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Closed ideals in sequence of analytic weighted Lipschitz algebras

Abstract
We obtain a complete description of closed ideals in sequence of weighted Lipschitz algebras (4,.), of
sequence of analytic functions on the unit disk satisfying the following condition
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where w is a modulus of continuity satisfying some regularity conditions. In particular the closed ideals of
the algebras (4,),, ., where

L 1 . . 4 . .
X1-:(2—¢):= (ogG—olrDis € > 1, are standard and this answers Shirokov’s.question [N.A. Shirokov,

Closed ideals of algebras of B, .
Keywords: Closed ideals; Invariant subspaces; Banach algebra; Resolvent
1.Introduction and statement of main result

Let D be the unit disk of the complex plane and T its boundary. By A (I2) we denote the usual disk algebra
of all analytic functions f on ID that are continuous on . We define the weighted Lipschitz algebra
(Ar)w(]D)) = (Ar)w to (Ar)w = {f;’ € Uq(]D)): SUPzen Zr |fr(Zi)—(j|”:_I()z+£)| - 0(1) (aS |€| - O)}! where
w(2 —€) is a modulus of continuity, i.e., a nondecreasing continuous real-valued function on [0, 2] with
w(0) = 0 and w(z E) is non increasing function such that 1im _ .o =2 = oo, It is clear that (4,),, is a

(2-¢)
commutative Banach algebra when equipped with the norm

Il = anr”w+SupZED2|ﬂ<z3)(—|£];r)(w)| |

With || |l = Sup eplf-(2)I. Slmllarly the weighted Llpschltz algebra (4,),(T) is defined by
|fr(2) = W] _
(Ar)w 7 {ﬁ" € ‘A(]D)):Supze"ﬂ'z f f

w(lel)

Shirokov showed in [7] that (A,), possesses the so-called F-property (Factorization property), i.e., for
every given f, €(4,), and inner function U, such that f./U, belongs to the algebra # (D) of bounded
analytic functions, we have £,./Uy € (4,),, and ||X £./U, ||w < cYIf |l for an absolute constant ¢

(see Appendix B). Note that Tamrazov [8] proved that the algebras (4,), and (4,),(T) coincide for any
arbitrary. modulus.of continuity w (see Appendix A).

The structure of closed. ideals in the disk algebra is given independently by Beurling and Rudin [2]. They
proved that if T is:a closed ideal of A (D), then there is an inner function Uy
(the greatest common divisor of the inner parts of the nonzero functions in ) such that

I ={f, € A(D): frwg =0and f,./(U,)y € H* (D)}, where Ef :={{ + e € T: f,({ + ) =0, Vf, € T}.

Using Beurling—Carleman-Domar resolvent’s method combined with the F-property, we can reduce the
problem of characterization of closed ideals, in some algebras of analytic functions, to a problem of
approximation of outer functions (see for example [1] and references therein). Korenblum [3] has described
the closed ideals of the algebra HZ of analytic functions f, such that £. ' is in the Hardy space H2. He proved
that these ideals are standard (in the sense of Beurling—Rudin characterization of the closed ideals in the disk
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algebra). Later, this result has been extended to some other Banach algebras of analytic functions. In
particular by Matheson [4] and independently by Shamoyan [5] for the algebras (4,),, . , where
P1-(2—¢e)=(2-¢)'% >0

The resolvent method is described as follows: Define d({ + €, E™) to be the distance from ({ +¢) € T to
the closed subset E™ of T and let T be a closed ideal of the algebra (4,),, _, .

(1). Inthe first step we give an estimate to the norm of the resolvent
Y +¢e)— 7T(Z))_1||(Ar)%_£/z in the quotient algebra (4,),, /<, where m : (4,),, . = (4;)p, /T is
the canonical quotient map. We obtain

-1 (5 -
(¢ + &) — (2)) ||(Ar)qpl_£/Z = Zm , Where 1 < | + €] <2 and ¢ is an absolute constant. So,

from Cauchy formula on the quotient algebra (4,),, ./, we deduce that all functions:in (4;.),,-, such that
i/ (Up)g € HP(D) and || £((+ &)l < X d*({ +&,ELY), ((+¢)eT,areinl.

(i) The second step consists to prove that the space of all functions in (4,),,., such that f,./(U,)y €
He(D)and 1Y f,((+e)| <X d*((+ ¢ EY), ((+¢)€T,, is dense in the standard ideal
{f;’ € (Ar)qol_g : ﬁ"|E§ = Oﬁ"/(Ur)‘I € }[OO(D)}-
A closed subset E™ < T is called a Carleson set if the Carleson condition is satisfied, to wit

S
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The zeros of each given function in any Banach algebras H? , (4;.) 47, and other ones in which the structure
of closed ideals is also studied by using the resolvent method [1,6], form a Carleson set.
For the general case the resolvent method fails to apply, as example we can consider the algebras

(4;)y,_, where y;,_.(2—¢):= ! €>1[6, p:587]. Indeed, let T be a closed ideal of

(llog(2-¢)[+1)17€ '
(A;),,_, such that EF is not a Carleson set. We have

-1
|2 + &) — n(2)) ||(,1 Yo ST Zd4(z+ Y where 1 < |¢+¢| <2and
- (A,),, /% is the canonlcal quotient-map. It is clear that does not exist any power M such

m:(4,)
that fTchg"(fZ—g)zzl) for all functions in (4,),,_, vanishing on EZ. Therefore we cannot conclude the first
step of the resolvent method as described above.

