Generalized Horadam-Leonardo Numbers and Polynomials

Abstract. In this study, we define and investigate some linear third order polynomials called the gen-
eralized Horadam-Leonardo polynomials (with its two special cases, namely), (r, s)-Horadam-Leonardo and
(r, s)-Horadam-Leonardo-Lucas polynomials. We give Binet’s formulas, generating functions, Simson formu-
las, and the sum formulas for these polynomial sequences. Also, we present some identities and matrices
related to these polynomials. Furthermore, we present some special cases of generalized Horadam-Leonardo
polynomials, namely, generalized Leonardo, generalized John, generalized Ernst, generalized Pisano, gener-
alized Edouard and generalized Bigollo numbers.
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1. Introduction: Horadam (Generalized Fibonacci) Polynomials

Before defining and investigating the generalized Horadam-Leonardo polynomials we recall the defini-
tion and some properties of Horadam polynomials and its two special cases. The generalized Fibonacci

polynomials (or Horadam polynomials)
{Va(Vo(2), Vi(x); r(x), s(x)) Fn>o
(or {V,,(z)}n>0 or shortly {V;,}n>0) is defined by

Valz) = r(@)Vao1(z) + s(x)V,—a(x), (1.1)

Vo(z) = a(x),Vi(z) =b(z), n>2

where Vy(z), Vi(z) are arbitrary real (or complex) polynomials with real coefficients and r(z), s(z) are

polynomials with real coefficients with r(x) # 0, s(x) # 0.
1
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The sequence {V,,},>0 can be extended to negative indexes by defining

Vo) = = SV (0) + o5 Vonialo)

for n =1,2,3,... when s(x) # 0. Thus, recurrence (1.1) holds for all integers n. Notice that V_, (x) need not
to be a polynomial in the ordinary sense.

We can give some references on special cases of second-order linear recurrence sequences of polynomials
and numbers. For example, see [15,16,20,50,52,69,70] for papers and [1,14,26,24,25,59,67] for books.

Binet’s formula of generalized Fibonacci polynomials can be given using its characteristic equation which
is given as

y? —r(x)y — s(z) =0. (1.2)
The roots of characteristic equation are given as

1 1

a(z) = a = g (r(z) + Vi) + 4s(x)), B(z) := B = 5(r(z) — Vr2(z) + 4s(2)), (1.3)

and the followings hold
a+p=r(z), af =—s(z).
If o and f3 of characteristic equation (1.2) are distinct, i.e., @ # 3 then r%(z) + 4s(x) # 0 and if @ and 3 of

characteristic equation (1.2) are equal, i.e., « = (3 then (1.2) can be written as

v —r(@)y—s(@) = y*—2ay+a’
= (y-a)?
=0
and, in this case,
r(z) o rHz)
a= T,r(m) =2a,s(z) = —a* = — " (x) +4s(z) = 0.

Next, we can define two specific cases of the polynomials V, (x). (r(z),s(z))-Fibonacci polynomials
{M,(0,1;7(x),s(x))}n>0 (or shortly, M, (z)) and (r(x), s(x))-Lucas polynomials {N,, (2, r(z); r(x), s(x)) }n>0
(or shortly, N, (z)) are defined by the second-order recurrence relations

Myy2(x) = r(@)Mpy1 + s(x)M,(x), My(z) =0,M(z) =1, (1.4)
Npio(x) = 1(x)Npgp1 +s(@)Ny(z),  No(z) =2,Ni(z) =r(x), (1.5)
respectively

{M,(x)}n>0 and {N,(z)},>0 can be extended to negative indexes by defining
r(z) 1

M_,(z) = _@M_(n_l)(ir)—’_S(x)M_(n_Q)((E),
N_n(z) = —ZEgN(nl)(fﬂ)*‘s(l@N(nz)(x%

for n = 1,2,3, ... respectively. Thus, recurrences (1.4) and (1.5) hold for all integers n.



GENERALIZED HORADAM-LEONARDO NUMBERS AND POLYNOMIALS 3
NOTE: Throughout the rest of the paper, we use, respectively,
Vs 8, Vo, Vi, o, B, My, Ny, Mo, My, No, Ny
instead of
Va(z),r(2), s(x), Vo(x), Vi(x), a(z), B(z), Mp(2), Np(z), Mo(z), M1 (z), No(x), Ny (z).

For instance, we write

Vn = TVn—l + SVYL—Qa VO = av‘/l = ba n 2 2

for the equation (1.1).

Using «, § and recurrence relation (1.1), Binet’s formula of V;, can be given as follows:

THEOREM 1.

(a): («a # B : Distinct Roots Case) Binet’s formula of generalized Fibonacci polynomials is

ria’ ro 8" ria”™ —ro "
v, = - 1.6
aB B-a a-p (0
where
r1=Vi =BV, r2 =Vi — al.
(b): (a = p: Single Root Case) Binet’s formula of generalized Fibonacci polynomials is
V, = (Dg’n + D1>Oén (17)
where
Dl = V07
1
D2 = — (V1 — aVo) .
«

Note that Binet’s formulas of M, and N, can be given, respectively, as follows:

a — Bn
——— , if (Distinct Roots Case): «

Mn — o — ﬁ ( ) 7£ 6 ’
na™~! if (Single Root Case): a = f3

a™+ g™, if (Distinct Roots Case): « # S
2a" ,  if (Single Root Case): a = f

N, =

Next, we define two sequences related to (r, s)-Fibonacci polynomials and (r, s)-Fibonacci-Lucas poly-
nomials. For r, s satisfying Eq. (1.4)-(1.5), (r, s)-Horadam-Leonardo polynomials and (r,s)-Horadam-

Leonardo-Lucas polynomials are defined as
Gn(x) =rGp_1(x) + sGp_o(z) + 1 with Go(z) =0,G1(z) =1, n > 2, (1.8)

and

H,(z) =rHp_1(x) + sH,_2(x) + (1 — s —r) with Ho(z) =3, H1(z) =r+1, n > 2, (1.9)
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respectively.
Note that Go(z) = r+1 and Hy(z) = r?+2s+1. We can present the first few values of Horadam-Leonardo

polynomials and Horadam-Leonardo-Lucas polynomials as
0,L,r+ 1,7 +r+s+1,r3 +r2+r+2rs+s+1,...

and
3,r+ 1,2 +25+ 1,73 +3sr + 1,7t + 4r2s + 25 + 1, ...

respectively. Note also that from the equations (1.8) and (1.9), we get

sGp_3(x) = Gp_1(x) —rGur_2(x) -1,

sHyp_s(x) = Hp_1(x)—rHy o(zx)—(1—s—r1),
and so the sequences {G,(x)} and {H,(z)} satisfy third order linear recurrences and given as

Gp(x) = (r+1)Gpo1(x) + (s —7)Gp_2(z) — sGpr_3(x), (1.10)

=
8

~—
|

(r+1)Hy,_1(z) + (s = r)Hp—2(x) — sHp—3(x). (1.11)

REMARK 2. Note that if 1 —s—r =0, i.e., s=1—r,r =1—s, then we see from (1.9) and (1.11) that

the sequence {H,(x)} both have second order and third order linear relations. In this case, we get
Hy(z) =1 +2s+1=7r-2r+3=5>+2.

In this paper, we also consider and investigate the case 1 —s —1r = 0 by considering it in the general case,

i.e. in (1.9) and (1.11) that is (2.3).
Note that if we define a sequence of polynomials as
Yo(x) =rY,_1(x) + sY,—o(x) + c(z), with Yy(z)=di(x),Y1(z) =da(z), n>2

where 7, s satisfying (1.1) and Yy (z), Y1(x) are arbitrary real (or complex) polynomials with real coefficients

and ¢(x) is a polynomial with real coefficients, then since
sYn—3(z) =Yu_1(z) —rY,_a(z) — (),

we get

Yo(@) =+ 1D)Y,—1(x) + (s = r)Yn_a(z) — sYi_3(x).
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2. Generalized Horadam-Leonardo Polynomials

In this section, for r, s satisfying (1.1), we present and investigate a new sequence and its two special
cases, namely the generalized Horadam-Leonardo, (r, s)-Horadam-Leonardo and (r, s)-Horadam-Leonardo-
Lucas polynomials.

For r, s satisfying (1.1), generalized Horadam-Leonardo polynomials {W,,},>0 = {W,,(Wo, Wy, Wa;r +
1,8 —r,—s)}In>0 (or, shortly, {W,,(z)}n>0) is defined by (the third-order recurrence relation)

Wo(z) = (r+ D)Wh_1(x) + (s — r)Wyh—_a(x) — sW,_3(x) (2.1)

with initial values Wy (z) = co(x), Wi(x) = c1(x), Wa(x) = c2(z) not all being zero and Wy (z), Wi (x), Wa(x) are
arbitrary real (or complex) polynomials with real coefficients.
{W,(z)}n>0 can be extended to negative indexes by defining

s—r r+1 1
W_n-1)(z) + W_(n_2y(z) — W) ()

S S

W_,(z) =

for n = 1,2,3,.... Thus, recurrence (2.1) holds for all integer n. Notice that W_, (z) need not to be a
polynomial in the ordinary sense for n > 1.
Generalized Horadam-Leonardo polynomial are special cases of generalized Tribonacci polynomials. See

[8,28,30,32] for some references on generalized Tribonacci polynomials and its special cases,.

Note that the sequences {G,(z)} and {H, ()}, defined in the section Introduction, are the special cases
of the generalized Horadam-Leonardo polynomials {W,,(x)}. For the benefit, we give the definition of these
two special cases of the sequence {W,,(z)} in this section too. (r, s)-Horadam-Leonardo and (r, s)-Horadam-

Leonardo-Lucas polynomials are defined, by (the third-order recurrence relations)

Gp(x) = (r+1)Guo1(x)+ (s —7)Gp_2(z) — sGpr_3(x), (2.2)
Go(z) = 0,Gi(z) =1,Ga(z) =r+1,

and
Ha(@) = (04 1)Hy1(2) + (5 — 1) Hoa(x) — sHo_s(2), (2.3)
Ho(z) = 3,Hi(z)=r+1,Hy(z) =r*+2s+1,

respectively. The sequences {G,,(0,1,7+1;7+1,s—r, —8) }n>0 and {H,(3,r+1,7%+2s+1;7+1,s—1, —8) }n>0

can be extended to negative indexes by defining

s—r r+1 1

G,n(x) = p G—(n—l)(x) + p G_(n_g)(l‘) — ;G_(n_g)(m),
s—r r+1 1

H_,(z) = . H_(n1)(z) + 5 H-(n-2) (z) — SH-(-3) (z),

for n =1,2,3, ... respectively.
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REMARK 3. Throughout the rest of the paper, we use, respectively,
W, Wo, W1, Wa, G,,, Go, G1,G2, H,,, Hy, H1, Ha,
instead of
Wi (x), Wo(z), Wi (x), Wa(x), G(z), Go(x), G1(x), Go(x), H(x), Ho(z), Hy (x), Ha(x)
unless otherwise stated. For instance, we write
Wo=+1D)Wh_1+ (s—1)Wy_o —sW,_3, Wo=co, W1 =c1,Wa=co, n>3
for the equation (2.1). Also we write K, Ko, K1, Ko instead of K, (x) with initial conditions Ko(x), K1(x), Ka(z)

for any subsequence {K,(z)} of {Wy,}.

When r, s, Wy, Wy, Wy are real numbers we call generalized Horadam-Leonardo, (r, s)-Horadam-Leonardo
and (r, s)-Horadam-Leonardo-Lucas polynomials as generalized Horadam-Leonardo, (r, s)-Horadam-Leonardo
and (r, s)-Horadam-Leonardo-Lucas numbers (sequences).

Now, we give a few special cases of generalized Horadam-Leonardo sequence are given as follows (Table
1):

Table 1 Several cases of generalized Horadam-Leonardo sequence.

No Numbers (Sequences) T, Notation References
Generalized Leonardo r=1,s=1  {W,(Wy, Wy, W5;2,0,—1)} 53]
Generalized John r=2,s=1 {W,(Wo, W1, Ws;3,—-1,-1)} 54]
55]

=

1 [
2 [
3 Generalized Ernst r=1,s=2 {Wo(Wo, Wy, Wh;2,1,-2)} [
4 Generalized Pisano r=1,s= f% {W,(Wo, Wy, Wa; 2, *%, %)} [56]
5  Generalized Edouard r=6,s=—1 {W,(Wy, Wy, Ws;7,—7,1)} [57]
6 Generalized Bigollo r=3,s=-2 {W,(Wy, W1, Wa;4,-5,2)} (58]

Next, we give several values of the (r, s)-Horadam-Leonardo and (r, s)-Horadam-Leonardo-Lucas poly-

nomials with positive and negative indexes (Table 2):

Table 2. Several special third-order numbers with positive and negative indexes.

n 0 1 2 3 4

G, 0 1 r+1 r2+r4+s+1 rPr24r+2rs+s+1
G_, 0 -1 L (r—s) —L(s—rs+r?+s?)
H, 3 r+1 r2+2s+1 r3+3sr +1 rt 4+ 4r2s + 252 4+ 1
H_, f%(rfs) %2 (r? + s* + 2s) 75% (1% + 3rs — %) S%(r4+4r25+s4+252)

Several special cases of (r, s)-Horadam-Leonardo sequence {G, (0,1, + 1;r + 1,8 —r,—s)} and (r, s)-
Horadam-Leonardo-Lucas sequence {H, (3,7 + 1,72 +2s+ 1;7+ 1,5 — r, —s)} are given as follows:
(1) G,(0,1,2;2,0,—1) = G, modified Leonardo sequence, see [53].
(2) H,(3,2,4;2,0,—1) = H,, Leonardo-Lucas sequence, see [53].
(3) G»(0,1,3;3,—1,—1) = J,, John sequence, see [54].
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H,(3,3,7;3,—1,—1) = H,, John-Lucas sequence, see [54].
G,(0,1,2;2,1,—2) = E,,, Ernst sequence, see [55].
H,(3,2,6;2,1,—2) = H,, Ernst-Lucas sequence, see [55].
Gn(0,1,2;2,—2, 1) = P,, Pisano sequence, see [56].

5 1

G,(0,1,7,7,-7,1) = E,, Edouard sequence, see [57].
H,(3,7,35;7;,7,—7,1) = K,,, Edouard-Lucas sequence, see [57].
Gn(0,1,4;4,-5,2) = B,, Bigollo sequence, see [58].

) Ha(
) G
) Hn(
) G
8) Hn(3,2, 3,2 1,1) = Ry, Pisano-Lucas sequence, see [56].
) G
) Hn(
) G
) H,(3,4,6;1,4,-5,2) = C,, Bigollo-Lucas sequence, see [58].

The characteristic equation of W, is given by

Y-+ —(s—ry+s=@" —ry—s)y—1)=0. (2.4)

and the roots of characteristic equation are given as

r+Vr? +4s 5 r—r?+4s 1
U= =, 7=1,
2

where o and § are as in (1.3).

Next, we give Binet’s formula of generalized Horadam-Leonardo polynomials.

COROLLARY 4. According to the roots of characteristic equation (2.4), Binet’s formula of generalized

Horadam-Leonardo polynomials is given by:
(a): (a# B #~ =1, Three Distinct Roots Case)

W - Wy — (5 + 1)W1 + ,BW()an n Wy — (Oé + 1)W1 + OéWoﬁn n Wy + (—(7“ + 1) + )W + (—S)WO
" (a = B)(a—1) B-a)(B-1) (=s)=(r+1)+2

(aWa + a(—(r+1) + o)W1 + (—s)Wp) (BWa+ B(—=(r+1)+ 8)W1 + (—s)WO)Bn

= D G- -natd—s) © T G+ DBEFA—r) - 1B+ 3

Wy + (—(r+1)+ 1)W1 4+ (—s)Wy
(r+1)+2((s—7r)—7)+3(-s)

(b): (a# B =~=1, Two Distinct Roots Case)
Wi = (1_(1_8))2((W2—2W1 +Wo)a" + (=W +2Wi+(=s) ((=s) = 2) Wo)+ (1 — (=s)) (Wa—
(1+ (=s))W1 + (—=s)Wo)n).

()i fa=p=y—1=""1

, Single Root Case)
W, — %(n(n — )Wy — 2n(n — 2)W; + (n — 1)(n — 2)Wp).

Proof. In [51, Corollary 7.], replace r, s and t with r + 1, s — r, —s, respectively. O

(o]
Now, we present the ordinary generating function Y W, z" of the sequence W,.
n=0
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o0
LEMMA 5. Assume that fw, (z) = > Wyz" is the ordinary generating function of the generalized
n=0

oo
Horadam-Leonardo polynomials {Wy, }n>0. Then, > W,z" is given as
n=0

o0

n_ Wo + (W1 — (T + 1)W0)Z =+ (W2 — (T + 1)W1 — (8 — T‘)W())Z2
Z Wnz" = 1—(r+1)z—(s—1)z2—(—s)z3 '

n=0
Proof. Replace r, s and t with r + 1, s — r, —s, respectively, in [51, Lemma 9.]. O
As particular examples (generating functions of (r, s)-Horadam-Leonardo and (r, s)-Horadam-Leonardo-

Lucas polynomials), from the last Lemma, we get

COROLLARY 6. The generating functions of (r,s)-Horadam-Leonardo and (r,s)-Horadam-Leonardo-

Lucas polynomials are

ng;)ann T o l-(r+D)z—(s—1)2 - (—s)2%’
d no 3—2(r+1)z—(s—1)2?
gH"Z o l—(r+ 1)z —(s—1)22—(—s)2%’

respectively.

Proof. In the last Lemma, put W,, = G,, with Gy = 0,G; = 1,G2 = (r + 1) and take W,, = H,, with
Hy=3,H, = (r+1),Hy = 1?4+ 2s + 1, respectively. O]
Next, as a special case of Corollary 4, we present Binet formulas of (r, s)-Horadam-Leonardo and (r, s)-

Horadam-Leonardo-Lucas polynomials.

COROLLARY 7. Binet’s formulas of (r, s)-Horadam-Leonardo and (r, s)-Horadam-Leonardo-Lucas poly-

nomials, for all integers n, are given as follows

(a): (a# B #~ =1, Three Distinct Roots Case)

o B a’n+1 Bn+1 1
T @A) BoaBE-D  G-a)i-f)
an+2 ﬁn+2 1
T rHDa?+26-na+3(—s)  r+ 0P +2s—nB+3(=s) 1) +2(s—r) +3(s)

H, = oa"+p"+1.

(b): (o # =~ =1, Two Distinct Roots Case)

a4+ (1 —-a)n—a)

G, = 0 )2 , H, =a" + 2.
-«
1
(c): (a=B=v=1= (7‘—;)— ), Single Root Case)
Gn:@, H, =3

Proof. In Corollary 4, put W,, = G,, with Gy = 0,G; = 1,G3 = (r + 1) and take W,, = H,, with
Ho=3,H; = (r+1),Hy = 7% + 25 + 1, respectively. [J
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3. Some Specific Cases of Generalized Horadam-Leonardo Polynomials

In this section, we give literature review and present on some special cases of generalized Horadam-

Leonardo polynomials.

