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MODELLING DYNAMICS OF HPV AND CERVICAL CANCER
INCORPORATING PROTECTION

Abstract

Human papilloma Virus (HPV) is the primary infection that causes
Cervical cancer. Due to the high cost of treatment for cervical cancer,
protection against HPV and Cervical cancer infection may be preferable
in a scarce resource settings. From the studies done, analysis of the data
collected shows that vaccination has the potential to help prevent HPV
and cervical cancer infection and slow down the epidemic. In this paper,
a deterministic model that incorporates protection against the infection
was developed and analysed to assess the impact of protection on the dy-
namics of HPV and cervical cancer infection. The qualitative analysis of
the model showed that the infection dynamics can best be described by
the threshold value Ry which was computed using the next generation
matrix approach. Stability analysis of the model showed that Disease
Free Equilibrium (DFE) is locally and globally asymptotically stable
whenever Ry < 1. The Endemic Equilibrium (EE) exists and is locally
and globally asymptotically stable when Ry > 1. The effectiveness of
protection is achieved if well done hence, an increase in protection leads
to low disease prevalence in a population.

Keywords: Protection, Human papilloma Virus, Cervical cancer, Repro-
duction Number, Stability Analysis.

1 Introduction

Human papillomavirus (HPV) is a common sexually transmitted infection and
has been shown in epidemiological and molecular studies to be the main course
of cervical cancer. Over one hundred dissimilar strains of HPV being identified
and classified with HPV types 16, 18, 31 and 45 been classified as “high-risk”.
Human papillomavirus type 16 is the most common high-risk type, accounting
for more than half (56 percent) of all cervical cancers. Persistent infection with
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high-risk types is the most important risk factor for cervical cancer. There is
no treatment for HPV but in most cases it disappears naturally. However,
with persistent infections the high risk strains may become chronic and shed
HPV virions [6].

Although the majority of HPV infections do not cause symptoms and re-
solve spontaneously, persistent infection with HPV may result in disease. In
women, persistent infection with specific HPV types most frequently HPV-
16 and HPV-18 may lead to precancerous lesions which, if untreated, may
progress to cervical cancer. So far, it has not yet been discovered which indi-
vidual who have Human papilloma Virus can progress to cancer or any other
health complications but studies show that persons with puny immune systems
as well as those with HIV/AIDS and severe diseases might not be capable to
combat off the virus. Sexually active females are at a higher risk of infection
with human papilloma virus, the virus which causes cervical cancer, however
no much information is there about the occurrence of the HPV infection. After
development of symptoms or any other health problems is when some people
will realise they have human papilloma virus but others will neither know they
are infected nor develop symptoms from it. Changes in the cervical cells de-
velop into cervical cancer in what is referred to as the precancerous conditions
of the cervix. Early stages of cervical cancer do not yield symptoms or signs.
However,as the surrounding tissues are invaded by the cancer cells, the symp-
toms may appear [6, 19].

When signs show, one of the most prevalent symptoms is uncharacteristic
bleeding of the birth canal. This may comprise unusual bleeding in between
menstrual times, bleeding after sexual contact or a pelvic examination, or blood
loss after douching. Uncommon or mysterious variations in the menstrual se-
quence, such as unusually substantial menstrual blood loss and bleeding after
menopause, are correspondingly possible indications of cancer of the cervix.
Other symptoms and signs that may accompany the condition include vagi-
nal discharge, pelvic pain and pain during sexual intercourse. When cervical
cancer has spread throughout the body (metastasized), it may cause general
symptoms and signs like fatigue and weight loss. Several treatment options are
available, the type of treatment administered is dependent on the stage where
the specific cancer manifests itself. These treatemnt options include but not
limited to chemotherapy, surgery and radiography. Palliative care is a key
plank in management and containment of cancer, especially in the assuaging
of severe pains and mollifying the suffering of cancer patients . When detected
early and attended to effectively, cervical cancer is a form of cancer that can
be successfully managed. However, appropriate treatment and palliative care
can handle late stage diagnosed cancers. Public health problem like cervical
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cancer can be eliminated if comprehensive approach to prevention, screening
and treatment is done [1, 9, 12].

