Research on Equation @(X)+2=¢(x+2)

Abstract : Inthis paper, we use the properties of Euler’s function,, elementary methods and the
idea of classification discussion to study the solvability of equation (p(X) +2= (p(X + 2) related to
Euler’s functions and find positive integer solutions.
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1 Introduction

Research on Euler's function is a very important and meaningful topic in number
theory. Many scholars have studied its properties and obtained many interesting results.
Euler's function is defined as the number of positive integers that are less than or

equal to n and relatively prime to n, denoted as (n) Error! Reference source not found..
From the definition, we can see that ¢(1)=1¢(2)=1¢(3)=2,----For a prime number

p, all positive integers less than p are relatively prime to'p, so ¢(p)=p-1. If n>1,

7!

let canonical form of n be n=p/pz..p), wherewp,p,,..., p, are different primes,

rh>1 (1<i<k), then

o(n) = n(l—i)(l_i)...(l_i) o

1 2 k

R. D. Carmichael® proof that if ¢(n)=2j (j>1and jisodd), then n= p“or
2p“, p isanodd prime .

In 1945, Paul Erd6s™ conjectured that the equation

p(M)=p(n+l)=p(n+2)=--=9¢(n+q)

is solvable for arbitrary positive integer q.

M.Lal and P.Gillard™ provided the number of solutions for the equation
@(n)=¢(n+k) for k<30 and nin the range of 10* to 10°.

Makowski®® considered the solution of equation ¢ (x)+¢(k)=g(x+k).

Patricia Jones”! proof that if ¢ (x)+¢(3)=¢(x+3), then

(i)x=2p“ or x=2p“-3, and prime p>3.

(i) Either x or x+3 has at least 33 distinct prime factors.
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(iii)x=2p“, where aisodd, prime p=2(mod3), x>10", and x+3 hasat
least 9 distinct prime factors.

V.L.Klee™ listed the values of the Euler function for n <3000, and find that the
equation ¢(n)+2=¢(n+2) holdswhenboth n and n+2 areprime, or n isthe
form of 4p and both pand2p+1 are prime.

Moser Leo ™ proof that if ¢(n)+2=¢(n+2), thenatleastone of n and n+2

is of the form p” or 2p*, and pisa prime number in the form of 4r + 3.

When x>2, ¢(x)must be even. Whenk =1, the equation ¢ (X)+k =¢(x+k)
has only one solution, which is x =2 obviously. For odd k, it is easyto show: that the
equation ¢(x)+k=g¢(x+k) has only one solution x =2 when ‘k+2 is prime .For
even k, it is more difficult, we study the equation ¢(x)+k =¢(x+k) due to k=2,
and get the following results.

Theorem 1 If prime p=3(mod4) and positive integer .« satisfying
o(2p° -2)+2=9p(2p"),
p-1 .
then o= 1 and both p and Ky are primes.
Theorem 2 If prime p =3(mod4) and positive integer o satisfying

(p(2 p"‘)+ 2= (p(2 p+ 2), except for the caseswhen « =1 and p isaMersenne prime,

orwhen « =2 and ‘p =3, any other solutions must satisfy the following o« =2*(a>1)

and w[

Theorem 3 If prime p=3(mod4)and positive integer « satisfying

22

P

+lj >1, where a)(n) denotes the number of distinct prime factors of n.

o(p“)+2=p(p“+2), except for the cases when o =1, both pand p+2 are prime,
any other solutions must satisfy the following conditions, « isodd and « >1 and
p=11(mod12) and p“ has one prime factor q=1(mod3) at least.

Theorem4 If prime p=3(mod4)and positive integer o satisfying

(p( p” —2)+2 = (o( p"‘), except for the cases when « =1, both pand p—2 are twin
primes, any other solutions must satisfy the following conditions:
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(1) p=3 and 3” -2 has even number of prime factors ¢ =2(mod3) or

(2) p=1(mod3) and p“ -2 has odd number of prime factors q=2(mod3) or
(3) p=2(mod3), aisevenand p*—2 hasone prime factor q=1(mod3)at least .

