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Fixed point theorems in metric spaces using a —admissible mappings

Abstract: In this paper, we shall prove the fixed point theorems in metric space
using @ —admissible mapping. Some existing results of literature shall be deduced from
the main results. In the end, we shall provide an example to support our result.

Keywords: @« —admissible mappings, complete metric space and fixed point.

1. Introduction: In 1922, Banach gave a principle to obtain the fixed point in the complete
metric space. Since then, many researchers have worked on the Banach fixed point
theorem(see, e.g.,[2-6], [11-13], [17-39]) and tried to generalize this principle. In 2012,
Samet et al.[33] introduced the new concepts of mappings called a — admissible
mappings in metric space. Recently, in 2013 Farhan et al. [2] gave new contractions
using a —admissible mapping in metric spaces.

In this paper, we shall generalize Farhan’s et al.[2] contractions and give fixed point
theorems for such contractions.

2. Preliminaries: To prove our main results we need some basic definitions from literature
as follows:

Definition 2.1([10]): Let X be a set. A metric space is an ordered pair (X,d) where d is a
functiond: X X X — R such that

(1) d(x,y) = 0. (non-negativity)

(2) d(x,y) = 0 iff x = y. (non-degeneracy)

(3) d(x,y) = d(y,x) (symmetry)

(4) d(x,z) <d(x,y) + d(y,z) (triangle inequality)

Definition 2.2([15]): A sequence {x,} in a metric space (X, d) is said to converge if there is a
point x € X and for every € > 0 there exists N € N such that d(x,,x) < € for every n > N.
Definition: A sequence {x,} in a metric space (X, d) is Cauchy if for every € > 0 there exists

N € N such that d(x,, x,,) < € for every n,m > N.

1


mailto:deepikasharmaknl@gmail.com
mailto:manojantil18@gmail.com
Editor-39
Typewritten text
Original Research Article


UNDER PEER REVI EW

Definition 2.3([15]): A metric space (X, d)is said to be complete if every Cauchy sequence is

convergent.

Definition 2.4([33]): Let f:X — Xand a: X X X — [0,00). We say that f is an « —admissible
mapping if a(x,y) = 1 implies a(fx, fy) =1, x,y € X.
3. Main Results:

In this section, we shall prove fixed point theorems.

Theorem 3.1: Let (X,d) be a complete metric space and T:X — X be an a — admissible
mapping. Assume that there exists a function B8:[0,o) — [0, 1] such that, for any bounded

sequence {t,} of positive reals, 8(t,) — 1 implies t,, — 0 and

(d(Tx, Ty) + D)*ETDe@T) < B(M(x,y))M(x,y) + [, Vx,y € Xand | > 1. (1)
Where M(x,y) = max{d(x,y),d(x,Tx),d(y,Ty)}

Suppose that either

(3.1) T is continuous, or

(3.2) If {x,,} is a sequence in X such that x,, — x, a(x,, X,4+1) = 1, for all n, then (a,Tx) > 1.
If there exists x, € X such that a(x,, Tx,) = 1,then T has a fixed point.

Proof: Let x, € X such that a(x,, Tx,) = 1. Construct a sequence {x,}in X as x,,1 = Tx,,
Vne€N.

If x,,,1 = x,,forsomen € N, then Tx,, = x,, and we are done.

So, we suppose that d(x,,x,+1) >0,Vn € N.

Since T is a — admissible, there exists x, € X such that a(x, Tx,) =1 which implies
a(xy, xy) = 1.

Similarly, we can say that a(x;, x,) = a(Txg,T?x,) = 1.

By continuing this process, we get

a(Xy, Xpn41) =1,V EN. (2)
By using equation (2), we have

d(xXp, Xpe1) + 1= d(Txp_1,Txy) + 1 < (d(Txy_q, Txy) + 1)Cn-1TXn-1)a(&nTxn)

Now using equation (1), we get
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d(xnfxn+1) +1< ﬁ(M(xn—l'xn))M(xn—len) + 1 J (3)
M(xn—l; xn) = max{d (xn—p Xn), d(xn—l' Txn—l); d(xn; Txn)},

= max{d(x,_1, %), d(Xn_1, %), d(Xpn, Xn41)},
Assume that if possible d(xy, Xn41) > d(Xp-1, Xn).
Then, M(x,,_1, %) = d(Xy, Xne1)-
Using this in equation (3), we get
d(xn, Xns1) < B(d 0t Xn1))d (i, X1 (4)
= d(xy, Xpe1) < d(x,, Xn41) » Which is a contradiction.
S0 d(xp, Xpy1) < d(xp_q1,x,),V 1.