Three prophylactic HPV vaccines, directed against high risk HPV types, are
currently available and marketed in many countries worldwide for the pre-
vention of HPV related disease: the quadrivalent vaccine was first licensed in
2006, the bivalent vaccine in 2007 and the nonavalent vaccine in 2014. All
of these vaccines are intended to be administered if possible before the onset
of sexual activity, that is, before first exposure to HPV infection. None of
the vaccines contains live biological products or viral DNA, and are therefore
non-infectious; they do not contain antibiotics or preservative agents [10, 16]

Despite the many intervention strategies put in place, the impact of HPV and
cervical cancer is pervasive and far-reaching, affecting individuals and commu-
nities not only psychologically but also economically and socially. Families lose
their most productive members due to this disease, leaving children and elderly
people without means of support. Although screening and treatment strate-
gies appear promising, protection remains the most effective strategy against
the spread of HPV and cervical cancer infections. Screening has been studied
numerously [14, 18]. Vaccination has also been presented [1, 11, 13, 14, 15, 18],
but Screening and vaccination alone is unlikely to lead to elimination of HPV
and cervical cancer thus, effective programs to reduce HPV transmission are
still needed.

As no specific treatment is available against HPV and due to the treatment
cost for cervical cancer, more emphasis is needed on the protection rather
than treating the infections. In this context, protection includes Vaccination,
screening, practising abstinence, having limited number of sexual partners at
any age, using condoms for every sexual encounter, not starting having sex
and young age and adopting a healthy lifestyle to strengthen the immune
system. Thus, this study develops a deterministic model to investigate the the
impact of protection on the transmission dynamics and management of HPV
and cervical cancer.

2 The model

The model considered a sexually active population of girls and boys aging 15
years and above who mixes homogeneously such that all individuals are equally
likely to be infected with HPV infection. The total human population at any
time t denoted by N is subdivided into classes, S(t) the class of individuals
susceptible to HPV and cervical cancer infections. Recruitment into suscepti-
ble class is done at a rate A. The class P(t) consist of individuals protected
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against HPV infection, this protection is done at a rate 7. p is the protection
inefficacy where 0 < p < 1. So (1 — p) represents the protection efficacy. If
p = 1, then it offers 100 percent protection against the disease. The class Ij,(t)
consists of individuals who are asymptomatically infected with HPV infection,
this infection occurs at the rate A\. Most HPV infected Individuals recover
from the infection at a rate a and slide back to the S(¢) class, « is the rate
of progression to the cervical cancer C(t) class due to persistence of the HPV
infection. A small fraction of the infected individuals will proceed to cervical
cancer since most of the HPV clears on its own and only females suffer from
cervical cancer. Mortality occurs among cervical cancer patients at the rate v
while natural death is assumed to occur in all classes at the rate pu.

The rate at which the susceptible individuals acquire HPV infection is defined
as

KBI(1) (1)
N(t)
Where &k is the effective contact rate with HPV infected individuals while g
the average number of sexual partners. With the assumption that, high viral
load increases the probability of persistence of the HPV infection and thus
exposes the individuals to cervical cancer.

From the above definitions, the resulting diagram for the model is given below.
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Figure 1: Model flow diagram

The dynamics described can be represented mathematically as:
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St) = A+aly(t) — Kjﬁvl(ht()ﬂ S(t) = (n+ p)S(t)
Pl = (o)~ SR P - p(y
oy KBI() (1 — p)rpBIn(t)
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C(t) = yIn(t) = (v +p)C(1) (2)

Since the model in Equation (2) describes a human population, the model
developed is positive and bounded for all t > 0 with;

N(t) = P(t)+S(t) + I(t)+C(t) (3)

Thus all the state variables in Equation (2) will remain positive so that the
solutions of the model with positive initial conditions will remain positive for all
t > 0. Using the next generation matrix approach [8], the basic reproduction
number of model (2) in the presence of protection is defined as

KESW) . pRBP() "

o = Nt)(p+a+y) NE@E+a+7)

At the boundary N — % as t — oo and at DFE

S(t) = 7 and P(t) = o

Thus equation (4) becomes

flo = (n+a+y)" wlp+n)

This shows that, when the vaccination is 100 percent efficiency, n = 1, Rg,
becomes

Ro (u+oc+w) { u+77) }

3 Local Stability Analysis of the Disease Free
Equilibrium

The model developed in Equation (2) has a disease free equilibrium (DFE)
given by Ey = {S(t), P(t), I,(t),C(t)} = u+n M(W),o 0}

Theorem 3.1. If Ry < 1 then Ey = {S(t), P(t), I(t),C(t)} = {u+n uu+n)’0 0}
1s the equilibrium in Q and is locally asymptotically stable.
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Proof. Consider the Jacobian matrix of Equation (2) given by

—(p+mn) 0 a—kf 0
J = K s, o Sf}ﬁ;(t[;)w ’ (6)
0 0 *Fo + S5m0 tat+p 0
0 0 gl —(u+v)
To investigate the stability of the DFE, we compute the eigenvalues of Equation
(6)
—(p+mn)—A 0 a— RS 0
J = n _:u_>‘ _(1_p)"€6 0 (7)
0 0 (v+a+wpu{Ro—1} — A 0
0 0 y —(n+v)—2A

By Routh-Hurwitz criterion [17], the eigenvalues obtained by equation (7) are
negative since the trace

Tr=v+4p+n+(y+a+pu){Ry—1} <0

And the determinant

det = (v +a+ p)(Ro — 1) (nu + p*)(—p — v) > 0 when Ry < 1.