Theorem 5 Except for x=18 orx=2M where M is a Mersenne prime, or x

and x+2 are twin primes, or x=2p—2 and both pande_1 are primes, other

solutions of the equation ¢ (x)+2=¢(x+2) must satisfy the following ¢enditions:

23
(i)x=2p“,where a=2%(a >1)andw[ i 2+1J>1.

(ii)x = p”, where ¢ is odd and o >1, p=11(mod12) and p“ has one prime
factor q=1(mod3) at least.

(i) x=3“ —2and all the prime factors of x must be.the form 3r +2.

(iv) x=p* -2 , where either p=1(mod3)and all the prime factors of x must be
the form 3r+2 or p=2(mod3)., .« is even and p“—2 has one prime factor

q=1(mod3)at least.

2 Preliminaries

Lemma 1" If n isanodd integer, then ¢(2n)=g(n).If n isan even integer,
then ¢(2n)=2¢(n).

Lemma 2% If ‘p(n)=n—-1, then n isa prime.

Lemma 3® 1f. p(n)+2=¢(n+2) thenat least one of n and n+2 has the form

p“or 2p”,where = p isaprime of the form 4r+3.

Lemmad4 If p(n)=—, then n=2"(a>0).

n
2
Proof Let n=27n,(a >0,(2,n,) =1). Then

270, =2 =p(n)=p(2)o(n)= 2" (n,).

So ¢(n,)=n,, wehave n =1.Thus n=2"(a>0).

3 Proof of the Theorems



3.1 Proof of theorem 1
For the equation (p(2 p” —2)+ 2= (p(2 p"‘) ,since p=3(mod4) and o is positive
integer, then p“ -1 iseven. By Lemma 1, we have
p* - p“*t—2=2¢(p" -1).
(1) When a =1, p-3=2¢(p-1), itisobviouslythat p=3. Since pisa prime
p-1

number of the form 4r +3, we have T is an odd prime. Therefore, by Lemma 1, we

have

p-1)_p-3_p-1
_p=s_p-1 g
q’( 2 j 2 2

By Lemma 2, we have pT—l =( is prime.

(2) When o >1 and is odd, there exists a positive integer« M such that
p* —1=(p-1)M . Also, since p is a prime of the form4r +3, it follows that pT—l is

odd.Thus

2p —2=2(p=1)M =4.pT‘1.|v|,

Therefore, 2p* —2must have anrodd prime factor not exceeding pT—l S0

o(2p"-2)<(2p _2)(1_Ej(1_ﬁ)'
Furthermore p(2p”“ —2)=¢(2p“)-2=p“-p“* -2, s0

o a-1 o 1 2

p*—p“t-2<(2p —2)(1—Ej(1—m).

Hence ( pet —1)( p+1)<0, itis impossible.
(3) When « iseven,if p>3, as p”=1(mod2), p“ =1(mod3), so p*-Imust

have factor 2 and 3. So

p“—p“t—-2=2¢(p° —1)3 2(p” —1)(1—%}(1—%).



Hence p“-3p“*-4<0, p<4 iscontradictory to condition p>3.

If p=3, then ¢(2-3")=¢(2:3*~2)+2, as 3“isodd, 3" -1 iseven, by
Lemma 1, we have go(3“) = 2(0(3" —l)+2 .As go(3“)=3“‘1><2 , S0 3"‘1—1=go(3" —1).
As 3“-1=0(mod8), according to the computation and properties of Euler's totient
function, we can obtain go(3" —1) =0(mod4), but 3**-1=2(mod4), itis
contradictory.

Combining with (1).(2)and (3), we obtain the conclusion of Theorem 1.

