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Abstract

For a nontrivial connected graph G, a non-empty set S C V(G) is a bipartite dominating set
of graph G, if the subgraph G[S] induced by S is bipartite and for every vertex not in S is
dominated by any vertex in S. The bipartite domination number denoted by 74, (G) of graph G
is the minimum cardinality of a bipartite dominating set G. In this paper, we determine the exact

bipartite domination number of a crown graph and its mycielski graph as well as the bipartite

domination number of the mycielski graph of path and cycle graphs.
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1 Introduction

One of the fast-developing fields in graph theory is the study of domination and its related topics. For
instance, Bachstein et al.,[2] published a study about the bipartite domination in graphs, and they
introduced and defined the concept of bipartite dominating set and bipartite domination number.
They investigated the case that S must induce a bipartite subgraph. Their idea about the bipartite
domination came from the published study entitled ” Bipartite domination and simultaneous matroid
covers” [13].

Recently, we published a new parameter in bipartite domination in graphs entitled Bipartite
Domination in Some Classes of Graphs [16], which was inspired by the work of Bachstein et al.,[2].
It presented new approach in finding the minimum cardinality of a bipartite dominating sets of
path and cycle graphs via congruence modulo. Moreover, possible exact values of the bipartite
domination number of some classes of graph are generated.

In this paper, we extended the study of the bipartite domination number in crown graph up to its
mycielski graph, including the mycielski graph of path and cycle.
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2 Preliminary Notes

Some definitions of the concepts covered in this study are included below. You may refer on the
remaining terms and definitions in [2], [5], [7], [14], [16], [20].

Definition 2.1. [12] (Total Dominating Set, Total Domination number) A set D C V is
a total dominating set if every vertex v € V has, at least, a neighbor in D. The total domination
number, denoted by v:(G), is the minimum cardinality among all total dominating sets.

Example 2.1. Consider the cycle graph Cs below.

U1

V4 U3

In the cycle graph illustrated above, the set T' = {v2, v, v4} is a total dominating set and that T is
the minimum total domination number of Cs. Thus, 7:(C5s) = 3.

Definition 2.2. [5] A graph G = (V(G), E(Q)) is bipartite if V(G) can be partitioned into two
sets U and W (called partite sets) so that every edge of G joins a vertex of U and a vertex of W.

In this study, we preserved the uniqueness of the partitioning of the bipartite graph, which means
that we only consider the bipartite graph with no isolated vertices.

Definition 2.3. [7] ((Mycielski Graph) Consider a graph G with V(G) = {vi,v2,vs,...,vn}.
Apply the following steps to the graph G:

(i) Take the set of new vertices U = {u1,u2,us, ..., un} and add edges from each vertex u; of U
to the vertices v; if the corresponding vertex v; is adjacent to v; in G.

(#i) Take another new vertex wo and add edges joining each element in U.

Here, the new graph obtained is the Mycielski graph, denoted by u(G) of graph G.
By the definition of Mycielski Graph, its vertex set can be express as follows:
V(u(G)) = V(G) UG U {wo}
where G’ is the set of vertices that are vertex copy of each vertices in G and the set {wo} for which

deg(c)(wo) = n—1 for |G| = n. Also, if ) # .5 C V(G) then S’ C G’ where S’ is the set of vertex
that are vertex copy of each vertex in S.
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Example 2.2. Consider the mycielski graph of a path graph P, below:

U1 u2 us U4
0 0

p(Py) :

Wo
Observe that V(u(Py)) = V(Ps) U P’ U {wo} where V(Py) = {u1, uz, us, ua} and P’ = {v1, vz, v3,va }.

Definition 2.4. [7] (Crown Graph) A crown graph G(n,n) is a graph on 2n vertices with two
sets of vertices u; and v; and with an edge from u; to v; whenever i # j.

By the definition of Crown Graph, we can observe the following;:
V(G(n,n)) = V(X) U V(Y)
such that X and Y are a partite set with | X| = n = |Y.

Example 2.3. Consider the crown graph G(5,5) below:

Notice that V(G(5,5)) = X UY where X = {u1,u2,us,us,us} and Y = {v1,v2,v3,v4,v5}.

Definition 2.5. [16] (Bipartite Dominating Set, Bipartite Domination number)

A dominating set S of a graph G is a bipartite dominating set if the induced subgraph S, G[S],
is bipartite graph. The minimum cardinality of a bipartite dominating set is called bipartite
domination number of G, denoted by Y4:p(G). A nonempty set S C V(G) whose cardinality is
the b (G) is called vpip-set of G.



Example 2.4. Consider the graph G below.

U1

V4 U3

V3 V2

G[B1] : G[B2] :

V2 V4 U3

The possible bipartite dominating sets for the graph G are B1 = {va,v3,v4} and By = {v2,vs},
where B; can be partitioned into partite sets U = {v3} and W = {v2,v4}, and Bz can be partitioned
into partite sets U = {v2} and W = {vs}. Notice that Bz consist the minimum cardinality of a
bipartite dominating set. Thus, vpip = 2.

The following known result characterized the bipartite graph and will be used in the succeeding
results.