It follows that the sequence {d(x,,x,+1)} is @ monotonically decreasing sequence of positive

real numbers. So, it is convergent and suppose that lim d(x,, x,+,) = d. Clearly, d = 0.
n — oo

Claim: d = 0.

Equation (4) implies that

dCnXn+1)
d(xXn-1%n) = 'B(d(xn_l'xn) <1,

Which implies that lim B(d(x,_,,x,) = 1.
n — oo

Using the property of the function S, we conclude that

lim d(xy, Xp41) = 0. ®)

n — oo

Now, we will show that {x,} is a Cauchy sequence. Suppose, to the contrary that {x,} is not a
Cauchy sequence. Then there exists € > 0 and sequences m(k) and n(k) such that for all

positive integers k, we have

n(k) > m(k) > k, d(xn(k),xm(k)) > € and d(xn(k),xm(k)_l) < E.
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By the triangle inequality, we have
€ < d(xngo, Xm@o) < d(Xngo, Xmey-1) + dCEmei-1, Xmi)
<€ +d(Xm@)-1, Xm@y), forallk €N.
Taking the limit as k — +oo in the above inequality and using equation (5), we get
kl_i)rgrloo d(xn(k),xm(k)) =E. (6)
Again by triangle inequality, we have
(%0 +1 Xm@o 1) < A(Xmay Xmay+1) + A(Xmay Xn) + (w41, %n00)-
Taking the limit as k — +oo, together with (5) and (6), we deduce that
Jim d(Xngiy+1, ¥mao+1) = €. )
From equations (1),(2),(6) and (7), we get
d(Xnaoys1 Xmao+1) + U < (@d(*ngoysr Xmao+1) + 1) *Con G0 T5n0) @m0 TXm(i0)

& (%n () T¥n(1)) & (Fm@e) T¥mi))

= (d(Txngi, TXm) + 1)
< BM (Xngiy, Xmeio )M (Xngiy Xm) + 1, (8)
M (Xn(iy, Xmioy) = Max{d (i, Xmaio)» A (Xngay Xnioy+1), A (Emeeys ¥y 1)
So, equation (8) implies that
d(Xngo 1 Xma 1) < BMM Cnyr X)) M (Fngiy Xmaiy) < 1
Letting k — oo, we get
Jim g (d(*ngiy Xm@ry) = 1.

By using definition of g function, we get
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Ilim d(Xneiy Xmk)) = 0 < €, which is a contradiction.

Hence, {x,,} is a Cauchy sequence.
Since (X, d) is a complete space, so {x,,} is convergent and assume that x,, - xasn — oo.
Since T is continuous, then we have

Tx = lim Tx, = lim x,,, = x.
n — oo n — oo

So, x is a fixed point of T.
Now, suppose that (3.2) holds, then a(x, Tx) = 1 and by using equations (1) and (2) we get
d(Tx, xp41) + 1 < (d(Tx, Tx,) + DTG Txn)
< B(M(x, x))M(x,x,) + 1, (9)
where M(x, x,,) = max{d(x,Tx),d(x,x,),d(x, Tx,)}.
Clearly, from equation (9) and using triangle inequality, we get
d(Tx,x) < d(Tx,xp.1) + d(xp4q,%)
< ,B(M(x, xn))M(x, X)) + d(x,41,%)
Letting n — oo, we get
d(Tx,x) = 0 which implies Tx = x.

Theorem 3.2: Let (X,d) be a complete metric space and T:X — X be an a —admissible
mapping. Assume that there exists a function B:[0,0) — [0,1] such that for any bounded

sequence {t,} of positive reals, g(t,) — 1 which implies that t, — 0 and
(a(x,Tx).a(y, Ty) + 1)ETXTY) < 2BMEYDMEY) v x,y € X, (10)
Suppose that either

(3.3) T is continuous or
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(3.4) If {x,,} isa sequence in X such that x,, = x,a(x,,x,4+1) = 1V n,then a(x,Tx) = 1.
If there exists x, € X such that a(x,, Tx,) = 1, then T has a fixed point.

Proof: Let x, € X such that a(x,, Tx,) = 1.

Define a sequence {x,}in X asx, = Tx,_;Vn €N.

