(ܣ. 5) 
where ܣ is an absolute constant. This completes the proof of the lemma.  
   We use Lemma A.2 to prove the following one 
Lemma A.3. Let ߱ be any arbitrary modulus of continuity and let 	݂ ∈  ఠ(ॻ). Then߉
(ݖ)݂|      − |(ߞ)݂ = ݖ|)൫߱ߧ − ݖ|	(as													 ൯(|ߞ − |ߞ → 0, ݖ ∈ ॰	and	ߞ ∈ ॻ).																	(ܣ. 6) 
Proof. We can suppose that 	‖݂‖௸ഘ(ॻ) ≤ 1. Let 0 < ߝ < 1 and ܿఌ > 0 be a number such that for any  
ߞ + ,	ߝ ߞ ∈ ॻ  satisfying  ߝ ≤ ܿఌ, we have |݂(ߞ + (ߝ − |(ߞ)݂ ≤ ߞ Fix .(ߝ)߱ߝ ∈ ॻ and fix ݖ ∈ ॰ such that 
ݖ| − |ߞ ≤ ܿఌ/2  and |ݖ| ≥ 1/4. We have |ݖ − ଶ|ߞ = (1 − ଶ(|ݖ| + |ݖ|/ݖ||ݖ| − ଶ|ߞ ≥ ଵ

ସ
|ݖ|/ݖ| −   ଶ. Hence|ߞ

|ݖ|/ݖ| − |ߞ ≤ ݖ|2 − |ߞ ≤ ܿఌ. We obtain 
(ݖ)݂| − |(ߞ)݂ ≤ (ݖ)݂| − |(|ݖ|/ݖ)݂ + −(|ݖ|/ݖ)݂| |(ߞ)݂ ≤ −(ݖ)݂| |(|ݖ|/ݖ)݂ + |ݖ|/ݖ|)߱ߝ −  (|ߞ

≤ exp ቐ
1

ߨ2
න

1 − ଶ|ݖ|

ห∑ ݁௜ఏೕ௡
௝ୀଵ − หݖ

ଶ logቌቮ݂ ቌ෍݁௜ఏೕ
௡

௝ୀଵ

ቍ − ݖ)݂ ⁄|ݖ| )ቮቍ݀(෍ߠ௝)
௡

௝ୀଵ

ଶగ

଴
ቑ + ݖ|)߱ߝ2 −  .(|ߞ

Now, we use Lemma A.2 to deduce the result of the lemma.  
Proof of Theorem A.1. Let 0 < ߝ < 1. From Lemma A.3 there is 0 < ܿఌ < 1/2 such that for every ݖ ∈ ॰ 
and for every  ߞ ∈ ॻ satisfying 	|ݖ − |ߞ ≤ ܿఌ we have  
−(ݖ)݂| |(ߞ)݂ ≤ ݖ|)߱ߝ − ݖ Let .(|ߞ ∈ ॰ satisfying  |ߝ| ≤ ܿఌ/2 and 
 inf{|ݖ|, ݖ| − {|ߝ = ݖ| − |ߝ ≥ 1 − ܿఌ 	. It follows that 
 | ௭

|௭|
− ݖ) − ݖ|/(ߝ − ||ߝ ≤ ݖ)ݖ| − |ߝ|ଵ/ଶି|(ߝ ≤ |ߝ|2 ≤ ܿఌ. 

   (i).  First we assume that |ߝ| ≥ 1− ݖ| −  We obtain .|ߝ
−(ݖ)݂|					 ݖ)݂ − |(ߝ 	

≤ −(ݖ)݂| ݖ)݂ ⁄|ݖ| )| + ݖ)݂| ⁄|ݖ| )− ݖ)݂ − ߝ ݖ| − ⁄|ߝ )| 		+ ݖ)݂| − −(ߝ ݖ)݂ − ߝ ݖ| − ⁄|ߝ )|
≤ .ܣ)																																																		.(|ߝ|)߱ߝ4 7) 