Theorem. [15] A graph G is a bipartite graph if and only if it is 2-colorable.

3 Main Results

In this section, the bipartite domination number of crown graph and Mycielski graph of path graph,
cycle graph, and crown graph are determined.

3.1 Bipartite Domination Number of a Crown Graph, G(n,n) and
its Mycielski Graph, u(G(n,n))

Theorem 3.1. Let G(n,n) be a crown graph with V(G(n,n)) = V(X) U V(Y) as define. Then
B C V(G(n,n)) is a bipartite dominating set if and only if B = B1 U Ba where By C V(X) and
By; CV(Y) such that |Bi| > 2 and |B1| > 2.

Proof. Suppose B is a bipartite dominating set of V(G(n,n)). Let B = B1 U By C V(G(n,n))
where By C V(X) and Bo C V(Y). If |B1| < 2 and |Bz| < 2, then B is either a dominating set and
G(n,n)[B] is not a bipartite graph or G(n,n)[B] is a bipartite graph and B is not a dominating
set. Hence, in both cases, B is not a bipartite dominating set. A contradiction to the assumption
that B is a bipartite dominating set of G(n,n). Thus, |Bi| > 2 and |Bz| > 2.

Conversely, suppose B = B; U By C V(G(n,n)) where By C V(X) and By C V(Y) such
that |Bi| > 2 and |B1| > 2. Then, N[B] = N[Bi]UN[B;] = X UY = V(G(n,n)). Thus, B is
a dominating set in G(n,n). Figuratively, one can easily see that G(n,n)[B] is a bipartite graph.
Thus, B is a bipartite dominating set in G(n,n).

|
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Corollary 3.2. For the crown graph G(n,n) the Yuip(G(n,n)) = 4.

Proof. This is immediate from Theorem 3.1, by setting |B1| = 2 and |Bz| = 2.

To illustrate the above results, we have the following example.

Example 3.5: Consider the crown graph G(6,6) below:

Observe that V(G(6,6)) = X UY where X = {u1,u2,us, us, us, us} and Y = {v1, v2,v3,v4, Vs, Vs }.
By setting |Bi| = 2 and |Bz| = 2 where By C V(X) and B> C V(Y). In this case, B = B; U B2
such that B1 = {us, u4} and Bz = {vs,va}. It can be easily seen that
N|[B] = N[B1] U N[B2]
= {wv1,v2,v3,v4, V5,06 } U {us, usa} U {u1, uz, us, us, us, us} U {vs, va}
=V(G(6,6)).
Thus, B is dominating set. Now, it can be seen that G(6,6)[B] is a bipartite graph, shown below:

us Uag
G|B]:
V3 V4

Hence, B is a bipartite dominating set of G(6,6) and that B is the minimum bipartite domination
number of G(6,6). Thus, vs:»(G(6,6)) = 4.

Theorem 3.3. Let G(n,n) be a crown graph and B C V(G(n,n)) be a bipartite dominating set of
G(n,n). Then, the set B' U {wo} is a bipartite dominating set of u(G(n,n)).

Proof. Let B C V(G(n,n)) be a bipartite dominating set of G(n,n). Set S C V(p(G(n,n))) to be
S = B’ U{wo}. Then,
N[S] = N[B']U N [{wo}]
= [B'UV(G(n,n)) U{z}] U[G'(n,n) U{wo}]
=V(G(n,n)) UG (n,n) U {wo}
— V((G(n, ).
Thus, S = B'U{wo} is a dominating set of 1(G(n, n)). Clearly, u(G(n,n))[S] = u(G(n,n))[B'U{wo}]

is a bipartite graph. Hence, S is bipartite dominating set of u(G(n,n)).
O

The next results show the bipartite dominating set in the Mycielski graph of the crown graph and
its bipartite domination number.
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Theorem 3.4. Let G(n,n) be a crown graph. Then, voip(1(G(n,n))) = 5.

Proof. Let B C V(G(n,n)) be the minimum bipartite dominating set of G(n,n) and let So be the
Yoip — set of u(G(n,n)). Choose S = B’ U{wo}. Then, by Theorem 3.4, S is a bipartite dominating
set. Thus, |So| < |S| = |B'U{wo}| = |B’| + |[{wo}| =4+ 1 = 5. It remains to show that |So| > |S|.
On the contrary, suppose |So| < 5. Then, either Sy is a dominating set of pu(G(n,n)) or not
a dominating set of u(G(n,n)). If Sy is not a dominating set of u(G(n,n)), then we are done.
Now, suppose Sp is a dominating set. Then, pu(G(n,n))[So] is either 1-colorable or 2-colorable. If
w(G(n,n))[So] is 1-colorable then u(G(n,n))[So] is not a bipartite graph. Now, if u(G(n,n))[So] is
2-colorable, then u(G(n,n))[So] contains isolated vertices. Hence, the uniqueness of the partitioning
is not satisfied. Thus, p(G(n,n))[So] is not a bipartite graph and that Sp is not a bipartite
dominating set of u(G(n,n)). Hence, |So| > 5 = |S|. Therefore, vpip (u(G(n,n))) = |So| = 5.
]

3.2 Bipartite Domination Number of the Mycielski Graph of Path
and Cycle Graph

Theorem 3.5. Let G be a graph with A(G) = 2. If 0 # S C V(G) is a total dominating set of
V(G). Then the set 8" U {wo} = B C V(u(Q)) is a bipartite dominating set of u(G).

