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FIXED POINT THEOREM FOR (¢, &) — EXPANSIVE MAPPINGS IN CONE
b-METRIC SPACES OVER BANACH ALGEBRA

ABSTRACT

The class functions and are used in this paper to establish the notion of fixed point
theorem on expansive mappings. The primary result is a generalization of the fixed point
theorem for (¢, &)- expansive mappings on cone b-metric spaces over Banach algebra L.
Investigated are the fixed point's criteria for existence and uniqueness. Additionally, provide
an illustration.
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1 INTRODUCTION

In 1993, Czerwik [2,3] developed the idea of b-metrics, which expanded on
conventional metric spaces. Wang first proposed the notion of expanded maps in 1984 [13].
The ideas of extended onto mappings on cone metric space are later established by Aage and
Salunke. For expansive mapping, fixed point results have been achieved in [1] and [4]. The
concept of cone metric space over Banach algebras was first developed by Liu and Xu [7], who
replaced Banach spaces as the objective spaces of cone metric space with Banach algebras.
Numerous researchers have published works on fixed point theorems in various types of metric
spaces in [5,9,10]. In this study, using the class functions and, we provide a fixed point theorem
for expansive mappings. A generalisation of the fixed point theorem for (¢, &)- expansive
mappings on cone b-metric spaces over Banach algebra is presented in the main theorem.

Let A be a real Banach algebra, i.e. 2 is a real Banach space where a multiplication
operation is specified, provided that it satisfies the criteria mentioned below:
Forall¢, 0,3, € A, ER

D cled) = (se)3;

(i)  ¢le+3) =co+gand (¢+0)3=¢3+03;

(i) d(ge) = (bg)e = ¢(be);

(iv) llcollliglilol.

We shall assume that the Banach algebra 2 has a unit, i.e., a multiplicative identity
e de¢c=c¢e=¢, Vg€ If there is an inverse element o € A that has the property that
¢o = o¢ = e, then that element ¢ € U is said to be invertible. The inverse of ¢ is labelled by
¢ h.

Let 2 be a real Banach algebra with a unit e and ¢ € . If the spectral radius p(¢) of x
is less than 1, that is

1 1
p(@)=1lim [ ¢"lln=inf [ ¢" I < 1
n—oo n=1
then e — ¢ is invertible. Now,
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(e—¢o)' =XZ0¢

A subset 8 of 2 is called a cone of U if

i. {6,e} c B,

i. P2 =PP <P, B (—P) = (6},

iii. aB+ BB cPBVa,peER,
For a given cone B c A, we define a partial ordering < with respect to P by ¢<p &
0 — ¢ € PB;c < o will settle for ¢ < p and ¢ # g, while ¢ < p settle for o — ¢ € intB, where
intP labelled the interior of P. If intP # @, then P is called a solid cone. Write || . || as the
norm of 2A. A cone B is called normal should there be a number 9t > 0,3 V ¢, 0 € U, we have
0<¢c<o=lclI<SMI oll. The normal constant of P is the least positive integer that
satisfies the criteria above. Note that, for any normal cone ¢ we have 9t > 1. Here, we'll
assume that 21 is a real Banach algebra with a unit e, B is a solid cone and < with respect to B.
2 PRELIMINARIES