If x,.1 = x,, for some n €N, then Tx,, = x,, and we are done. Hence, we suppose that

Xns1 + X, VN EN,
As in Theorem 3.1, we conclude that a(x,, Tx,,) =1V n €N.
From equation (10), we get
24T xn-1Txn) < (q(x,_q, TXp_1)a(x,, Tx,) + 1)¢T*n-1T%n)
< 2BMCn_1x0))M (Xp1,%n)
Which yields that
dCxn, Xns1) < B(M(ny, %) )M (g, %) (11)
M (Xp—1, ) = max{d(x,_q, X)), d(Xp_1, TXp-1), d(xy, Txx)},
= max{d(xn_1, X5), d(Xn_1, Xn), d (X, Xp41)}-
If possible suppose that
d (O, Xn41) > d(Xp-1, xn).
Then M (xp_1,%n) = d(Xp, Xn41)
Using this, equation (11) implies that d(x,,, x,4+1) < d(x,, Xn+1), Which is a contradiction.
S0, d(x,, Xpeq) < d(xp_1,x,)Vn EN.

So, {d(x,, X,4+1)} is @ monotonically decreasing sequence of positive reals. So, 3d € R* U{0}
such that



UNDER PEER REVI EW

d(xn; xn+1) —>dasn - o
Claim: d = 0.

Equation (11) implies that

dlnner) M(d(xp_1,%,)) <1, which implies

M(xp—1,%n)

St < B(d (s, X)) < 1.

d(xn—l,xn)

Takingn — oo, we get lim B(d(x,_1,x,) = 1. Using definition of g function, we get
n — oo

= lim d(x,, xp41) = 0. (12)

n — oo

We prove that {x,} is a Cauchy sequence. Suppose, to the contrary, that {x,} is not a Cauchy
sequence. Then there exists € > 0 and sequences m(k) and n(k) such that for all positive

integers k,
Tl(k) > m(k) > k, d(xn(k),xm(k)) > € and d(xn(k),xm(k)_l) < E.

Following the related lines in the proof of Theorem 3.1, we get

Jim d (g, Ximg) = € (13)
and
kl—i>r-l;-loo d(Xng+1 Xmy+1) = E. (14)

Using equations (10), (13) and (14), we get
24(Xn )+ 1Xmk)+1) < (a(xn(k)'Txn(k))a(xm(k);Txm(k)) + 1)d(xn(k)+1.xm(k)+1)
= (@(Xneky Tn(iy) & (Xmicy TXimgy) + 1) 0 T¥ma)

< 2B(M(xn(k)rxm(k))M(xn(k)'xm(k))'

where M (Xn i), Xmiy) = max{d (Xngey, Xmae) )» (% Xny+1)> d(Xmiy Xmaaor+1) -
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Thus, we get

AXn)+1Xmk)+1)
M (Xn(k)Xm(k))

< ,B(M(xn(k),xm(k)) <1
Proceeding the limit k — oo, we get
kli_)mooﬁ(d(xn(k),xm(k)) =1.

= lim_d(xng0), Xmee) = 0 < €, a contradiction.

So, {x,} is a Cauchy sequence and as X is complete, so {x,} — x.
Now suppose the T is continuous.

Tx = lim Tx, = lim x,,; = x.
n — oo n — oo

= Tx = x.
= x is fixed point of T'.
Next, we suppose that the condition (3.4) holds, then a(x, Tx) > 1.
Now by equation (10), we get
24Tx%n+1) < (a(x, Tx)a(x,, Tx,) + 1)4TxT*n),
< Zﬁ(M(x,xn))M(x,xn),
where
M(x,x,) = max{d(x, x,,),d(x, Tx), d(x,, Xp+1)}
= d(Tx, xp41) < ,B(M(x, xn))M(x, Xp)- (15)
Using triangle inequality,
d(Tx,x) < d(Tx,xp1) + d(Xp4q,%).

Letting n — oo and using (15), we get
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d(Tx,x) = 0.
= Tx = x.

Theorem 3.3: Let (X,d) be a complete metric space and T:X — X be an a —admissible
mapping. Assume that there exists a function B:[0, ) — [0, 1] such that, for any bounded

sequence {t,, } of positive reals, B(t,,) = 1 implies t, — 0 and

a(x, Tx)a(y, Ty)d(Tx,Ty) < ,[)’(M(x, y))M(x, y),Vxy €X. (16)
Suppose that either

(3.5) T is continuous or

(3.6) If {x,,} is a sequence in X such that x,, — x and a(x,, x,4+1) = 1V n, then a(x, Tx) > 1.
If there exists x, € X such that a(x,, Tx,) = 1, then T has a fixed point.

