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Fixed Points of &-(«, B)-Contractive Mappings
in b-Metric Spaces

Abstract: In the present article, by combining the concepts (¢, 8)-type contraction and &-
contractive mappings, we define &-(«, 8)-contractive mappings in b-metric spaces. Also, some
fixed point results have been presented for newly defined mappings. Our results generalize
various theorems in literature. In support, we provide an example.
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1 Introduction and Preliminaries

In 1922, Banach [1] initiated the study of constructive theory in metric space. Banach
Contraction Principle (BCP) is one of the most useful and important theorems in classical
functional analysis. This theorem has been extended and generalized in many directions. In
1969, Nadlar [2] proved BCP for a multivalued mapping. Various other extensions of this
principle can be found in [3, 4, 5, 6, 7, 8]. Also, in the last decade Samet et al. [9] defined a-1)-
contractive mapping to generalize BCP. Later, in 2015, Chandok [10] introduced the concept
of (a, f)-admissible mappings. In 2016, Pant and Panicker [11] obtained some results for
(a, B)-Geraghty type contractive mapping. Mlaiki et al. [12] generalize the results of Pant
and Panicker in 2019. Recently, Jain and Kaur [13] presented the concept of -contractive
mappings. As an extension of metric space, Bakhtin [14] has studied the concept of b-metric
space (by weakening the triangle inequality in metric space) as:
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Definition 1.1. [14] Let X be a non-empty set. Then a mapping d: X x X — [0,400) is
called a b-metric, if for all x,y, 2z € X, the following conditions hold:

(bml) d(z,y) =0 if and only if z = y;

(bm2)  d(z,y) = d(y,z);

(bm3) d(r.y) < 2d(z,2) +d(z,9)).

The pair (X, d) is called a b-metric space.

In 1998, Czerwik [15] presented the concept of b-metric space in the more general form
as shown below:

Definition 1.2. [15] Let X be a non-empty set and s > 1 be a given real. Then a mapping
d: X xX — [0,+00) is called a b-metric, if for all x,y, z € X, the following conditions hold:
(b1) d(z,y) =0 if and only if z = y;

(02) d(z,y) = d(y, v);

(13) d(x,y) < s(d(z,2) +d(z)).

The pair (X, d) is called a b-metric space. In 2010, Khamsi and Hussain [16] used the notion
of b-metric space under the name metric type space.

To prove our results, we need the following concepts and results of literature.

Definition 1.3. [17] Let (X,d) be a b-metric space. Then, a sequence {z,} in X is called :

(1) Cauchy sequence, if for each € > 0 there exist ng € N such that d(z,, z.,) < €, for all
n,m > ng.

(73) Convergent, if there exists I € X such that for each € > 0 there exist ng € N such that
d(xn,1) <€, for all n > ng. In this case, sequence {z,} is said to converge to .

Definition 1.4. [17] A b-metric space (X, d) is said to be complete if every Cauchy sequence
is convergent in it.

Lemma 1.5. [18] Let (X,d) be a b-metric space with s > 1 and suppose that sequences
{zn} and {y,} converge to x and y € X, respectively. Then

1
—d(z,y) <liminf d(z,,y,) < limsup d(2,, yn) < s2d(x,y).
S n—+00 n—+oo
In particular, if © =y, then lir_irrl d(xp,yn) = 0.
n—-+0oo

Moreover, for any z € X,

1

—d(z, z) < liminf d(z,, z) < limsupd(z,, z) < sd(z, z).
S n—-+00 n—-+oo

Lemma 1.6. [19, 20] Every sequence {x,} of elements from a b-metric space (X, d), having

the property that there exists A € [0,1) such that d(Tp, Tni1) < Ad(Xp—1,x,) for everyn € N,

is Cauchy.

Definition 1.7. [10] Let (X,d) be a b-metric space, T : X — X and o, : X x X —
[0,400). Then mapping T is said to be (a, §)-admissible, if a(x,y) > 1 and B(z,y) > 1
implies a(Tz, Ty) > 1 and 8(Tx,Ty) > 1, for all z,y € X.

