
 

 

 CALIBRATION APPROACH RATIO ESTIMATORS OF POPULATION MEDIAN IN 
STRATIFIED RANDOM SAMPLING DESIGN  

 
 

Abstract 

Median as a measure of location gives a more robust estimate than the mean when dealing with 
heavy tailed or skewed distributions. It can also be used in cases of qualitative variables and 
open end intervals. Calibration, an approach that adjusts the original design weight by 
incorporating auxiliary information is employed using the chi square distance measure on a ratio 
median estimator under stratified random sampling to propose some estimators of population 
median. These proposed estimators are: the regression and ratio-type calibrated estimators with 
one constraint and the regression and ratio-type calibrated estimators with two constraints. The 
estimators of variance of these proposed estimators are also obtained. Empirical investigations 
on the performance of these estimators are carried out using R software simulated data set under 
underlying distributional assumptions of Cauchy and Lognormal, for sample sizes of 10%, 20% 
and 25%. The results showed that the proposed regression and ratio-type calibrated estimators 
with one constraint and the regression-type calibrated estimator with two constraints were more 
efficient than the existing ratio estimator and the proposed ratio-type calibrated estimator under 
two constraints for both Cauchy and the lognormal distributions. 

Keywords: Median, Calibration, Ratio-type estimator, Regression-type estimator, stratified 
random sampling, Auxiliary variables etc. 

 

1 Introduction  

The median is a commonly used measure of properties of a data set in statistics and is 
most times regarded as a more appropriate measure of location than the mean because it is not 
skewed so much by small proportions of extremely large or small values and so may give a 
better idea of a typical value. Auxiliary variables provide more efficient estimators through the 
relationship that exist with the study variable. Whenever there is auxiliary information available, 
the investigator may want to use it in the method of estimation through either the ratio, product 
or regression estimators to obtain more efficient results. Calibration was first introduced by 
Deville and Sarndal  5   as a technique for minimizing a distance measure between an initial 
weight and a calibrated weight subject to a single calibration constraint. Also, Singh and Arnab 
 20 obtained a calibrated mean estimator using two constraints. The second constraint confirmed 
that the sum of calibrated weight was equal to the sum of design weight. 

 In stratified random sampling, calibration approach is used to adjust the strata weight for 
improving the precision of survey estimates of population parameters.  In existing literatures, 
Gross  9 considered median estimation in stratified random sampling without replacement. Kuk 
and Mak  14  proposed a ratio estimator for population median in simple random sampling 
which was a simple modification of the ratio estimator for mean alongside with two other 
estimators derived from different approaches. Singh, Singh and Upadhyaya  20  proposed a 
chain-ratio and regression-type median estimators. Aladag and Cingi  2  motivated by Kuk and 



 

 

Mak, suggested ratio median estimators in stratified random sampling.  They also dealt with the 
estimation of population median in simple and stratified random sampling using auxiliary 
information such as mode, range and correlation coefficient. Though, these proposed estimators 
are improvement over existing median estimators, no effort has yet been made to developing a 
median estimator using calibration approach.  

In this study,   new median estimators are developed using the approach of calibration 
under single and double constraints. 

2. Existing  Median Estimators in Stratified Random Sampling 

Let ),...,( 21 NUUUU  be a finite population of size N,  Y be the study variable and X the 
auxiliary variable associated with each unit )...3,2,1(, NiU i  of the population. 

Suppose the population consist of H strata with )...3,2,1(, HhNh   units in the thh stratum 
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 Aladag and Cingi (2015) proposed a separate ratio median estimator under stratified 
random sampling as: 
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)( hxhx MF and )( hyhy MF are the distribution functions of the auxiliary and the study variables X 
and Y respectively. 

3.1 The Proposed Calibrated Ratio Estimators Under One Constraint 
 

Motivated by Kuk and Mak (1989) and Aladag and Cingi (2015),  a new ratio median 
estimator under one constraint is given as: 








H

h
hx

hx

hy
hYRC M

m
m

WM
1

11

         (4)
 

 With 
1hW  (calibrated weight) is obtained such that a chi square distance measure of the form: 
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is minimized subject to a single constraint:  
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Where 
1hW  is the calibrated weight, hq  are positive weights uncorrelated with 

1hW , called the 
tuning parameter and hW  is the initial design weight. 
Minimizing (5) subjected to (6) gives the calibrated weight as: 
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Equation (8) can be written in form of a generalized regression (GREG) estimator as: 
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By letting 1hq , equation (8) gives  
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which is the proposed regression-type calibrated estimator of the population median yM in 
stratified random sampling under single constraint. 