Proof. Let S C V(G) be a total dominating set in G and let S’ be the copy of S in G’. Suppose
B = S5"U{wo} CV(G). Then,

N[B] = N[S" U {wo}]
= Nu@)[S'1U Nuee) [{wo}]
= (8" U{wo} UV(G) U ({wo} UG
=V(G) UG U {wo}
=V(u(G)).
Thus, B is a dominating set. Clearly, u(G)[B] is a bipartite graph. Therefore, B is a bipartite

dominating set of u(G).
t

In [12], we have the following results for the total domination number which will be used in the
next result.

Theorem 2.9.[12] For n > 3, v:(Pn) = %(Cn) = | 5] + [§] = [§]. In other words,

z if n =0 (mod 4)
ntl ifn=1,3 (mod 4)

nt2 if n =2 (mod 4)
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Theorem 3.6. Let P, and C.,, be the path graph and cycle graph, respectively, with n > 2 and
m > 3. Then,

nt2 if n =0 (mod 4)

n+3 e —
i (u(Pa)) = Woip (u(Co)) = 4 2 U =13 (modd)

ntd if n =2 (mod 4)

Proof. For the Path graph P,. Let V(P,) = {v1,...,vn}. Then, V(u(P,)) = V(P,) U P' U {wo}
where P’ is the set of vertices that are vertex copy of each vertex in P,. Let B C V(u(P,)) be
Ypip-set of p(Py). Suppose S is a 7y;-set of P,,. Then, by Theorem 3.5, By = S’ U {wo} is a bipartite
dominating set of u(P,). Thus, |B| < |Bo|. By Theorem 2.9 [12],

2 ifn =0 (mod 4)
3 ifn=1,3 (mod 4
1Bl < [Bol = || + {wo}| = we(P) +1={ 2 Tn=13medd

nid if n =2 (mod 4)

To show that |B| > |Bo|. Suppose |B| < |Bo|. Then, either B is a dominating set of u(P,) or
not a dominating set of u(P,). If B is not a dominating set of u(P,) we are done. Now, suppose
B is a dominating set, then u(P,)[B] is a 1-colorable graph. Thus, u(P,)[B] is not a bipartite
graph. Hence, B is not a bipartite dominating set. A contradiction to the assumption at B. Hence,
|B| > |Bo|. Therefore,

nt2 if n =0 (mod 4)
nis ifn=1,3 (mod 4
Yoip(Pn) = |B| = |Bo| = { 2 (mod 4)

ntd if n =2 (mod 4)

Similarly, for the Cycle graph C,,, m > 3.

To illustrate Theorem 3.6, we have the following examples.
Example 3.6. Consider the following Mycielski graph of path graph p(P,).

For n = 0(mod 4), choose p(Ps), illustrated below.
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u(P): O H(Po)[A] :

wo

The set A = {uy,us,wo} C u(Py). Clearly, u(Pys)[A] is a bipartite graph of u(Ps). Thus, A
is a bipartite dominating set and also the minimum bipartite dominating set in wu(Ps). Hence,
Wwiph(Ps) = [A] =5 +1=3.

For n = 1(mod 4), choose u(Ps), illustrated below.

Ul u2 us Uq Us
) ) )
/ / /
Ug Us Uy
(Ps) d O w(Ps5)[B]
ul ! uk
Wo
wWo

The set B = {ub,us,ujwo} C u(Ps). Clearly, u(Ps)[B] is a bipartite graph of u(Ps). Thus,
B is a bipartite dominating set and also the minimum bipartite dominating set wu(Ps). Hence,
Wiph(Ps) = |B] = 52 +1=4.

For n = 3(mod 4), choose p(Pr), illustrated below.

n(Pr)

The set C = {uj,us, uy, us, wo} C p(Pr). Clearly, u(P7)[C] is a bipartite graph of u(P7). Thus,
C is a bipartite dominating set and also the minimum bipartite dominating set w(Pr). Hence,
Yoipht(Pr) = |C] = T + 1 =5.
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For n = 2(mod 4), choose u(Fs), illustrated below.

(51 u2 us U4q us ue
) ) )
’ woow o w u
(4(Ps) : olRe 1(Ps)[DI
ul ug
wo
wo

The set D = {u}, ub, us, ug, wo} C p(Ps). Clearly, u(Ps)[D] is a bipartite graph of u(Ps). Thus,
D is a bipartite dominating set and also the minimum bipartite dominating set u(Ps). Hence,
Yoiptt(Ps) = |D| = *42 +1 =5.

4 Conclusion

In this article, the bipartite domination number of a crown graph and mycielski graph of path and
cycle graph. As future line of research, it would be interesting to determine further results on some
graph clustering.
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