From now on, w will be a modulus of continuity such that for every 0 < ¢ < 1 the following condition

w((@ - &) 2 yw*D(2—¢) (¢=0) (1.1)
is satisfied, where® ;.= 0.is a constant depending only on (1 + ¢).
In this work we prove that the closed ideals of the algebras (4,.),, are standard. For proving this we use only
a special method of approximating outer functions in (4,.),, together with the
F-property. More precisely, we obtain the following
Theorem (1.1): Let w be a modulus of continuity satisfying (1.1). If T is closed ideal of (4,.),,, then
T= {f.€ (4,),: flzz = 0and £,/ (U,)z € H (D)},

where EX :={({ +¢€) € T: f,({ +¢) =0, Vf, € T} and (U, ) is the greatest common divisor of the inner
parts of the nonzero functions in .
Consequently, we obtain the structure of closed ideals of the particular algebras (4,.)
2.0ther results and proof of Theorem (1.1)

We begin by recalling that every function f,. in the disk algebra has the canonical factorization

fr = cr.Ue Of , Wherecy is a constant of modulus 1, (U,)s. is an inner function (that is |U.f,| =1
a.e.onT) and O, the outer function given by

Xl—s
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5 (2) = exp 5 P 0g fr(z: ) (Z )¢ (zeD).
The closed ideal of all functions in (4,.),, vanishing on E” |s de3|gned by JEr. In Section 3.2 we give the
proof of the following theorem.
Theorem (2.1): Let w be a modulus of continuity satisfying the following condition

w((2-¢8)?) =nw?*(2—-¢), =0 (2.1)
where 7, > 0 is a constant. Let T be a closed ideal in (4,),, such that (U,)y = 1 and let g, € Jgr be an
outer function. Then g2 belongs to T.
Remark (2.2): In the same way, as in Theorem (2.1), we can obtain that if moreover w satisfy the following
stronger condition

w((@22-8))=znw2-¢), (e=0) (2.2)
then g, belongs to <.
In Section 3.3 we prove the following theorem.
Theorem (2.3): Let w be a modulus of continuity satisfying the condition (46). Let T be a closed ideal in
(4,), and let g, € (4,),, be a function such that (U,), 07 € T. Then g belongs to T.
Proof of Theorem (1.1). We have to prove that every closed ideal of (4;), is standard. For this, let T be a

closed ideal of the algebra (4,),,. If (U,):z = 1, let g, be a function in Jgz- Hence, making use of the F-
property of (4,),,, it follows 0, € (4,),,, and therefore 0, € Jgz ~Thus, according to Theorem (4.3.2), we
deduce 0Z. € T and then (U, )g 0;. € T. Next, by applying Theorem (4.3.4) two times, we conclude g, €
T.

Now if (U, )g # 1, we choose g, € Jgr suchthat g./(U,)«.€ F “(ID). Thus, the associated ideal

Ky :=1{fr € (U)o (f)y, € T}
is closed and by the F-property of (4,.),,, we see easily.that (U, )Kgr % 1 and then X, = J(Er)](g . Now, since

(Er)g(gr C Eg, then 0, € X, . lt-follows that (U,), 0; € T. So, by Theorem (4.3.4), g, € T. This

completes the proof of the theorem.
3.Approximation of functions.in (4,.),,
In this section we give the proofs of Theorems (2.1) and (2.3). For simplicity we use the following
Tamrazov’s Theorem (see Appendix A): If £, 1s a function in the disk algebra such that
f € A,(T), then f, € (4,),. We need also the following simple lemma.
Lemma(3.1).Let (f;.),. € (4;),, be asequence of functions converging uniformly on the closed unit disk to

f € (4,),. If

Z I(ﬂ)n(Z);(l(z;n(z - E)l — 0(1) (aS |£| - O) ,

uniformly with respect to n, then lim,,_, .o 2/1(fi)n — fillo = 0.

For £, € (4;),, the inner function U is uniquely factored in the form Ur. = B, S, where B, is the usual
Blashke product associated to Z. N D, Z; := {z € D: f,.(z) = 0} and the function

sfr<z)—exp{——f 22 e ufrie)} (zeD),

is the singular inner function associated to the singular posmve measure 1, . Note that the support supp (i)
of the singular measure u_is a closed subset of

={({(+¢e)€eT:f,((+¢&) =0} Fora,a+ €T, we design by (a,a + ¢) (resp. [a,a + €]) an open
arc (resp. closed arc) of T connecting the points a and a + ¢.
Lemma (3.2). Let w be a modulus of continuity satisfying the condition (2.1). Let g, be a function in (4,.),,
and let U, = By Sy, € H (D) be an inner function such that
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By /By, € H*(D), supp(uy,) € E; and (1/2m) fOZ" d#ur(z7=1 ;) < M, where M is a constant. Then
U, 0} belongs to (4,),, and we have

Z |0 +€)03, (¢ + £) — U, ()05, (9)| =0(1) (as £-0) (31)
w(e)

uniformly with respect to U,.. If moreover w satisfy the condition (2.2), then U,.0,_belongs to (4,),, and we
have

S U, (¢ + S)OQT((J(E; “ U0, 1y s e 0) 32)

uniformly with respect to U,.

Proof. Let { + &, { € T be two distinct points such that

d({ +¢E; ) <d({,Eg). Itisclear that

S U (S + )0, + ) = U-()0,,(9)|
w(e)
B +&)02((+¢)—B 0?2 Sy (C+¢)—Sy (0)
B Zl 0§+ ) gr<zw(§; 0, (D05, 3 lox) A S O

By the F-property of (4,), we have 0,_€ (4,), and By 05 € (A,)4. Then to prove (3.1), it is sufficient
to prove that

X Sy, ((+ &) —5y,(0)
ZlOgr(()l | :(8) | =o0(1) (as &-0) (3.3)

T\ 2
First we suppose that & > (@) . Then

s 1S+ =S N (10, @1 ) _
Zqur(()l a)(s) SBTIZ Z(W) —0(1) (as £—>0) (34)