Lemma 2.1. [8] If € is a real Banach space with a cone B and if b < &b with b € § and
0<d6<1,thend=20.
Lemma 2.2. [11] If € is a real Banach space with a solid cone Pandif 0 S u K ¢V < ¢,
thenu = 6.
Lemma 2.3. [11] Let B be a cone in a Banach algebra 2 and X € B be a given vector. Let
{u,} be a sequence in P. If V¢ »>0,3N; Sy, K gVn>y, then Ve, »>0,3N, 3
Ku, L ¢ V>N,
Lemma 2.4. [11] If € is a real Banach space with a solid cone B and {¢,} < B is a sequence
with [l ¢, [ 0 as n— oo, then VO K¢, INEN 3n> I we have, ¢, L ci.e.¢, IS a c-
sequence.
Lemma 2.5. [12] Let U be a Banach algebra with a unit e, h, KX € 2. If H commutes with ¥,
then p(h + K) < p(B) + p(30), p(HXK) < p(H)p(¥).
Remark 2.6. [12] If p(¢) < 1, then || ¢, ll=> 0 as n — oo.
Definition 2.7. [6] Let X be a non-empty set, w > 1 be a constant and 2 be a over Banach
algebra. A function D,,: X x X — 2 is said to be a cone b-metric provide that, for all ¢, 0,3 € X,
(d1) Dy(s0) = 0 ¢ = g
(d2) Dyp(s,0) = Dy(0,9);
(d3) Dp(s,3) < w[Dy(s,0) + Dy(e,3)].
A pair (¥, D,) is called a cone b-metric space over Banach algebra 2.
Example 2.8. Let A = C[b, &] be the set of continuous functions on the interval [d, 4] with
the supermom norm. Define multiplication in the conventional way. Then 2 is a Banach
algebra with a unit 1. Set P = {¢ € A:¢(t) > 0,t € [b, 4]} and X = R. Defined a mapping
Dy XxX—>AbyD,(s,0)(®) = |¢c —olPet V¢, 0 € X, where p > 1 is a constant. This makes
(%, D,,) into a cone b-metric space over Banach algebra 2 with the coefficient w = 271, but
it is not a cone metric space over Banach algebra since the triangle inequality is not satisfied.
Definition 2.9. [6] Let (X, D,,) be a cone b-metric space over Banach algebra %, ¢ € X, let {¢,}
be a sequence in X. Then

1) {¢.} converges to ¢ whenever for every ¢ € A with 8 « ¢ there is natural number

1y 3 Dp(¢,, ¢) K ¢,V 1t = ny. We indicate this by Tlll_)rg Gy =G.
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2) {¢.} is a Cauchy sequence whenever V ¢ € 2 with 8 « ¢ there is natural number n,
3 Dy (G, Gr) K 6,V 1, M = 1.

3) {X, D, } is complete cone b-metric if every Cauchy sequence in X is convergent.
Lemma 2.10. [12] Let € be a real Banach space with a solid cone B

1) If dy,0,,03 € €and d; < D, K D3, thend; K ds.

2) Ifd; € Pand d; K b; foreach d; > 6, thend; = 6.
Lemma 2.11. [14] Let B be a solid cone in a Banach algebra 2. Suppose thatp € B and {¢,.} c
B is a c-sequence. Then {bh¢, } is a c-sequence.
Proposition 2.12. [14] Let B be a solid cone in a Banach space U and let {¢,},{0,} © X be
sequence. If {¢,.} and {o,,} are c-sequences and a, 8 > 0 then {a¢, + fo,.} IS a c-sequence.
Proposition 2.13. [14] Let B be a solid cone in a Banach algebra 21 and let {¢,} € B is a
sequence. Such that

1) {¢.}is ac-sequence.

2) Foreach¢>» 0 3ny €N 3¢, <cforn = mn,.

3) Foreachc¢>» 63In; €N 3¢, <cforn=mny

Lemma 2.14. [12] Let A be a Banach algebra with a unite e, € 2, then lim || h" ||% exists and
the spectral radius p () satisfies n%o

p(H) = lim II " I = inf | 5" I
If p(§) < |5], then (6e — b) is invertible in A, now,

1 _ b’ -1 1
(e~ )" = ZO s and p((6e —5)™) < s
where § is a constant.
Lemma 2.15. [12] Let 2 be a Banach algebra with a unit e and B be a solid cone in 2. Let
heWUandg, =h" If p(h) < 1, then {¢,} is a c-sequence.
Definition 2.16. [6] Let (X, D;,) be a complete cone b-metric space over Banach algebra 2
and B be a cone in A with the coefficient w > 1. Then : X — X is said to be generalized
expansive mapping, if
Dy(§5,§0) = HDy (5, 0)
Forall ¢,0 € X, where h,h~1 € P are generalized constants with p(p~1) < 1.
Definition 2.17. Let A be a Banach algebra and B = R{ be a cone in A. A mapping
F: B — P such that
1) & is non-decreasing and continuous;

2) lim §*(t) = @ for all (t € PB),t = 0, where " stands for the n*" iterate of §;
n—oco

3) M) <tvi>0;

4) ) =6.
Definition 2.18. Let A be a Banach algebra and B = R{ be a cone in A. A mapping
¢: B — P such that:

1) ¢ is monotone non-decreasing and continuous i.e.,0 < t; < t, = ¢ (t;) < d(ty);

2) {¢p"(D)} (> 0)isa c-sequence in P;

3) If {u,}isac-sequence in B, then {¢p(u,)} is also a c-sequence in PB;

4) ¢(t) = Kt, for some (K € B), KX > 0.