  (ii). Now we suppose that |ߝ| ≤ 1 − ݖ| −  We apply the maximum principle theorem in ॰ to the analytic .|ߝ
function  
ݖ ↦ ௙(௭)ି௙(௭ିఌ)	

ఌ
  we get 
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ቤ
(ݖ)݂ − ݖ)݂ − 	(ߝ

ߝ
ቤ ≤ sup

(఍ାఌ)∈ॻ
ቤ
(ݖ)݂ − ݖ)݂ − 	(ߝ

ߝ
ቤ =

ห݂൫(ߞ + ൯(௭ିఌ)(ߝ − ݖ)݂ − ห(ߝ
ห(ߞ + (௭ିఌ)(ߝ − ݖ) − ห(ߝ

			 

																																																																																																			൫(ߞ + (௭ିఌ)(ߝ ∈ ॻ൯. 
2.1. If ห(ߞ + (௭ିఌ)(ߝ − ݖ) − ห(ߝ ≤ ܿఌ, then 

(ݖ)݂| − ݖ)݂ − |(ߝ
(|ߝ|)߱ = ቤ

(ݖ)݂ − ݖ)݂ − 	(ߝ
ߝ

ቤ
|ߝ|

(|ߝ|)߱ ≤ 2
‖݂‖ஶ
ܿఌ

= |ߝ|	as)				(1)ߧ → .ܣ)																	.(0 8) 

2.2. If 	|(ߞ + (௭ିఌ)(ߝ − ݖ) − |(ߝ ≤ ܿఌ, then  
ߞ))݂| + −((௭ିఌ)(ߝ ݖ)݂ − |(ߝ ≤ ߞ)|)߱ߝ + (௭ିఌ)(ߝ − ݖ) −  It follows that .(|(ߝ

−(ݖ)݂| ݖ)݂ − |(ߝ
(|ߝ|)߱ = ቤ

(ݖ)݂ − ݖ)݂ − 	(ߝ
ߝ

ቤ
|ߝ|

(|ߝ|)߱ ≤
−(ݖ)݂| ݖ)݂ − |(ߝ

(|ߝ|)߱

= ቤ
݂൫(ߞ + ൯(௭ିఌ)(ߝ − ݖ)݂ − 	(ߝ

ߞ) + (௭ିఌ)(ߝ − ݖ) − (ߝ ቤ
1 − ݖ| − |ߝ

߱(1 − ݖ| − ߞ)൫			(|ߝ + (௭ିఌ)(ߝ ∈ ॻ൯ 

											≤ ߝ
߱൫ห(ߞ + (௭ିఌ)(ߝ − ݖ) − ห൯(ߝ
ห(ߞ + (௭ିఌ)(ߝ − ݖ) − ห(ߝ

1 − ݖ)| − |(ߝ
߱(1− ݖ)| − (|(ߝ ≤ .ܣ)																				.	ߝ 9) 

From inequalities (A.7), (A.8) and (A.9), there is ܿఌᇱ > 0 such that if |ߝ| ≤ ܿఌᇱ  and  inf{|ݖ|, ݖ)| − {|(ߝ ≥ 1	– ܿఌᇱ  
, then 

																																					
(ݖ)݂| − ݖ)݂ − |(ߝ

(|ߝ|)߱ ≤ .ܣ)																												.	ߝ 10) 

3. If 	ݖ ∈ ॰ are such that 	sup{|ݖ|, ݖ| − {|ߝ ≤ 1 − ܿఌᇱ  we have 

									
−(ݖ)݂| ݖ)݂ − |(ߝ

(|ߝ|)߱ = ቤ
(ݖ)݂ − ݖ)݂ − (ߝ

ߝ
ቤ

|ߝ|
(|ߝ|)߱ ≤ sup

|఍|ஸଵି௖ഄᇲ
|݂ᇱ(ߞ)|

|ߝ|
(|ߝ|)߱ 		

= |ߝ|	as)				(1)ߧ → .ܣ)																																																																																										.	(0 11) 
From (A.10) and (A.11) we deduce the result. The proof of the theorem is completed. 
Appendix B. Factorization property in ࣓ࢫ  
   The F-property of ߉ఠ, for any arbitrary modulus of continuity ߱, is given by Shirokov [7]. For 
completeness we give here the proof. 
Theorem B.1. (See [7].) Let ߱ be any arbitrary modulus of continuity. Let ݂ be a function in ߉ఠ and let ܷ be 
inner function such that  ݂/ܷ ∈ ℋஶ(॰). Then ݂/ܷ ∈  ఠ and߉