3.1. Generalized Leonardo Sequence. In this subsection, it is considered that the special case

r =1, = 1. In this case, r +1 = 2,s —r = 0,—s = —1. A generalized Leonardo sequence {W,,},>0 =

{W,,(Wo, W1, W3)}n>o is defined by (the third-order recurrence relations)

Wy =2Wyn_1 — Wy_3

(3.1)

with the initial values Wy = ¢o, W7 = ¢1, Wo = co. Next, define three special cases of the sequence {W,,}.

Modified Leonardo sequence {G,,},>0, Leonardo-Lucas sequence {Hy, },>0 and Leonardo sequence {l,}n>0

are defined, (by the third-order recurrence relations)

Gn
Go
Hy

Hy

= 2Gn71 - Gn73;
= 03G1:17G2:27
= 2H, 1—H, 3,

= 3,H, =2,H; =4,
- 2171,—1 - ln—37

= 1711:17l2:3a

respectively. Modified Leonardo, Leonardo-Lucas, Leonardo numbers and Fibonacci, Lucas numbers satisfy

the following interrelations:

Gn = Lnt+2 —

and

1L,H,=L,+ 1,0, =2F,1; — 1,

5Gy = 3Lns1 + Ly — 5, Hy, = 2F, 41 — Fy + 1,50, = 2L, 41 + 4L, — 5.

where the sequence of Fibonacci numbers {F,} and the sequence of Lucas numbers {L,} are defined,

respectively, as

and

L, =

Ly =

Fn—1+Fn—2; 7’7/22,

0, F =1,

Lnfl + Ln727 n Z 27

2, Ly =1,

For more information on generalized Lenonardo number, see [53].
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3.2. Generalized John Sequence. In this subsection, it is considered that the special case r =
2,s = 1. In this case, 7 +1 = 3,s —r = —1,—s = —1. A generalized John sequence {W,},>0 =

{W,,(Wo, W1, W3)}n>o is defined by the third-order recurrence relations
Wiy = 3Wi_1 — Wi_o — Wi_s (3.5)

with the initial values Wy = ¢, W7 = ¢1, Wa = ca. Next, define two special cases of the sequence {W,}. John

sequence {Jy, }n>0 and John-Lucas sequence {H,, },>o are defined by (the third-order recurrence relations)

Jo = B3Ju1— Ju_s— Ju_s, (3.6)
Jo = 0,J1=1J,=3,

H, = 3H,1—H, o— H,_s, (3.7)
Hy = 3,Hy =3 Hy=T,

respectively. John and John-Lucas and Pell, Pell-Lucas numbers satisfy the following interrelations:
1
Jn = §(Pn+2 _Pn+l - 1)aHn = Qn+ 17

and
1
Jn = Z(QnJrl - 2)7Hn = 2Pn+1 - 2Pn + 17

where Pell sequence {P,},>¢ and Pell-Lucas sequence {Q,}n>0 are defined, respectively, by (the second-

order recurrence relations)

P, = 2P, 1+ P,_o, (3.8)
P, = 0,P =1

and
Qn = 2@7171 + Qn72a (39)
Qo = 2,Q1=2.

See [54] for more information on generalized John numbers.

3.3. Generalized Ernst Sequence. In this subsection, it is considered that the special case r = 1,s =
2. In this case, r+1 = 2, s—r = 1, —s = —2. A generalized Ernst sequence {W,, },,>0 = {W,,(Wo, W1, Wa) }n>0

is defined by the third-order recurrence relation
W, =2W,_1+ Wy_o —2W, _3 (3.10)

with the initial values Wy = co, W1 = ¢1, Wa = co. Next, define two special cases of the sequence {W,,}.

Ernst sequence {E,},>o and Ernst-Lucas sequence {H,},>o are defined by (the third-order recurrence
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relations)
E, = 2B, 1+ E,_2—2E,_3, (3.11)
Ey = 0B, =1, B3=2,
H, = 2H, 1+ H,_2—2H,_3, (3.12)
Hy = 3,H,=2, Hy=06,

respectively. Ernst and Ernst-Lucas and Jacobsthal, Jacobsthal-Lucas numbers satisfy the following inter-

relations:

1
E, = i(Jn+2 - 1)7Hn =Jjn +1,

and
18F, = 8jnt1 + 2jn — 9,2H, = 4Jp11 — 2J, + 2.

where Jacobsthal sequence {J, },>0 and Jacobsthal-Lucas sequence {3, } >0 are defined by (the second-order

recurrence relations)

In = Jno1+ 250, (3.13)
Jo = 0,1=1

and
Jn = Jn—1+ 2jn—2, (3.14)
Jo = 2,5 =1,

respectively. See [55] for more information on generalized Ernst numbers.

3.4. Generalized Pisano Sequence. In this subsection, it is considered that the special case r =
1,s = —i. In this case, r+1 = 2,s —r = —%7—8 = 7. A generalized Pisano sequence {Witnso =

{W,,(Wo, W1, W3)}n>o is defined by (the third-order recurrence relation)

5 1
W, =2W,_1 — EWn,Q + ZWH?S (315)

with the initial values Wy = ¢o, W1 = ¢1, Wa = c¢o. Next, define two special cases of the sequence {W,,}.

Pisano sequence {P,},>0 and Pisano-Lucas sequence {R,},>0 are defined by (the third-order recurrence

relations)

5 1

P, = 2Py, 1 — 2P, 5+ -Py_s, (3.16)
4 4

Py = 0,P,=1,P=2,
5 1

Ry = 2Rp1— 3R+ 7Rus, (3.17)

3
Ry = 3,Ri=2Ry =,

2
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respectively. Pisano and Pisano—Lucas and modified Oresme, Oresme—Lucas, Oresme numbers satisfy the

following interrelations:
nP,=—-(n+2)G,+4n, P, =—(n+2)H, +4,nP, = -2(n+2)0,, + 4n,

and

nR, =G, +n,R, =H,+1,nR, =20, +n,

where modified Oresme sequence {Gy, }n>0, Oresme-Lucas sequence {H,, } ,>0 and Oresme sequence {O,, },,>0

are defined, respectively, by (the second-order recurrence relations)

1

Gn+2 = Gn+1 - ZG»,“ Go = 07G1 = 1, (318)
1

Hn+2 = Hn+1 - ZHna HO = 27H1 = 17 (319)
1 1

Ontz = Opii—70n  O0=0,01=7. (3.20)

See [56] for more information on generalized Pisano numbers.

3.5. Generalized Edouard Sequence. In this subsection, it is considered that the special case r =
6,s = —1. In this case, r +1 = 7,s —r = —7,—s = 1. A generalized Edouard sequence {W,},>0 =

{W,,(Wo, W1, W3)}n>o is defined by (the third-order recurrence relations)
W, =T™W,_1—TW,_2+W,_3 (321)

with the initial values Wy = co, W1 = ¢1, Wa = co. Next, define two special cases of the sequence {W,,}.

Edouard sequence {E,, },,>0 and Edouard-Lucas sequence { K, },,>0 are defined by (the third-order recurrence

relations)
En = TEn_1—TEn o+ Epn_s, (3.22)
EO = 07E1:17E2:77
K, = TKn1—TKn o+ Kn_s, (3.23)
Ky = 3,K, =17 Ky=35.

respectively. Edouard, Edouard-Lucas and balancing, modified Lucas-balancing, Lucas-balancing numbers

satisfy the following interrelations:
1
E, = Z(Bn_l’_l -B,-1),K,=H,+1=2C,+1

and

32E,=H,1+H,—-8=2C,11+2C, -8 K, =2B,,1 —6B, +1,
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where balancing sequence {Bj, },>0, modified Lucas-balancing sequence {H,},>o and Lucas-balancing se-

quence {C), }n>0 are defined, respectively, by (the second-order recurrence relations)

B,

= 6B,_1 — Bn_o, (3.24)
= 0,B; =1,
= 6H,_1— H,_o, (3.25)
— 2,H, =6,
= 6C,_1 — Ch_o, (3.26)
= 1,0, =3.

See [57] for more information on generalized Edouard numbers.

3.6. Generalized Bigollo Sequence. In this subsection, it is considered that the special case r =

3,s = —2. In this case, 7+ 1 = 4,s —r = —5,—s = 2. A generalized Bigollo sequence {W,,},>0 =
{W,,(Wo, W1, W3)} >0 is defined by (the third-order recurrence relations)

Wy, =4W,_1 —5Wy_o +2W,, _3 (327)

with the initial values Wy = co, W1 = ¢1, Wa = co. Next, define two special cases of the sequence {W,,}.

Bigollo sequence {B,, },>0 and Bigollo-Lucas sequence {Cy, },>¢ are defined by (the third-order recurrence

relations)

4Bn—1 - 5Bn—2 + 2Bn—37
0,B1 =1,B, =4, (3.28)
4Cn71 - 5Cn72 + QCn73,

3,0, = 4,05 = 6. (3.29)

respectively. Bigollo and Bigollo-Lucas and Mersenne, Mersenne-Lucas numbers satisfy the following inter-

relations:

B, =2M, —n,Cy, = Hy, + 1,

and

B, =4H, 41 — 6H, — n,2C,, = 2M, 41 — 2M,, + 4
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where Mersenne sequence { M, },,>0 and Mersenne-Lucas sequence { H,, },,>¢ are defined by (the second-order

recurrence relations)

M, = 3M,_1—2M, o, (3.30)
My = 0,M =1,
H, = 3H,_,—2H, o, (3.31)
Hy = 2,H, =3,

respectively. See [58] for more information on generalized Bigollo numbers.

4. Simson Formulas of Horadam-Leonardo Polynomials

Next we present Simson’s formula of the generalized Horadam-Leonardo polynomials {W,, }.

THEOREM 8. For all integers n, we get

Wiie Wipr Wy Wy Wi Wy
Wopr  Wn Waoy |=(=8)" | W Wy Woy |- (4.1)
Wn Wit Wihoo Wo W_1 W_s

Proof. Replace r, s and t with r + 1, s — r, —s, respectively, in [51, Theorem 33.]. O

The previous theorem gives the following results as particular examples.

COROLLARY 9. For all integers n, Simson’s formula of (r,s)-Horadam-Leonardo and (r, s)-Horadam-

Leonardo-Lucas polynomials are given by

Gn+2 Gn+1 Gn Hn+2 HnJrl Hn
Gn+1 Gn anl = 7(78)’“717 HnJrl Hn anl = (Tz + 48)(T + 5= 1)2(7‘9)“72
Gn Gn—l Gn—2 Hn Hn—l Hn—2
respectively.

Notice that for all integers n,m, (4.1) can be written as

Wn+m+2 Wn+m+1 Wn+m W2 Wl WO
Wn+m+1 Wn+m Wn+m—l = (_s)n+m Wl WO W—l
Wn+m Wn+m—1 Wn+m—2 WO W—l W—2
Next we define
Aw(n) = Wf:’+2 —r(r—s+ 1)WS+1 + (—=8)* W2 —2(r + 1)Wn+1W3+2 —(s— T)Wan2+2

0?30 — s + DWWy + ((r+ 1)(=s) + (s = 1)) W Wiy

+(r+ 1) (=8)W2iW,io +2(5s — 1) (=8)W2W,py — (r? + 7 — 45 — r8) Wy oW 1 W,
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Then
Aw(0) = Wi —r(r—s+ D)W+ (=s)?°W5 —2(r + YW1 W3 — (s — r)Wo W3 (4.2)
+(r? 4+ 3r — s+ DWW 4 ((r +1)(=s) + (s — r)2)Wo W}
+(r 4+ 1) (=8)WZWa + 2(s — ) (—s)WEW, — (12 + 1 — 4s — 75)Wo W, Wy,

Notice that Simson’s formulas of W,,, G,, H,, can be written in the following forms:

LEMMA 10. For all integers n, we get

(a): Aw(n) = (—9)"Aw(0), that is
W2y —r(r—s+DW2, + (=)W —2(r + DWW, W25 — (s — )W, W2,
+(r? +3r — s+ DWa W2 + ((r + 1)(=s) + (s — ) )W, Wi,
F(r + 1) (=8)W2Wyio +2(s — ) (—8)W2W, i1 — (12 + 7 — 4s — 18) Wy oWy 1 Wi
= (=8)"(W3 —r(r = s + WP + (=8)*W§ = 2(r + YW1 W3 — (s — 1) WoW3
+(r? +3r — s + DWW + (r® + 8% — s — 3rs)WoW? + (r + 1) (—s) Wi W
+2(s = 7)(—=8)WEW, — (r* + 7 — 4s — rs)Wo W, Wp).
(b): Ag(n) = (=5)"Ac(0) = (=)', that is
Gopo —r(r—s+ 1G5+ (=5)°Gh = 2(r + 1)Grui1Go o — (s —1)GuGho
+(r? +3r—s+ 1)G,L+2Gfb+1 +(r? s —s— 3rs)GnG$L+1
+(r+1)(=5)G?Grpo +2(5s — 1) (=8)G2 Gyt — (12 + 7 — 45 — 15)Gpy2Gri1Gp
_ (75)n+1'
(c): Ag(n) = (=8)"Ag(0) = —(r2 +4s)(r + s — 1)2(—s)", that is
H o—r(r—s+1)H}  + (—s)?H} —2(r + )V Hpy1 HY y — (s —7)H,HZ
H((r+1)% = (s =) Hng2 Hpy oy + ((r + 1)(=8) + (s — 7)) Ho Hio
+(r 4+ 1) (=8)H2Hpyo +2(s —r)(—8)H>Hy 11 — (r* + 7 — 45 —r8)H,, o Hp i1 H,
= —(r*+4s)(r+s—1)*(—s)"

Proof. Replace r,s and t with r + 1, s — r, —s, respectively, in [51, Lemma 35.]. O

5. Identities of Generalized Horadam-Leonardo Polynomials

In this section, we get some identities of (r, s)-Horadam-Leonardo and (r, s)-Horadam-Leonardo-Lucas

polynomials. First, we present a few basic relations between {G,} and {H,}.

LEMMA 11. The following equalities are true:
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(a): (—8)°H,, = (3rs+13—53)Gpia— (4125 =13 +3rs+r3+r14+252) Gy 3+ (412 s+rt +252 +54) Gy 1o

(b): (=8)?H, = (25 + 12+ 83)Gpiz — (25 + 1% + 3rs +r2 +13)Gpio + (3rs + 12 — s3)G 1.

(c): (=s)H, = —(s—1)Gpya+ (rs —2s —1 —12)Gpy1 + (r? + 52 + 25)G,,.

(d): Hy, =3Gp41 —2(r+1)G,, — (s —1)Gp_1.

(e): Hy=(r+1)G, +2(s —7)Gp-1+ 3(—5)Gpn_2.

(£): s(r2+4s) (r+s—1)° Gy = (=13 +125+2r2 = 3rs —r + 4% + 48) Hpp oy + (r* — r3s — r3 + 4125 —
72 —4rs? —3rs+ 1+ 2% — 28)H, 13 — (25 + 4r%s + 1252 — 6rs + 12 — 293 + 174 4+ 252 + 4s3)H,, 1 5.

(g): —(r* +4s)(r+s—1)2Gp, = —2(r> =7 +3s+ 1)Hyy3+ (-7 — 25+ Trs — 12 + 2r> + 2)H,, 4o +
(—r +4s+ 125 —3rs +2r2 — 13 + 45*)H, 4 1.

(h): —(r? +4s)(r+s—1)2G, = (rs =8 —r —r*)H, 0+ (r +2s — r2s + 5rs + 13 — 2s%)H,, 11 +
2s(—r +3s+ 12+ 1)H,.

(i): —(r* +4s)(r+s—12G, = —2(3s +rs+r> + s*)Hyy1 + (25 +rs® + 5rs +r2 + 13 — 2s%)H,, +
s(r+8s—rs+1r?)H,_1.

(G): —(r* +4s)(r+s—1)2Gp, = —(4s +rs? + 2r2s + 3rs + 12 + 3 + 4s?)H,, + (—rs® + 125 + Trs +
2r3 4+ 252 — 25 H,, 1 +25(3s +1s+ 1%+ s2)H, .

Proof. Replace r, s and t with r + 1, s — r, —s, respectively, in [51, Lemma 36.]. O

Now, we give some basic relations between {G,,} and {W,,}.

LEMMA 12. The following equalities are true:

(@): (—W3—(r—s+ 1) WZ+sWg+(r+2)WiWo—rWoWa+ (r—25) WoW1) (—Wa+rWi +sWo)Gp, =
((r+ V)W2 + (=s)Wg — WiWa + (s — r)WoW1)Wyio + (W3 — (r + YW1 Wa — (s — r)WoWo —
(=) WoW1)Wir + ((—8)WF — (—8)WoWa)W,,.

(b): (—WE—(r — s+ 1) WE+sWZ+(r+2)W1Wo—rWoWa+ (r—28)Wo W1 ) (—Wa+rWi +sWo)G,, =
(WE+(r+1)2W2+(r+1)(=s)WE=2(r+ 1)W1 Wo—(s—r)WoWa+((r+1)(s—7)—(=5) ) WoW1) W11+
(=) + (r+ 1)(s = r))Wi + (s = 1) (=s)WG — (s = 1)W1 Wa — (—=s)Wo W2 + (s — r)2WoW1) Wy, +
((r+ D(=s)W2 + (=5)* W5 — (=s)W1W2 + (s — 1) (=5) WoW1) Wy

(c): (—W3—(r—s+1)W2+sWZ+(r+2)WiWo—rWoWa+(r—28)WoW1)(—Wa+rWi +sWy)G,, =
(r+DWE+((r+1° 4+ (=) + (r+ D(s =m))WP + (=s)((s =)+ (r + D)WG — ((s — 1) +2(r +
1)2)W1W2 (=) + (r+D(s =) WoWa+ (r+ D2(s — 1)+ (s — )2 = (r + 1)(—s)) WoW1)W,, +
((s =PI + (r + 1)((r + 1)(5 — 1) + (=) WE + (=8)((—s) + (r + 1)(s — r)) W3 — ((—=s) +2(r +
1)(s— ))Wle — (s =712 WoWa+ (r+1)(s — )2 WoW1) Wy 1 + ((—8)W3 + (r + 1)2(—s)WE + (r +
1)(=8)?Wg = 2(r + 1)(=s)W1W2 — (s — 7)(=s)Wo W2 + (=s)((r + 1) (s — 1) — (=5)) WoW1) Wy >

(d): (=)W, = (Wa—(r+ 1)W1 — (s —1)Wo)Grya+ (—(r+ 1)Wa+ (r +1)2Wy + ((=s) + (r+1)(s —

INWo)Grni1+ (=(s =) Wa+ ((=8) + (r + 1) (s =)W1 + ((s = 7)% — (r + 1)(—5))W5) G-

(€): Wy, = WoGpy1+ (W1 — (r + D)Wy)Gp, + (Wa — (r+ 1)W1 — (s — r)Wy)Gr—1
(£): W, =W1G, + (Wa — (r + YW1)Gr—1 + (—s)WoGp—a.