3
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3 MAIN RESULTS

We prove a unique fixed point for generalized (¢, &)-expansive mappings via the class
functions @ and ¥.

Definition 3.1. Let (¥, D,) be a cone b-metric space over Banach algebra 2 and B = R{ be a
cone in A with constantw > 1. Let &:X — X be define a generalised (¢, &)-expansive
mappings if there exist two functions &: B — P and ¢: B — P where F € ¥ and ¢ € d such
that

$(Dy(£6,£0)) > § (6 (b Dy (s, 0))),
forall ¢, 0 € X, where h,h~! € B are generalized constants with p(p~1) < 1.
Theorem 3.2. Let (X, D,,) be a complete cone b-metric space over Banach algebra 2L and B be
an underlying solid cone in A with the coefficient w > 1. Let mapping &: X — X be a surjective
self-map of X satisfies the expansive condition

d(Dp(§5,60)) Z F(PM(5,0)) wvvvvvvnnnnnn (3.1)

where,
_ Dp(5.¢6) Dp(0.60) Dp(s.¢0) Dp(0,£¢)
M50 = a1, o5 T %2 T e T W Trby(st0) T M Tenplasg T 5D0(6:0)

for all ¢o€X where €%, (i = 1,2,3,45) such that (a,+ wa,+as)™?,
(a0 + azw + as)™* € B and spectral radius p((e —a; —way)(a, + way, + as)‘l) < 1.
Then & has a unique fixed point.

Proof. Let ¢, € X. Since £ is surjective, there exists ¢; € X such that £¢; = ¢,.

¢(Db(C0;C1)) = ¢(Db(fC1: sz))

L Dp(61,§61) , Dp(62,£62) 5 Dp(61,§62)
1+Dp(61,§61) 1+Dp(52,662) 1+Dp(51,§62)
¢(Db($§1:f'§2)) pRso b2st2 poLs52

_Db(s2.861)
U Ty (pten T F5Dp(61,62)

_Dp(51,50) Dp(62,61) Dp(61,61)
ayq +a; +as
1+Dp(61,50) 1+Dp(62,61) 1+Dp(51,61)

=5

¢ D
5($2,0)
41+Db(C2 CO) aSDb(gl' CZ)

alDb (51, 60) + @2Dp(62,61) + azDy, (C1.C1)>>

(Db(xolxﬂ) & ¢ +a,Dp (52, 60) + asDp (51, 62)

78

¢ (“2 + as)Dp(61,62) + “1Db(§1,§o))>

+a,w[Dy (S0, 61) + Dp (51, 62)]

C}Q

<¢ (az + as)Dy(51,62) + a1Db(C1:Co))>
+a,wDy (o, 61) + aswDy (51, 62)
<¢ (052 + way + as)Db(CpCz)))
+ (a1 + way)Dy(s1,60)
((az + way + as)PD, (C1,C2))
+(a1 + way)pDy (51, o)

C}Q

78

Which implies that

(e —a; —way) ¢(Db(§'0f§'1)) 3((“2 T way + as)‘PDb(CLCz))-
Again we can choose ¢, € X such that £¢, = ¢;. Now,

4
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¢(Db(C1'C2)) = ¢(Db(f€2: 5?3))

a Dp(62,662) a Dp(63,§63) +a Dp(62,€63)
d(Dy(Ecrr £65)) > 114Dp(s2862) 2 14Dp(s3Eca) | 1+Dp(52.863)
b gz, C3 Db(GBJEGZ) + a D ( )
Y4 1+Dp(63,§62) 57p162, 63
Dp(62,61) Dp(63,62) Dp(62,62)
L14Dp(sai61) 2 14Dp(sa,62) S 1+Dp(52.62)
Dp(¢3,61)
+ 41+Db(§3 C1) aSDb(CZI C3)