Also, letting ,1

hx
h m

q   equation (8) becomes the proposed ratio-type calibrated 

estimator of the population median yM  in stratified random sampling under single constraint i.e 
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3.2 Bias and Variance Estimators of the Proposed Calibrated Estimators Under One 
Constraint 
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11hp  is the proportion of units in the thh stratum of the population with hyh MY  and hxh MX  .   
Expressing  (4) in terms of the ‘e’ terms  in (13) above, we obtain 
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Assuming 1hxe  , the Taylor series expansion on 
1)1(  hxe  is obtained. By substituting, 

multiplying out and ignoring terms with yx ee  of higher order than two, we obtain: 
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Taking the expectation of both sides of (16) and using the results for the expectation of the ‘e’ 
terms above gives the bias to the first order of approximation as: 








H

h
hxhyhxhxhyhyhyYRCYRC eeeeeEMWMMEMBias

1

2
111 )()()(  








H

h
MMMMMhhyhYRC

hyhxhxhyhx
CCCMWMBias

1

2
11 )()(      (17) 

Squaring both sides of (16) , taking its expectation, substituting the  results of the e terms above 
and retaining terms to the second degree, gives the variance to the first order of approximation 
as: 
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And variance estimator: 
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Now substituting for the calibrated weight from (7) we obtain: 
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Substituting (26) into (19) we obtain the variance estimator for Regression-type Ratio calibrated 
estimator under one constraint as: 
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Also, putting (27) into (19) we obtain the variance estimator for the ratio-type calibrated 
estimator under one constraint as: 
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4.1  The Proposed Calibrated Ratio Estimators Under Two Constraints 

 Motivated by Singh & Arnab (2014), a new median estimator is also obtained using 
calibration under two constraints as: 







H

h hx

hxhyh
YRC

m
MmW

M
1

2
2

        (30) 

where 
2hW are calibrated weights chosen to minimize the chi-square distance measure:  




 H

h hh

hh

qW
WW

1

2
2

2
)(

         (31) 

subject to two constraints: 

 
 

 
H

h

H

h
hh WW

1 1
2          (32) 




 
H

h
xhxh MmW

1
2          (33) 

The calibrated weights under two constraints are obtained by minimizing (31) subject to (32) and 

(33) as: 

    )(
)())((

)()(

12

111

2

11
2 








 





H

h
hxhxH

h
hxhh

H

h
hh

H

h
hxhh

H

h
hxhhhh

H

h
hhhxhh

hh mWM
mqWqWmqW

mqWqWqWmqW
WW   (34) 

Substituting (34) into (30) gives: 
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Substituting 1hq  in (35) gives the proposed regression-type calibrated estimator of the 

population median in stratified random sampling under two constraints as. 
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4.2 Bias and Variance Estimators of the proposed Calibrated Estimators Under Two 
Constraints 

The bias and variance estimators of the proposed calibrated ratio median estimators under 

two constraints, are also obtained using same procedure of Taylor Linearization Technique as 

used under one constrain . Only the calibrated weight is changed   We have: 
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is the calibrated weight for  two constraints as stated in (34) 

Setting 1hq , we obtain: 
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  (40) 

Also setting 
hx

h m
q 1

 , we obtain: 
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Substituting (40) and 41) into (38), gives the regression and the ratio-type variance estimators 

under two constraints as: 

 
 








 





























H

h
hxhxmhyhyh

H

h
hxhxH

h
hxh

H

h

H

h
hhxh

H

h
hxhh

H

h
hhxh

hYRCT MFRMFmWM
mWWmW

mWWWmW
WMV

1

222

2

12

11 1

2

11
21 ))(())(()(

)())((

))(())((
)( 

 


hyhx MMhyhyhxhxm MFMFR






 1))()((2       (42) 

and 
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5.1 Empirical Evaluation of Estimators 
 

 
The performance of the proposed calibrated Ratio estimators shall be compared with the 

existing ratio estimator using two performance measures namely: Percentage Relative Efficiency 
and the Percentage Absolute Relative Bias. 
 By the percentage relative efficiency of two estimators, we mean the percentage ratio of 
their variances or mean square errors. It can be computed as: 
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 Also, given the calibration estimator YRCM


,  the percentage absolute relative bias with 
respect to the population median yM  is given as: 
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5.2 Simulation study 

 
 A simulation study using R software was done on the estimators for different sample 
sizes, with distributional assumptions of Cauchy and lognormal distributions. 
 For each sample of size )20(),10( 0

0
0

0 and )25( 0
0

, selected in each simulation run 

r=1,2,3…R ,  (R=10,000), the estimates of YRCM


and YRM


 was computed.  

 Suppose 
r

YRCM


 and 
r

YRM


denotes the proposed and existing estimator respectively for the 
thr run, r=1,2…R, then the mean square error for both estimators was also computed as  
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5.3 Discussion of Results 

Tables 1 and 2 below, shows the percentage absolute relative bias (%ARB) and the 
percentage relative efficiency (%RE) with one and two constraints for Cauchy distribution, and 
lognormal distributions using sample sizes of 10%, 20% and 25% respectively. 