Definition 1.8. [10] Let (X,d) be a b-metric space, T : X — X and o, : X x X —
[0,400). Then X is said to be (o, 8)-regular, if {x,} is a sequence in X such that {z,}
converges to &, a(Tn,Tni1) > 1, B(@n,zny1) > 1 for all n, there exists a subsequence
{zp,} of {x,} such that a(zn,,Tn,+1) > 1, B(zn,,Tn,+1) > 1 for all k and a(z,Tx) > 1,
Bz, Tx) > 1.
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Definition 1.9. [10] Let ¥ be the set of all functions 1 : [0,+00) — [0, +00) such that
is continuous, strictly increasing and (0) = 0.

Definition 1.10. [10] Let © be the set of all functions 6 : [0, +00) — [0, 1) such that for
any bounded sequence {t,} of positive reals, (¢, ) — 1 implies ¢,, — 0.

In 2016, Pant and Panicker [11] introduced the following contractive mapping.

Definition 1.11. [11] Let (X,d) be a b-metric space with s > 1. Then a mapping T : X —
X is said to be («, 8)-Geraghty type contractive mapping, if there exists o, 8 : X x X —
[0,400), ¥ € U,0 € O such that

a(z, Tx)B(y, Ty)p(s*d(Tx, Ty)) < O (N (2,)))b(N(z,y)), (1.1)
for all z,y € X, where N(z,y) = max {d(x,y), d(x, Tx),d(y, Ty), W} .

In 2019, Mlaiki et al. [12] established the following contraction mapping which general-
izes the contractive mapping defined by Pant and Panicker.

Definition 1.12. [12] Let (X, d) be a b-metric space with s > 1. Then mapping T : X — X
is said to be an («, B)-type contraction, if there exists a, 8 : X x X — [0, +00), v € U, e > 1
such that

oz, Tz) By, Ty)y(s“d(Tz, Ty)) < (N (z,y)), (1.2)
for all z,y € X, where N(z,y) = max {d(x,y), d(z,Tx),d(y, Ty), W} .

Theorem 1.13. [12] Let (X,d) be a complete b-metric space with s > 1 and T : X — X
be a mapping such that the following hold:

(i) T is («, B)-type contraction;

(i) T is (o, B)-admissible;

(1i0) there exists xg € X such that a(xo, Txo) > 1 and B(xo, Txo) > 1;

(iv) either T is continuous or X is («, B)-regular;

Then T has a unique fized point.

Following concepts and results were introduced by Jain and Kaur [13].

Definition 1.14. [13] For any m € N, define =,, to be the set of all functions ¢ : [0, +00)™ —
[0, +00) such that
(fl) g(thtg, s ,tm) < max{tl,tg, cee ,tm} if (thtg, s ,tm) 7é (0,0, ce ,O),
(&) if {tﬁ") . 1 < < m, are m sequences in [0, +00) such that
ne

lim sup tl(”) =t; < 4oo for all e = 1 to m, then

n—-+4oo

liminf € (67,67, 1)) <€t ta, - s tm).

n—-+oo

Definition 1.15. [13] Let (X, d) be a b-metric space with s > 1. The mapping T': X — X
is said to be an £-contractive mapping of type-1, if there exists £ € 24 and

d(z,Ty) + d(Tx, y))
2s ’

T2, Ty) < 3¢ (o), dCo. 7o), 0. T), (13

for all z,y € X.
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Theorem 1.16. [15] Let (X,d) be a complete b-metric space with s > 1 and T : X — X
be an &-contractive mapping of type-1. Then T has a unique fized point.

Definition 1.17. [13] Let (X, d) be a b-metric space with s > 1. The mapping T : X — X
is said to be an &-contractive mapping of type-11, if there exists £ € E5 and

d(x,T

y),d(Tx,y)) , (1.4)

d(Tz,Ty) < %6 (d(x,y),d(m,Tw)yd(%Ty), o

for all z,y € X.

Theorem 1.18. [13] Let (X,d) be a complete b-metric space with s > 1 and T : X — X
be an &-contractive mapping of type-I1. Then T has a unique fixed point.

2 Main Results

In the present work, first we introduce &-(a, 8)-contractive mapping of type-I and &-(«, 3)-
contractive mapping of type-I1 in b-metric spaces. After that, we prove some unique fixed
point theorems which generalize various results in literature.