3.2 Proof of theorem 2

For the equation go(2 p")+2 =go(2 p“ +2) , since go(2 p") = p*—p%', we have
o(2p°+2)=p" - p“*+2. (3-1)

(1)Whena =1, bylLemmal, we obtain

+1
p(p+1)= I
2
By Lemma 4, wehave p+1=2’thatis p=2"-1 isaMersenne prime.
(2)When o >1and o is odd,there exists.:a positive integer M such that

2p“+2=4-p—+1-M.If p+1=2“, then 2p“+2=2"*1-p—+1.And
2 p+1

p‘l +1 a1l L~a-2 a-3

N =p“t—p“P4+p Pt 4411

is odd and greater than 1. Therefore, the left side of (3-1) is

o(2pe2)- go(zk“)go[%j . 2%{%} =0(mod2*).

But, the right side of (3-1) is
p"—p*t+2= p (p-1)+2= (2 -2)(2 1) +2
=(2-2)(C 2 CL 2 () G (1) )2
=2(C. 2"+ CL2“ P (D ++CLi2 (1))

-2 (C Z_lzk(a—l) + C i_lzk(a—Z) (_]_) 4ot C Z:lzzk (_1)a—2 ) L oK
=0k (mod 2'“1)_



Contradictory, thus p+1#2“. So p“+1 must have an odd prime factor not exceeding

p_+1. Thus
4

p* —p*t+2=9(2p° +2)<(2p" +2)(1—%}(1—p—+1j,

hence 3p“—p“*+p+5<0, itisimpossible.
(3)When «=2%b, (2,b)=1, if b>1, then
p?° —p¥*ti2= <p(2 p?® + 2),
because 2p®"°+2must have factors 2 and p* +1,

o(207 +2)<(2p™ +2)0-3) [1_ p23+1j =6 +1)%'

Hence p* +p*°-p¥**+3<0, itisimpossible. Therefore, if such an even number «
exists, then it must be « =2%(a>1). In this case (3-1) is

q0(2 p* +2) =p  —p 2.
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Since p isanoddprime, p* +1=2 (mod 8), thus p~ +1 isodd, by Lemma 1 we
have
p? +1] p¥ -p¥i+2
= . 3'2
(0( 5 j 5 (3-2)
Because

P+l p” =p 42| (p¥+1 pPi-1) [p+1 pza‘l+l_1 z(p+1 1j=1
AN 2 2 2 2 2 2 ’

22

P

is'square-free.

(i) When w[ pi”}:l, (3-2) is

p* 1o p? —p¥t+2

2 2

itleadsto p**=3, sop=3a=1, inthiscase x=2p* =2x3?=18.
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(i) When a)[ P +1J>1, then 2 2+1 must have an odd prime factor that is less

than P +1, S0
2
p? +1 g p? +1 L1 PP+l PP+l
2 2 07 +1 2 2
2
By (3-2)
p¥ —p¥t+2 g p* +1  [p” +1
2 2 2

itleads 2p% — p? 2+2p¥1+1<0.When a=1, p’+2p+1<0, itisimpossible.
23

P +1J>1.
2

Therefore, if such an « exists, then it must be ‘¢ =2° (a>1)and a)[

Combining with (1).(2)and (3),we obtain the conclusion of Theorem 2.

3.3 Proof of theorem 3
For the equation (p( p” +2) =(0( p"‘)+2 =p*-p“*t+2, since
(p*#2 p*—p+2)=(p+2-p“")=1,
p“+2 is square-free.
(1)When & =1, o(p+2)=p+1, bylLemma2, wehavep+2isprime, thatis
when p, p+2 form a pair of twin primes, the equation (p(p"‘ +2)=¢>(p"‘)+2 holds.
(2) When..a>1and p =3, go(3"+2)=3"—3“‘1+2, let 3*+2=0q,0,---q,, since
3“+2=2(mod3), 3“+2 musthave an odd number of prime factors
q; =2(mod3) (1< j<i).
(i)Ifall g;=2(mod3) (1< j<i), then
o(3"+2)=(a,-1)(0, -1)(a-1)
(i) If there exists q; =1(mod3) (1< j<i), then
¢(3" +2)=(q,-1)(g, ~1)--+(g, ~1) = 0(mod3),
but 3“-3""+2=2(mod3), Contradiction.