 
From Table 1, under the Cauchy distribution, the ratio-type estimator with one constraint 

12YRCM


has the smallest %ARB of 95.6 to 102.0 as sample size increases from 10% to 25%, 

followed by the regression-type estimator with two constraints 21YRCM


with a fluctuated %ARB 
of 5045.7 at 10% sample size with  a decrease of 1263.8 to 1109.1 as sample size increased from 

20% to 25% and the regression-type estimator with one constraint 11YRCM


 having a  %ARB of 
1169.5 to 2435.0 as sample size increased from 10% to 25% whereas, the existing estimator 

YRM


and the proposed ratio-type estimator with two constraints 22YRCM


have very high %ARB of 
1538.5 to 3277.7 and 5401.6 to 10706.9 respectively as sample size increased from 10% to 25%.
 Under the lognormal distribution, the regression-type estimator with two constraints 

21YRCM


has the smallest %ARB of 1358.1 to 874.4 which decreased as sample size increased 
from 10% to 25% followed by the ratio and the regression-type estimators with one constraint 

12YRCM


 and 11YRCM


 having %ARB of 1444.5 to 896.9 and 1713.4 to 1030.3 respectively which 

decreased as sample sizes increased from 10% to 25%. The existing Ratio estimator YRM


and the 



 

 

proposed ratio- type estimator with two constraints 22YRCM


still having high %ARB of 1724.0 to 
1149.6 and 12502.6 to 1457.2 respectively as sample size increased.  

Table 2, under the Cauchy distribution, shows that the proposed regression and ratio-type 

estimators with one constraint 11YRCM


 and 12YRCM


, and the regression-type estimator with two 

constraints 21YRCM


have high gains in efficiency of 173.0 to 181.2, 24605.9 to 103343.0 and 
579.2 to 872.9 respectively as the sample size increased ( with an initial loss of 9.3% at 10% 

sample size for the regression-type estimator with two constraints 21YRCM


) than the existing 

estimator YRM


 whereas, the ratio -type estimator with two constraints 22YRCM


 has a loss ranging 
from  8.1 to 9.9 as sample size increased from 10% to 25%. 

Under the lognormal distribution, the regression and the ratio-type estimators with one 

constraint 11YRCM


 and 12YRCM


and the regression-type estimator with two constraints 21YRCM


gained efficiencies ranging from 101.2 to 124.5, 142.4 to 164.3 and 161.2 to 174.3 respectively 

as sample increased from 10% to 25% than the existing estimator YRM


 , while the proposed 

ratio-type estimator with two constraints 22YRCM


 has a loss of 1.9 to 62.2 as sample size 
increased from 10% to 25% 

 
 
 
 
 
 
 
 
 

TABLE 1 
Percentage Absolute Relative Bias for Cauchy and Lognormal Distributions Under one and 

Two Constraints 

  Existing 
Estimator 

                                                     
One Constraint 

 
Two Constraints 

Sample  
Sizes 

Distribution YRM


 
11YRCM



 
12YRCM



 
21YRCM



 
22YRCM



 
10%   Cauchy 1538.5 1169.5 98.1 5045.7 5401.6 

 Lognormal 1724.0 1713.4 1444.5 1358.1 12502.6 
 



 

 

20%   Cauchy 3041.6 2351.1 95.6 1263.8 10706.9 
   Lognormal 1222.3 1118.2 957.1 925.7 4603.8 

 
25%   Cauchy 3277.7 2435.0 102.0 1109.1 10408.0 

 Lognormal 1149.6 1030.3 896.9 874.4 1457.2 
       

 
 

TABLE 2 

Percentage Relative Efficiency for Cauchy, and Lognormal Distributions Under One and Two 
Constraints 

  Existing 
Estimator 

One Constraint Two Constraints 

Sample 
Sizes 

Distributions YRM


 
11YRCM



 
12YRCM



 
21YRCM



 
22YRCM



 
10% Cauchy 100 173.0 24605.9 9.3 8.1 

 Lognormal 100 101.2 142.4 161.2 1.9 
       

20% Cauchy 100 167.4 101168.6 579.2 8.1 
 Lognormal 100 119.5 163.0 174.3 7.0 
       

25% Cauchy 100 181.2 103343.0 872.9 9.9 
 Lognormal 100 124.5 164.3 172.9 62.2 

 

6. Conclusion 
 

In this paper, four ratio median estimators (the regression-type estimator under one constraint

11YRCM


, the ratio-type estimator under one constraint 12YRCM


, the regression-type estimator under 

two constraints 21YRCM


and the ratio-type estimator under two constraints 22YRCM


) were 
introduced using calibration for both single and double constraints under stratified random 
sampling. Also, their biases and variance estimators were obtained using Taylor Linearization. 

Following the discussion of results above, we deduce that under the Cauchy and lognormal 
distributions which are strictly heavy tailed, the proposed regression and ratio-type estimators 



 

 

with one constraint 11YRCM


, 12YRCM


 and the regression-type estimator with two constraints 

21YRCM


 are more efficient than the existing ratio estimator YRM


 and the proposed ratio-type 

estimator under two constraints 22YRCM


. This work obviously shows that though one of the 
proposed estimators under two constraints (the ratio-type estimator under two constraints 

22YRCM


 ) is bad, the other three proposed estimators work better for real life data that follow a 
skewed or heavy tailed distributions like the Cauchy and lognormal distributions.  This agrees 
with the already known fact that robust statistics have good performance for data drawn from 
distributions that are skewed and generally supports the results of Deville and Sarndal (1992) 
that there is gain in efficiency for calibrations.  

Garg, N. & Pachori, M. (2019). Use of Median in Calibration Estimation of the 
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