Proof: Let x, € X such that a(x,, Tx,) = 1. Construct a sequence {x,} in X such that x,,,, =

Tx,VneN.Ifx,,; = x, forsomen € N,then Tx,, = x, and we are done.
So, assume x,, # x4 Vn > 1.
As in Theorem 3.1, we conclude that
a(Xn, Xn41) = 1V N (17)
Now by equation (16), we get
d(xp, Xn41) < @Ctn, Tx-1)a (X, T)A(T X1, TX0) < B(M (o1, %) )M (X1, %), (18)
where M (x,,_q, x,) = max{d(x,_q1, x,,), d(xp_1, Txp_1)d(x,, Tx,)}.
= max{d(xn—1, Xp), d(Xn-1, Xp), d (Xn, Xp+1)}
If possible assume that d (x,,_1,x,) < d(x,, x,4+1), then M (x,_1,x,) = d(x,,, Xp41)-
Using this from equation (16), we get

d(xnf xn+1) S ﬁ(d (xn—li xn)d(xn—li xn)- (19)
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d(x,, Xpe1) < d(x,, Xne1), Which is a contradiction.
S0, d(xy, Xpe1) < d(xp, xp—1)V N €N.

It follows that {d (x,, x,+1)} is @ monotonically decreasing sequence of positive reals. So, 3d >

0 such that d(x,,, X,4+1) @ dasn — oo,
Therefore, (19) implies that

d(xn; xn+1)

Ao ) B(d 1, %)) < 1.

Thus we find that lim S(d(x,, xp41)) = 1.
n — oo

= lim d(x,, xp41) = 0. (20)

n — oo

Next, we will prove that the sequence {x,} is Cauchy. Suppose, to the contrary, that {x,,} is not a
Cauchy sequence. Then there exists € > 0 and sequences m(k) and n(k) such that for all

positive integers k,
Tl(k) > m(k) > k, d(xn(k),xm(k)) >€ and d(xn(k),xm(k)_l) <E.

Again, by following the lines of the proof of Theorem 3.1, we derive that

kl—i>r-l;-loo d(xn(k), xm(k)) = €. (21)
and
Jim d (X1 Xm@ey+1) = E. (22)

Now, combining (16), (21) and (22), we get
d(Xngo+1 Xmao+1) < @ Xngoy Txnao )& (Xmaey TXmao )& Entiy+ 1 Xmiio+1)
= a(Xngiy TXn(0 )2 (X Txma0 ) AT Xn iy, TXmi)

< BM (Xngioy Xmi) )M Centicy Xmaioy) (23)

10
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Where M(xn(k)' xm(k)) = maX{d (xn(k)' xn(k)+1)J d(xm(k)J xm(k)+1)’ d(xn(k)’ xm(k))}
Now, equation (23) implies

d(Xn(k)+1> Xm0 +1)
< B M(xXnio) Xmao ) ) < 1.
M(xn(k)'xm(k)) ( ( n(k)r *m( )))

Taking the limitas k — oo, we get
Jm B (dnwy, Xmao) = 1.
= lim d(xng), Xmey) = 0 < € which is a contradiction.

So, {x,} is a Cauchy sequence.
Since X is complete, so {x,} — x.
First suppose that T is continuous. So,

Tx= lim Tx, = lim x,,; =x.
n — oo n — oo

Hence x is a fixed point of T'.
Now suppose that (3.6) holds, then a(x, Tx) = 1 and using (16), we have
d(Tx, xp1) < d(Tx, Txp)a(x, Tx)a(x,, Tx,)
< ,B(M(x, xn))M(x, Xn), (24)

where M(x, x,,) = max{d(x, x,),d(x,Tx),d(x,,Tx,)}.
and d(Tx,x) < d(Tx,xp41) + d(Xp41, %)
Using (24), we get

d(Tx,x) < ,B(M(x, %) )M (x, %) + d(Xpsq, X)
Takingasn — oo, we get

d(Tx,x) = 0 = Tx = x.

11
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Theorem 3.4: Assume that all the hypotheses of Theorems 3.1, 3.2 and (3.3) holds. Adding the

following condition:
(3.7) if x = Tx, then a(x, Tx) = 1.
We obtain the uniqueness of fixed point.