(3)When p>3 and « iseven, since 3l(p* +2), we have

1(mod3),



p* — p“‘1+2=go(p“+2)<(p“+2)(1—%)

Thatis p*™*(p-3)+2<0, contradiction.
(4)When p>3 and o >1and is odd
(i)If p=1(mod3), then3|p”+2, sop”+2 musthave afactor 3, thus

p* — p“‘1+2=go(p“+2)<(p“+2)(1—%j,

Simplifying gives p“*(p-3)+2<0, contradiction.
(ii)If p=2(mod3), then p*+2=1(mod3). Let p“+2=q,, -0
Ifall g;=2(mod3) (1< j<i), then
o(p*+2)=(q,-1)(q, -1)--(q, =1)=1(mod3).
But p“-p“*+2=0(mod3), contradiction. Thus there must at least exist one prime
q; =1(mod3) (1< j<i). Furthermore p =3(mod4), by Chinese Remainder Theorem,
we have p=11(mod12) and p“+2 hasat least one prime factor q=1(mod3).

Combining with (1).(2).(3)and(4), we obtain.the conclusion of Theorem 3.

3.4 Proof of theorem 4
For the equation ¢( p” —2)+2 = o p") we have
o(p“-2)=p“-p*-2. (3-3)

(1)When a =1, (3-8)is @(p-2)=p-3.ByLemma 2, we have p—2is prime,
so when o =1, both.. pand p—2 is a pair of twin primes, (3-3) holds.

(2)When _a>land p=3, (3-3)is (3" -2)=3"-3""-2.

Let 3%—2=g,q, -0, .If there exists a prime factor q; =1(mod3) (1< j<i), then
¢(3%=2)=0(mod3), but

3“-3""-2=1(mod3),

contradiction.

Since 3” —2=1(mod3), then we have all prime factors q; =2(mod3) (1< j<i)
and i iseven. _

(3)When « >1and p=1(mod3), wehave p* —2=2(mod3), let p“ —2=1L[qj :

If there exists a prime factor g, =1(mod3) (1< j<i), thengo( p* —2) = O(mc;al3),
but



p* - p“*—2=1(mod3),
contradiction.
Thus all prime factors of p” -2 satisfying g, =2(mod3) (1< j<i) and i isodd.
(4)When o >1and p=2(mod3) (i)If «isodd, then 3|(p“-2), therefore

p* — p“‘1—2=go(p“—2)<(p“—2)(1—%j,

itgives p“*(p-3)<2, contradiction.
(ii)If aiseven, then p*-2=2(mod3), letp”-2=q,,-q.
Ifall g, =2(mod3) (1< j<i), then ¢(p“-2)=1(mod3), but
p* - p“*—-2=0(mod3),
contradiction. Thus there exists one prime factor of p“ —2usatisfying.q, =1(mod3) .

Combining with (1).(2).(3)and (4), we obtain the conclusion of Theorem 4.

3.5 Proof of theorem 5

By Lemma 3, we know that the solution.of equation ¢ (x)+2=¢(x+2) satisfies

Xx=2p“-2,p“—-2,p* or 2p“and p=3(mod4), « isa positive integer . Based on
Theorem 1-4, we can conclude that the solutions to the equation
p(X)+2=9p(x+2)

satisfying the following:
1) x=2p-2, both andp—_1 are primes;
(1) x=2p p > p
2) Xy x++24is aipair of twin primes;
(2) p p

(3) x=18.0r x=2M  , where M isa Mersenne prime

(4)The other solutions x must satisfy
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(i)x=2p”, where a =2°(a>1)and w[p 2+1J>1.

(ii)x=p“, where o >1and o is odd, p=11(modl2)and p* has at least one
prime factor q=1(mod3).
(iii)x=3" -2 , and all the prime factors of x must be the form 3r+2.

(iv) x=p“ -2 , where either p=1(mod3)and all the prime factors of x must be



the form 3r+2 or p=2(mod3), «is even and p* -2 has at least one prime factor
q=1(mod3).
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