(
(=
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Proof. Replace r, s and t with r + 1, s — r, —s, respectively, in [51, Lemma 37.]. O

Next, we present some basic relations between {H,,} and {W,,}.

LEMMA 13. The following equalities hold:

(@): (—WE—(r—s+ 1) W2+sW+(r+2)W1Wa —rWoWa+ (r—28)WoW1 ) (=Wa+rWy +sWo)H,, =
BWE+((r+1)2=(s—r)W2+(r+1)(=s)WZ —4(r + 1)W1 Wo —2(s —r)WoWa + ((r+1)(s —7) —
3(—=8))WoW1)Wypo+ (=2(r+ 1)W3+3(—s)WZ —=2(s — 1)W1 Wa —3(—s)WoWa+3(r+1)(s—r)WE+
2(s—7)(=8)WE+2(r+1)2W 1 Wa+2(s—r)2WoWi+ (r+1) (s —r)WoWa+2(r+1) (=) WoW1)W,, 11 +
(=(s=rW3+((s—7)2+ (r+1)(=8))WZ +3(=s)*WZ + ((r+1)(s — ) — 3(—s))W1Wa + 2(r +
1) (=s)WoWa + 4(s — r)(—s)WoW1 ) W,,.

(b): (—-W2 (r — s+ 1) W2+ sWE+ (r+2)WiWo —rWoWa+ (r—28)WoW1 ) (—Wa+rWi+sWo) H,, =
(r+12WE+(r+1)WE+3(=s)WE+ (r+1)2(—s)WZ —2(s — 1)W1 Wa — 3(—8) WoWa +2(r+1)(s —

r)W2 —|—2(s 1) (—=s)WE—=2(r+1)2W 1 Wa+2(s—r)2WoW1— (r+1)(s—r)WoWa— (r+1)(—s) Wo W1 +
(r+1)2(s = r)WoW1) Wit + (3(=8)2We +2(s = r)WE + (r + 1)%(s — r)WE — 3(—s)W1Wa + (r +

1)(—s)W2 — 2(s — T) WoWse = 3(r + 1)(s — r)WiWa + 2(r + 1)(—s)WoWa + (s — 7)(—s)WoW1 +
(r+1)(s =r)(=s)Wg + (r+1)(s = r)?)WoW)) Wy, + (3(=8)W3 + (=s)((r +1)> = (s =))W + (r +
1)(—s)* Wo —4(r+ 1)( s)W1Wa = 2(s — 1) (=s)WoW2 + (=s)((r + 1)(s =) = 3(=s)) WoW1) Wy

(c): (—W2—(r—s+ 1) W2+sWe+(r+2)W1Wa —rWoWa+(r—28)WoW1)(—=Wa+rWi+sWo) H,, =
(((r + 1) +2(s—r)WE+(r+1)((r+13+30r+1)(s—r)+4(—s))WZ+ (—=s)((r+1)> +3(r +
D(s—=7)+3(=s))Wg—(3(—=8) +2(r+1)3+5(r+1)(s —r))WiWo — ((r+1)%(s —7) + (r+ 1)(—s) +
2(s —r)*)WoWsz + ((r + ) (s=7) = (r+1)%(=s) +3(r + 1)(s =) + (s — r)(=5)) WoW1) Wy, + ((
3(=s)+(r+1)(s—r)Ws+((r+1)3(s—r)+2(r+1)(s—r)* +2(s—r)(—s) + (r+1)%(—s)) W+ (—s)

((r+1)(=s) + (r +1)? (8—7‘) +2(s =))W = 22(r + 1)(=s) + (s = )2 + (r + 1)*(s — 7)) W1
Wo — (s =7)((r+1)(s —7) +5(—8))WoWa + (2(s — )3 (r +1)2(s —1)% = 3(=8)2 ) WoW1)W,,_1 +
(r+ D(=)W3 + (=)((r +1)° +3(=s) +2(r + 1)(5 — 7)) W + (=5)*(r* + 25 + 1)WG — 2(—s)((s —
)+ (r+ 1)) WiWa — (=5)(3(=s) + (r + 1)(s — 7)) WoWa + ( $)2(s —r)? + (r+1)* s —r) = (r+
1)(=s))WoW1)Wy_o
(d): —(r®+4s)(r +s—1)2W,, = (=2((r + 1)2 +3(s = r))Wa + (2(r + 1)3 + 9(=s) + 7(r + 1)(s —
rI)Wi+ (4(s —7)2 =3(r+1)(=s)+ (r+1)%(s — 7)) Wo)Hpi2 + ((2(r +1)3 4+ 9(—s) + 7(r + 1)(s —
T))Wz —2((r+ 1) +4(r+1)%(s—r)+6(=s)(r+1)+ (s—r)2)W1 — (4(r+1)(s = r)2 + 6(—s)(s —
) = (=8)(r+ 17+ (r + 1)*(s = r))Wo) Hpr + ((=3(r + 1) (=) +4(s —7)? + (r+ 1)*(s =))W —
@A+ D(s =)+ (r+1°%(s—r) = (r+1)%(=s) + 6(s = )(=s))W1 + (=(r + 1)*(s —7)* + 2(r +
1)3(—=8) +9(—5)2 —4(s — )3+ 10(r + 1)(s — r)(—s))Wo) H,
(e): —(r®+4s)(r+s—1)2W, = ((9(=s)+ (r+1)(s —r))Wo — ((r+1)%(s —7) + 3(=8)(r +1) +2(s —
M)W —2(=5)(3(s =) + (r+ 1)*)Wo) Hysr + (—((r + 1)*(s = 1) +2(s = 7)* + 3(r + 1)(—5)) W2 +
(r+1)3(—=7)+3(r+1)(s—=7r)2+ (1 +1)%(=s) +3(s — ) (—=8)) W1 + (=5)(9(—=s) + 2(r + 1)3 +

r
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T(r+1)(s —r))Wo)H, + (—2(=3)((r + 1)2 +3(s — 7)) Wa + (=5)(2(r + 1)3 + 9(=s) + 7(r + 1)(s —
P)Wi+ (=5)(A(s —1)? + (r +1)*(s — ) = 3(r + 1)(—5)) Wo) Hn—

(f): —(r?+4s)(r+s—1)2W, = 2B +1)(—=s) — (s —=r)2)Wa + (3(s = 7)(=8) + (r + 1)(s — )% —
2(r + 1)*(=s))W1 + (=) (9(=s) + (r + 1)(s — r))Wo)Hy + (((r + 1)(s — 1)* = 2(r + 1)*(=s) +
B(s=r)(=s))Wa+ (2(r+1)*(=s) = (r+1)2(s = )2 +4(r + 1)(s =) (=5) = 2(s =1)> + 9(—5)*) W1 —

=8)(2(s = 1)? +3(r + 1)(=8) + (r + 1)*(s = r))Wo)Hn—1 + ((—=8)(9(=5) + (r + 1)(s — 7)) W5 —

=) ((r+1)2(s—7r)+3(r+1)(—=s) +2(s =))W —2(—5)2(3(s —7) + (r + )2 )Wo)H,,_

(
(

<

(
(
Proof. Replace r,s and t with r + 1, s — r, —s, respectively, in [51, Lemma 38.]. O

6. Recurrence Properties of Generalized Horadam-Leonardo Polynomials

Now, we give a formula for W_,,.

THEOREM 14. For n € Z, we have

W_, = (_3)_H(W2n H W, + 2(H H2n)WO)

Proof. Replace r, s and t with r + 1, s — r, —s, respectively, in [51, Theorem 39.]. O

Next, we present the following corollary.

COROLLARY 15. For n € Z, we get
(a): Gon = 5w (20 +1)(=5) = (s = 1)*)G}, + (=8)Gan + (5 = 1) Gry2Gn — (3(—s) + (r + 1)(s —
T))Gn_HGn).

(b): H_,, = = (H2? — Hy,).

2(— s)

Proof. Replace r, s and ¢t with r + 1, s — r, —s, respectively, in [51, Corollary 42] or put W,, = G,, with
Go=0,G; =1,Go = (r + 1) and take W,, = H,, with Hy = 3, H; = (r + 1), Hy = r? + 25 + 1, respectively,
in the last Theorem. [J

7. Generalized Horadam-Leonardo Polynomials by Matrix Methods

In this section, we give matrix representations of the sequences W,,, G,,, H,, and present Simson matrix

and investigate its properties.

7.1. Matrix related to the Sequences W,,,G,, and H,. We define the square matrix A of order 3
as:
r+1 s—r —s
A= 1 0 0
0 1 0
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such that det A = (—s). We also define

Gnt1  (s—=71)Gp + (—5)Gn-a (—8)Gp
B, = Gn  (s—1)Gpo1 +(—8)Gpra (—5)Gp-1
Gno1 (s=7)Gpoo+ (—8)Gpos (—5)Gp-2
and
Wht1  (s=1m)Wp, + (—s)W,_1 (—s)W,
D, = W, (s=r)Wy_1+ (=8)W,_o (—5)
Wio1 (s =r)Wypeo+ (—=8)Wy—s (=)W,

THEOREM 16. The following properties hold: for all integers m,n,

(a): B, = A", i.e.,

n

r+1 s—r -—s Gni1  (s=7)Gp+ (—5)Gp-1 (=9)Gnp
1 0 0 = Gn (s=7)Gp-14+(—5)Gpn_2a (—9)Gn_1
0 1 0 Gno1 (s—7)Gpoo+ (—5)Gros  (—8)Gp—2

(b): D1A™ = A™D;.
(¢): Dpym = DpBy, = By Dy, ie.,
(d):
A" =G A2+ (s —1)Groo + (=8)Gp_3)A+ (=8)Gp_2l,

where

= o O

10

I=110 1

0 0

Proof. Replace r, s and t with r + 1, s — r, —s, respectively, in [51, Theorem 51.]. O

Now, we give matrix formulas for the generalized Horadam-Leonardo polynomials and (r, s)-Horadam-

Leonardo-Lucas polynomials.

COROLLARY 17. For all integers n, the following formulas for generalized Horadam-Leonardo polynomials
and (r, s)-Horadam-Leonardo-Lucas polynomials hold.

(a): (Generalized Horadam-Leonardo polynomials).

n

r+1 s—r —s a1l Q12 @13
1
1 0 0 = a a a
Aw (0) 21 22 @23
0 1 0 azy azz2 ass

air = ((r + YW + (=)W — WiWs + (s — r)WoWi) Wiz + (W5 — (r + YW W — (s —
T‘)W()Wg — (—S)W()Wl)wn+2 + ((—S)Wf — (—S)WoWz)Wn+1,
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— (r + )W2 4+ (—s)WE — WAy + (5 — 1) WoW1)Winro + (W2 — (r + YW1 Wy — (s —
)WOW2 (- s)WOW1)Wn+1 b (=) W2 — (—8) Wy Wa) W,
az1 = ((r + YWE + (—s)W¢ — WiWa + (s — r)WoW)Wypq + (W3 — (r + YW1 Wa — (s —
r)WoWs — (— )W0W1)W + (=)W — (=) WoW2) W1,

aro = (s=7r)((r+ V)W2 + (=s)Wg =W 1Wa+ (s —r)WoW1)Wyyo + (W2 — (r + 1)W1 Wa — (s —
rYWoWa—(=8)WoW1) W1+ ((—8)WE—(=8)Wo W)Wy )+ (=) ((r+1) Wi+ (—s) WG —W1Wa+(s—
PYWoW1) Wy i1+ (WE—(r+ )Wy Wo—(s—1)WoWo—(—8)WoW1 ) Wy +((—8)WE—(—8) WoWo )W, 1),

ago = (s =) ((r+ V)W2 + (—=s)Wg =W 1Wa+ (s =) WoW1)Wyy1 + (W2 — (r + 1)W1 W — (s —
rYWoWa—(=8)WoW1 )W+ ((—=8)WE—(=8)WoWa)W,_1)+(=8) ((r+1)WE+(—s)WZ—W1Wa+(s—
P)YWoW1) W +-(W3 —(r+ 1)W1 Wo—(s—1) WoWa— (=) WoW1 ) Wy, 1+ ((—8)WT —(—5) WoW2) W, _2),

aza = (s —7)(((r + VW + (=s)Wg — WiWa + (s — r)WoW)W,, + (W3 — (r + YW1 Wa —
(s =m)WoWz — (=s)WoW1) W1 + (=)W — (=) WoW2)Wi—2) + (=s)(((r + W + (—s) W —
WiWa+ (s —r)WoW1) Wy 1+ (W3 — (r + 1)W1 Wa — (s —r)WoWa — (—s)WoW1) W, o + ((—s)WE —
(=s)WoW2)Wh_s),

a3 = (=8)((r + YW + (=s)W¢ = WiWa + (s — r)WoW1)Wyyo + (W3 — (r + 1)W1 Wo — (5 —
rYWoWs — (—=8)WoW1) Wit + ((—s)W3E — (—s)WoWa)W,,),

azs = (=8)(((r + YW2 + (=s)W@ = W1Wa + (s = r)WoW1) W1 + (W3 — (r+ 1)W1 Wa — (s —
rYWoWs — (—s)Wy Wl)Wn + (=)W — (—s)WoW2)W,,_1),

azs = (=) (((r + VW32 + (=s)Wg — WiWa + (s — r)WoW1))W,, + (W2 — (r + YW Wo — (s —
MYWoWs — (=s)WoW1) W1 + ((—s)WE — (—s)WoWa)W,,_a),

Aw (0) given as in (4.2), i.e.,

Aw(0) = W5 —r(r—s+ D)W + (=)?W5 —2(r + YWAW5 — (s — 1) WoW5
+(r2 +3r — s+ DWW + ((r 4+ 1)(=8) + (s — ) )WoW3
+(r 4+ 1) (—=8)WEWa + 2(s — 1) (—8)WEW, — (r? 4+ 1 — ds — 78)Wo W1 W,

(b): ((r, s)-Horadam-Leonardo-Lucas polynomials).

n
r+1 s—r —s

1 0 0
0 1 0

bir b2 bis
1

A+ 13 (=) = (r+1)2(s —7)2 —4(s — )3 +27(=5)2 + 18(r + 1)(s — )(—s) bar b2z bag

bs1 bsa  bss
where
bir = (9(=s)+(r+1)(s=7))Hprzs— ((r+1)2(s—r)+2(s —7)2+3(r+1)(—s)) Hyp2 — 2(—3s)((r+
1)? +3(s — 7)) Hpy1,
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bor = (9(=8)+(r+1)(s—7))Hpyro— ((r+1)2(s—r)+2(s = 7)2 +3(r+1)(—8)) Hpy1 —2(—5)((r+
1)2 +3(s —7))Hp,

bzt = (9(—=8)+(r+1)(s—7))Hpi1 — (r+1)%(s—7)+2(s—7)2+3(r+1)(=s))H, — 2(—s)((r +
12 +3(s—7))Hp-1,

biz = (s =) ((9(=5) + (r +1)(s = 7)) Hpyo — ((r+ 1)*(s = 1) +2(s = 7)* + 3(r + 1)(—5)) Hynp1 —
2(=s)((r+1)2+3(s = 1) Hy) + (=5)((9(=s) + (r + 1)(s = 7)) Hp1 — ((r + 1)*(s =) +2(s —7)* +
3(r+ 1)(=s))Hy — 2(=s)((r +1)* + 3(s — r)) Hy—1),

bao = (s —1)((9(=s)+ (r+1)(s —7))Hp1 — (r+1)2(s =)+ 2(s = )% + 3(r + 1)(—s))H,, —
2(=s)((r+1)2+3(s— 7)) Hp—1) + (—)((9(— ) (r+1)(s—7)Hp—((r+1)*(s —r) +2(s =) +
3(r+ 1)(=8))Hn—1 — 2(=s)((r + 1)* + 3(s — 1)) Hn—2),

bsa = (s —7)((9(=s)+ (r+1)(s—7)H, — (r+1)*(s—7r)+2(s—7)2+3(r+1)(—s))Hp_1 —
2(=s)((r + 1)? +3(s — 1)) Hn—2) + (=5)((9(=s) + (r + 1)(s = 7)) Hno1 — ((r + 1)*(s —7) + 2(s —
r)? 3(7“+ 1)(=8))Hp—2 — 2(=s)((r +1)> + 3(s — 1)) Hy—3),

= (=8)((9(=5) + (r + 1)(s = 7)) Hny2 — ((r + 1)*(s =) +2(s = 7)> + 3(r + 1)(=5)) Hp1 —

2(—s )((T+1) +3(s — 7)) Hn),

bas = (=s)((9(=s) + (r + 1)(s = 1)) Hop1 — ((r + 1)*(s = 7) + 2(s — 7)? + 3(r + 1)(—s)) H,, —
2(=8)((r+1)2+3(s —r))H,—1

bsg = (=s)((9(=s) + (r +1
2(=s)((r+1)2+3(s—7))Hp_o

(
(

)
),
(s =) Hy — ((r +1)%(s = 7) +2(s = 7)* +3(r + 1)(—5)) Hn1 —
)-

Proof. Replace r, s and t with r + 1, s — r, —s, respectively, in [51, Corollary 52]. OJ
Next, we give an identity for Wy, 4.

THEOREM 18. (Honsberger Formula) We have

Wner = WnGerl + Wn71(<5 - T)Gm + (_S)Gmfl) + (_S)Wn72Gm

= WnGm.H + ((S - T)Wn_1 + (*S)Wn_z) G + (*S)Wn_le_l,
for all integers m and n.
Proof. Replace r, s and t with » + 1, s — r, —s, respectively, in [51, Theorem 53]. (I

COROLLARY 19. We have the following properties:

Gn+m - GnGerl + anl((s - T)Gm + (_S>Gmfl) + (_S)Gn72Gm7

Hn+m = HnGerl + anl((s - T)Gm + (_S)Gmfl) + (_S)Hn72Gm7
for all integers m and n.