A Ej )\
Now, let suppose that € > (T) .Then [¢ +¢, {] € T\E, and therefore
d(z,Eg ) = d({,E} ), forevery z € [{ +&,(]. There is z € [ + &,{] such that

|5, (¢ + &) = Sy, (D] .., 1 (2" 1 - 20
Z € _Z|SU’”(Z)| SEL lez;:leiej —z|2 dﬂU’”(;H") SZdZ(z,Egr)'

It follows
Z [0, (¢ + &) = 5,0 _ Z 2M
€ ~ Lud?*(SEL)

Sy, ({ +¢&) = 5y,(0) Sy, ((+&) =5y, () «
Stz o] o= 510z o) 2 (0
w(e) w(e) w(e)
2 2 r
< 201 ( 104, (D) ) W(d*(§.E5,)) & _
w(d(, Eg)))  d*($ Ef) w(e)
So (3.3) follows from (3.4) and (3.5).Consequently U,0; belongs to (4,),. If moreover w satisfy the
condition (2.2), we can argue similarly to prove (3.2). This finishes the proof of the lemma.
Lemma (3.3). Let f, be a function in A,. Let § >0, N € N and {an: 0 < n < N} be a finite number of
points in Ef . Then

We obtain

0(1) (as ¢ — 0). (35)

iim > lsnfy £, =0.
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where sy (2) = [1120 221 zep

n=0 zag,-1-5'
Proof. Without loss of the generality we can suppose that N = 0 and a, = 1. Set
Ys(z) = 2=, z € D, and suppose that

{1} € Ef . We have to show that lims_, Xll¥sf — frll, =0.Let { +&,{ € T be two distinct points such
that ¢ > O|. We have

Z [s({ + &) fi- (¢ + &) — Ps() £ (D]
w(€)
e+ Y D

w(e)
[s({ +¢) - t/)a(()l
+ D IOI= (26)
Suppose first that € = 0. Then
S lon € wzg) ¥s()| zzlﬂ«)l o RK a7

Now if € >0, then |z — 1| = |{ — 1] for every z € [{ + &, {]. We obtain
(S + &) — s (D) _ s (¢ + &) = s (DI (D]
D@ = B 1L Q) 5 N

) e HOL wlg-1D) &
= QIO @l gy @D QS T b

=0(1) (as € >0) (3.8)

From (3.6), (3.7) and (3.8) we deduce

Z [s({ + e)fp(( +e)— ¢5(()ﬂ(()| o(1) (as & 0).

w(e)
uniformly with respect to § > 0. So the result follows by applying Lemma (3.1) to the family of functions
Ysfr, 6 > 0. This completes the proof.of the lemma.
We denote by K¢ the complement in T of the subset K of T. For a closed subset E” of T, we have

(E")¢ = Upen(an, a, + &,), where (a,, a4 + &,) € (E")¢ and a,,a, + &, € E". We define 25 to be the
family of all the unions of arcs (a,, a, + &,), where (a,,a, +¢&,) c (E")¢ and a,, a, +&, € E". For a
given function £, in the disk algebra and I' € 2;; (E"™ is a closed subset of T), let us define the outer function

(f,)r € 7= (D) associated to the outer factor of f,. by
ﬂ(Z ) d(Z 0 )} (z€ D)

] 1e i + 7
(i) =epia | Z “log
Then, we assert

Lemma (3.4).'Let T be aclosed ideal of (4,),, f, € (4,), an outer function and let h € Jgz a function
such that “hy € I. Let I' € 2z be such that T\I is union of a finite number of arcs

(a,a+¢e) S T\EZ(a,a + ¢ € EY). If h(f,)r € (A,),, then h(f,) € T.

Proof. For simplicity we suppose that T\I" = (a, a + €) := y, where

a,a+¢ € Exand (a,a +¢) € T\EL. Let £ >0 be such that y, := (ae’,(a+¢&)e ) cy. For § >0,
we set

() = zae € —1 za +eef—1 (z € D)
s.(2 zae- —1-6)\zareec—1-6) ¥ '

It is clear that ¢5 . € (4,), and that ¢sc(ae®) = ¢ps((a+ e)e) = 0. Then, according to Proposition
3.6.1 (below), we see that the function (f,),, multiplied by the square of ¢, belongs to (4,),, ie.,

®5:(f)y, € (4,),,. Similarly, we get ¢5.(f;),c € (4,),. Now, for
5



m: (4,), — (4,),/T being the canonical quotient map, it follows

0= n(hehy) = D mw(hdd.(F)ye ) m(8(5)y)
Since, the function ¢§,£(fr)y£ is invertible in the quotient algebra (4,.) /%, then
hoi.(f)ye €T (8,€>0).
Using the fact

N X GRET RN

we can check
P5ohfr €T (6>0).
Now, since h(f.)r € (4,), and h(f;)r (@) = h(f,)r (a + €) = 0, we can deduce from Lemma (4.3.6) that
lim||¢3 0h(f)r —R(EIe ||, = 0.

So h(f,)r € T. This completes the proof of the lemma.