Definition 2.1. Let (X, d) be a b-metric space with s > 1 and T': X — X be a mapping.
We say that T is an &-(a, §)-contractive mapping of type-I, if there exists o, f: X x X —
[0,400), ¥ € U, £ € Zy4, € > 1 such that

d(z,Ty) + d(Tz,y)
2s

o, Ta) By, Ty)i(s“d(Te, Ty)) < o (5 (d<x,y>, d(x,T), d(y, Ty),

(2.1)
for all z,y € X.

Definition 2.2. Let (X, d) be a b-metric space with s > 1 and T': X — X be a mapping.
We say that T is an &-(«, B8)-contractive mapping of type-I11, if there exists o, 5: X x X —
[0,+00), ¥ € ¥, £ € Z5, € > 1 such that

d(z,Ty) d

o, Ta) 0 Tyl alT, ) < 6 (5726 (dodto 7o), 1), D52,

(Tm,y)>),

(2.2)
for all z,y € X.

Theorem 2.3. Let (X,d) be a complete b-metric space with s > 1 and T : X — X be a
mapping such that the following hold:

(i) T is &-(av, B)-contractive mapping of type-I;

(i1) T is (o, B)-admissible;

(ii1) there exists xg € X such that a(xo, Txo) > 1 and B(xo, Txo) > 1;

(i) either T is continuous or X is («, 8)-reqular with respect to T';

Then T has a fized point. If Tx = x implies B(x,x) > 1, then fized point of T is unique.

Proof. Define a sequence {z,} in X as z, = Tx,_1 for all n > 1. Assume that any two
consecutive terms of sequence {x,} are distinct, otherwise T has a fixed point. Now by
condition (i7), (i4¢) and using induction, we get

Ty, Tpy1) 21 and B(zp, Tpy1) > 1 for alln > 1.

4
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First, we prove that {z,} is a Cauchy sequence. For this, let n € N.
Consider

1/}(86d($m anrl))

< a(mn—lyxn)ﬁ(xnaxn—i—l)qp(sed(xnvxn—i-l))
= O‘(xn—lvTxn—l)B(xnaT-Tn)'(/)(sed(Txn—laTxn))
S '(/) <5€_1€ (d(xn—la -Tn)a d(xn—la xn)7 d(l’n, xn+1), d(xn_l’ xn+;l + d(ﬂl‘n, an) ))

which implies that

d(xnfl» xn+1)>

$d(xp, Tpy1) < sl <d(:cn1,xn),d(xn1,xn),d(xn,mn+1),

2s
ie.,
1 d(xp_1,xp,
d(xnyanrl) S ;f (d(xn1,xn),d(xn1,mn),d(xmxn+1), (;S+1)> (23)
1 d n—1u1s n
< maX{d(xn—lvxn),d(xn—lamn)ad(xnaxn-‘rl)a(xlx-‘rl)}
S 2s
1 d(mnflyxnjtl)
= - d(Tp—1,%n), ——F—
Smax{ (Tp—1,%n) 9
1 d n—1,4n d nytn
< max{d(xnl,wn), (Tn1,2n) + d(zn, H)},
S 2
which implies that
1
d(Xpy Tpt1) < =d(Tp—1,Zn), for all n > 1. (2.4)
s

Case 1: If s > 1, then by Lemma 1.6 in view of (2.4), {z,} is a Cauchy sequence.

Case 2: If s = 1, then by (2.4), sequence {d(z, z,+1)} is monotonically decreasing and also
it is bounded below, therefore, d(x,,, x,+1) — k for some k > 0. Suppose that k > 0. Now
taking liminf n — +o0 in (2.3), we have k < {(k, k, k, k'),

where J J J
k' — lim sup (xnfl, :L'n+1) < lim sup (xnfla xn) + (xna anrl) — I
n—-+oo 2 n—+oo 2
Now, k < &(k, k, k, k') < max{k,k, k,k'} = k, a contradiction, therefore,
lim d(xn,zny1) = 0. (2.5)

n—-+oo

Suppose that {z,} is not a Cauchy sequence, then there exists ¢ > 0 such that for any
r € N, there exists m, > n,. > r such that

AT, , Tn,) > €. (2.6)
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Also, assume that m, is smallest natural greater than n, such that (2.6) holds. Now