Proof. Replace r, s and t with r + 1, s — r, —s, respectively, in [51, Corollary 54]. O
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COROLLARY 20. We have the following properties:

Wmn+j = Gmn—1Wj+2 + ((5 - T)Gmn—Z + (*S)Gmn—3) Wj+1 + (*S)Gmn—2Wj,
Gmn+j = GmnflGj+2 + ((S - T)Gmn72 + <_5)Gmn73) GjJrl + (_S)Gmn72Gja
Hmn+j = Gmn—lHj+2 + ((S - T)Gmn—Z + (*S)Gmn—S) Hj+1 + (*S)Gmn—QHja

for all integers m and n.
Proof. Replace r, s and ¢t with » + 1, s — r, —s, respectively, in [51, Corollary 55.]. O

7.2. The Simson Matrix. For n € Z, we define

Wn+2 Wn+1 Wn
fW(n) = Wn+1 Wn Wn—l
Wn Wn— 1 Wn—2

Let us call this matrix as Simson matrix of the sequence W,,. Then, as special cases of W,

Gn+2 Gn+l Gn Hn+2 Hn+1 Hn
fG(n) = Gn+1 Gn Gn—l ’ fH(n) = Hn+1 Hn Hn—l ’
Gn anl Gn72 Hn anl Hn72

are Simson matrices of the sequences GG,, and H,,,respectively.

LEMMA 21. The followings hold: For all integers n,m and j,

@): fwn) =+ 1Dfwrn—1)+ (s —7)fwn —2)+ (=s) fw(n — 3).

(b):
fwn) = Afw(n—1),
fwn) = A"fw(0).
(c):
fwh+m) = A"fw(m),
fwn+m) = A" fw(n),
fwn) = A" fw(n—m).
(d):
Jw(mn +j) = A" fw(j)
and

fw(mn +j) = (Gn1A? + ((s = 1)Gnz + (=8)Gn—3) A + (=8)Gn2D)™ fiw (j)-
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(e):

Wn+2 Wn+1 w,, Gn+1 (S — T)Gn + (—S)Gn,1 (—S)Gn Wo Wy Wo
Wn+1 Wn Wn—l = Gn (8 - ’I“)Gn_1 + (—S)Gn_g (—S)Gn_l W1 WO W_1
Wn Wn—l Wn—Q Gn—l (5 - T)Gn—2 + (*S)Gn—S (*S)Gn—Q WO W—l W—Q

(f):

Wn+2 Wn+l W 1 ail a2 aig W, Wi Wo
Woppr Wn Wiay | = Aw (0) az1 G2 as23 Wy Wo W_y
Wn Wit Wihoa azr asz2 as3 Wo W_1 W_s

where asz, ass, a13, a32, 422, 412,431, @21, 011, and Ay (0) are as in Corollary 17 (a) (in the last

identity above, we replace n with m in ass, ass, a13, sz, G2, 412, 431, 421, G411 ).

(8):

bir b2 bis Wy Wy Wy

bar  baa  bos Wi Wy W
Wn+2 WnJrl Wn

b31 b3z b33 Wo W_1 W_y

Wn+1 Wn Wn—l =
Wn Wn—l Wn—2

—(r2 +4s)(r+s—1)2

where bss, bas, b1s, b3z, bag, b2, bs1, ba1, b11 are as in Corollary 17 (b) (in the last identity above, we

replace n with m in bsz, boz, b13, b32, bz, b12, b31, bay, b1y ).

Proof. Replace r,s and t with r + 1, s — r, —s, respectively, in [51, Lemma 56]. O
By taking the determinant of both sides of the identities given in Lemma 21, one get the following

Theorem.

THEOREM 22. For all n,m € Z, the following identities are true.

(a): Catalan’s Formula:
det(fw (n+m)) = (=s)" det(fw(m)), det(fw(n)) = (—5)" det(fw(n—m)).
(b): Cassini’s(or Simson’s) Formula (see Theorem, 8):
det(fw(n)) = (—s)" det(fw (0)).

Proof. Replace r, s and t with r + 1, s — r, —s, respectively, in [51, Theorem 57]. O

By using the last Theorem, one get the following Corollary which produces determinantal formulas of
(r, s)-Horadam-Leonardo polynomials (put W,, = G,, with Go =0,G; =1,G2 = (r + 1)).

COROLLARY 23. For all n,m € Z, the following identities are true.

(a): Catalan’s Formula:

det(fa(n+m)) = (—s)" det(fa(m)),det(fa(n)) = (=)™ det(fa(n — m)).
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(b): Cassini’s(or Simson’s) Formula:

Gn,+2 Gn,+1 Gn
det(fa(n)) = (=5)" det(fc(0)), ie., | Guy1  Gn  Guoy | =—(=5)"""
Gn anl Gn72

By putting W,, = H,, with Hy = 3, H; = (r + 1), Hy = 7% + 2s + 1 in the last Theorem, one get the

following Corollary which produces determinantal formulas of (r, s)-Horadam-Leonardo-Lucas polynomials.

COROLLARY 24. For all n,m € Z, the following identities are true.

(a): Catalan’s Formula:
det(fu(n+m)) = (=s)" det(fr(m)), det(fu(n)) = (=5)™ det(fu (n —m)).
(b): Cassini’s(or Simson’s) Formula:
det(fr(n)) = (=s)" det(fu(0)).
8. The Sum Formula ) ;_, Zkak+j of Generalized Horadam-Leonardo Polynomials
Now, we present the sum formula ZZ:O Zkak+j of generalized Horadam-Leonardo polynomials.

8.1. The Sum Formula ), _, szmk+j of Generalized Horadam-Leonardo Polynomials in
Terms of Generalized Horadam-Leonardo Polynomials. We can give the sum formula Y/, 2* W,k
of generalized Horadam-Leonardo polynomials (in terms of elements of the sequence of generalized Horadam-

Leonardo polynomials).

THEOREM 25. For all m,j € Z, one get the following sum formulas.
(a): If 23T + 2Ty + 23 + Ty # 0 then

i: Zkak.t,_‘ _ 230 + 2204 + 2" O3 + 220, 4 205 + O _ Ow(2)
=0 / 2301 + 22T + 23 + Ty FW(Z)

where

Ow(z) = 2"30; + 27720, + 2" 1103 + 220, + 205 + O,

21301 = MWW o Wnsmnt2 + (= Wit + (r+ DWH W2 oW1 + (= Wiz + (r +
DWig1 + (s = )W) W o Winmn + (=Wt + (s = )W) W2 i Wingmnr2 — ((=8) + (r + 1)(s —
PNWiW2 i Wittt + (8 = 1) Wiz — ((=8) + (r + 1) (s = 7)) W1 — (s = 7)* W)W s Winmn —
(=)WE Wi 1 Wingmnt2 + (=8)(=Wjt2 + (1 + DWW ) W2 Wongmnt1 — (=8)*W;Wa Witimn +
Wit + (1 + DWW oW1 Wenpmnt2 + Wiz = (7 + D)W ) W oW Wonpmn 2 + (—(s —
Wi + (=)Wi) Wi i W Wongmnia + (Wita — (r + 1)*W) W aWon it Wongmnr + (=(r +
DWio + ((r + 1) + (s = 7))Wjt1 + (=) W) Wit oW Wingmnt1 + (=(s = 1)Wjga + ((=s) +
(r+1)(s—=r)Wit1 — (r + D(=s)Wj) Wi i Wi Wi pmnt1 + (1 + DWia W g i Wi o Wi +
(=8)WjWas 1 Wint2Winemn — (1 + 1)(s = 1)W;jWap i WinsoWanmn — (1 + 12 Wi i Win g Wi
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Wingmn + (=8)(Wjt1 = (r + DWj) Wi oW Wi g + (=8)(Wyp2 — (r + W1 — 2(s — r)Wj)
W1 W Wintomn )

220, = 22 (—WoWjsa+ ((r+1)Wo— W)Wyt + (2Wa — (r+ D)W1) W) Wi s o Winsmn o+
@EWiWjiz + ((s = r)Wo = Wo)Wjp1 — ((r + 1)Wa + 2(s — r)W1 + (=) Wo )W) Wi 41 Win mnt2 +
(=WaWjpo + ((r+ 1)Wa+ (s =)W1+ 2(=s)Wo) Wjt1 — (=) WaW; ) Wi Wit + ((r + 1) Wo —
Wi)Wiio+(©2Wa — (r+1)2Wo — (s =) Wo) W1 + (=2(r + 1)Wa + (r+ 1) Wi — (=) Wo)W;) Win 12
Winsmnt1+(=Wat(s—r)Wo) W2 —((r+1) (s—r)Wo+ (=) Wo)Wis1+ ((r+1)2Wa+2((—s)+ (r+
D (s—r))Wi+(r+1)(=s)Wo)W;i ) W1 Wintmns1 +((r+ 1) Wa+ (s =)W1 +2(—s)Wo) W, 4o — ((r+
12Wo+(r+1)(s =)W1 +2(r +1)(=8)Wo + (s = 1) W+ (=) W1) Wj1 + (=) ((r + 1)W1 = W2) W)
Wi Wontmnt1 + ((2Wa — (r+ YW1)Wigo + ((r+1)*Wy —2(r + 1)Wo — (—s)Wo)Wis1 + ((r+1) (s —
Wi —2(s —r)Wa — (—=s)W1 + (r + 1)(—s)Wo)W; ) W1 oaWenpmn + (—((r + 1) Wa +2(s — )W +
(=8)Wo)Wjso + ((r + 1)°Wa +2((=s) + (r + 1)(s = 7)) Wi + (r + 1)(=8)Wo) W1 + (((r + 1)(s —
r) = (=8))Wa+2(s = 7)? Wi +2(s — 1) (=) Wo) W) W1 Wi + (= 8) (= W1 Wjpa + ((r + W7 —
Wo)Wit1 + ((r + 1)Wa + 2(s — 1)W1 + 2(=8)Wo)W; ) Wos Wontmn),

2Oy = 2T (WoWy — WE)Wjta + (— (=)W + WiWs — (r + )WoWa — (s — )W W,
Wit + (W3 + (s =)W + (r + YW1 Wa + (=) Wo W) W) Wantmnto + (= (=) WG + W1 W2 —
(r+ )WoWa — (s = r)WoW1)Wjia + (=WF + (r + 1)(=s)Wg + ((r + 1) + (s = 1)) WoWa + ((—s) +
(r+10)(s=r)WoW)Wip1 +((r+1)WE—((r+1)(s—r)+(—8))WZ = (r+1)>°W1 Wa + (—s) WoWo —
(r+ (= )W0W1)W Wintmnt1 + (W3 + (s = 1)WE + (r + 1)W1iWa + (=) WoW1) W2 + (
(r+ WS = ((r+1)(s = r) + (=))WF — (r + 1)) WiWo + (=) WoWa — (1 + 1) (=) WoW1)Wi1 +
((s = T)Wz (s = )P WE = (=8)*W5 + ((=s) — (r + 1) (s = 7)) W1iWa — (r + 1) (=) Wo W2 — 2(s —
) (=s)WoW )W) Wi imn),

2204 = 22 (WoWjgo+ (Wi — (r+1)Wo)Wjgr +(Wa— (r+ 1)W1 — (s —1)Wo )W) W5, o+ (W2 —
s = 1)Wo)Wjsa + ((=8)Wo + (r + 1) (s = r)Wo)Wjga + ((s = 7)*Wo + ((r + 1)(s — 1) + (=))W —
s = )Wo)Wj)Wi 1 + (=) (WiWjio + (Wo — (r + D)W1) Wiy + (=) WoW;) W, + (—(Wi + (r +
DWo)Wjsz + ((r+1)*Wo = Wo)Wjga + (=(r+ DWa + (r+ 1)*Wr + ((r+1)(s = 1) = (=5)) Wo) W;)
W1 W2 4 (((r + 1)W1 = Wo)Wipo + ((r + DWa — ((s — 1) + (r + 1)*)W1 — (—8)Wo)Wj41 +
(=s)((r+D)Wo = W)W;) W2 Wi + (((s = 1)W1 = (=) Wo)Wjp2 + ((s —r)Wa = ((r+1)(s —r) +
(=)W1 + (r+ 1)(=5)Wo)Wjt1 + (=s)(=Wa + (r + YW1 + 2(s — r)Wo)W;) W1 Winn),

205 = 2((WE = WoWa)Wjts + ((—s)Wg — WiWa + (r + D)WW + (s — r)WoWq) W +
(—=2W32 — (r + 1)2W32 — (=s)(r + YWZ + 3(r + YW1 Wo + 2(s — r)WoWa + (2(=s) — (s — r)(r +

1))YWoW1) W)W go + (=)W =W Wa + (r + 1) WoWa + (s — rYWoW1)Wiya + (W2 —((r+1)2+
(s=r)WoWa — ((r+1)(s 1)+ (=8))WoW1)Wji1 + ((r+ W5 =2((=s) + (r+1)(s = 7)) W —2(s —
) (=)W +(2(s—r) = (r+1))WiWat(2(=8) = (r+1)(s—7)) WoWa — (2(s—7)* +(r+1)(—s)) Wo W1)
Wi)Wing1 + (W3 = (s =r)Wi = (r + YW1 W — (=) WoW1) Wia + (= (r+ W+ ((r +1)(s —7) +

(
(
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(=))W (r+1)2WiWa — (=s)WoWa + (r+ 1) (=) WoW1) W1 + (—s) (= (r+ )W —2(—s)W§ +
2W 1 Wa — (r 4+ 1)WoWa — 2(s — r)WoW1)W; )W,y — (r + 1) (—s)WEW, 01 Wini1),

O = W3+ ((—s)+ (r+1)(s =))W+ (=8)?W§ —2(r + YW1 W3 — (s — r)WoW3 + ((r +
12— (s=r)WWa+ ((s —7)2 + (r + 1)(=s))WoWE + (r + 1)(—=s)WgWa + 2(s — r)(—s)WEW; +
((r+1)(s —1r) = 3(—s))WoW1 Wa) W,

and

Tw(z) = 2°T1 + 22Ty + 203 + Ty,

2T = 23(—(=8)"(W3+((=8)+(r+1)(s—r)) W3+ (=s)? W+ ((r+1)2 — (s —r))WiWa —2(r+
DWIWE — (s —r)WoW2 + (r+1)(=s)WEWa+ ((s —1)2 4+ (r+1)(—s) ) WoWE +2(s — 1) (—s) WZ W7 +
((r+1)(s —7) = 3(=s)) Wo W1 W2)),

22Ty = 22((BWa = 2(r+ D)Wy — (s = r)Wo)W2 o+ ((r+1)? = (s = r))Wa+ B(r+ 1) (s — 1) +
3(=))Wi+ ((s = )% + (r+ 1)(=8))Wo) Wi 1 + (=) ((r + Wa + 2(s — )W + 3(—s)Wo) Wy, +
(—4(r+D)Wo +2((r+1)2 = (s =)W1+ ((r+ 1) (s = 1) = 3(=8))Wo) Wit 2Wis1 + (=2(s —r)Wa +
(r+1D(s—=71)=3(=8))W1 +2(r + 1)(—s)Wo)WoraWhp, + (((r + 1)(s — 1) — 3(—s))Wa + 2((s —
)24+ (r+ 1) (=)W1 +4(s — ) (—=8)Wo) Wit 1 Win),

2Ty =2((=3W2+((s—7) = (r+ 1D)2)W2 — (=8)(r + YWZ +4(r + YW1 Wy +2(s — r)WoWa +
(3(=8) = (s=7)(r+1))WoW1)Wypa+ 2(r+1)W3 —B3(r+1)(s—7) +3(=s))WZ=2(s—1)(—s)WZ +
(2(s — 1) = 2(r + D)W Wa + (3(=s) — (r + 1)(s — r))WoWa — 2((s — 7)2 + (r + 1)(—s)) Wy W)
Wina1 + (s =m)W3 — (s —7r)2+ (r + 1)(—=8))WE = 3(=3)?WZ + (3(=s) — (r + 1) (s — 7)) W1 Wy —
2(r + 1) (—=s)WoWsy — 4(s — r)(—s)WoW1) W),

Ca=W5+ (=) +(r+1)(s—r)W3+(=s)2W5 —2(r+ )WiW3 + ((r+1)% — (s —r)) WiWs —
(s =) WoW3 + ((s = 1)* + (r + 1)(=s))Wo W7 + (r + 1)(=s)WeWa + 2(s — r)(—s)WEW1 + ((r +
(s —1r) —3(—s))WoW1Ws.

(b): If 23T + 2T + 23 + Ty = u(z — a)(z — b)(z — ¢) = 0 for some u,a,b,c € C with u # 0 and

a#b#c, ie,z=ao0rz=>borz=cthen

n

Z W (n+3)2"201 + (n +2)2"110y + (n + 1)2"0O3 + 220, + @5.
bt 3221 + 2219 + I3

k=0

(c): If 2°T1 + 2°Tg + 23 + Ty = u(z — a)?(z — b) = 0 for some u,a,b € C withu # 0 and a # b, i.e.,

z=a or z =0b then for z = a we get

N (n+3)(n+2)2""101 + (n+2)(n+1)2"O2 + (n + 1)nz""103 + 20,
2 Wk = 62Ty + 2T ’
Py 2zl + 21

and for z = b we get

i KW — (n+3)2""201 + (n +2)2""0Os + (n + 1)2"O3 + 2204 + @5.
s + 3221 + 2209 + Iy
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(d): If 23T1 + 22T + 203 + Ty = u(z — a)® = 0 for some u,a € C with u # 0, i.c., 2 = a, then

zn: W = n+3)(n+2)(n+1)2"01 + (n+2)(n + 1)nz" 1O + (n + 1)n(n — 1)2" 203
mk+j — :
61"y
k=0

Proof. Replace r, s and ¢ with » + 1, s — r, —s, respectively, in [51, Theorem 61]. O

Next, we present some special cases of the last Theorem.