Let T be a closed ideal of the algebra (4,),. We have Uy = B:S¢. The inner function B+ is the usual
Blashke product associated to the zero set Z¢ N D, where
Zy :={z € D: f.(z) = 0 forall f, € I}. The positive singular measure u; associated to the singular inner
function Sy is the greatest common divisor of all uf , £, € Ti'Note that supp(uy) is included in E¢ . For a
subset K of T, we set

1 e
(Sete) = oip) - [ S du,:AZ o) (€ AMD)
2ieq e¥i — z
Lemma (3.5) Let £ be a function in a closed ideal T of the algebra (A;) - Then Bx(Sy,)g, O, belongs to
T.
Proof. Let f. € T. Define By , and By, to be respectively the Blashke product with zeros Z, N D, and
Ze N D,, where D, :={zeD:|z|< nT_l » n € N}. Fix n € N. The function B /B, is invertible in the

quotient algebra (4,),/J,, where Jn:={g € (4,),: gBxn € T} Then f./By, € J, . It follows that
Bx,(f;/Bs,) € X Itis clear that

n—-+coo

By using Corollary B.2 in Appendix B (F-property of A,,), we obtain

n—+oco
S0, BySy0;, €Z. Let & > 0 be such that y, := (ae’, (a +€)e ™) c y := (a,a + €), where a,a + € € E}
and (a,a +¢€) € T\EZ . By using the F-property of (4,),,, the function Bx(Sf,)y< Oy, belongs to (4,),,. We
set
¢ (2) = (zae™® —1)(za+ee™® —1) (z€eD).
From Proposition 3.6.1 below, the function (g,). := ¢Z(f,),, belongs to (4,),,. Since
(Hesp, ), ) S Eg,,. thenwe deduce from Lemma (4.3.5) that (S, ),,(g,)Z € (4,),,. We have

0= n((9:)2B:5:05) = ) m((Sy,), (9.7 * m(Bx(S;,)ye O7,)
where 7 : (4,), = (4,),/%, is the canonical quotient map. The function (S;.), gZ is invertible in the
quotient algebra (4,),,/<, then B(S;.),¢ Or. € . Itis clear that
“mZ |Bx(S5)ye 05, = Bx(S)ye 05 || =0

-0

Then, using Corollary B.2 in Appendix B, we obtain




S0 B+ (Sf),c O € X. Similarly we can prove that

B (Sf)rg, O € T, where Iy := Upey(an, an + &) € Qg . We have
Using again Corollary B.2 we deduce

N-+oo

Then B<(S¢)g, Of € T . This proves the lemma.

3.2. Proof of Theorem (2.1)

For the proof of Theorem (2.1), we need the following proposition about approximation of functions in A,,.
Proposition (3.6) Let w be a modulus of continuity satisfying the condition (2.1). Let.f € A, be a function
such that [|f]l, <1 and E a closed subset of T. Let g € Jz be an outer function and S singular inner
function such that supp(us) € E,4. Then

(i) the functions Sg® and Sg*fr¢ belong to 4,,, for every N € N,
(i) we have limy ol|Sg2fre —Sg2||w =0, where I :=Up<y(an, an+e,) € Q. If moreover w

satisfy the stronger condition (2.2), then
(i)". the functions Sg and Sgfr¢ belong to 4, for every N € N,

(ii)'. we have limy_,.,o[|Sgfrg — S|l =0.
Proof. From Lemma (3.2) we have Sg? € A,,. It is clear that
{Sgfre, }NEN is a sequence of functions in the disk algebra. Let us note that if

1S(2)g?(2) fr(2) — S(z — €)g?*(z — &) fr(z — &)
w(|el)

=0(1) (asle]l-0) (3.9)

uniformly with respect to I € 2, then assertion (i) follows immediately. Furthermore, assertion (ii) can be
deduced by applying Lemma (3.1).

Thus, it suffices to show only (3.9). For this, we fix I' € 2 and we let ¢ + £ and ¢ be two distinct points
in T such that d(¢ + ¢,E) > d({,E). It is clear that

IS+ &)g’({ + &) fe(§ + &) = S(Dg* (D fr (DI

P AL 5050 g EE I FO!
Since Sg2 € A, (by Lemma 3.2), then the proof of (3.9) reduces to
15N D IO 1) (aslel - 0) (310)
Case (i). For & > (%'E))2 , we have
12O /v (S +(;sz£; fr(OI <2 Ii((f))l < 831 (w(ldg((g)b[))>z
=0(1) (asle] - 0). (3.11)

Case (ii). For &< (““2)2 with ¢/er. It follows [{+&(]c (I UE). Then z %I and d(z.E) 2
d(¢,E) foreveryz € [( + &, ]. Thereis z € [{ + &, { ] such that



_ log|f (X7, e®
e+ @I _ s f| I (E5- )”ﬂip)_
r

w(e) |27, e —z| d*(z,E)
It follows
|fr({+¢) - fr(()l Cr
w(e) = d*(¢,E)

Therefore, we have

12O 1€+ &) = /(D] _ 19*Dlelfr(§ + ) — fr(D)]

w(€) w(€) €
19(D)le 9@\ w(d?(.E))e =
=S @R E) = (a)(d((, E))) w(e)d?((,E) R
(as € »0) (3.12)

Case 3. In this case let us assume that & < (d(( £)y2

|k (@ +8)| = |[frr(@)] = 1. From
i@ +e) = fr () = fr@ + )i + &) — fr( D)
= frb(C + ) (F(C + &) = F(D) + G + &) (fRH(C +8) — frh (D))
= b @+ (fC + &) - £(D)
— FOE + Q) (Frnr € + ©)
- fqr\r(()) (3.13)

combined with (3.12), we deduce

s FE+D O _
@I < g2 Q)

and ¢ € I' , and therefore

|f({+e) = f(DI
w(g)

_|_|f(<)”g2(o| |f1r\r(( +a;€z£; fT\F(O' — 0(1) (as PR 0) (3.14)

From inequalities (3.11), (3.12)-and (3.14), we see that (3.10) holds. If moreover w satisfy the condition
(2.2), we can deduce similarly the assertions (i)’ and (ii)’. This completes the proof of the proposition.