¢(Db(C1 Cz)) > %o alDb(CZ’ ¢1) + a;Dp(63,62) + a3Db(Cz,€z)>>

+a,Dp(63,61) + asDp(2,63)

g ¢ (az + as)Dp(63,62) + a1Db(C2:C1)>>

+a,w[Dp(61,62) + Dy (52, 63)]

<¢ (az + as5)Dy(¢3,62) + a1 Dy, (Cz,§1)>>

(212

+a,wDp(61,62) + a,wDy (62, 63)
(az + way + as)Dy (C3;C2))>
+(“1 + way)Dy(62,61)

(ay + way + as)PD, (C&Cz))
+(a; + wa)pDy (52, 61)

5\ o

78
Which implies that

(e —a; —way) ({b(Db (Cl:Cz)) 7z g’((“z + way + as)¢pD, (Cz:%))-
Continuing this process, we obtain by induction a sequence {¢,,} in (X, D;) by ¢, = ¢,41, fOr

n=20,12,..
d)(Db(Cn; Cn+1)) = ¢(Db (Egn+1 ’ €§n+2))
S(Dp (E6nr1,E6ns2)) >

Dp(Gnt1,$Gns1) Dp(Gnt2,$Sna2) Dp(Gnt1,8Gna2)
% ¢ 1 14+Dp(Gn+1,86n+1) 2 14+Dp(Gn+2 ,$Sn+2) 3 14+Dp(Sn+1,ESn+2)

Dp(Sn+2 $Sn+1)
D
* 14D (Gn2 E6ne1) + asDp(Sns1 s Snsz)

_Dp(Sn+1.,6n) +a Dp(Gn+2 ,Sn+1) Dp(Snt1,§nt1)
% ¢ %1 14+Dp (n+1,6n) 2 1+Dp(Gn+2 Snt1) 3 1+Dp(Gns1.6n+1)
Dp(Sn+2,6n)
+ a<D
41+Db(§n+2 Cn) 5 b(§n+1'§n+2)

1Dy (641,60 ) + 2Dy (nt2 s Snvr ) + @3Dp (St Srer )
Dy (G Grer)) = § )
¢( bi6m S+ ) ¢ +a4Dp(Sut2,6n) + A5Dp (Srg1 5 Sntz )

d

<¢ (( 2+ a5)Dp(Sny1 ) Snez ) + 1Dy (Grrn :Cn)))
( <

(

CZQ

+CZ4(1) Db (Cm §n+1) + Db (§n+1' §n+2)]

(“2 + a5)Db (Cn+1 ) Cn+2 ) + alDb (Cn+1 » Cn )))
+a,0Dy (G Snt1) + XDy (Sri1, Srv2)

¢ (“2 + way, + as)D, (§n+1'§n+2))>
+((11 + (1)(14)Db (gn+1 ) Cn )

(ay + way + as)PD, (Cn+1'g'n+2))
+((X1 + wa4)¢Db (§n+1 » Cn )

C}Q
<

C}Q

C;Q
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The last inequality gives
(e —a; — (‘)a4) ¢(Db (Cn+1 » Cn )) 7 g’((“z + WAy + aS)d)Db (Cn+1' Cn+2))- (32)
Put (a, + wa, + ag) =y, then
(e —a; — wa4)¢(Db (Snt1) Cn)) 7 CLT)'()’G[)Db (Cn+1'Cn+2))- (3.3)
Since y is invertible, to multiply ¥~ on both sides of (3.3)
F(PDp (Gnt1s Sne2)) < DA(Dp(Gr1s6n))
Where h = (e — a; — way)(a, + wa, + as)™ 1. We get
F(DDp (Srr1s Snr2)) < BP(Dp (Sur16n))
< B[0¢(Dp () 6n-1)) |
= bzd)(Db (gn »Cn—1 ))

<D™ P (Dy(51,60))-

Now for m > n we have by triangle inequality and p(p) > 1,
F(PD () < DDy (s Sme1)) + P (Dp(Gmor s 6)) + -+ B(Dp (Sur1, )