	
(ݖ)ܷ/݂| − ݖ)ܷ/݂ − |(ߝ

(|ߝ|)߱ = |ߝ|	as)				(1)ߧ → 0)	, 

uniformly with respect to ܷ. Also ‖݂/ܷ‖ఠ ≤ ܿ‖݂‖ఠ	, where ܿ is an absolute constant. 
Corollary B.2. Let ߱ be any arbitrary modulus of continuity. Let ݂ and ݃ be functions in ߉ఠ and let {ܷ௡}௡∈ℕ 
be sequence of inner functions such that ݂/ܷ௡ ∈ ℋஶ(॰) for every ݊ ∈ ℕ. If 
lim௡→ାஶ	‖݂/ܷ௡ − ݃‖ஶ = 0, then lim௡→ାஶ	‖݂/ܷ௡ − ݃‖ఠ = 0. 
Proof. The proof immediately follows from Theorem B.1 and Lemma (3.1).  
    We begin the proof of Theorem B.1 by establishing several lemmas. 
Lemma B.3. Let ߱ be any arbitrary modulus of continuity. Let ݂ be a function in ߉ఠ. Then 

ห ௙ܱ(ݖ)ห ≤ ൫߱(1ߧ − ൯(|ݖ| + ݖ)݂|ܣ ⁄|ݖ| )|							(as	|ݖ| → 1), 
where ܣ > 0 is an absolute constant. 
Proof. For ݖ ∈ ॰, we have 

logห ௙ܱ(ݖ)ห =
1

ߨ2
න

1 − ଶ|ݖ|

ห∑ ݁௜ఏೕ௡
௝ୀଵ − หݖ

ଶ log ቮ݂ ቌ෍݁௜ఏೕ
௡

௝ୀଵ

ቍቮ ݀(෍ߠ௝)
௡

௝ୀଵ

ଶగ

଴
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	≤
1

ߨ2
න

1 − ଶ|ݖ|

ห∑ ݁௜ఏೕ௡
௝ୀଵ − หݖ

ଶ logቌቮ݂ ቌ෍݁௜ఏೕ
௡

௝ୀଵ

ቍ − ݖ)݂ ⁄|ݖ| )ቮ+ ݖ)݂| ⁄|ݖ| )|ቍ݀(෍ߠ௝)
௡

௝ୀଵ

.
ଶగ

଴
 

Now, we use Lemma A.2  to complete the proof of the lemma.  
   For a function ݂ ∈ ℋஶ(॰) we set 

ܽ௙(ߞ + (ߝ ≔෍
1 − |ܽ௡|ଶ

ߞ)| + −(ߝ ܽ௡|ଶ

	

௡ஹ଴

+
1
ߨ
න

1

ห∑ ݁௜ఏೕ௡
௝ୀଵ − ߞ) + หଶ(ߝ

	

ॻ
௙ߤ݀ ቌ(෍ߠ௝)

௡

௝ୀଵ

ቍ ,	 

where {ܽ௡:	݊ ∈ ℕ} = ௙ܼ ∩ ॰ (for all ݊,ܽ௡ is repeated according to it is multiplicity) and ߤ௙  is the positive 
singular measure associated to the singular factor ௙ܵ  of ݂. 
Lemma B.4. Let ݂ be a function in the disk algebra with inner factor  ௙ܷ ≢ 1.  
Let ߞ + ߝ ∈ ॻ\ܧ௙ and let ߝ ≤ 0 be such that   −ߝ ≤ ߞ)݀ + ,ߝ ௙ܼ). Then 