Proof of Theorem (2.1). Let T be a closed ideal of the algebra A, such that Uy = 1. Let g be an outer
function in Jg, and consider f. € F. FromLemma (3.5), we deduce that

(Sf)e. OF € T. Then, . (S)g. 9°0f €T . From Lemma (3.4) and Proposition 3.6.1, we deduce that
(Sf)EngfrcN € T, for every N €N, where Iy := Up<n(an a, + €,) € 2, . Thus, by Proposition 3.6.2,
(Sf)Elg2 € T. Now choose a sequence of functions {f, },ey © < such that the greatest common divisor of
the inner partsof f,is equal.to 1 and such that
(1/2m) ;" diy, (6) <:1. This infers that
kn = (Sr,)epg® € T, for every n € N. By Lemma (3.2) we have

kn({+ &) = kn (DI _

w(€)

uniformly with respect to n. Using the fact
lim llky, — g*lleo = O
n—->+oo

0(1) (as £ - 0),

and Lemma (3.1), we deduce

I"I‘ ”kn - gzllw =0
So g2 € T. This finishes the proof of the theorem.
3.3. Proof of Theorem (2.3)



We begin by proving the following proposition.
Proposition (3.7). Let w be a modulus of continuity satisfying the condition (1.1). Fix
e >0.Let g € A, be afunction such that [[gll, < 1 and let E be a closed subset of E,. Then

(i) the functions U, 05"*? and U, 05*? gr¢ belong to A,,, for every N € N,
(ii) we have limy_ e | Uy 089 grg, — U,08+°

FN = UnsN(an’ an + gn) € -QE-
Proof. By using the F-property of A, and the following

Uy(¢ + )05 + ) — U (D0§*2(0)
= 05({ + ) (Ug (¢ +2)0, (¢ + £) = Ug()05()) = Up(D)0G(S + )0, +2) — 0,(D)
+ Uy (089 +2) = 0§"9(@))  (@+e. (e

the function qué”g) belongs to 4,,. It is clear that { UQOEHE)chN} is sequence of functions in the disk
NeN

=0, where

algebra and
Jim 6,08 089 =0
Note that if
(1+¢) (1+¢)
UgOp " gr({ + &) — Uy05" " gr(Q)
| 79 79 |:0(1) (as & — 0), (3.15)

w(e)
uniformly with respect to I € 2, then assertion (i) holds as well as assertion (ii), which follows from (3.15)
combined with Lemma (3.1).Below, we have to prove (3.15). Let { + ¢, € T be two different points such
that d({ + &,E) = d({,E). Itis clear that

| Uy G +£)0{ 9 +)gr (¢ + &) — U )08 () gr ()]

w(€)
Ug(§ + )05 (@ +8) — U0)052(() -
< lortg+ o 28 2% s L+ lgcoypaea 26 +afz£) gr Ol
Then, to prove (3.15) it is sufficient to prove that
@l xS ol _ 0y oo L) (316)

w(e)

1. We suppose that & > (@)(“5), we obtain

|gr(( +¢&) — gr(()l Ig(()l(“f) _ Ig(()l (+e)
(1+¢) (2+¢),,—1 A AN —
| <2 <2 ( (d((, ))> o(1)

|g(() (l)(c‘:') = 0)(8) n(1+£)

(as € - 0) (3.17)
2. In'this case we suppose that € < (@)(1”) and that ¢ ¢ I'. It follows
[(+ed)c T\E.Thenz ¢ I'and |z — X7, e'% | = 2| — X, e | for every
z € [{ +¢,¢] and for every X7, e eI'. Thereis z € [{ + ¢, {] such that
lgr(¢ + &) — gr (O]

&

= lgr(2)| < ar(2),

log|g (ST, e'))
| | i 7 || dgj . Since ar(Z) < 4ar(() ) then

1
where ar(z) = ;fr e
j=1



90T + &) — g ()]
g—g =0,

2.1. First we suppose that ar({) < . It is clear that

1
d(1+£)({,E)

|gr<<+e)—gr<o|:( lg(®)| )“*E’( w(d(, E)))
d0+a (¢, E)w(e) w(d(¢, E)) d(¢, E)

(1+¢)

a)(s)

(1+¢)

g1 \"*"? (w(d(, E)) )
|nf{77(1+g)( (d((,E))) ( d({ E) > w(g) =0o(1) (as e - 0).

e lar@+e) —gr@l _ 191 elgr@ +) = gr@I _, 19(DI4e

Therefore we obtain,

<4

lg(O]
=0(1) (as £- 0).

1
2.2. Next we suppose that ap(¢) = D

Set A; :=1—e¥/1%8), Then
1 (%" 1— 22
l9(2:9)| = exp f S 7log

’—Azd 9(2 1>d(29)}
e1/(1+e) n
{an |Zn et _,1€(| 2108 g<Ze j>d(Z‘9)

i
eXp{ 4de(C, E)}'

It is clear that
(1+¢)

lg(D1M*E) < 2¢|g(Q) - g(/qu)r”("”’ + Z;Ig(/lz(())ll . We obtain
(1+¢) 19T {+e)=—gr(¢
lg(DIT o)
_ (1+¢)
Szglgr(("‘f) gr (DI l9e(C + ) — gD

w(€)
1+¢ | ( + )_ ( )l
+2£|9(/1(()|( )a)z?) a 85 o
1 e |logla(Zi, )| d(Zh, 6)
4d£((,E)} d2({,E)
=0(1) (as € - 0).