THEOREM 26. One get the following summing formulas.
(a): (m=1,7=0).
(1): If 23(—(=s)) + 22(=1)(s =) + 2(=1)(r + 1) + 1 # 0 then

. Q
Zk = 1
’“Z:O R ) e PR e R

where
Q1 = 2" 3 (=1) (=)W, + 2" 2 ((r + )Wyp1 — Woga) + 2" (=1)Wopq + 22(Wa — (r + )Wy —
(s =r)Wo) + 2(Wy — (r+ 1)) + Wy

(if): If 23(—(=s)) + 22(-1)(s = r) + 2(-1)(r + 1) + 1 = u(z — a)(z — b)(z — ¢) = 0 for some
u,a,b,c € C withu#0 anda #b#c, i.e., z=a or z=0>b or z=c then

" Q
SR, — 2
kzzo W S ) T 206N+ (CDr+ D)

where
Qo = (n+3)2"2(=1) (=)W, + (n + 2)2" T ((r + DWhpi1 — Wog2) + (n+ 1)2"(=1)Wyy1 +
2Z(W2 — (7’ + 1)W1 — (S — T‘)Wo) + (Wl — (7’ —+ 1)W0)

(iii): If 23(—(=9)) +22(-1)(s—=r)+ 2(=1)(r+1) + 1 = u(z —a)?*(z — b) = 0 for some u,a,b € C

with w# 0 and a # b, i.e., z=a or z = b then for z = a we get

n Zk B Qg
D ) o

where

Q3 = (n+3)(n + 22" (=D (=s)Wn + (n + 2)(n + 1)2"((r + YWas1 — Waia) + (n +
Dnz""H(=1) W1 +2(Wa — (r + )Wy — (s — )W)

and for z = b we get

n L B Q4
Zz Wi = 322(—(=s)) +22(=1)(s =) + (=1)(r + 1)

k=0

where
Qs = (n+3)2" (1) (=)W + (n+ 2)z"H((r + DWops — Wipa) + (04 1)2" (= 1) Wi +
22(W2 — (T‘ —|— I)Wl — (S — ’I‘)Wo) + (Wl — (T‘ —|— I)Wo)
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(iv): If 23(—=(=5)) + 22(=1)(s = r) + 2(=1)(r + 1) + 1 = u(z — a)® = 0 for some u,a € C with

u # 0, i.e., z=a, then

o Qs
2=
where
Qs =n+3)(n+2)(n+1)2"(—1)(—=s)Wy+ (n+2)(n+ 1)nz""1((r+ 1)Wyy1 — Wago) + (n+
Dn(n — 12" 2(=1)W,11.
(b): (m=2,j=0).
(1): If 23(—(=8)2) + 22(=2(r + 1)(—=s) + (s = 7)) + 2(=1)(r* + 25 + 1) + 1 # 0 then

!
D> Wi = B(=(=5)2) +22(20r + (=) + (s = 1)?) + 2(-1)(r2 + 25 + 1) + 1

where
Q) = 273 (1) (=) Wa 4 2742 (5= 1) Wan g2 — (r+1) (5= 1)+ (=5)) Wan 11— (r-+1) (=) Wan) +
(1) Wanyz + 22(— (s — 1) Wa o ((=8) + ( 4+ 1)(s = /)Wy + (s = 7)2 — (r+ 1)(—s)) Wo) +
2(Wa — ((r+1)%2 +2(s — r))Wo) + Wp.

(ii): If 23(—(=8)?)+22(=2(r+1)(=8)+(s—7)?)+2(=1) (1’ +2s+1)+1 = u(z—a)(z—b)(z—c) = 0
for some u,a,b,c € C withu #0 and a#b#c, i.e., z=a or z="b or z = c then

Zk = Qz
2 = A S A B T D) T G- A (D T A D

Qo = (n+3)2"T2(=1)(=5)?Wap, + (n+2)2" " ((s =) Wapio — (r+1)(s —7) + (—5))Wani1 —
(r+1)(=8)Wan) + (n+1)2"(=1)Wan o + 22(=(s = r)Wa + ((—s) + (r + 1) (s =)W1 + ((s —
r)? = (r+ 1) (=s)Wo) + (W2 — ((r + 1)* + 2(s — r)) Wh).

(iii): If 22(—(—9)?) + 22(=2(r+ 1) (=) + (s =7)?) + 2(=1)(r®*+ 25+ 1)+ 1 = u(z —a)?(z —b) = 0
for some u,a,b € C with u#0 and a #£ b, i.e., z =a or z = b then for z = a we get

n . B Q3
kz:%z Wek = G oD T 220 1 D (—s) 1 (s — 1))

where

Q3 = (n+3)(n+2)2" " (=1)(=5)*Wa, + (n +2)(n + 1)2"((s — r)Wopia — (r + 1)(s — ) +
(=8)Wang1 — (r+1)(=5)Wap) + (n+1)nz""H(=1)Wapio +2(—(s =) Wa 4 ((=8) +(r+1)(s —
rIWi+ ((s = 7)% = (r + 1)(—s))Wo)

and for z = b we get

n 0
;)ka% T 3o+ 2 (20 + ) (=) + =) + (D + 25+ 1)

where
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Q= (n+3)2"2(=1)(=5)*Wap + (n+2)2" (s = ) Wapia — (r+ 1) (s —=7) + (=8)) Wapi1 —
(r+1)(=8)Wap) + (n+ 1)2"(=1)Wapi2 + 22(—(s = 7)Wa + ((—8) + (r + 1)(s — 7)) W1 + ((s —
)2 —(r+1)(=s))Wo) + Wa — ((r + 1)2 +2(s — r))Wp).

(iv): If 22(—(—9)2) + 22(=2(r + 1)(=8) + (s = 7)?) + 2(=1)(r®* + 25 + 1) + 1 = u(z — a)® = 0 for

some u,a € C with uw # 0, i.e., z = a, then

where
Qs =n+3)(n+2)(n+1)2"(=1)(=8)°Wap + (n+2)(n+ 1)nz""1((s =) Wapio — ((r+1)(s —
)+ (=) Wang1 — (r + 1)(=5)Way,) + (n + D)n(n — 1)2"2(=1)Wayp4o.
(¢): (m=2,7=1).
(i): If 22(—(—5)2) + 22(=2(r + 1)(=8) + (s = 7)2) + 2(=1)(r> + 25 + 1) + 1 # 0 then

n Q
2 2k+1 = ;
;) Mokt = B+ 22 + Do) + D) T AP 1 25+ ) + 1

where
= 2" (=) Wapg1) + 2" (= (=) Waniz + ((s = 1) — (r + 1)(=8))Wapt1 + (s —
) (=8)Wap) + 2" TH(=1)((r + D) Wapaa + (s =) Wapi1 + (—8)Way, ) + 22(—8) (W — (r + 1) Wy —
(s =m)Wo) + 2((r + D)Wa — ((r +1)2 + (s — 7)) W7 + (—5)Wp) + Wi.

(ii): If 23(—(=s)?)+22(=2(r+1)(—=s)+(s—r)?)+2(-1)(r*+2s+1)+1 = u(z—a)(z—b)(2—c) = 0
for some u,a,b,c € C withu #0 and a#b#c, i.e., z=a or z=">b or z = c then

- Q
2 2k+1 = 2
kZ:O Wk 322(—(—s)2) + 22(—2(r + 1)(=s) + (s = 1)2) + (—1)(r2 + 25 + 1)

where
Q2 = (n43)2" (= (=) Wans1) + (n+2)2" " (= (=) Wania +((s—1)? = (r+1)(=5)) Wans1 +
(s =7)(=s)Wan) + (n + 12" (=1)((r + YWani2 + (s = 7)Wapq1 + (=5)Wap) + 22(—s)(W2 —
(r+ 1)W1 — (s = r)Wo) + ((r + DWa — ((r + 1)* + (s — 7)) W1 + (=) Wo).

(iii): If 23(—(=9)?) +22(=2(r+1)(=8) + (s —=1)?) +2(=1)(r? + 25+ 1) + 1 = u(z —a)?(z —b) = 0
for some u,a,b € C with u#0 and a # b, i.e., z=a or z = b then for z = a we get

" Wy = Q
2 # Wt = G S 336 D9 + 5=

where

Q3 = (n+3)(n+2)2" 1 (=(=5)*Wani1) + (0 +2)(n + 1)z (—(=8)Want2 + ((s = r)* = (r +
1)(=8))Wany1+(s=7)(=8)Wan) +(n+1)n2" " (= 1) ((r+1)Wap 2+ (s =) Wan 1 +(—5) Way,) +
2(—8)(W2 — (’I” + 1)W1 — (S — T)Wo)
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and for z = b we get

- Zk _ Q4
; Wkt = g s 22 T (o) + (s — D) + (LD (2 + 25 1 1)

where
Qu = (n+3)2" (= (=) Wans1) + (n+2)2" (= (=8)Wani2 + ((s —7)? = (r+1)(=5)) Wap41 +
(5 = P)(=8)Wan) + (0 + )2 (~1)((r + 1)Wanyz + (5 — 1) Wanss + (—5)Wan) + 2(—5)(W, —
(r+ D)Wy — (s =r)Wo) + ((r + )Wa — ((r + 1) + (s — 7)) W1 + (—s)Wp).

(iv): If 22(—(=9)2) + 22(=2(r + 1)(=8) + (s = 7)?) + 2(=1)(r®* + 25+ 1) + 1 = u(z —a)® = 0 for

some u,a € C with uw # 0, i.e., z = a, then

z”: MW s

2”6 (—s)?)

where

Q5 = (n+3)(n+2)(n+1)2"(=(=5)"Wans1) + (n+2)(n+ 1)nz"" (= (=) Wansa + (s —1)* =
(r+1) (=) Wans1 + (5= 1) (=8)Wan) + (n+ Dn(n—1)z"=2 (= 1)((r+ 1) Wanso & (5= ) Wan 1 +
(=8)Wan).

8.2. The Sum Formula ) ;_, 2*W,k+; of Generalized Horadam-Leonardo Polynomials (in
Terms of Generalized Horadam-Leonardo Polynomials and (r, s)-Horadam-Leonardo Polynomi-
als). The sum formula Y"'_, 2*W,,i4; of generalized Horadam-Leonardo polynomials (in terms of elements
of the sequence of generalized Horadam-Leonardo polynomials and (r, s)-Horadam-Leonardo polynomials)

can be given given as follows.

THEOREM 27. For all m,j € Z, one get the following summing formulas.

(a): If 2T + 22Ty + 23 + Ty # 0 then

En: KWy = 2801 + 220, + 2103 + 2°04 + 205 + O
k=0 ’ 2301 + 22T + 23 + Ty
 ec)
Fg(z’)

where

Og(z) = 2"30; + 2" 20, + 21103 + 220, + 205 + O,

2301 = M ((-WiGh o+ (Wit + (s = )W) Gh g — (=) Wi Ghy + (Wi + (r+ W)
Gmi2Gmi1 + Witz — (r + DWj1)Grp2G + (= (s = 7)Wiga + (=8)W;) Gt 1Gm) G2
(Wi + (DWW G o = ((=8) + (r+ 1) (s = 7)) WGy + (=) (= Wja + (r + D)W1) G, +
(Wjt2 = (r+ 1)?Wj)Grr2Grr1 + (= (r + DWjia + ((r +1)* + (s = 1)) Wjs1 + (=8)W;) G2 Grm +
(=(s=r)Wit2 + ((=s) + (r + 1)(s = 7))Wjt1 — (r + )(=8)W;) Gt 1Gm)Gmsmn+1 + (= Wiz +
(r+D)Wis1+ (s =1)W;)Gh o+ (s = 1) Wiga = ((=8) + (r + 1) (s = 1)) W1 — (s = 17)?W;)G 1 —
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Wi(=8)2Gh, + (Wisa(r+1) = (r +1)*Wipa + ((=5) = (r + 1) (s = 1)) W;) Gt 2Grngr + (=) (W1 —
(r+ D)W;)Grmp2Gm + (=8)(Wjp2 — (r + D)Wig1 — 2(s — r)W;)Gri1Gim) Gintmn),

2120y = 2" P((((r+ D)W =Wit1) G2+ @Wjg2— (r+ )Wy —((r+1)?+2(s—1))W;) Gy 1 +
(—(r+ Witz +((r+1)% + (s = r))Wjt1 — (=) W) G ) Grngmntz + ((2(r + W1 = Wi — (r+
1)2W;) G+ (= (r+1)Wjgo+((r+1)+2(=8)+2(r+1)(s—7))W;) Gy +(((r+1)*+(s—1)) Wjs2—
(r+1)?+2(r+1)(s =) +(=5))Wj11)Gm) Gnsmnt1+((r+ D Wipa — (r+1)*Wipr — ((r+1) (s —r) +
=)Wj)Gmaa+ (—((r+1)2+2(s =) Wjpa +((r+1)° +2(r + 1) (s =) +2(=8)) Wjp1 +((r+1)* (s —
) +2(s = 1) = (r+ 1)(=8)W;)Gmi1 +2(s = 1) (=8)W; G — (=8) G Wiga + (r +1)* (=) W;G )

(
(

Gimgmn),

203 = 2" (= Wiz + (r+ DWjga + (s = )W) Grpmnrz + (1 + DWjao — (r +1)2 Wi —
((r+1)(s =) + (=8)) W) Gmtmns1 + ((s = 1) Wiga = (r + 1)(s = 1) + (=8))Wj1 — ((s = 7)% =
(r+D(=8)W;)Gmtmn);

220y = (G oWis1 + ((r + D)Wz + (=s)W;)GF iy + (=8)Gh Wjie — ((r + DWjga +
Wit2)Gmi1Gmy2 — ((s = 1)Wjs1 + ()W) GGz + ((s = 1)Wiga = (=8)Wjs1) G Gmtr),

205 = 2(Wjt2 — (r + DWis1)Grpz + (—(r + DWipa + (5 + 1)°Wi1 — 2(=5)W;)Gsr +
(5 = Wys2 + ((=5)Wye1 + -+ (s = Wys1) + (r + 1) (—)W;)Gi),

B¢ = (—s)Wj,

and

Ta(z) =T1(2) + Ta(2) + T3(2) + Ty4(2),

2Ty = 2°(—(=s)"*),

2Ty = 22((r+1)Ghg + (r + 12 +2(r + 1)(s — 1) + 3(—5))Grpy + ((r 4+ 1)%(—s) + 2(s —
) (=8))Gr = 2((r +1)2 + (5 = 7)) Gms1Gmiz2 — ((r + 1)(s = 1) + 3(=5)) GGz + ((r +1)%(s —
) +2(s = 1)? = (r+ 1)(=5)GmGm1),

23 =2((s = 7)Gma2 — (r+ 1) (s = 1) + 3(=8))Gms1 + 2(r + 1)(=5) — (s = 7)?)Gm),

Ty =(—s).

(b): If 23Ty + 22Ty + 23 + Ty = u(z — a)(z — b)(z — ¢) = 0 for some u,a,b,c € C with u # 0 and
a#b#c,ie,z=ao0rz=>borz=c then

i KW (n+3)2""201 + (n +2)2""0O2 + (n + 1)2"O3 + 2204 + O3
mh 322T; + 2205 + T3 :

(c): If 2°T1 + 22To + 2T'3 + Ty = u(z — a)?(z — b) = 0 for some u,a,b € C with u # 0 and a # b, i.e.,
z=a or z =0b then for z = a we get

i W (n+3)(n+2)2""101 + (n+2)(n+1)2"O + (n + 1)nz" 103 + 20,
e 6ZF1 + 2F2 ’

and for z = b we get

i KW — (n+3)2""201 + (n +2)2""0Os + (n + 1)2"O3 + 2204 + @5.
ket 3221 + 2209 + Iy
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(d): If 23Ty + 2°T2 + 203 + Ty = u(z — a)® = 0 for some u,a € C with u # 0, i.e., 2 = a, then

zn: W = n+3)(n+2)(n+1)2"01 + (n+2)(n + 1)nz" 1O + (n + 1)n(n — 1)2" 203
mk+j — .
61"y
k=0

Proof. Replace 7, s and t with r + 1, s — r, —s, respectively, in [51, Theorem 63]. O

Some special cases of the last Theorem can be given as follows.

THEOREM 28. One get the following sum formulas.
(a): (m=1,5=0).
(1): If23(=1)(=s) + 2%(—=(s — 7)) + 2(—(r + 1)) + 1 # 0 then

- 9/
R, — 1
k;) [ e e P E R

where
Q= 2" (-Wa+ (r+ D)Wi + (s — m)Wo)Gpio + ((r + DWo — (r + 1)2W1 — ((r + 1)(s —
1)+ (=8))Wo)Gryr + ((s =) Wa = ((r + (s =) + (=) Wi+ ((r + 1)(=s) — (s = 7)*) W) Gy,
)+ 2" T2 (Wi + (r+ 1)Wo)Gryo — (Wo = 2(r + 1)W1 + (r + 1)2Wo)Grgr + ((r + H)Wa — (r+
1)W1 = ((r+1)(s = 7) +(=5))Wo)Gn) + 2" (=Wo Gz + (=Wi+ (r + hYWo)Grp1 + (W2 +
(r+ D)Wy + (s —1)Wo)Gp) + 22(Wa — (r + 1)W1 — (s — 7)Wo) + 2(Wy — (r + 1)Wp) + W.
(ii): If 22(=1)(=s) + 22(=(s = 7)) + 2(=(r + 1)) + 1 = u(z — a)(z — b)(z — ¢) = 0 for some
u,a,b,c € Cwithu#0 and a #b+#c, i.e., z=a or z="0 or z=c then

=~ - Qs
2 W= S ) 2 - =) T (G F D)

k=0

where
Qo = (n+3)2"T2((—Wa+ (r+ 1)W1+ (s —1r)Wo)Grao+ ((r+1)Wo — (r+1)2W; — ((r+1) (s —
1)+ (=8)Wo)Grar + ((s =r)Wa = ((r+1)(s = 1) + (=)W1 + ((r + 1) (=) — (s = 1)) Wo) G
)+ (n+2)2" T (= Wi+ (r+ D)Wo)Grgo — (Wa —2(r+ L)Wy + (r +1)*Wo) G + ((r+ 1) Wo —
(r+12W1 —((r+1)(s=7)+(=8))Wo)Gpn) + (n+1)2" (=W Gry2 + (—Wi + (r + )W) G i1 +
(=W + (r+ D)Wy + (s = r)W)Gr) + 22(Wa — (r + 1)Wq — (s — r)Wy) + (W1 — (r + 1) Wp).
(iii): If 23(=1)(=s) +22(=(s — 7))+ 2(—=(r + 1)) + 1 = u(z — a)?(z — b) = 0 for some u,a,b € C
with w# 0 and a # b, i.e., z=a or z =>b then for z = a we get

o _ Q3
2 A= a6

where

Q3= (n+3)(n+2)2" " ((=Wo+ (r+ D)Wy + (s —1)Wo)Gpio+ ((r+1)Wa— (r+1)2W7 — ((r +
D)(s=1)+(=8)Wo)Gni1+((s—r)Wo—((r+1)(s—7)+(=8)) Wi+ ((r+1)(=s) = (s —1)*) Wo) G
Y+ (n+2)(n+1)2"(=Wi + (1 + D)Wo)Grya — (Wa = 2(r + D)Wi + (r + 1)2Wo)Grgr + ((r +
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DWo — (r+1)2W1 — ((r+1)(s = 7) + (=8))Wo)Gpn) + (n+ D)nz" "1 (=WoGpaa + (W1 + (r +
DWo)Gry1 + (=Wa + (r + YW1 + (s — 1)Wo)Gy) +2(Wa — (r + 1)W1 — (s — )W)

and for z = b we get

S 0
kv, 4
kz:oz Wi = 322(=1)(—=s) +22(—(s— 7))+ (—=(r + 1))

where

Q= n+3)2"T2(=Wa+ (r+ D)Wy + (s —1r)Wo)Graa+ ((r+1)Wo — (r+1)2W; — ((r+1) (s —

1)+ (=8))Wo)Grr + (s —r)Wa — ((r +1)(s =) + (=) ) W1 + ((r + 1)(=s) — (s = 7)*)Wo)Gx

)+ (n+2)2" T (= Wi+ (r+ 1)Wo)Grgo — (Wa —2(r+ L)Wy + (r +1)*Wo)Grpr + ((r+ 1) Wo —

(r+12W1 —((r+1)(s=7)+(=8))Wo)Gpn) + (n+1)2" (=W Gry2 + (—Wi + (r + )W) G i1 +

(=W + (r+ D)Wy + (s = r)Wo)Gr) + 22(Wa — (r + YWy — (s — 7)Wo) + (W1 — (r + 1)Wy)
(iv): If 23(=1)(=s) + 2%2(—(s = 7)) + 2(—=(r + 1)) + 1 = u(z — a)® = 0 for some u,a € C with

u#0, i.e., z=a, then

n Zk B Q5
2 W= g

where

Qs = (n+3)(n+2)(n+1)2" (=Wt (r+ D) Wi+(s—r)Wo) G+ ((r+ 1) Wo— (r+1)*W1 - ((r+
D(s=1)+(=8)Wo)Gni1+((s—r)Wa—((r+1)(s—1)+(=8)) Wi+ ((r+1)(=s) = (s—1)*) W0 ) G,
)+ (n+2)(n+ Dnz""H((=Wi + (r + YWy)Gryo — (Wa — 2(r + )Wy + (1 + 1)°Wy)Grg1 +
(r+ )Wy —(r+1)2W1 — ((r+ 1) (s —7) + (=8))W0)Gp) + (n+ 1)n(n — 1)2" 2 (—=WoGria +
(Wi + (r+1)Wo)Grni1 + (=Wa+ (r + 1)W1 + (s — 1)Wo)G)

(b): (m=2,7=0).
(1): IfF2(-1)(=8)?+22((s = )2 = 2(r + 1)(=s)) + 2(=((r + )2 + 2(s — 7)) + 1 # 0 then

= Q
Zk 2k — !
k:Z:O W PB(=1)(=8)2+22((s =r)> = 2(r + 1)(=s)) + 2(=((r + 1)+ 2(s —7))) + 1

where
Q1 = 2" (=) ((—Wa + (r + YW1 + (s — 1)Wo)Gango + (r + 1)Wa — (r + 1)2W7 — ((—s) +
(r+1)(s =1))Wo)Gant1+ (s —=r)Wa = (=) + (r+ 1) (s = 1)) W1+ ((r +1)(—s) — (s —7)*) Wo)
Gan) +2" (= (r+ W+ ((r+1)? + (s = 1)) Wi = (=) Wo) Gonp2+ (((r+1)* + (s =))W —
((r+1)% +2(r+ 1)(s =) + (=9))W1)Ganp1 + (=8) (= Wa + 2(s = r)Wo + (r + 1)*Wo) Gan) +
2 (W Goppo+ ((r+ D)Wy — Wo)Ganyt — (—8)WoGan) + 22 (—(s —r)Wao + ((r+1)(s —7) +
(=)W1 + ((s—r)2 = (r+1)(=s))Wo) + 2(Wa — ((r + 1)* + 2(s — r))Wp) + Wp.