ห ௙ܷ((1 + ߞ)(ߝ + ห((ߝ ≤ exp ቄ
ߝ
8 ܽ௙(ߞ +  .ቅ(ߝ

Proof. We have 

logห ௙ܵ൫(1 + ߞ)(ߝ + ൯ห(ߝ = −
1

ߨ2
න

1 − |(1 + ߞ)(ߝ + ଶ|(ߝ

ห∑ ݁௜ఏೕ௡
௝ୀଵ − ߞ) + หଶ(ߝ

	

ॻ
(௝ߠ෍)௙ߤ݀

௡

௝ୀଵ

				

≤ −
1

ߨ2
න

1
4

ߝ−

ห∑ ݁௜ఏೕ௡
௝ୀଵ − ߞ) + หଶ(ߝ

	

ॻ
(௝ߠ෍)௙ߤ݀

௡

௝ୀଵ

 

= −
ߝ

ߨ8
න

1
4

1

ห∑ ݁௜ఏೕ௡
௝ୀଵ − ߞ) + หଶ(ߝ

	

ॻ
(௝ߠ෍)௙ߤ݀

௡

௝ୀଵ

.																																								(B. 1) 

It is clear that 
ଶ|ߝ| = ห|ݖ|− ݖ| − หଶ|ߝ + ݖ||ݖ| − ݖ||ߝ ⁄|ݖ| − ݖ) − (ߝ ݖ| − ⁄|ߝ |ଶ			(ݖ ∈ ॰). 

Now we estimate |ܤ௙((1 + ߞ)(ߝ + ݊ For all .|((ߝ ∈ ℕ, we have 

ቤ
(1 + ߞ)(ߝ + −(ߝ ܽ௡
ߞ) + −(ߝ (1 + ௡ܽ(ߝ

ቤ
ଶ

=
൫(1 + −(ߝ |ܽ௡|൯ଶ + (1 + ߞ)||௡ܽ|(ߝ + (ߝ − ܽ௡ |ܽ௡|⁄ |ଶ

ଶ(|௡ܽ|ߝ) + (1 + ߞ)||௡ܽ|(ߝ + −(ߝ ܽ௡ |ܽ௡|⁄ |ଶ  

																														= 1 − ߝ2) + (ଶߝ
1 − |ܽ௡|ଶ

ߞ)| + −(ߝ ܽ௡|ଶ ≤ 1 +
ߝ
4

1 − |ܽ௡|ଶ

ߞ)| + −(ߝ ܽ௡|ଶ. 

Hence 

݃݋݈ ቤ
(1 + ߞ)(ߝ + (ߝ − ܽ௡
ߞ) + (ߝ − (1 + ௡ܽ(ߝ

ቤ
	

≤
ߝ
8

1 − |ܽ௡|ଶ

ߞ)| + −(ߝ ܽ௡|ଶ 

Therefore 

														หܤ௙൫(1 + ߞ)(ߝ + ൯ห(ߝ ≤ exp ൝
ߝ
8෍

1 − |ܽ௡|ଶ

ߞ)| + −(ߝ ܽ௡|ଶ

	

௡ஹ଴

ൡ .																							(B. 2) 

From (B.1) and (B.2) we obtain 
																				ห ௙ܷ((1 + ߞ)(ߝ + ห((ߝ ≤ exp ቄ