= 2(1+£)n(1+£)0(1) +2° w(e )exp{

2.3: Now we suppose that
1 1
d(1+£)({,E) = ar(() = d‘i({,E)|£1/(1+£). set

—1 % 4 1/(1+¢) _
N T <1 -y, < d((,E). It follows that
€ 1+¢€
w(l—-u) ¢ (a)(d((,E))> - (a)(l _ ﬂ()>( +é) .
1—p; w(e)\ d((E) “\ 1-u w(e) = (1+£)
and

10

w(e) - w(e) € ~d¥({ E)w(e)

(3.18)

} < exp{ %81/(1+s)ar(()}

(3.19)



&

ol-) & _ _ane ( £ )ﬁ
1—p w09 o))
Then

w-p) e (lg@I _ (o ( 1g@ \ () e ﬁ(lg(m)g
1=k w(s)(d«,E)) S'”f{"“”’(w(d«,fa))) 15 Ga) (aen
=0(1) (as e — 0).
Also we have |g(u;{)| < exp{— T ((E)} We obtain

1196+ €) = g Q)]
@0 T

< | (()|(1+£) (8) aF(Z)

(zel(+¢&dD
|9(0) - g(ﬂ(f)|5

<9I g G- ma@ < 191l (0)] 5 ar(2)
_oll-p) e (|g<<)|>f+ ol 1 }f J10alg(Ziy )| d(27-, )
T 1-u; w()\dQE)) w(e) 4d=({,E) d*(¢,E)
=0(1) (ase—0) (3.20)

Consequently, from (3.18), (3.19) and (3.20) we obtain that if

€< (@)(“E) and ¢ ¢ I', then

(1+s)|gr(Z g)= <gr(()|
w(€)

3. In this case we suppose that ¢ < (—==2)(1+8).and that ¢ € I'.'We use the equality (3.13) to transfer this

case into the case ¢ & I'. Hence we use (3 21) to obtain also in this case that

lgaap|C+lert (jgg) 9 l_31) @ses0) (322)

Now (3.16) follows from inequalities (3.17), (3.21) and (3.22). This completes the proof of the proposition.
Proof of Theorem (2.3). Let ¥ be a closed ideal in A, and g a function in 4,,. Then 0, € 4, and 0;“‘9) €
A, for every € > 0. Suppose that

U,08*? € T. Then U,0{* e, forevery &> 0.

From Proposition.3.7.12. we have qué”g)grﬁ € A,, and hence, Ug0;£+2)gr € A,. It follows, by using

| (1+£)(()|
d(( E)

o(1) (as e—>0) (3.21)

Lemma (3.4), that U, 0(£+2)gr € T, for every € > 0 and for every N € N. Hence, from Proposition 3.7.(ii),

Uy 0(”2) € I forevery. e > 0. Again we use Lemma (3.4) and Proposition (3.7) to deduce that qué”z) €
1 for every € >.0. This infersthat g € T .
Appendix A. An equivalent normin A4,
Inthis section we give a simple proof of the following Tamrazov’s Theorem [8].

Theorem A.1. (See [8].) Let w be any arbitrary modulus of continuity and let f be a function in A, (T) N
A(D). Then f belongs to A,,. We need the following key lemma.
Lemma A.2. Let w be any arbitrary modulus of continuity and let f € A, (T) N A(D) be a function such
that ||f|l4,(r) < 1. Forevery 6 > 0, we have

1 (2@ 1 — |z]? LI n

exp 2—] - slog | |f Zel"f —f(z/|zD|+ 6 d(ZHj)
Tl |Sie' — 2 =1 j=1
< o(w(l — Izl)) +A5 (as|z| - 1),

11



where A is an absolute constant.

Proof. Let0 <e < 1land c, > 0suchthat forany { + ¢, € T satisfying € < c,, we have

|f(+ €)= f(Q)| < ew(e). Divide T into the following three parts
I={{+eeT:[({+e)-2z/lzl| <1-|z| < ¢},
={{+eeT1-|z|l <|({+¢&)—z/|zll <c.},

I3={{+ec€Tic <[({+&)—z/lzll}.
We have
1 (2 1—Iz]2 LI n
py l | zlog| |f Ze“’f —f@z/1zD|+ 6 d(Z 6;)
|Zn j _Z| j=1 j=1
1 1—|z/? - =
< — > slog| cw Zel i—z/lz|[+ 6 d(z 6;)
Tr, |Z e j_Z| j=1 o
1 1—|z|? <y ¢
+2— ,l'l slog| ew Zelei —z/|z|| + 6 d(Z 6;)
Tr, 2, e — 2 = =
g 1—|z|? = -
2 l | slog| cw Ze“’i —z/lz|| + 6 d(z 6;)
T Jr, |Zn o5 — Zl =1 j=1
= 11+12 +I3 (Al)
It is clear that
1 —|z)? $
I < f . 5 d(z 0;) |loglew(1 —|2]) +6). (4.2)
27'[ |Zn i6; _ Z| £ J
j=1
Next we have
| 1 1—|z|? | 3 i9; /lzI| + & d(ng)
5 = — 7109 Sa)Ze i—z/|z Z},
2m Jr, |Z?=1319’ —z| j=1 j=1
1 715 < w(l-|z =
< ' | _log e Zelgf — 2/l ¥+5 d(Z 8))
mJr, |Z” ) — 2| =t i =
! 1 —|z]? Y, e —z/|z| N
o ,I l 5 log 2o |(ew(l—lzl)+6) d(ZH,-)
T Jry |Z7=1619j—z| 1-|z| =
1 1-1z)?
< —f , d(z 6;) |log(ew(1 — |z]) + 5)
2n r, |Z7=1el i — Z|
log(2 —¢)

Clzowd(z—f), (A3)
where c is an absolute constant Let c; be a positive number such that c; < c, and for every z € D satisfying
1—|z| <c.,we have — f %d(}]] 10;) < €. Hence, as in (73), we obtain

3yn z
1 1— |z|2 - =
I3 = o slog| w Zel i—z/lz|[+ 6 d(z 6;)
T Jr, |Zn o5 — Zl =1 j=1

12



1 1—|z|? < 0g(2 — )
= (27‘[ r, |Zn el 0 _ Z|2 d(Z 91)) log(w(1 —|z]) +6) + CLOﬁd(Z —€)

j=1

1 1— |z|2 - log(2 — ¢)
<2n . |Z” 5 _ le d(JZ=1 9])> log(ew(1 —|z]) +6) +¢ Lzo—(z )2 d(2—¢)
w@—|z|)+6
(sa)(l — |z|) + 5)
0g(2 — &)