Hence, the Disease free equilibrium FEj is locally asymptotically stable when-
ever Ry < 1. Given a small initial infective population each infected individual
in the entire period of infectivity will produce less than one infected individual
on average if Ry < 1, hence the disease will not invade the population. O

4 Global stability of Disease-free Equilibrium
point

For global stability of the DFE, the technique by Castillo [4] is used.

dX
—=H(X.Z
dt (X, 2),
7
W - G(x.2),6(x,0) = 0 ®)

where X € R? and X = {S(t), P(t)}, denotes the number of uninfected indi-
viduals and Z € R? where Z = {I},(t), A(h)} denotes the number of infected
individuals. FEy = (X,0) denotes the disease free equilibrium point of this
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system where

The two conditions that if met guarantee global asymptotic stability of the
DFE include
X — H(X,0), X* is globally asymptotically stable (GAS)

dat

G(X,2)=PZ—-G(X,2),G(X,Z) > 0for(X,Z) € Q (9)

Where P = D,G(X*,0) is an M-matrix (the off-diagonal elements of P are
non-negative) and €2 is the region where the model makes biological sense.

Theorem 4.1. The fized points Ey = (X*,0) is Globally asymptotically stable
provided R, < 1.

Proof. Consider )
H(X,0)=A—-puS, nS(t) —pP(t) and G(X,Z2)=PZ - G(X,2)

Where P = (_(a +77 e —(u0+ u))
AndG(X’ ,- (glg g) _ (—(mﬁ(l - S(t2)+ ,OP(t))lh(t)>

It follows that G1(X,Z) >0 and G5(X, Z) = 0 thus G(X, Z) > 0 and so the
conditions in (9) are met so Ej is globally asymptotically stable when Ry < 1.

Global asymptotic stability shows that regardless of any starting solution, the
solutions of the model will converge to DFE whenever Ry < 1.

[]

5 Local stability of endemic equilibrium point

The endemic equilibrium state is the state where the disease cannot be totally
eradicated but remains in the population at manageable levels. HPV and Cer-
vical cancer are endemic or persistent in the population if S*(¢), P*(t), I;(t), C(t) >
0 for all ¢t > 0.

Theorem 5.1. The endemic equilibrium point EFE, denoted Ex 1is locally
asymptotically stable whenever R, > 1 otherwise unstable.

Proof. Consider the Jacobian matrix of of model (2) at Endemic equilibria
where E* = S*(t), P*(t), I;(t),C(t) > 0
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—(u+n) - D 0 o — 5B 0
(1—p)kBI;  (1—p)xBP*
= n K N N 0 1
J Hi{[; (1—p)rpI;: a 0 ( O)
0 0 v —(p+v)

Where a = ’j\f(st 4+ U=psBPY (o 4 v+ ). Clearly —(p+ v) is an eigenvalue

which is negative and t(he remaining eigenvalues can be determined from.

RBI} K BS*
I S W gl
kBIy 1—-p)sBI} KkBS* 1—p)rBV*
N pN . z\f(b;) + 1’\)/)@? —(r+a+p)

Using Routh-Hurwitz criterion [17], the eigenvalues obtained by matrix (11)

are negative since the trace tr = —2u —n— U=p)nbl, p)n’m +(Ro—1D(y+a+p) <0
and the determinant

— kBT (a— "5 kB 1—p)KBIF
det = PG 4 (Ry—1)(—n — gk — ) (y + a4 o) (—p — B2 —

RBI}
KB (—n(a — Hf\fs ) — nor (7777NT7“(17P)(1 —p)>0. When Ry > 1. This im-

plies that the Routh-Hurwitz criterion holds and thus the endemic Equilibrium
(E*) of model (2) is locally asymptotically stable.

[]

Epidemiologically, If Ry > 1, then each HPV infected individual in the entire
period of infectivity will produce more than one infected individuals on average,
which shows the disease will persist in the population.

6 Global stability of endemic equilibrium point

The global stability of the equilibrium is obtained by means of Lyapunov’s
direct method and LaSalle’s invariance principle De Leon [7].

Theorem 6.1. The endemic equilibrium E* of model (2) is globally asymp-
totically stable in Q0 whenever Ry > 1.