(i1): If 2(=1)(=5)* +2%((s = 1)? = 2(r + 1)(=s)) + 2(=((r + 1)* +2(s = 7)) + 1 = u(z —a)(z —
b)(z —¢) = 0 for some u,a,b,c € C withu #0 and a #b# ¢, ie., z=a orz=>borz=c
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then

" Q
Zk 2k — 2

2 AWk = g P T2 7 2 D) T (P 2 )
where

Qo = (n+3)2" 2(=s)((—=Wa+ (r+ 1)W1+ (s —7)Wo)Gapio+ ((r+1)Wo— (r+1)2W; — ((—s) +
(r+1)(s = r)Wo)Gans1+ ((s =r)Wa = ((=8) + (r+1)(s = r))Wi + ((r +1)(—=s) — (s —=7)*) W)

(
Gon) + (0 +2)2" (= (r + DW2 + ((r + 1) + (s = 1)W1 = (=8)Wo)Gant2 + (((r + 1)* +
(s =r))Wo = ((r+1)* +2(r + 1)(s —7) + (= ))Wl)G2n+1 (=) (=Wa+2(s —r)Wo + (r +
1)2W0)G2n)—|—(TL—|—1)2”(—W1G2n+2+((7’+1)W1—WQ)G2n+1—(— )WOG2n)+22’( (5 )W2+

(r+1)(s=7)+ (=)W1 + ((s = r)* = (r +1)(—s))Wo) + (Wa — ((r + 1)* 4 2(s — r))Wp).
(iii): If 23(=1)(—=5)2+2%((s—7)2 =2(r+1)(=8))+2(=((r+1)24+2(s—7)))+1 = u(z—a)?(z—b) = 0

for some u,a,b € C with u# 0 and a # b, i.e., z =a or z = b then for z = a we get

n Zk B QS
E_: War = 62(—1)(—s)2 +2((s — )2 — 2(r + 1)(—s))

where

Q3 = (n+3)(n+2)2" (=) ((—Wa+ (r+ 1)W1+ (s —r)Wo)Ganga + ((r+ 1) Wao — (r+1)*W; —
((=8)+(r+1)(s=r)Wo)Gant1+((s—r)Wa—((=5)+(r+1) (s=r) Wi+((r+1)(=s5)—(s—r)*) Wy
Gan) +(n+2)(n+1)2"((=(r + )W2 + ((r+1)* + (s = 7)) W1 — (=5)Wo)Ganrz + (((r + 1)
(s =r)Wo— ((r+ 12 +2(r+1)(s = 1) + (=5))W1)Gans1 + (—8)(=Wa + 2(s — r)Wo + (
1)2W0)Gan) + (n 4+ Dnz" L (=W1Gaonga + ((r + Wy — Wa)Ganit — (—8)WoGayp) + 2(—(
PWa+ ((r+1)(s—7r)+ (=8)W1+ ((s —=7)% — (r + 1)(—s))Wp)

and for z =b we get

n Zk B Oy
Z Mok = S (7 4 25— 17 — 20 + D=9 & (—( + 1P+ 25— 1))

~—

2

ﬂ
+ +

S —

where
Qg = (n+3)2"2(=s)((=Wa+ (r+ 1)W1+ (s—7)Wo)Gapio+ (r+1)Wo— (r+1)2W; — ((—s) +
(r+1)(s=7r))Wo)Gans1+ (s —r)Wa—((—=s) + (r+1)(s — ))W1+(7” 1)(=s) — (s —1)*)Wp)

(
Gan) + (n+ 2)2" T ((—(r + YW + ((r + 1) + (s — r))W1 — (=)Wo)Ganga + (((r + 1)* +
(s =r)Wa = ((r+1)° +2(r + 1)(s — 1) + (=)W1 )G2n+1 + (=) (W2 +2(s = r)Wo + (r +
1)2W0)G2n)+(T‘L‘F].)Zn(*WlGQn_FQ*F((T+1)W1*WQ)GQnJ,_l*(* )WoGQn)+22( (S )WQ+

(r+1)(s—=7r)+ (=)W1 +((s—7)% = (r + 1)(—=8))Wo) + (Wa — ((r + 1)% + 2(s — 7)) Wp).
(iv): If 22(=1)(=8) 2+ 22((s = )2 =2(r + 1)(=8)) + 2(=((r + 1) +2(s — 7))+ 1 = u(z —a)®> = 0

for some u,a € C with u # 0, i.e., z = a, then

Zz War = Gryiap

where
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Q5 = (n+3)(n+2)(n+1)2"(=8) ((=Wa+(r+1)Wi+(s—1)Wo)Gap o+ ((r+1)Wo—(r+1)2W; —
((=8)+(r+1)(s=7))Wo)Gany1+((s=1)Wa—((=8)+(r+1)(s—r)) Wi+ ((r+1)(=s) = (s—7)*) W)
Gap) + (n+2)(n + Dnz" (= (r + )Wa + ((r +1)* + (s = 1)) Wi — (=8)Wo)Gant2 + (((r +
D24+ (s—r)Wo— ((r+1)3+2(r+1)(s—7) + (—8))W1)Gant1 + (— Y(=Wa +2(s — )Wy +
(r+1)2Wy)Gapn) + (n+1)n(n —1)2"2(=W1Gapio + ((r + Y)W1 — Wo)Gaopi1 — (—s)WoGay).
(¢): (m=2,7=1).
(i): If 23(=1)(=s)? + 22(=2(r + 1)(=s) + (s = )?) + 2(=1)((r + 1) +2(s — 7)) + 1 # 0 then

n

k . 0
g Vot = S o 1 220 + D) + - D) T (- D( + D2+ 25— 7)) 1

where
01 = 2" 3 (—5)2(=WoGapio + ((r+ )Wy — W1)Gaoni1 + (=Wa + (r + 1)W1 + (s — )W) Gay)
+ 22 (s =) Wa = ((r + 1)(s = 1) + (=8)) W1 = (r + 1) (=) W0) Gangz + (—((r + 1) (s —7) +
(=s))Wat(s=r)((r+1)?+ (s =r)Wi+(=s)((s —7)+ (r+1)*)Wo)Gzns1+ (=) (= (r +1) W2+
((r+1)%+(s=1)W1—(=8)Wo)Gan) + 2" (= WaGapra— ((s—1)Wi+(=5)Wo)G2ny1—(—5) W1
Gan)+22(=s)(Wa— (r+ 1)W1 —(s—1)Wo)+2((r+1)Wa—((r+1)2+(s—1)) Wi+ (—s)Wq) + Wh.
(ii): If 2°(=1)(=s)? + 22(=2(r + 1)(=s) + (s = 7)) + 2(-1)((r + 1)* + 2(s = 7)) + 1 = u(z —
a)(z —b)(z — ¢) =0 for some u,a,b,c € C withu #0 and a #b # ¢, i.e., z=a or z=> or

z = c then

n Zk - Q2
Z_: Wkt = o ) (o2 22( 2 T () + (5 — )8 + (CD((r + 12 25 7))

where
Qo = (n+3)2"2(=5)* (= WoGanya+((r+1)Wo—W1)Gangr +(= Wt (r+1)Wi+(s—1)Wo)Gan)
+(n+2)2" T (((s=r)Wa— ((r+1)(s =) +(=5)) W1 — (r+ 1) (=) Wo) Ganta+ (= ((r+1)(s—7) +
(=) Wat(s=r)((r+1)*+(s—r))Wi+(—s)((s— ) (r+1)%)Wo)Gans1+(—s)(—(r+1) Wa+((r+
)24 (s—7))W1 — (=8)Wo)Gan) +(n+1)2" (= WaGaopia— ((s =)W1+ (—8)Wo)Gapni1— (—8) W1
Gan) +22(—s)(Wa — (r+ 1)W1 — (s = r)Wo) + ((r+ DWa — ((r +1)* + (s — 7)) W1 + (—s)Wp).
(iii): If23(—1)(=s)*+22(=2(r+1)(—s)+(s—))+2(=1)((r+1)%+2(s—r))+1 = u(z—a)?(2—b) =
0 for some u,a,b € C with uw #0 and a # b, i.e., z=a or z =0b then for z = a we get

n Q3
z_: P Wopy1 = 62(—1)(—=8)2 +2(=2(r + 1)(=s) + (s — 1)2)

where

Q3 = (n+3)(n+2)2" T (=5)*(—WoGansa + ((r + )Wy — W1)Gony1 + (—Wa + (r + 1)W1 +
(s =1)Wo)Gan) + (n+2)(n + 1)2"(((s = r)Wa — ((r + 1) (s — ) + (=5)) W1 — (r + 1)(=5)Wo)
Gonsa+(=((r+1)(s=r)+(=8))Wat (s =) ((r+1)* + (s =) Wi+ (=s)((s = 1)+ (r+1)*) Wo)
Gont1 4 (=) (= (r+ D)Wat((r+1)* + (s =)W1 — (=5)Wo)Gan) + (n+1)n2" "1 (~=WaGap o —
((s =)W1 + (=8)Wo)Gant1 — (=) WiGan) + 2(=s)(Wa — (r + YW1 — (s — 7)Wo)
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and for z = b we get

n Zk B Q4
;) Waret = S ) (o 2220 + D(=s) + (5 — D) + (1) (( + D2 + 25 — 7))

where
Qg = (n+3)2"T2(—=8)2(—WoGanso+((r+1)Wo—W1)Gapny1+(—Wot(r+1)Wi+(s—1) W) Gay,)
(0 2)2m (5 1) Wa — (74 1) (5 — 1)+ (—8)) Wi — (7 1)(=8) W) Gamsa+ (—(r+ 1)(s—7) +
(=) Wat(s—1)((r+1)2+(s—7))Wi+(=8)((s—7)+(r+1))Wo) Gapni1+(—8) (= (r+1) Wa+((r+
12+ (s =1)) W1 = (=8)Wo)G2p) + (n+1)2" (= WaGani2— ((s = 1)W1+ (=8)Wo) G211 — (—5) Wi
Gan) +22(=8)(Wa — (r+ D)Wy — (s = 7)Wo) + ((r + 1)Wa — ((r + 1)2 + (5 — 1)) Wy + (—s)Wp).
(iv): If23(=1)(=s)2+22(=2(r+1)(=s)+ (s =) +2(=1)((r+1)2+2(s—7))+1 = u(z—a)®> = 0
for some u,a € C with uw # 0, i.e., z = a, then
n Qs
2 Waen = Gy

where

Qs = (n+3)(n+2)(n+1)2"(—s)*(—WoGangz + ((r+ Y)Wo — W1)Gang1 + (—Wa+ (r+ 1)W1 +
(s =1)Wo)Gzn) + (n+2)(n+ 1nz" " (s —r)Wa — ((r + 1) (s —7) + (=) W1 — (r +1)(—s) Wo)
Gontz + (=((r+ D(s —7) + (=) W2 + (s = r)((r + 1)* + (s = 7)) Wi + (=s)((s — 1) + (r +
D?)Wo)Gani1 + (=8)(=(r + DWa + ((r + 1)? + (s — 1))W1 — (=5)W0)G2a) + (n + 1)n(n —
12" 2(=WaGopnio — ((s — 1)W1 + (—8)Wo)Gani1 — (—8)W1Gay).

8.3. The Summing Formula }_;_, "W+, of Generalized Horadam-Leonardo Polynomials
(in Terms of Generalized Horadam-Leonardo Polynomials and (r, s)-Horadam-Leonardo-Lucas
Polynomials). The sum formula ) ,_, 2k Wini4; of generalized Horadam-Leonardo polynomials (in terms
of elements of the sequence of generalized Horadam-Leonardo polynomials and (r, s)-Horadam-Leonardo-

Lucas polynomials) can be given as follows.

THEOREM 29. For all m,j € Z, one get the following summing formulas.

(a): If 23T + 2T + 23 + Ty # 0 then

Zn: W 2"301 + 2720, + 2" 103 + 2204 + 205 + O
k=0 mht Z3F1 + Z2F2 4+ 23 +1'y
_ Sw(?)
Lw(2)

where

Ow (2) = 2"30 + 2205 + 2" 7103 + 2204 + 205 + O,

801 = (- WiHE L+ (Wit + (s — 1)W)Hp oy — (=8) Wi Hpy, + (Wi + (r +
DWj)HuoHimi1+(Wjio—(r+ 1)W1 ) Hyn o Hyn (= (s=1) Wi+ (=8)W;) Hip1 Hin ) Hin o2+
(Wi + (r+ DWHH, 5 = (=) + (1 + 1) (s =))W HZ (g + (=8) (= Wjsa + (r + W) Hyy, +
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Wiz = (r+ 1°Wi) Hyppo Hpn1 + (= (r + 1)Wjio + ((r +1)% + (s = 1)W1 + (=) W) Hypp2 Hy +
(=(s=r)Wjp2 + ((r+ 1)(s =) + (=)W1 — (r + 1)(=8)Wj) Hinp1 Hin) Hinomn1 + (= Wig2 +
(r+D)Wisr+ (s =)W Hp o+ (s =) Wiga — ((r + 1) (s = 1) + (=)W1 — (s = 7)*Wi) Hp g —
Wi(=s)?Hp + ((r+ D)Wtz — (r+1)*Wip1 + ((=5) = (r + 1) (s = 7)) W;) Hipp2 Hynr + (—8) (W1 —
(r+ OWj)HyioHp + (=8) Witz — (r + )Wjpa — 2(s — )W) Hy1 Hy ) Hipman),

2200 = 2" P2 (((—=3Wjip2 +2(r + YWiga + (r+ 1)? +4(s — r) )W) Hppio + (2(r + 1)Wji2 +
(s=1)=(r+1)*)Wjt1 = ((r+1)° +4(r+1)(s =) +3(=5))Wj) Hpp1 + (= ((r+1)* +2(s = 7)) W2+
(r+1)?+3(r+1)(s =) +6(=5))Wjt1 — (r+1)(=8)W;) Hin) Hipmnt2 + ((2(r + D)W — ((r+1)* —

NWisr = ((r+1)+3(=8) +4(r +1)(s = 7)) Wj) Hyo + (= ((r +1)% = (s = 7)) W2 = 3((—5) +

r+1)(s—r)Wi+(r+10)((r+1)2+4(r+1)(s—7r)+5(=8))W;)Hpyr + (r+ 12 +3(r+ 1)(s —
)+ 6(=8))Wipa—((r+ 1) +4(r+1)*(s =) +2(s = 7)> + 7(r +1)(=5)) Wjt1 — 2(s =) (—5)W;) Hn)
Hyp a1+ (1412 +4(s =) Wja = (r+1)° +4(r+ 1) (s =) +3(=) Wy = (r+1)*(s = 1) —
2(r+1)(=s) +4(s = 1) )Wj) Hpgr + (—=((r +1)° +4(r + 1)(s = 1) +3(=5)) Wjp2 + ((r + 1) +4(r +
12(s =) +5(r+1)(=8))Wjt1 +((r+1)3(s =) = (r+1)*(=s) +4(r + 1) (s —)> +4(s —7)(~5))W;)
Hppr + (=) (= (r + D)Wz = 2(s =)W1 + ((r+ 1) +4(r + 1)(s — ) + 6(=5))W;) Hn) Hin -
203 = 2" ((20B(s — 1) + (r+ D)) Wiga — Q(r+ 1)° + 7(r+ 1) (s = 1) +9(=5)) W1 — ((r +
1)?(s=r) =3(r+1)(=s) +4(s = 1) )Wj) Hygmnt2 + (= (2(r + 1)° +9(=5) + 7(r + 1)(s — 7)) Wi +
2((r+ D) +4(r+ 1) (s—r)+6(r+1)(—=s)+ (s =))W+ ((r+1)3(s —r) — (r+1)%(—s) +4(r +
D)(s =) +6(s — 1) (=8))Wj) Hpmns1 + (—=((r + 1)*(s = 1) = 3(r + 1)(=s) + 4(s = 7)*)Wj42 +
((r+12(s —7) = (r+1)*(=s) +4(r + 1)(s = 1) + 6(s — r)(=8))Wjz1 + (=2(r + 1)*(=s) + (r +
1)2(s —7)? +4(s = 7)° = 9(=5)* = 10(r + 1)(s — 7)(=5))Wj) Hynprn)