1—|z|?
(271] |Z 13 6; _Zl
L 1-laP
= (27‘[ ry |Zn 13 0; —Z| )IOg(Sw(l —|z]) + &) + Lgoﬁd(z €)

— e log(e), (A4.4)
for every z € D satisfying 1 — |z| < c¢/. From (A.2), (A.3) and (A.4) we obtain

1 2n 1— |Z|2 n Y i
exp {Efo |Z7=1ei91' _Z|2 |09< f(Ze 91) — f(z/lz])| + 6>d(jzl gj)}

j=1
<A(ew(1 —|z])+8) (zeDandl—|z]| <cl) (A4.5)
where A is an absolute constant. This completes the proof of the lemma.
We use Lemma A.2 to prove the following one
Lemma A.3. Let w be any arbitrary modulus of continuity and let f € A, (T). Then

IF(2) = FO = o(w(lz ~ ¢D)) (aslz—¢| - 0,z e Dand { € T). (A.6)
Proof. We can suppose that |[|f|l, () <1. Let 0<e <1 and c, >0 be a number such that for any
{+e,( €T satisfying € <c,, we have |f({ + &)= f({)]| < ew(e). Fix { € T and fix z € D such that
|z—q]| <c./2 and |z| = 1/4. We have |z =C(|* = (1 — |z|)? + |z||z/|z| — {|* = ilz/lzl — {|%. Hence
|z/)z| — | < 2|z — (| < c,. We obtain
If(2) = FDI < 1f(2) = f(2/1zD| + |f 2/ |z]) = F(DI < If (2) — f(2/1zD]| + ew(|z/]2] = S])

< exp {%f ! —,Izl =log (‘f (Z ei91'> — f(z/lzl)‘ d(z 9,-)} + 2ew(|z = CI).
0 =1 =1

||M: nM:

|Z?=1 o) R Zl
Now, we use Lemma A.2 to deduce the result of the lemma.
Proof of Theorem A.1. Let 0 <& < 1. From Lemma A.3 there is 0 < ¢, < 1/2 such that for every z € D
and for every ¢ € T satisfying |z — {| < c. we have
If(2) — f(O) < cw(]z={]). Let z € D satisfying |¢| < c./2 and
inf{lz], 1z —el} =z = | = 1 — c. . It follows that
|% —(z—¢e)|z— ¢|| < |z(z — €)|"?|¢| < 2|¢] < c,.

(). First we assume that |¢] = 1 — |z — €]|. We obtain

If (2) — f(z— &)l
<If(@)—fG/lzDI+1fz/|z]) = f(z—¢/lz— )| +|f(z—¢€)—f(z—¢e/|z— &)l
< 4ew(|e]). (A.7)

(i1). Now we suppose that |¢] < 1 — |z — ¢]|. We apply the maximum principle theorem in D to the analytic
function

o LOC0) o gy

13



‘f(Z) S| [f@Qfema] [(E+ ) flz—e)
€ B (§+e)eT € |(( + 5)(2—2) - (Z - £)|
(€ +&)-e) €T).
2L 1F[({ + &) sy — (z— &)| < c¢, then
lf(2) —fz—2e) _|f@)—fz—¢e)| el Iflleo _
o(zD = - ) <2 o - o(1) (aslel - 0). (A.8)

2.2.1If |(( + 8)(2_5) — (Z - S)l < ¢, then

If((C+ &) zeey) — f(z — &) < ew(|({ + &) (s_e) — (z — £)]). It follows that
If(z) = f(z - ¢)l _ f@—-fz-¢e)| el - If(z) = f(z—-¢€)l

w(le]) € w(le]) ~ w(le])
Q@+ &) peey) —fz=8)| 1—|z—el
TG 90m-G-9 |oG-Tz=ep C+De-o€T)
w(|@+ &)y —(z—2)|) 1—1(z— o)
= @+ o — G- @A =IG =D

From inequalities (A.7), (A.8) and (A.9), there is ¢, > 0 such that if |¢] < ¢/ and inf{|z|,|(z—&)|} = 1-¢,
, then

(A.9)

If (2) — f(z—#)| -

<& (A.10)
w(lel)
3. If z € D are such that sup{|z|,|z — €|} < 1 — c; we have
f(2) = fz=e) _|f(2)—f(z—¢)| lel , le]
oD | e alen = P OIGwED
=0(1) (asle]-0). (A4.11)

From (A.10) and (A.11) we deduce the result. The proof of the theorem is completed.
Appendix B. Factorization property in A,

The F-property of A,, for any arbitrary modulus of continuity w, is given by Shirokov [7]. For
completeness we give here the proof.
Theorem B.1. (See [7].) Let'w be any arbitrary modulus of continuity. Let f be a function in A,, and let U be
inner function such that f/U € # (D). Then f/U € A, and

U@ =FIUG= _ 3 sl o 0.
w(le])

uniformly with respect to U. Also ||f/U]||, < cllfll, , where c is an absolute constant.
Corollary B.2. Let w be any arbitrary modulus of continuity. Let f and g be functions in A,, and let {U, }»en
be sequence of inner functions such that f/U,, € H (D) for every n € N. If
Iimn—>+oo ”f/Un =5 g”oo =0, then Iimn—>+oo ”f/Un - g”w =0.
Proof. The proof immediately follows from Theorem B.1 and Lemma (3.1).