SO HDT2 D 4 e+ 5+ 5O (Dy (61, 60))

= (e+h' +5>+ 5%+ + 5" )Ph"(Dy (1, 60))

< (Z?;o bi)bn‘l’(Db(CpCo))

< bh'(e - b)_1¢(Db(C1:C0))
The properties of & and ¢ implies that

Dy (6 6n) < H(e — b)_l(Db(Cl' Co))
By lemma 2.4 and the fact that Il 5™(e — §) (D, (s1,60)) ll= 0(n > ) because of Remark
26,11 5" ll= 0(n — 0), it follows that V¢ € A with 6 < ¢, AN 3 Vm > n > N, we have
Dy (S 6) < H"(e = 5) (D (61,60)) K .

Which implies that {¢,} is Cauchy sequence. By the completeness of X, I¢* € X,
3 ¢, = ¢*(n — ). Consequently, we can find an ¢** € X 3 {¢*™ = ¢*. Now we show that
¢* =¢*. Infact,

d(Dy(s*,60)) = p(Dp(Ec™, EGut1))
Dp(¢**,&¢™) Dp(6ns1,€6n+1) Dp(¢™,66n41)

" L14Dp(e 86 T T2 14Dp(Gnandonen) o 14Dp(S EGnt1)
¢(Db($z§' ;€Cn+1)) =8| ¢ b b(Gn+1,6Sn+1 b 1

_DbGn+1.86™) o
* 14Dy (Gnr1,66™) +asDp (6™, Grer)

Dp(s™,6") Dp(Gn+1,5n) Dp(¢™™,6n)
5 ¢ L14Dp(66") T T2 14Dp(enanS) S 1+Dp(s*6n)

Dp(n+1,5") ok
——————+ asD ,
4 1+Db(Cn+1lC*) 5 b(c §n+1)

. <¢ (alDb (6™, 6™ + a2 Dp (a1, Su) + @3Dy (67, cn)>>
+a4Dp (61, 6") + asDp (6™, Gry1)

Since the properties of & and ¢ and triangle inequality, we have

Dy(s™,¢") 7 @[Dp (6", Snv1) — Db (Snt1, 6n)]

Dy (6", 6n) < w[Dp (6%, Gnv1) + Dp(Snr1, 6]

WV

and

Dy(¢™,61) < w[Dp (6™, Gus1) + Dp(§ri1, )]
It follows that
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a1w[Dy (6™, ¢us1) + Dp(Snt1, 6] + 2Dy (G141, 6n)
d(Dp(s*6)) =& ¢ +a30[Dy (6™, ¢ns1) + Dy (Snt1s )]
+a4Dp(Sut1,6™) + asDp (6™, Grir)

< a1 wDp (™, ¢up1) + @1 wDL(6n41,6™) + a2 Dp (g1, S)

C}Q

¢ +a3wDy (¢, ¢uy1) + A3WDp (Gp1s Sn)
+a,D, (Cn+1» C*) + asDy, (C**,Cnﬂ)

(051(0 + azw + as)Dyp(¢™, ¢ni1) + (1w + ay) Dy (Cn+1,C*)>>
+(ay + a3w)Dy (Grv1, S)

(a W+ azw + as)Dp (6™, Guy1) + (@10 + @4) Dy (Grs1,6™)
P(Ds(s"6) > ( 1 3 +(a; +“3a))1Db(§n+11,Cn) ' 1 >>

5\ o

The properties of & and ¢ implies that
. o (a0 + azw + as)Dp (6™, ¢uy1) + (@0 + a4) Dy (G41,67)
Dy (5", 6) =
+(az + azw)Dp (Gui1,6n)
(e —a;w — ay)Dy (6™, ¢uy1)
a1 + azw + as)Dy(¢*, << >
( 1 3 5) b(g Cn+1) +(€ —a, + a3w)Db(§n+1ﬂ§n)
where
ar1w — ay)PDp(S*, i)