ߝ
8 ܽ௙((ߞ +  .ቅ((ߝ

This proves the lemma.  
Lemma B.5. Let ݂ be a function in ߉ఠ and let ܷ be an inner function such that 
 ݂/ܷ ∈ ℋஶ(॰). Then 

|(ߞ)݂|					 = ߧ ൭߱ ൬
1

ܽ௎(ߞ)൰
൱					൫ܽݏ	݀൫ߞ, ௙ܼ൯ → 0, ߞ ∈ ॻ\ܧ௙൯. 
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Proof. Let ߝ > 0. There is ܿఌ > 0 such that if |ߝ| ≤ ܿఌ, ݖ ∈ ॻ, then we have 
(ݖ)݂|  − ݖ)݂ − |(ߝ ≤ From Lemma B.3, there is 0 .(|ߝ|)߱ߝ < ܿఌᇱ < ܿఌ such that if  ߝ ≤ −ܿఌ, then 
 ห ௙ܱ൫(1 + ൯หߞ(ߝ ≤ (1 + (ߝ−)߱ߝ)(ߝ + ߝ where ,(|(ߞ)݂| > 0 is an absolute constant. Let ߞ ∈ ॻ\ܧ௙ such that 
,ߞ)݀ ௙ܼ) ≤ ܿఌᇱ . 
1. We assume that ܽ௎(ߞ) ≤ ଼(ଵାఌ)

ௗ(఍,௓೑)
	 . Then we obtain  

|(ߞ)݂|													 ≤ ,ߞ)݀)߱ߝ ௙ܼ)) ≤ (ଵାఌ)଼)߱ߝ
௔ೆ(఍)

) ≤ 8(1 + )߱ߝ(ߝ ଵ
௔ೆ(఍)

). 

2. Now assume that ܽ௎(ߞ) ≥ ଼(ଵାఌ)
ௗ൫఍,௓೑൯

	. then 1 − (1 + ఍(ߝ ≤ ݀൫ߞ, ௙ܼ൯, 

where (1 + ఍(ߝ ∶= 1 − (ଵାఌ)మ

௔ೆ(఍)
 . We have ௙ܷ/ܷ ∈ ℋஶ(॰), then  ܽ௎(ߞ) ≤ ܽ௙(ߞ) and by using Lemma B.4  

we obtain 

						ห ௙ܷ((1 + ห(ߞ఍(ߝ ≤ exp ቊ−
1− (1 + ఍(ߝ

8 ܽ௙(ߞ)ቋ ≤ exp ቄ
ߝ
8 ܽ௎(ߞ)ቅ = exp{−(1 +  .	{(ߝ

Since ݀(ߞ, ௙ܼ) ≤ ܿఌᇱ , then	1− (1 + ఍(ߝ 	≤ ܿఌᇱ   and we have 
	ห݂((1 + ห(ߞ఍(ߝ = ห ௙ܷ((1 + หห(ߞ఍(ߝ ௙ܱ((1 + ห(ߞ఍(ߝ 		

≤ (1 + exp{−(1	(ߝ + ൫1߱ߝ൫{(ߝ − (1 + ఍൯(ߝ +  .൯|(ߞ)݂|
Hence 

|(ߞ)݂| ≤ ห݂(ߞ) − ݂((1 + ห(ߞ఍(ߝ + ห݂((1 + ห(ߞ఍(ߝ
≤ ൫1߱ߝ − (1 + ఍൯(ߝ + (1 + exp{−(1	(ߝ + ൫1߱ߝ൫{(ߝ − (1 + ఍൯(ߝ +  .൯|(ߞ)݂|

It follows that |݂(ߞ)| ≤ −1)߱ߝ3 (1 + (఍(ߝ ≤ 24(1 + )߱ߝ(ߝ ଵ
௔ೆ(఍)

). This completes the proof of the lemma.  
Proof of Theorem B.1. Now, we can deduce the proof of Theorem B.1 by using Lemma B.5. Indeed, from 
Theorem A.1 it is sufficient to prove that  ݂/ܷ ∈  ఠ(ॻ), that is߉

ߞ)݂| + ߞ)ܷ/(ߝ + (ߝ − |(ߞ)ܷ/(ߞ)݂
(ߝ)߱ = ߝ		as)							(1)ߧ → 0	and		ߞ + ,	ߝ ߞ ∈ ॻ). 