Proof: Let z and z* be two distinct fixed point of T in the setting of Theorem 3.1 and condition
(3.7) holds, then

a(z,Tz) = 1and a(z*,Tz*) = 1.
S0,d(Tz,Tz*) + | < (d(Tz,Tz*) + 1)*=T2)az'Tz)
< ﬁ(M(Z,Z*))M(Z,Z*) + 1, (25)
where M(z,z*) = max{d(z,z*),d(Tz z),d(Tz* z)}
=d(z,z%).
So, equation (25) implies
d(z,z*) = d(Tz,Tz*) < ﬁ(d(z,z*))d(z,z*)
= ,B(d(z,z*)) =1
=2d(z,z)=0 2z= z"

Similarly, one can prove for Theorem 3.2 and Theorem 3.3.

Example 3.5: Let X ={0,1,2} and d(x,y) = |x — y|. Clearly, (X,d) is a complete metric

space.
Define T(0) = 0,T(1) = 0and T(2) = 2.

All possible pairs of (x,y) are as follows:

. y)

d(Tx,Ty)

d(x,Tx)

d(y,Ty)

d(x,y)

M(x,y)

(0,0)

0

0

12
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0,1) 0 0 1 1 1
(0,2) 2 0 0 2 2
(1,1) 0 1 1 0 1
(1,2) 2 1 0 1 1
(2,2) 0 0 0 0 0

Leta=1and f = %
Putting these values in equation (1), we get

When (x,y) = (0,0), 0+ D < () +1 =1 <1

When (x,y) = (0,1),0+D < (D +1 =1 < Z+1.
When (x,y) = (0,2), 2+ D < 2(D+1 =>2+1 <1+1
When (x,y) = (1,1),(0+ D < (D) +1 =1 < S +L.
When (x,y) = (1,2), 2+ D < (D) +1 = 2+1 < S +1

When (x,y) = (2,2),(0+D < 2(0)+1 =1 <1

Hence all the conditions of Theorem 3.1 are satisfied. Clearly, 0 and 2 are the fixed points of T.
4. Consequences:
Some existing results of literature can be deduced from our main results as follows:

Corollary 4.1.(Farhan et al.[2]) Let (X,d) be a complete metric space and f: X — X be an
a —admissible mapping. Assume that there exists a function B: [0, ) — [0, 1] such that, for any

bounded sequence {t,,} of positive reals, B(t,) —» 1 implies t,, — 0 and

(d(fx, fy) + DSOS < B(d(x,y))d(x,y) +1

forall x,y € X where [ > 1. Suppose that either

13
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(a) f is continuous, or
(b) if {x,.} is a sequence in X such that x,, — x,a(x,, x,4+1) = 1 for alln, then (a, fx) = 1.

If there exists x, € X such that a(x,, fx,) = 1, then f has a fixed point.
Proof: Taking M(x,y) = d(x,y) in Theorem 3.1, one can get the proof.

Corollary 4.2.(Farhan et al.[2]) Let (X,d) be a complete metric space and f: X — X be an
a —admissible mapping. Assume that there exists a function 3: [0, ) — [0, 1] such that, for any

bounded sequence {t,} of positive reals, B(t,,) = 1 implies t, — 0and
(a(x’ fx)a(y, fy) + 1)d(fx:f37) S Zﬁ(d(x::)"))d(x::)")
for all x,y € X. Suppose that either

(a) f is continuous, or
(b) If {x,,} is a sequence in X such that x,, — x, a(xy,, x,4+1) = 1 for all n, then a(x, fx) >

1.
If there exists x, € X such that a(x,, fx,) = 1, then f has a fixed point.
Proof: Taking M(x,y) = d(x,y) in Theorem 3.2.

Corollary 4.3.(Farhan et al.[2]) Let (X,d) be a complete metric space and f: X — X be an
a —admissible mapping. Assume that there exists a function g: [0, ) — [0, 1] such that, for any

bounded sequence {t,} of positive reals, B(t,,) = 1 implies t, — 0and
a(x, f)aly, fY)d(fx fy) < B(dlx y))d(xy)
forall x,y € X. Suppose that either

(@) f is continuous, or
(b) If {x,} is a sequence in X such that x,, — x, a(x,, x,4+1) = 1 for all n, then a(x, fx) =
1.

If there exists x, € X such that a(x,, fx,) = 1, then f has a fixed point.

Proof: Taking M(x,y) = d(x,y) in Theorem 3.3, one can get the proof easily.

14
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Corollary
Adding the

(c) Ifx

we obtain t

4.4, (Farhan et al.[2]) Assume that all the hypotheses of theorem (1), (2) and (3) hold.

following condition:
= fx, then a(x, fx) = 1,

he uniqueness of the fixed point of f.

Proof: Taking M(x,y) = d(x,y) in Theorem 3.4.
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