S

€ (Tm,, Tn,)
d(xmra Imr—l) + d(zmr—lv Inr)
AT,y Tm,—1) + €

(

d x'r‘,xrfl) +¢,

VANVANR VAN VAN

so by using (2.5) and taking lim r — +o0, we get

lm d(zp,,., T, ) = ¢ (2.7)

r—+00

Consider

Y(d(Tm, 41, Tn,11))
< Ol(xmmzmr—kl)ﬂ(xnman+1)w(d(zmr+17an+1)>
= a(®m,, Tem,)B(@n,, T, )Y(A(TTm,, Try,))

d(Tm,., Tn, + d(Tm,+1, Tn,
v (5 (d(xm1~>33n7-)ad(xmwxmﬂrl)’d(xnwmnﬂrl)v ( ! 2 ( = ))> ’

IN

which implies that

d(me, Tp,41) + d(l'qu-&-lv Ty, ) )
5 .

A 41, Tmyi1) < € (d<x7m,xn,.>,d<xmr,zmrﬂ),d(xm,zw),
Now

d(Zm,, Tm,41) + d(@Zm, 41, Tnpg1) + d(Tn, 41, 70,)
d('rmr7 me-&-l) =+ d(znr-l-lv :r'nr) +

d(Tm,, Tn,+1) + d(Tm, 11, T,
f (d(xmraxn,«)7d(meaxm7,+1)7d(xnr7$n7,+1)7 ( +1) 2 ( 1 )> )

d(Tm, , T, )

INIA

thus, by taking liminf r — +oo on both sides and also using (2.5) and (2.7), we get
e <0+40+¢&(g,0,0,¢"), where

d(xm sy In d(x.m, s dbn
¢ — limsup (@m, > Tnpt1) + AT, 41, Tn,.)
r—400 2
< limsup d(xmm xnr) + d(xnw xnr-i-l) + d(xmr+1’ xmr) + d(xmw xnr)
r—-+o0o 2
e+0+0+e .
— =

Thus, ¢ < £(,0,0,¢') < max{e,0,0,'} = ¢, a contradiction. Hence {x,} is a Cauchy
sequence in (X, d). But (X, d) be a complete b-metric space, therefore, there exists x € X
such that z,, — x.

If T is continuous, then z,, — x implies z,, 11 = Tz, — Tx. But, as limit is unique, therefore,

6
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Tx = x.
If X is («, B)-regular with respect to T, then a(z,Tx) > 1 and B(x,Tx) > 1. Suppose that
Tx # z. Now

Y(s°d(Txy, Tx))

IN

oy, Tx,)B(x, Tx)Y(sd(Txy, Tx))

) <561£ (d(azn,x),d(xn,xn+1),d(x,Tz),

IN

d(zn, T) ;S d(z, Ta:n)>> |

which implies that

d(wn, Tx) + d(z, 2,
s°d(Tw,, Tx) < s 1€ (d(fﬂmx),d(xmxn+1),d(m7Tx)7 (@n, Tw) + d(, +1)> ’

2s

ie.,

d(zn41,T2) < € (d(ﬂﬁn,x%d(xn,xnﬂ),d(x,Tx), d(@n, Tz) + d(, +1)> :

2s

Taking liminf n — 400 on both sides and using Lemma 1.5, we get

1
L, 7y < e (0,0,d(a, ). 1),
S S

ie.,
Az, T) < €(0,0,d(x, ), 1)
where,
U2 T bl 42 . ) T 0 d 5 T
I = lim sup d(zn, T2) + d(@, Tns1) < lim sup sd(z, Tz) + = (= x)
n——+oo 2s n—+oo 2s 2
Hence,

d(xz,Tx) <£(0,0,d(x,Tz),l) < max{0,0,d(z,Tz),l} = d(z,Tz),
which is a contradiction, therefore, Tz = x.
If Ty = y for some y € X, then by the given condition, 8(y,y) > 1. Now suppose that z # y,
and consider
Y(s‘d(z,y)) = ¥(sd(Tz,Ty))
a(z, Tx)B(y, Ty)v(s“d(Tz, Ty))