F(@Dp (6™ 6ns1)) < (@0 + azw + a5)” [+(e —ay + azw)PDy(¢ni1, s I

This implies that
F(@Dp (6™, 6n41)) S 1Dy (67, 1) + T2 Dp (Srv1, Gn)

where,

7, = (qw+ azw +as) He— a0 —a,) €Y,

7, = (o + azw + as) (e — a, + azw) € A.
Now by proposition 2.3; {t,¢Dp(¢", ¢ns1) + 729Dy (6re1,6)} are c-sequences and so
{t1Dp (", ¢ns1) + T2Dp (6ns1, )} iS alSO @ c-sequences . Owing to ¢, = ¢*(n = ), it follows
by lemma 2.3. that vV ¢ € A with 6 < ¢, 3 9 € N such that

T (Db (6™ 6ns1)) < T1PDp (6™, Gna1) + T2Dp (Gran, ) K¢, V>N

Hence i}(ngb (¢, gnﬂ)) « ¢. Since the limit of a convergent sequence in cone b-metric space
over Banach algebra is unique, we have ¢* = ¢**,i.e.,¢" is a fixed point of £.
Finally, we prove the uniqueness of the fixed point. In fact, if o* is another common fixed point
of &, that is, ép* = o*, form (3.1) we have

| D Ee) | Dpleie) , Dp(s*§0")
d(Dp(Ec,E0)) = | ¢ PRI 1+Dp(e"80") 1+D (5" £0°)

Doleds) asDy(s", 0%)

414D (0" £¢%)
Dp(s*,6") Dp(0*,0%) Dp(s*,0%)
=%| ¢ L 14Dp(s%6") 2 1+Dp(0*0") 314Dy (s 0"
Dp(0*,5")

4m+a5Db(§ ,0%)

. a1D, (5", ¢") + ayDy (0%, 07) + a3Dyp (™, 0%)
PDp(s0") > B <¢( 1 +a4Db(Q*2,c*) + asDb(c*,BQ*) )>

The last inequality gives
(a3 +a, + as — e)‘f‘)‘(d’Db(C*. Q*)) <0
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Thus, F(0) = 6, then F(dD, (5%, 0")) = 6. This implies that D, (¢*, ¢*) = 6. It follows that
¢* = p*, a contradiction show that the fixed point must be unique.

Corollary 3.3. Let (¥, D,) be a complete cone b-metric space over Banach algebra 2l and 8
be an underlying solid cone in 2 with the coefficient w > 1. Let mapping é: X — X be a
surjective self-map of X satisfies the expansive condition

P (Dp(&6.§0)) = F(P(M (s, 0))

where,

Dp(6.€¢) Dp(0,£0) Dp(0,¢¢)
M(5.0) = s+ Qe e T B Tn, e T %D (50)

for all ¢o€X where a; €%, (i = 1,2,3,4) such that (a,+ was+as)™?,
(yw + a,)~t € P and spectral radius p((e — a; — wasz)(a, + waz + a,)™) < 1. Then &
has a unique fixed point.

Corollary 3.4. Let (¥, D,) be a complete cone b-metric space over Banach algebra 2 and 3
be an underlying solid cone in U with the coefficient w > 1. Let mapping ¢: X — X be a
surjective self-map of X satisfies the expansive condition

d(Dp(Es,60)) = F(P(M(5,0))

where,
M (g, 0) = a;1Dp(s,¢0) + a2Dp(0,§¢) + a3 Dy (¢, 0)
forall ¢,0 € X, where a; € B, (i = 1,2,3,4,5) suchthat (wa, + a3)™ !, (0 +az) L €P

and spectral radius p((e — wa,)(wa, + az)™*) < 1. Then & has a unique fixed point.
Example 3.5. Let the Banach algebra 2l and the cone ¥ be the same ones as those in example

2.8. Let X = {0,—,—} and let D,,: X x X —= . Clearly, (¥, D) is a cone b-metric space over

Banach algebra 2 with coefficient w = 5 > 1. Define &: B —» P by F(t) < tforallt > 0. Then
& € W. Also define ¢:B - B by ¢(t) = Kt for some K > 0. Then ¢ is a continuous
comparison function. Now define the mapping &: X — X by

1) Dy(s,0) = 0,where¢=p,V¢,p0 € X.