2204 = 22((3Wip2 — 2(r + 1)Wji1 — (s = )W) H g + (((r + 1)* = (s — 7)) Wjg2 + 3((r +
(s =)+ (=)W1 + (s = r)> + (r + 1)(=s))W;) Hp g + (=) ((r + 1)Wip2 +2(s — 1)W1 +
3(=s)Wj) Hp, + (—4(r+ 1)Wjto+2((r+1)% = (s =))Wt +((r+1) (s —7) = 3(=8)) W) Hyy 2 Hpny 1 +
(=2(s = )Wjga + ((r + 1)(s =) = 3(=$))Wj1 + 2(r + 1)(=8)W;) Hinpo H, + (((r +1)(s —7) —
3(=8)Wisa +2((s = 1)* + (r + 1)(=8))Wjs1 +4(s — r)(=s)W;) Hyp1 Hyp),

205 = 2((=2((r+1)*+3(s=1)Wjt2+2(r+1)°+7(r+1)(s—7)+9(=5)) Wip1+((r+1)*(s—7) -
3(r4+1)(=8)+4(s—1) )W) Hpo+((2(r+1)3+7(r+1) (s—7)+9(—8))Ws2—2((r+1)*+4(r+1)2(s—
r)+6(r+1)(—s)+(s—r)))Wis1— ((r+1)3(s—r)+4(r+1)(s—r)% = (r+1)*(=s) +6(s—7r)(—s))W;)
Hppgr+ (((r+ 1)2(s = 1) +4(s = 1)? = 3(r + 1)(=5)) W2 — Ar + 1)(s = 1) + (r + 1)°(s = 1) —
(r+1)*(=s) +6(s = r)(=5))Wjt1 — 2(=s)((r + 1)> + 4(r + 1)(s — ) + 9(=5))W;) Hpn),

O = (4(r+1)3(=s) = (r+1)2(s —r)2 —4(s —r)> + 27(—s)? + 18(r + 1)(s — r)(—s)) W},

and

Tw(z) =T1(2) + Ta(2) + T'3(2) + T4(2),

2T = 23(— (=)™ (4(r+1)3(=s) = (r+1)%(s—7r)2 +18(r+1)(s —r)(—s) —4(s — )3 +27(—5)?)),

S—T

S—T

(
(
(
(

(
)+
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22To = 22(((r+1)2+3(s—7)H2, Lo+ (r+1)* +4(r+1)?(s—r)+ (s —r)2+6(r+1)(—s))H2, ., +
(=5)((r+ 1)° + A(r + 1)(5 — ) + 9(=8)) HZ, — (2 + 1% + 7(r + 1)(s — 1) + 9(=8)) Hs 2 1 —
(r+1)2%(s—r)+4(s—7)2=3(r+1)(—=8))HpsoHm + (r+1)(s —r)(r+1)>+4(s — ) Hppy1 Hpm —
(=$)((r+ 1)? = 6(s — 7)) Hyns1 Ho),

2Ty =2(=4(r +1)2(=s) + (r+ 1)2(s = 1r)2 +4(s — r)> = 27(=8)?> = 18(r + 1)(s — 7)(—8)) Hyn,

Ty=4(r+1)3(=s) — (r+1)2(s = 7r)2 + 18(r + 1)(s — 7)(—s) — 4(s — r)3 + 27(—s)%

(b): If 2°Ty + 22Ty + 23 + Ty = u(z — a)(z — b)(z — ¢) = 0 for some u,a,b,c € C with u # 0 and

a#b#c, ie,z=ao0rz=>borz=c then

n

Z KW — (n+3)2""201 + (n +2)2""0O2 + (n + 1)2"0O3 + 2204 + O3
kg 3227 + 2215 + '3 :

k=0
(c): If 2Ty + 2°Ty + 2T'3 + Ty = u(z — a)?(2 — b) = 0 for some u,a,b € C withu #0 and a £ b, i.e.,

z=a or z =" then for z = a we get

i KW (n+3)(n+2)2""101 + (n+2)(n+1)2"O + (n+ 1)nz""103 + 20,
g 6ZF1 + QFQ ’

and for z = b we get

n

Z KW = (n+3)2""201 + (n +2)2""O2 + (n + 1)2"O3 + 2204 + O3
it 3227 + 2215 + '3 '

k=0

(d): If 2°T1 + 22Tg + 23 + Ty = u(z — a)® = 0 for some u,a € C with u # 0, i.e., z = a, then

i W = (n+3)(n+2)(n+1)z2"01 + (n+2)(n+ 1)nz""1O5 + (n+ 1)n(n — 1)2" 203
mk+j — .
61"y

Proof. Replace r, s and t with r + 1, s — r, —s, respectively, in [51, Theorem 65]. [J

9. Generalized Horadam-Leonardo Polynomials: Generating Function
Now, we give generating function of the sequence Wp,,; and some special cases of its.

9.1. Generating Function of Generalized Horadam-Leonardo Polynomials via Generalized

o0
Horadam-Leonardo Polynomials. Next, we give the ordinary generating function Y Wi,,4;2" of the
n=0

sequence Wy,,+; (in terms of elements of the sequence of generalized Horadam-Leonardo polynomials).

o0
LEMMA 30. Suppose that |z| < min{|a|™"™,|8]7™,1}. Suppose that fw,,,., (2) = > Winns;2" is the
n=0

o0

generating function of the generalized Horadam-Leonardo polynomials {Wyn+;}. Then, > Winy 2™ is
n=0

given by

maty o 230 + 22T + 23 + Ty

where (as in Theorem 25 (a))
2’2@4 = 2’2((W0Wj+2 + (Wl — (T =+ l)Wo)Wj_H + (W2 — (’I“ + 1)W1 — (8 — ’I“)W())W )W2 +2 + ((W2 — (S —
T)Wo)Wj+2+((—S)W0+(T+1)(S—T‘)Wo)Wj+1+((S—T)2WO+((T+1)(8—7‘)+(—S))Wl—(S—T)WQ)W]')WTZ,HJ—F
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(=8)(WiWpo+(Wa—(r+ )W) W1 +(—s)WoW; ) W2 +(—(Wi+(r+ 1) Wo)Wigo+((r+1)>Wo—Wa) W11+
(=(r+)Wat (r+ 1)W1+ ((r+1) (s = 1) = (=8)) Wo) W) Win 1 Win g2 + (((r + YW1 = W) Wjo + ((r+ 1) Wa —
((s=7)+(r+ 1)W1 — (=) Wo) W1+ (=) ((r+ )Wo — W) W) Win 2 Wi + (s = 1)W1 — (=8) Wo) W2 +
((s = )Wz—((r+1)( =)+ (=s)Wi+ (r+ 1) (=s)Wo)Wjp1 + (=s)(=Wa + (r + 1)W1 + 2(s — )W) W)

W1 W),

205 = 2((WE = WoWo)Wjia+ ((—s)WE = WiWa + (r+ 1) WoWa + (s — r)WoW1) W1 + (—2W35 — (r+
1)2WE—(=s)(r+1)WE+3(r+ 1)W1 Wa+2(s—r)WoWa+(2(—s)— (s—7) (r+1)) Wo W1 )W; )W o+ (((—s) W3 —
WiWa + (r+ 1)WoWa + (s —r)WoW1 ) Wita+ (W3 — ((r+ 12+ (s—r))WoWa — ((r+1)(s —r) + (—s)) Wo W)
Wit +((r+ D)W =2((=s) + (r+1)(s =))W = 2(s =) (=)W + (2(s =) = (r + D) W1 W2 + (2(—s) —
(r+1)(s = r)WoWa — (2(s — r)* + (r + 1) (=) WoW1) W) Wi p1 + (W5 — (s = n)WF — (r + YW1 Wy —
(=) WoW1)Wigo+(—(r+1)WE+((r+1)(s—r)+(—s))WE+(r+1)2W1Wa— (—s) WoWa+ (r+1)(—s)WoW1)
W1+ (=8)(—(r+ D)W =2(=s)W§+2W 1 Wa — (r+ 1) WoWa —2(s —r)WoW1)W;) Wy, — (r+ 1) (—s) W W44
Wint1),

O = W5+ ((=8)+ (r+ 1) (s —r)W2 + (=5)2W3 —2(r + VW1 W2 — (s = r)WoWZ + ((r +1)% — (s —
P)WEWe+ ((s—7)2+ (r+1)(—=s))WoWZ +2(s — ) (=) WEW1 + (r+ 1) (—s)WeWa + ((r+1)(s —7) — 3(—s))
WoW Wa)W;,

and

2Ty = 23(—(=8)™"(W3 + ((=s) + (r + (s =))W + (=)W + ((r + 1)2 — (s — r))WEWa — 2(r +
DWiW3 — (s = 1)WoW3 + (r + 1)(=s)WEWa + ((s = 7)% + (r + 1)(=8)) WoWF +2(s — r) (=) WgW1 + ((r +
1)(s — 1) — 3(—5)) WolWa W),

22Ty = 22((3Wa—2(r+ 1)W1 — (s—r)Wo)W2 o+ (((r+1)2 = (s—7))Wa+(3(r+1)(s—r)+3(—s)) W1+ ((s—
P2 (4 1)(— ) Wo) W +1+< (1) W +2(s —r) Wi+ 3(—8)Wo) W2 + (—A(r+ )W +-2((r + 12— (s~
)Wt ((r+1)(s=7) =3(=5)Wo) W2 W1+ (=2(s =r)Wa+((r+1)(s =) =3(=s)) W1 +2(r +1)(—s)Wo)
Winto W, + ((r + 1) (s — 7") —3(=s))Wa+2((s = 7)2+ (r + 1)(—=s) )Wy +4(s — 7)(—=8)Wo) Wi 1 W),

T3 =2((=3W2+((s—71) = (r+1DHW2 — (=s)(r + HYWZ +4(r + YW1 Wa +2(s — r)WoWa + (3(—s) —
(s=7)(r+1)WoW)Wiio+ (r+1)W3 —B(r+1)(s—r)+3(—=8))WE—=2(s —7)(—=s)WZ + (2(s — 1) —2(r +
D)WLV + (3(—5) — (- 1)(s — r))WoWa — 2((5 — )2 + (- 1) (=) Wo W) Wonss + (s — )W — (5 — )2 +
(r+1)(=s))WE = 3(=8)*Wg + (3(—=s) — (r + 1)(s — r))W1Wa — 2(r + 1)(—s)WoWa — 4(s — r)(—s)Wo W)
Win),

Ly = WE+((=8)+(r+1)(s—r) WP+ (=) W5 =2(r+ DWiWF +((r+1)* = (s —1)) Wi Wa — (s —r) Wo W3 +
((s =72+ (r+ (=) WoWF + (r + 1) (=s) W5 W2 +2(s — 1) (—=s) WG W1 + ((r + 1)(s — 1) — 3(—s)) Wo W1 W2.

Proof. Replace r,s and t with r + 1, s — r, —s, respectively, in [51, Lemma 66]. O

Now, we consider special cases of the last Lemma.

COROLLARY 31. The ordinary generating functions of the sequences Wy, Way, Wani1, W_p, W_oy,

W_ont1 are given as follows:
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(a): (m=1,j=0,|z] <min{|a|™",|8]7",1}).

> w2 (Wo— (r+ )Wy — (s — r)Wo) + 2(Wy — (r + 1)Wo) + Wp
TLZ::OWWZ N s+ 22(-1)(s—7r)+2(-1)(r+1)+1 '

(b): (m=2,j=0,|z| <min{la|*,|8]7%,1}).

Z Wo o 22(—(s—r)Wo —r(r—s+ )Wy + (r2 —rs+ 52 + 8)Wy) + 2(Wa — (72 + 25 + 1)Wy) + Wy
me T 23(—s2) + 22(r2 + 82 4+ 25) + 2(—1)(r2 + 25 + 1) + 1 '

(c): (m=2,j=1,|2| <min{la|>,|5]7%,1}).

i W o 22(—s)(Wo — (r+ )Wy — (s = 7)Wo) + 2((r + D)Wo — (r2 + 7 + s+ L)Wy + (—s)Wy) + W,
o s 23(=8?) +22(r2 4+ s2+28) + 2(-1)(r2+2s+ 1) + 1 '

(d): (m=—1,5=0,[z[ <min{|a|, 5], 1}).

- n Z2Wit2(Wa = (r+ 1)W1) + (=)W
T;)W_nz = 23(_1> + 22(7“ + 1) + z(s — 7”) + (_5) .

(e): (m=—2,j=0,|z] <min{|al?,|8]%,1}).

i W om P2Wo+ 2(=(s —r)Wo —r(r — s+ D)Wy + (r + 1)(—s)Wp) + s2Wy
= e 23(=1) + 22(r2+2s+ 1) 4+ 2(—=1)(r2 + s2 + 2s) + 82 '

(£): (m =25 = L,|z| < minflaf*, |8%,1}).

2Z2((r+1)Wa+ (s — )Wy — sWy) + 2(—sWa — (r2 + 52 + 5 — rs)Wy — s(r — s)Wy) + s?°W;

oo
W_ "=
nZ:;J 2n+1%2 23(—=1) + 22(r2 + 25+ 1) + 2(—1)(r2 + 52 + 25) + 52

Proof. Replace r,s and ¢ with r + 1, s — r, —s, respectively, in [51, Corollary 67.]. O
As particular examples (generating functions of (r, s)-Horadam-Leonardo and (r, s)-Horadam-Leonardo-

Lucas polynomials), from the last Lemma, we obtain the following results

COROLLARY 32. Suppose that |z| < min{|a|™™ ,|8]”™,1}. One give the generating functions of (r,s)-

Horadam-Leonardo and (r, s)-Horadam-Leonardo-Lucas polynomials, respectively, as follows:

(a):

> n 22®4+Z@5 + O
ZGW”H’Z =3 2
0 ZF1+Z F2+ZF3+F4

where (as Theorem 25 (a))

2204 = 2%(G, oG+ (r+1)Gr 1 Gla+(—8)Gr 1 G+ (=5)G Gla — G 1 G2 Gl ya +
(5 = 1)GmGm11Gjr2 — (1 + 1)Grni1Gmi2Giv1 — (5 = 7)GnGmi2Giv1 — (=5)GmGmi1Giv1 —
(=8)GmGm2G)),

205 = 2(Gim12Git2—(r+1)Grm1Giro—(r+1) G2 Gip1—(s—1) GG pat (r+1)2Grn1 G —
2(=5)GjGms1 + ((—s) + (r +1)(s = 1))GGjp1 + (r + 1)(—5) G G,)),

06 = (—5)Gj,

and

2Ty = 23(=(=s)""),
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22Ty = 22((r+ 1)G2 1o+ (r+ 12 +2(r+ 1)(s = 7) + 3(=5))G% 1 + (=s)((r + 1)* + 2(s —
)G = 2((r +1)2 + (s = 7))Gms2Gmy1 — (3(=8) + (r + 1)(s = 7))Gr2Gm + ((r +1)%(s — 1) +
2(s —71)? = (r + 1)(~35))Gim+1Gm),
25 = 2((s = 1)Gmaz = (1 +1)(s = 7) + 3(=5))Gms1 = ((s = 1)* = 2(r + 1)(=5))Gm),
Ty =(—s).
(b):

i n_ 22@4 + 205 + Og
— mnty - Z3F1 + Z2F2 —|— ZF3 —|— F4

where (as Theorem 25 (a))

7204 = 2(BHjp2 — 2(r + DHj1 — (s — r)Hj)H7, 5 + ((r + 1) = (s — 7)) Hjp2 + 3((r +
D(s = 7) + (=) Hj1 + ((s = 7)* + (r + 1)(=9) Hj) H, 1y + (=8)((r + D Hjpz + 2(s — r)Hj1 +
B(=s)H;) Hy, + (—4(r+ 1) Hjpa +2((r+1)* = (s =) Hj1 + ((r+1)(s =) = 3(=5)) Hj) Hin 2 Hin 1 +
(=2(s =) Hjp2 + ((r + 1)(s = 7) = 3(=)) Hj1 + 2(r + 1)(=5)Hj) Hin 2 Hi + (((r + 1)(s —7) —
3(=8)Hji2 +2((s = )* + (r + 1)(=8)) Hj1 + 4(s — 7)(=8) H;) Hyn 1 Hr),

205 = 2((=2((r+1)?+3(s =) Hyp2+ 2(r+1)* + 7(r + 1)(s = 1) +9(=8)) Hj1 + ((r+1)*(s -
)+ 4(s = )7 = 3(r + D)(=8)) Hj) Himyz + (200 + 1)7 + 7(r + 1)(s = ) + 9(=9)) Hji2 — (2(r +
DA4+8(r+ 1) (s—7)+3(r+1)(=s) +2(s —r))Hjs1 — (r +1)3(s —r) +4(r + 1) (s — )% — (
1)?(=8) +6(s —7)(=8)) Hj) Hms1 + (((r +1)*(s =) = 3(r + 1)(=s) +4(s = 1)*) Hj2 — ((r +1)>(s —
r) A+ 1)(s—r)? = (r+1)%(=8) +6(s —r)(=5) Hjs1 = 2(=s5)((r +1)° +4(r +1)(s = 1) +9(=5))
H;j)H,, —9(r + 1)(—s)H,+1Hm+1),

O = (4(r+1)3(=s) — (r+1)2(s —r)2 —4(s — r)> + 27(—s)? + 18(r + 1) (s — r)(—s)) H;,

and

BTy = 23— (=) A+ 1)3(—s) — (r+1)2(s =2+ 18(r+ 1) (s 1) (=) — A(s— )3 +27(=5)?),

22Ty =22(((r+1)?2+3(s —r)HZ o+ (r+ D)* +4(r+ 1)%(s —7) + (s = )2 + 6(r + 1)(—s))
H2, 4 (=8) (4 1P 40+ 1) (s — 1)+ (=) 2, — 207+ 1)* +7(r+ 1)(5 1) +9(—5)) Hons2 Hn 11
—((r+12(s=7) =3(r + 1)(=5) +4(s = r)*) Hppyo Hpp + ((r + 1)*(s =) +4(r + 1)(s — 1) = (r +
1)?(=5) +6(s = 7)(=5)) Hmny1 Hm),

2Py =2(=4(r+1)3(=s) + (r+ 1)%(s = )2+ 4(s — )3 = 27(—5)?> = 18(r + 1)(s — r)(—8)) H.n,

Ty=4(r+1)3(=s) — (r+1)%(s —1r)2 —4(s — r)3 + 27(=5)? + 18(r + 1)(s — 7)(—5).

r

r4+

Proof. Replace r, s and t with r + 1, s — r, —s, respectively, in [51, Corollary 68.]. O

Some special cases of the last two Corollaries can be given as follows.