We begin the proof of Theorem B.1 by establishing several lemmas.
Lemma B.3. Let w be any arbitrary modulus of continuity. Let f be a function in 4,,. Then

0;(2)| < o(w(1 - |2])) + Alf(z/1zD)]  (as|z| - 1),

where A > 0 is an absolute constant.
Proof. For z € D, we have

i6;

f

n
e

1 2m 1—|z|?
log|0s(2)| = gfo ol Z|2 log
]=

d(zn: 6;)
j=1

Jj=1

14



n

<o [ A F e |- r/izb

27T 0 |Z;’l=1ei9j _ Z| e
Now, we use Lemma A.2 to complete the proof of the lemma.
For a function f € H (D) we set

C+e) Lol L1 - a0
Apls T &)= a2 0, z Aty Z j
nzol((+£) al*w 1T|Z;'l=1elgj _(("'5)' j=1
where {a,:n € N} = Z, n D (for all n,a, is repeated according to it is multiplicity) and w is the positive
singular measure associated to the singular factor Sy of f.

Lemma B.4. Let f be a function in the disk algebra with inner factor Uy # 1.
Let{ + & € T\E; and let e < O be suchthat —e < d({ +¢, Zf) Then

U@+ )G+ )| < exp {5, + o)}

> log

+1£G/12D] d(Y 6.
j=1

Proof. We have

1 2 -
log|S;((1 + &)(¢ +&))| = - f|Z”|( j:i)g:i))l'z ﬂf(z 6;)

€ 1 1
—_ | = d 6:). B.1
8H‘L4|Z7=1€i9j—(f+g)|2 ﬂf(jZl i) (B.1)

lel2 = |Iz] = |z — &l |21z — ellz/lz] - (z — €)/1z — €lI* (z € D).
Now we estimate |Bf((1 + €)({ + €))]. For all n € N; we have
L+ +e)=a,”  (@+e)—la)" + @+ ayll +e) — an/layll?
C+e)—A+e)a,|  (ela,)? + @+ )layll¢ + &) — a,/lanll?

It is clear that

< _l nlz & 1_|an|2
=L e+ D e S Ty T
Hence
A+ @+ —an| e 1-la,l
T+ = (A +o)a,| ~ 8l +e) —anl?
Therefore
a2
|Bf((1+g)((+g))|<exp{ Zl((+€)—an|2}' (B.2)

From (B.1) and (B.2) we obtain
|Uf((1 +¢&)((+ g))| < exp{ ar((¢ + g))}

This proves the lemma.
Lemma B.5. Let f be a function in A,, and let U be an inner function such that
f/U € H* (D). Then

1
lf (D=0 (a) <m)> (as d((,Zf) -0, € ']T\Ef).
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Proof. Let e > 0. There is ¢, > 0 such that if |¢| < ¢, z € T, then we have
If(z) = f(z = ¢)| < ew(]e]). From Lemma B.3, there is 0 < ¢; < ¢, such that if € < —c,, then
|0,((1 + £)0)| < (1 + &)(ew(—e) + |F(Q)]), where & > 0 is an absolute constant. Let { € T\E; such that

1. We assume that a;({) < 80+e)

ag.zs)

O] < ew(d(6,2p) < ew 2 < 8L+ &)ew ().

v
8(1+¢)
az,) henl—(L+e) < d(3.z5),

. We have Up/U € H*(D), then ay({) < ar({) and by using Lemma B.4

. Then we obtain

2. Now assume that ay(¢) =

(1+£)

where (1+ &), := o

we obtain
1-(1
U (1 + €);0)| < exp {—%a]e@)} < exp{ aU(Z)} = exp{—(1 + &)}.
Since d({,Z;) < c;, then1—(1+¢); < c; and we have
[F((L+ &) = [Up((1 + ) )|0((1 + £)¢0)]|
< (1+ &) exp{—(1 + &)}(ew(1 — (L +¢);) + (D).
Hence
IFI < [F(Q) = FU(L+ &) D) + (L + )|
< sa)(l -1+ 5)() + (1 +¢g)exp{—(1+ e)}(sa)(l -1+ 5)() + |f(()|).
It follows that |f ()| < 3ew(1 — (1 +¢),) < 24(1 + e)sw(%). This completes the proof of the lemma.
Proof of Theorem B.1. Now, we can deduce the proof of Theorem B.1 by using Lemma B.5. Indeed, from
Theorem A.1 it is sufficient to prove that f/U € A,(T), that is
l7 (¢ +8)/U(Z(:(3 fEUDI _ o) (ase—0and C+e.CET)
Let { +¢&,¢ € T be two distinct points such that d({ + ¢,Zf) = d({,Z¢). We have
IfE+e)UC+ )= /U] _IfE+e) - FO + 1@ U +¢e) - U
w(e) = w(€) w(g) '

Then it suffices to prove

Foer ‘?)U“)' o(1) (as£-0). (B.3)

1. First we suppose that ¢ > %d((,Zf). Then
U +¢)-U@I I (D I (D
I (DI <2 <4
(&) wGa@zy  @WCL)
=o0(1) (as e-0). (B.4)
2. Next we suppose that € < - L d(( Zg). Then [( +&,{] € T\E; . Thereis z € [{ + &, {] such that

[U+e)-Ul — 1-|ay|? 1
VL= 1) < B L 1, i T 6) = (@ S 40O =

21 Ifay(Q) < i . Then, by using Lemma B.5, we deduce that
F©lay(©) =5 = 0(1) (asd(Z,27) - 0).

dz(fz )

therefore
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U +¢)— U@ e . Gliflle €
FOI—— 5= < 4If Dlay() o < inf {4If(()|au(() o® 02 (,)(g)}
=0(1) (ase-0). (B.5)
2.2. Now assume that a;({) == . Then, by Lemma B.5, we obtain |f({)| = o(w(¢)), as d({,Zf) — O.

Therefore

M=

QU SUOL [UOL gl e |

w(e) - w(e) ’dz((,Zf) w(e)
=0(1) (ase—-0). (B.6)
Consequently (B.3) follows from inequalities (B.4), (B.5) and (B.6). The proof of the theorem:is completed.
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