Let ߞ + ,	ߝ ߞ ∈ ॻ be two distinct points such that ݀(ߞ + ,ߝ ௙ܼ) ≥ ,ߞ)݀ ௙ܼ). We have 
ߞ)݂| + ߞ)ܷ/(ߝ + (ߝ − |(ߞ)ܷ/(ߞ)݂

(ߝ)߱ ≤
ߞ)݂| + −(ߝ |(ߞ)݂

(ߝ)߱ + |(ߞ)݂|
ߞ)ܷ| + −(ߝ |(ߞ)ܷ

(ߝ)߱ 	. 

Then it suffices to prove 
 

|(ߞ)݂|						
ߞ)ܷ| + (ߝ |(ߞ)ܷ−

(ߝ)߱ = ߝ		ݏܽ)					(1)ߧ → 0).									(B. 3) 

1. First we suppose that  ߝ ≥ ଵ
ଶ
,ߞ)݀ ௙ܼ). Then 

|(ߞ)݂|					
ߞ)ܷ| + (ߝ |(ߞ)ܷ−

(ߝ)߱ ≤ 2
|(ߞ)݂|

߱(1
,ߞ)2݀ ௙ܼ))

≤ 4
|(ߞ)݂|

,ߞ)݀)߱ ௙ܼ)) 		

= ߝ		as)					(1)ߧ → 0)	.																																																																																															(B. 4) 
2. Next we suppose that ߝ ≤ ଵ

ଶ
,ߞ)݀ ௙ܼ). Then  [ߞ + ,ߝ [ߞ ⊂ ௙ܧ\ܶ  . There is ݖ ∈ ߞ] + ,ߝ  such that [ߞ

 |௎(఍ାఌ)ି௎(఍)|
ఠ(ఌ)

= |ܷᇱ(ݖ)| ≤ ∑ ଵି|௔೙|మ

|௭ି௔೙|మ௡ஹ଴ + ଵ
గ ∫

ଵ

ቚ∑ ௘೔ഇೕ೙
ೕసభ ି௭ቚ

మ
	
ॻ ∑)ߤ݀ ௝)௡ߠ

௝ୀଵ ≔ ܽ௎(ݖ) ≤ 4ܽ௎(ߞ) ≤ ௖೑
ௗమ൫఍ ,௓೑൯

. 

2.1. If ܽ௎(ߞ) ≤ ଵ
ఌ
 . Then, by using Lemma B.5, we deduce that 

(ߞ)௎ܽ|(ߞ)݂|
ߝ

(ߝ)߱ = ,ߞ)݀	൫as					(1)ߧ ௙ܼ) → 0൯. 

therefore 
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|(ߞ)݂|
ߞ)ܷ| + |(ߞ)ܷ−(ߝ

(ߝ)߱ ≤ (ߞ)௎ܽ|(ߞ)݂|4
ߝ

(ߝ)߱ ≤ inf ቊ4|݂(ߞ)|ܽ௎(ߞ)
ߝ

	(ߝ)߱ ,
௙ܿ‖݂‖ஶ

݀ଶ൫ߞ, ௙ܼ൯
ߝ

 ቋ(ߝ)߱

= ߝ		as)					(1)ߧ → 0)	.																																																																									(B. 5) 
2.2. Now assume that ܽ௎(ߞ) ≥ ଵ

ఌ
 . Then, by Lemma B.5, we obtain |݂(ߞ)| = ,ߞ)݀ as ,((ߝ)߱)݋ ௙ܼ) → 0. 

Therefore 

|(ߞ)݂|
ߞ)ܷ| + −(ߝ |(ߞ)ܷ

(ߝ)߱ ≤ inf ቊ2
|(ߞ)݂|
(ߝ)߱ 	 ,

௙ܿ‖݂‖ஶ
݀ଶ൫ߞ, ௙ܼ൯

ߝ
 ቋ(ߝ)߱

= ߝ		as)					(1)ߧ → 0)	.																																																								(B. 6) 
Consequently (B.3) follows from inequalities (B.4), (B.5) and (B.6). The proof of the theorem is completed.  
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