COROLLARY 33. One gives the ordinary generating functions of the sequences Gy, Gan, Gont1, G—n,

G_Qn, G—2n+1 and an Hgn, H2n+17 H_n, H_Qn, H—2n+1 as follows:
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(a): (m=1,j=0,|z] <min{|a|™",|8]7",1}).

> Gt - Z »
= 1—(r+1)z—(s—r)z2+sz3
i Hon - 3—2(r+1)z—(s —;‘)z2 '
= 1—(r+1)z—(s—r)z2+s23

(b): (m =2,7=0, |Z| < min{‘a|_2 ) |ﬂ‘_2 s 1})

iG o (r+1)z + ()22
o 2 1= (r2 425+ 1)z + (r2 + 52 + 25)22 — 223’

> . 3-2(r?+2s+1)z+ (r? + 5% 4 25)22
ZHQ"Z = 2 2 o2 2_ 2.3
o 1—(r242s+1)z+4 (12 + 52 + 25)22 — 2z

(c): (m=2,j=1,|z| <min{la| ?,|8]7%,1}).

iG o 1—(s—r)z

v et 1= (r2 425+ 1)z 4 (r2 + 52 4+ 25)22 — 223’
> n (r+1)+ (rs —2s —r —r?)z — s(r — s)2>
> Honp2" = 1_ (2 21 g2 2 _ 2,3
— —(r24+2s+ D)z + (r2 + s2 + 2s)22 — 52z

(d): (m=—1,j=0,[z[ <min{|a|, 5], 1}).

T;)G_nz" T ()t (s—1m)z+ (r+1)2— 23
> n 3(=s)+2(s—r)z+ (r+1)2°
T;)H_nz (=8 (s—mz+(r+1)22 - 23

(e): (m=—-2,j =0,z <min{la*,]5]*,1}).

f: G o — (=8)z+ (r+1)2°

n=0 o §2— (r2+s2+2s)z+ (r2 +2s +1)22 — 2%’

iH n 352 —2(r? + 5% 4+ 2s)z 4 (r* + 2s + 1)22
_op2t = ’

n=0 ? s2 — (r2 +s2 +2s)z+ (r? + 25+ 1)22 — 23

(£): (m=—2,j=1,|z| <min{lal*, 8], |7*}).

iG n s = (1" + 5" +2s) 2+ (P +r + 5 +1)2°
opt12" =
2 2n+1 22— (12 + 82 +28)z+ (r2 4 2s + 1)22 — 23

= n (r+1)(=8)2 = (r3 +r2 + 3rs + 752 +28)z + (r® + 3rs + 1)22
E H _5py12 2 (2 4 2 2 2_ .3 '
o 22— (r24+s2+28)z+ (2 +2s+1)22 -2

Proof. Replace r,s and t with r + 1, s — r, —s, respectively, in [51, Corollary 69.]. OJ
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9.2. Generating Function of Generalized Horadam-Leonardo Polynomials(via Generalized
Horadam-Leonardo Polynomials and (r,s)-Horadam-Leonardo Polynomials). (In terms of ele-
ments of the sequence of generalized Horadam-Leonardo polynomials and (r, s)-Horadam-Leonardo polyno-
mials) The ordinary generating function §0 Wint;2" of the sequence Wi,y can be given as follows.

ne

(o)
LEMMA 34. Suppose that |z| < min{|a|™™ ,[8]7™,|y|"™}. Assume that fw,,,, (2) = > Wyny;2™ is
’ n=0

oo
the generating function of the generalized Horadam-Leonardo polynomials {Winn+i}. Then, > Winy 2™ is
n=0

given by
iW n Z2®4+Z®5 + B¢
o
n=0 e 2301 4 22Ty 4 2T'3 + Ty

where (as in Theorem 27 (a))

2204 = 22(G s Wit H(r 1) Wygo+(=8) W) G 1+ (= 8) G Wi — (1 1) W14 Wit2) G 1 Grnpo —
((s =)W1 + (=8)W;)GnGrga + ((s = 1)Wjs2 — (=8)Wjt1)GmGmy1),

205 = 2(Wjt2 = (r+ D)W1) G+ (= (r+ D) Wipa + (r+1)°Wji1 = 2(=8)W;)Grp1 + (= (s =) Wjja +
(=)Wjs1 + (r+ 1)(s = r)Wjga) + (r + 1)(=s)W;)Gm),

O = (—s)W;

and

2Ty = 23(—(=s)™*),

2Ty = 22((r+1)Gh o+ ((r+1)° +2(r +1) (s =1) +3(=5))Gh 1 +((r+1)%(=8) +2(s —7)(=5))G7, —2((r+
124 (s=7)Gmi1Gmia— ((r+1)(s—7)+3(=8))GmGmia+ ((r+1)2(s—7)+2(s —7)2 = (r+1)(—=8)) G Gmi1),

25 = 2((5 = 7)Gmsz — (r+ 1) (s = 1) + 3(=8))Grmt1 + 2(r +1)(=s) = (s = 7)*)Gm),

Proof. Replace r, s and t with r + 1, s — r, —s, respectively, in [51, Lemma 70]. O
As particular example (generating functions of (r, s)-Horadam-Leonardo-Lucas polynomials), Lemma 34

gives the following result

COROLLARY 35. Suppose that |z| < min{|a|™™,|B8]7™,|7|"™}. one can gives the generating function of

(r, s)-Horadam-Leonardo-Lucas polynomials as follows:

i P 220, + 205 + O
mn+j% =
n=0 " 23Ty + 2209 + 213 + Ty

where (as in Theorem 27 (a))

2204 = 22(G7 o Hyjr1 +((r+1) Hjo+(—8)Hy)G7yy +(=8) G Hypo = (r+ 1) Hj1 + Hj2) Gy 1 Grpo —
(s =) Hjp1 + (=) H;) GGz + ((s = 1) Hjp2 — (=) Hj11) G Gig1),

205 = 2((Hjp2 — (r+ 1) Hj11)Gyo + (= (r+ 1) Hjso + (r +1)2 Hjp1 = 2(=8) Hj)Grpr + (= (s = 7) Hjpa +
(=8)Hjs1 + (r+ 1)(s = r)Hjpa) + (r + 1)(=5)H;)Gm),

O = (—s)H;
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and

2Ty = 2%(—(=s)"*),

22Ty = 22((r+1)G7 1o+ ((r+1)° +2(r+1)(s—7)+3(=5)) G711 +((r+1)*(=s) +2(s —7) (=) Go, —2((r+
1?4 (5=7)Gmi1Gmia = ((r+1)(s =) +3(=5)) GmGmia+ (r+1)*(s =) +2(s —7)* = (r+1)(=5)) G Gm1),

2Tz = 2((s = 1)Gmy2 — ((r+1)(s = ) + 3(=5))Gmr1 + 2(r + 1)(=5) = (s = 1)*)Gm),

F4 = (—S)

Proof. Replace r, s and t with r + 1, s — r, —s, respectively, in [51, Corollary 71.]. O

9.3. Generating Function of Generalized Horadam-Leonardo Polynomials(via Generalized
Horadam-Leonardo Polynomials and (r, s)-Horadam-Leonardo-Lucas Polynomials). (In terms of
elements of the sequence of generalized Horadam-Leonardo polynomials and (r, s)-Horadam-Leonardo-Lucas

[ee]
polynomials) The ordinary generating function ) Wi,pnq;2" of the sequence Wy, +; can be given as follows.
n=0

o0
LEMMA 36. Let |z| < min{|a|™™,|8]7™,|y|"™}. Assume that fw,,. ., (2) = > Winsj2" is the gen-
n=0

o0
erating function of the generalized Horadam-Leonardo polynomials {Wyuni;}. Then, Y Wing ;2™ is given
n=0

by

iW o Z2®4+Z®5 + B¢
s mnty o 230 + 22T + 23 + Ty

where (as in Theorem 29 (a))

2204 = 2((BWjs2 — 2(r + YWjga — (s = )W) H o + (((r +1)% = (s = 7)) Wjs2 + 3((r + 1)(s —
)+ (=)W1 + (s =r)* + (r+ (=) Wi Hiy + (=8)((r + DWjo +2(s = ) Wiia +3(=s) W) Hy, +
(—4(r + DWjg2 +2((r + 1)? = (s = 7)) W1 + ((r + 1)(s = 1) = 3(=3))W;) Hinyo Hipr + (=2(s = 1) Wiz +
((r+1)(s —7) = 3(=8))Wijt1 + 2(r + D)(=8)Wj) Hiny2 Hp + (((r + 1)(s — 1) = 3(=8))Wj42 +2((s —7)* +
(r+1)(=8))Wj1 +4(s = 1) (=) W) Hin1 Hm),

205 = 2((=2((r + 1)? +3(s = ))Wia + Q(r + 1> + 7(r + 1)(s = 1) + 9(=)Wji1 + ((r + 1)*(s = 1) —
3r+1)(=s)+4(s—r)> )W) Hpyo + (2r + 12 +7(r+ 1) (s —7) + 9(—8))Wpo —2((r + 1)* + 4(r + 1)(s —
)+ 6(r+1)(=s)+ (s =))Wt — (r+1)3(s = 1) +4(r+ 1)(s —7)2 — (r + 1)%(=s) + 6(s — r)(—s))W;)
Hypr 4 (((r+1)%(s =) +4(s =1)? =3(r + 1)(=5))Wyp2 = (4(r + 1)(s =r)* + (r+ 1)*(s =) = (r + 1)*(=s) +
6(s — ) (=8))Wjz1 — 2(=s)((r + 1)> + 4(r + 1)(s — ) + 9(=5))W;) Hpn),

O = (4(r+1)3(=s) = (r+1)*(s = 1) —4(s — )3 + 27(—s)? + 18(r + 1) (s — r)(—s))Wj,

and

201 = 23(—(=8)™(4(r +1)3(=s) — (r + D)?(s = r)2 + 18(r + 1)(s — r)(—s) — 4(s — )3 + 27(—3s)?)),

2Ty = 22(((r +1)* +3(s — 1) Hp, o + ((r + 1)* +4(r +1)*(s — 1) + (s = 1) + 6(r +1)(=s)) Hp, 1 +
(=) ((r+1)24+4(r+1)(s—7)+9(—=8)) H2,— (2(r+1)34+7(r+1) (s—7)+9(—8)) Hins2 Hiny 1 — ((r+1)?(s—7) +4(s—
P2 =3+ 1)(=8)) H 2 o+ (1) (5 1) (r+ 12 4 4(5— 1)) Hyng1 o — (=8)((r+ 12 = 6(5— 1)) o1 H),

2Ty = 2(=4(r +1)3(=s) + (r+ 1)2(s —=1r)2 +4(s — )3 = 27(=8)? = 18(r + 1)(s — 7)(—8)) H.n,

Ty=4(r+1)3(=s) — (r+1)*(s =) + 18(r + 1)(s — r)(—s) — 4(s — r)® + 27(—s)%
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Proof. Replace r, s and t with r + 1, s — r, —s, respectively, in [51, Lemma 72.]. O
As particular example (generating function of (r, s)-Horadam-Leonardo polynomials), from Lemma 36,

one gets the following result.

COROLLARY 37. Suppose that |z| < min{|a|™™,[8]"™,|y|”™}. One gives generating function of (r,s)-

Horadam-Leonardo polynomials as follows:

> n 2’2@4 + 205 + Og
Z Grntj2" = = 2
— 20 + 22Ty + 213 + 1y

where (as in Theorem 29 (a))

7204 = 2((3G 42 =2(r+1)G 41— (s—7)Gj) Hp, o+ (((r+1)? = (s—7)) Gia+3((r+1) (s—7)+(=5))Gja +
((s=7)2+(r+1)(=8))G)Hp 11 +(=5)((r+1)Gj2+2(s —7)G 1 +3(=5)Gj) Hy, + (—4(r +1)Gjaa +2((r +
1)? = (s =1))Gj1+((r+1)(s =) = 3(=8))Gj) Hint2 Hmi1 + (—2(s = 1) G2+ (r+1) (s =) = 3(—5)) Gj1 +
2(r + 1)(=8)G ) Hmso Ho + (((r+ 1)(s = 1) = 3(=5)) G2+ 2((s = 1)* + (r + 1)(=5))Gju1 + 4(s = 1) (=5)G;)
Hy11Him),

205 = 2((=2((r + 1)* +3(s = 1)) Gjpa + 2+ 1° + 7(r + 1)(s = 1) +9(=5)) G + ((r + 1)*(s —7) =
3(r+1)(—=s)+4(s —1)2)G)Hpiz + (2(r + 12+ 7(r+ 1) (s —7) + 9(—5))Gjr2 — 2((r + 1)* + 4(r + 1)%(s —
) +6(r+1)(=s)+(s—7r)2)Gjp1 — ((r+1)3(s—r)+4(r+1)(s—1)2 = (r + 1)%(=s) + 6(s — r)(—s))G;)
Hypr 4 ((r+1)%(s =) +4(s =7)? =3(r + 1)(=5))Gj2 — (A(r + D(s = )2 + (r+ 1)* (s =) = (r+ 1)*(—s) +
6(s = )(=5))Gjt1 — 2(=s)((r + 1)° +4(r + 1)(s — ) + 9(=5))G;) Hpn),

O = (A(r+1)3(=s) = (r+1)2(s —r)2 —4(s —r)3 + 27(—s)2 + 18(r + 1)(s — 7)(—s))Gj,

and

2Ty =2 (=(=s)"(A(r + 1)°(=5) = (r + 1)*(s = 1)* + 18(r + 1)(s — 7)(=s) — 4(s — 7)° + 27(—s)?)),

2Ty =22(((r+1)2+3(s —r)HZ o+ (r+ D)*+4(r+1)%(s =) + (s = )2 + 6(r + 1)(—s))HZ 1 +
(=s)((r+1)34+4(r+1)(s—r)+9(—8)) H2, — (2(r+1)34+7(r+1) (s—7)+9(—8)) Hin 2 Himt1— ((r+1)%(s—r)+4(s—
P2 =307+ 1) (=5)) g2 Hn 4 (7 1) (5 =) (-4 124405 — 1) Hy 1 Hon — () ((r-+ 12 = 6(5 — 1) o1 Ho),

2Ty =2(=4(r+1)3(=s) + (r+ 1)2(s = 1r)2 +4(s — )3 = 27(=8)? = 18(r + 1)(s — 7)(—5)) H.n,

Ty=4(r+1)3(=s)— (r+1)%(s—1)2+18(r + 1)(s — r)(—s) — 4(s — r)> + 27(—5)2.

Proof. Replace r,s and ¢ with r + 1, s — r, —s, respectively, in [51, Corollary 73.]. O

10. Conclusions

The Fibonacci and Lucas sequences are sources of many nice and interesting identities. For the applica-
tions of these second order sequences in science and nature, one refer the citations in [24,25,26].

In this study, we define and investigate a linear third order polynomial (and two special cases of its).
We called them the generalized Horadam-Leonardo polynomials (and (r, s)-Horadam-Leonardo and (r, s)-

Horadam-Leonardo-Lucas polynomials). Binet’s formulas, generating functions, Simson formulas, and the
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summation formulas for these polynomial sequences are presented. Then, some identities and matrices
related to these polynomials are given.

Linear recurrence relations (sequences) have many applications. Next, we list applications of sequences
which are linear recurrence relations.

First, some applications of second order sequences are given. For the applications of

e Gaussian Fibonacci and Gaussian Lucas numbers to Pauli Fibonacci and Pauli Lucas quaternions,
see [2].

e Pell Numbers to the solutions of three-dimensional difference equation systems, see [5].

e Jacobsthal numbers to special matrices, see [68].

e generalized k-order Fibonacci numbers to hybrid quaternions, see [19].

e Fibonacci and Lucas numbers to Split Complex Bi-Periodic numbers, see [64].

e generalized bivariate Fibonacci and Lucas polynomials to matrix polynomials, see [65].

e generalized Fibonacci numbers to binomial sums, see [63].

e generalized Jacobsthal numbers to hyperbolic numbers, see [35].

e generalized Fibonacci numbers to dual hyperbolic numbers, see [36].

e Laplace transform and various matrix operations to the characteristic polynomial of the Fibonacci
numbers, see [11].

e generalized Fibonacci Matrices to Cryptography, see [31].

e higher order Jacobsthal numbers to quaternions, see [29].

e Fibonacci and Lucas Identities to Toeplitz-Hessenberg matrices, see [17].

e Fibonacci numbers to lacunary statistical convergence, see [4].

e Fibonacci numbers to lacunary statistical convergence in intuitionistic fuzzy normed linear spaces,
see [21].

e Fibonacci numbers to ideal convergence on intuitionistic fuzzy normed linear spaces, see [22].

o k-Fibonacci and k—Lucas numbers to spinors, see [27].

e dual-generalized complex Fibonacci and Lucas numbers to Quaternions, see [61].

e Hyperbolic Fibonacci numbers to Quaternions, see [9].
Now, some applications of third order sequences are given. For the applications of

e third order Jacobsthal numbers and Tribonacci numbers to quaternions, see [7] and [6], respectively.
e Tribonacci numbers to special matrices, see [66].

e Padovan numbers and Tribonacci numbers to coding theory, see [33] and [3], respectively.

e Pell-Padovan numbers to groups, see [10].

e adjusted Jacobsthal-Padovan numbers to the exact solutions of some difference equations, see [18].
e Gaussian Tribonacci numbers to various graphs, see [60].

e third-order Jacobsthal numbers to hyperbolic numbers, see [12].
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e Narayan numbers to finite groups see [23].

o generalized third-order Jacobsthal sequence to binomial transform, see [37].
e generalized Generalized Padovan numbers to Binomial Transform, see [38].
e generalized Tribonacci numbers to Gaussian numbers, see [39].

o generalized Tribonacci numbers to Sedenions, see [40].

e Tribonacci and Tribonacci-Lucas numbers to matrices, see [41].

e generalized Tribonacci numbers to circulant matrix, see [42].

e Tribonacci and Tribonacci-Lucas numbers to hybrinomials, see [62].

e hyperbolic Leonardo and hyperbolic Francois numbers to quaternions, see [13].
Next, list of some applications of fourth order sequences are given. For the applications of

e Tetranacci and Tetranacci-Lucas numbers to quaternions, see [43].
e generalized Tetranacci numbers to Gaussian numbers, see [44].
e Tetranacci and Tetranacci-Lucas numbers to matrices, see [45].

e generalized Tetranacci numbers to binomial transform, see [46].
Now, some applications of fifth order sequences are given. For the applications of

e Pentanacci numbers to matrices, see [34].
o generalized Pentanacci numbers to quaternions, see [48].
e generalized Pentanacci numbers to binomial transform, see [47].
Next, some applications of second order sequences of polynomials are given. For the applications
of
e generalized Fibonacci Polynomials to the summation formulas, see [49].
e generalized Fibonacci Polynomials, see [50].
Now, some applications of third order sequences of polynomials are given. For the applications
of

o generalized Tribonacci Polynomials, see [51].
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