$ (f (d@c,y), d(z, ), d(y, Ty),

IN

IN

d(z,Ty) ;d(y, Tas))) ’

which implies that

std(z,y) < s7N¢ (d(w,y),d(az,TxL d(y, Ty), LTV T d(%Tw)) 7

2s
ie.,
1 d
d(z,y) = € <d(w,y),0,0, (q;’ y)>
1 d
< max{d(x,y)ﬂ,o, (x,y)}
s s
_ dz,y)
s )
a contradiction, therefore, x = y. O
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Example 2.4. Let A = {ﬁ | nEN}U{O}, B={n+1|neN}and X = AU B. Define

d: X x X —[0,+00) by d(z,y) = |z — y|? for all x,y € X. Then d is a b-metric on X with
5=2.

. I 1 _ _
Define T: X — X by T (ﬁ) = i, T(n+1) = n+2 for all n € N and T(0)=0,

Define a, §: X x X = [0,400), » € U, £ € B4 as:

if z,y€ A,

L,
Ot(;U, y) - B(m>y) - { 0’ otherwise, (28>
P(t) = t, and
max{tll—,:tzl,t3,t4}7 if tl > O,
f(tb t27 t3> t4) =
% max{ta, t3,t4}, otherwise.

Now for all z,y € X, (2.1) is satisfied. Also T is («, 8)-admissible, X is («, 8)-regular
with respect to T" and for zp = 1 € X, a(xg,Tzo) > 1 and B(z,Txo) > 1. Thus, all the
conditions of Theorem 2.3 are satisfied and 0 is only fixed point of T.

Now following remark improves our main result Theorem 2.3.

d(z,Ty)+d(Tz,y)
2s

Remark 2.5. Theorem 2.3 is also valid, if term in (2.1) is replaced by

W, where § is a real number defined by

2, if s=1,
s=¢ 6§, ifl<s<2,
1, if s> 2,

where ¢’ is any number in (2,14 1).

Corollary 2.6. (Theorem 1.13) Let (X,d) be a complete b-metric space with s > 1 and
T:X — X be a mapping such that the following hold:

(1) T is («, B)-type contraction;

(i) T is (o, B)-admissible;

(731) there exists xg € X such that a(xo, Txo) > 1 and B(xo, Txo) > 1;

(iv) either T is continuous or X is («, B)-reqular;

Then T has a unique fized point.

Proof. Take £ € E4 defined by £(t1, ta,t3,t4) = 5%1 max{ty,to, t3, t4}, then by Theorem 2.3,
we get the result. O

Corollary 2.7. (Theorem 1.16) Let (X,d) be a complete b-metric space with s > 1 and
T: X — X be an &-contractive mapping of type-I. Then T has a unique fized point.

Proof. Take a, f: X x X — [0, +00) such that a(z,y) = B(z,y) = 1, for all z,y € X, and
¥ € U by ¥(t) =t. Then by Theorem 2.3, T has a unique fixed point. O

Remark 2.8. Example 2.4 is applicable for Theorem 2.3, but not for Corollary 2.7.

d(z,Ty)+d(Tz,y)
2

Remark 2.9. In view of Remark 2.5, Corollaries 2.6 and 2.7 are also valid, if term -

d(z,Ty)+d(Tz,y)
ds

is replaced by , where § is same as defined in Remark 2.5.

8
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Proof of our next result is on a similar manner as the proof of Theorem 2.3.

Theorem 2.10. Let (X,d) be a complete b-metric space with s > 1 and T : X — X be a
mapping such that the following conditions hold:

(1) T is &-(av, B)-contractive mapping of type-11;

(i) T is (o, B)-admissible;

(71) there exists xg € X such that a(xo, Txg) > 1 and B(xo, Txo) > 1;

(iv) either T is continuous or X is («, B)-reqular with respect to T';

Then T has a fized point. If Tx = x implies B(x,x) > 1, then fized point of T is unique.

Corollary 2.11. (Theorem 1.18) Let (X,d) be a complete b-metric space with s > 1 and
T: X — X be an &-contractive mapping of type-I1. Then T has a unique fized point.

Proof. Take a, f: X x X — [0, +00) such that a(z,y) = B(z,y) = 1, for all z,y € X, and
¥ € U by ¥(t) =t. Then by Theorem 2.10, T" has a unique fixed point. O
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