Proof. Consider the non-linear Lyapunov function

W (S(t), In(t),C(t) € 2 C Ri :S(t), P(t), In(t),C(t) > 0
defined as

W=S8—8mmS+P—PmP+I,—I;Inl,+C—C"InC (12)
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where W is in the interior of the region 2. E* is the global minimum of W
on Q and W : {S(t), P(t), I,(t),C(t)} = 0. Differentiating W with respect
to time gives

AW . * pP* Iy (O
— =W = S(l—g)—FP(l_?)"‘Ih(l_E)"i‘C(l_F) (13)

Replacing S, P, I,,C' from equation (2) in equation (12) we obtain

W = [Ataly(t)— 5208 ()~ (n+1)S )] (1—5)+[nS () - %f@)—
pP(0)](1 = 5) + [05(1) + LBBROP() — (v + a4 w) (1)) (1 — )+

Y In(t) = (v + p)C (1 )]( - %)
At boundary N < %, we let N =24

W = (Aol (1) — =050 — (50) S (1)) (1= 57) [ (1) - =R
pwP(t))(1 — P?) + [unﬂlhét)s(t) + (l—p)milh(t)P(t) — (y4a+ )LL) (1 — E)+

WIn(t) = (v + 1) COI1 = F)

At steady state the following results from model (2)

A+aly(t) = %@)S@ — (n+p)S(t)
ws) - 1 p)mflh@)P(t) —uP(t)
mﬁlh/gt)S(t) L= p)uﬁffh(t)P(t) = (Yta+ ()
VL) = (v+p)O®) (14)
Thus

1 rB1 kGBI S *
1 W?[“BhTM (n+1)S(t)— ““TE“(:—(%;M)S(Q]( P—%)Hns(t)—
— K, K t t — K, t t
( P)Nih()( ()](1_ [#5;1/5)()_1_( p)uih()()_(7+a+

I — ) + Wh(t) (v+mCH]1—F)

_ {HRBI;X)S*(t)—Fns*‘FMS*}(Q Si %)+778*< *%)+Mﬁﬁfh§€)s*(t)(1_
Iy C*)

%) + (1—p)m,3/{h(t)P (t)<1 _ %%) _1_7[;(1 e

)+
_l’_

At S =8, P =P, I, =1, C =C" and from the property that
the geometric mean is less than or equal to the arithmetic mean, the in-
equality W < 0 holds iff (S(t), P(t), In(t),C(t)) takes the equilibrium values
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S*(t), P*(t), I;(t),C*(t). Thus, by LaSalle’s invariance principle De Leon [7],
the endemic equilibrium F£E* is globally asymptotically stable. Epidemiolog-
ically, any perturbation of the model by the introduction of infectives shows
that the model solutions will converge to the E* whenever R, > 1. This im-
plies that the disease transmission levels can be kept quite low or manageable
with minimal deaths at the peak times of the re-occurrence

7 Sensitivity Analysis

Sensitivity analysis of Ry with respect to the model parameters is carried out
in order to determine the impact of protection in the control and management
of HPV and cervical cancer infection [5]. To perform sensitivity analysis of the
reproduction number Ry in Equation (5), the normalised forward sensitivity
index also known as elasticity [2] was used as follows:

OR, ~f

o= 220 o 2

T8 " R

8R0 Y
Pho = 290 o *

" 8/<JXR0
[Ro_ O o o
¢ Jda Ry o+ 7y
Ffoz%xi__#
(9")/ Ro n+ o+

pro _ORo o _ p p(n—np)

Ro — —

op Ry  pta+ty  (u+tnp)(p+n)
pro_ 9 p
7~ dp  Ro  p+nl-p)
on Ry (1 +n)(p+n(l—p)

The reproduction number R increases as the average number of contacts be-
tween individuals per unit time and the average number of sexual partners
increases. On the other hand «,~,p and n are inversely proportional to Rj.
This implies that, increasing them wound decrease the Ry even when the ef-
fects are not extreme. This calls for enhancement of protective measures such
as Vaccination, screening, practising abstinence, having limited number of sex-
ual partners at any age, using condoms for every sexual encounter, not starting
having sex and young age and adopting a healthy lifestyle to strengthen the
immune system to help reduce new HPV and cervical cancer infections.
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8 Conclusion

Protection is the most promising intervention against HPV and cervical cancer
infection especially in the scarce resource setting. Screening and vaccination
are effective in prevention of the disease induced mortality rate. Moreover
practising abstinence, having limited number of sexual partners at any age,
using condoms for every sexual encounter, not starting having sex and young
age and adopting a healthy lifestyle to strengthen the immune system will
reduce the probability of infection hence resulting to less people contacting
the infection. HPV and cervical cancer prevention is effective as it leads to a
very small fraction of individuals in a given population progressing to infective
stage. Thus, the importance of combination of prevention approaches to the
transmission dynamics of HPV infection.
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