2 5,(02) =5, (10) =5, (02) =0, .0) =10y (1) =, (0) =

Define by ¢&(0) =0, f( ) 3 (%) =0. Let ; =, =a;=a, =ag = % clearly,

2
a, + a, + a3 + a, + as < 1. Next we will verify the condition (3.1). It have the following

cases to be considered.
Case (i): ¢(Dy(&g,€0)) = 0, the inequality (3.1) holds.
Case (ii): ¢(Db(§g, EQ)) #+ 0, we have following cases to be considered.

Case (ii-a): ¢ = 0,0 = 3 , we can get ¢(Dy (&g, 0)) = % then

/ /1 g 1 GEG) 1 o)\ |

5 )

6 1+Dp (0, E(O)) 614D b(%f@)) 61+Db(0.s‘(§))

1 ( 5(0)) 1 1
ooy a2 (03)

[\Jll—\
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pp00) . Du(33)  pp(03)
1+Db(00) 1+Db (33)  1+Dy(03)

260 1n(02)

cx|p-x
/—\

1 1
l<0 2 L.{_l)
1 1
6 5 1+Z 4
11,2 1, 4 1
SR NN
s\z X3 TgX 5 4
11 1.1 . 1
sz 24242
’6(3+9+5+4)
1. 1/161
s (2=
2’6(180)

¢(Dp(§5,50)) > § (qb = (M, 9)))

Dp(0,¢5)
X4 D (080 + asDy, (g, 0)

) Dp(5.$5) a, Dp(e.$0) as Dp(s.$0)
<P(Db(fC' f@)) =% ¢< 1+Dp(6,£¢) 1+Dp(e.$0) 1+Db(c,€@)>
Therefore, the inequality (3.1) holds.
Case (ii-b): ¢ = —,Q == we can get ¢(Dy, (¢, €0)) = % then
(2 w24 L1 o(6) 1 2e) \\
61+Db(%,$(l)) 61+Db<2,§(;)) 61+Db< (%))

2

13 13 13
/ Db(33) n Dy(33) n Db(?a)\
13 13 13
o1 10y (35) - 1+0u(35)  1+0u(53)
"6 Dy(%3)
+—22-4 D, (5,2
13 b 27’5
1403 (35)
1 1 1 1
e 1 1
Pol 2+ 40
1+E 1+E 1+E 1+E
1/1 2 1 2 1 2 1 2
?—(—x—+—x—+—x—+—x—)
6 \2 3 2 3 2 3 2 3
1/1 1 1 1
>—G+—+—+Q
6 \3 3 3 3
1 1/4
Z_s=2(2
2’6(3)

¢(Dy(§5,0)) > & (¢ = (M, Q)))

Dp(0,65) + asD, (¢, 0)

Dp(.56) Dp(0.£0) Dp(s,0)
a1 t+ a; + oy —————
o(Dy(85,60)) > F| ¢ < 1+Dp(656) 1+D5(2.50) 1+Db(¢,59)>
* 14D (0,89)

Therefore, the inequality (3.1) holds.
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Case (ii-C): ¢ = ,g = =, we can get ¢(D, (&g, &0)) =

-

Sx .

N +_"_(5>+3D (2.2
61+Db<%§(§)) 6 b\2’2

vV v W

N
A\

Alr kOl OlRr

o) T o560 T e i4C)

1 Db(; 3

( i) 1 o) i) )

n) | w33

¢(Dp($5,80)) > § (¢ = (M, 9)))

) Dp(5.£¢) , Dp(0,0) 5 Dp(s.0)
1+Dp(5,€5) 1+Dp(0.¢0) 1+Dp(s.é0)
<P(Db(f§,fe)) 7 % (nb b Dp(0,6¢) b b
——=+ asDy(s,0)

*1+Dp(0.86)

Therefore, the inequality (3.1) holds. Where a; € B, (i = 1,2,3,4,5) such that

(ay + way + as) L (0 + azw +ag) L €P

and spectral radius

p((e —a; —way)(a, + wa, + a5)‘1) <1

Therefore, we showed that the condition (3.1) is satisfied in all cases. Then & has a unique
fixed point¢ =0 € X.
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