
Generalized Horadam-Leonardo Numbers and Polynomials

Abstract. In this paper, we introduce and investigate some linear third order polynomials called the

generalized Horadam-Leonardo polynomials (and its two special cases, namely), (r; s)-Horadam-Leonardo

and (r; s)-Horadam-Leonardo-Lucas polynomials. We present Binet�s formulas, generating functions, Simson

formulas, and the summation formulas for these polynomial sequences. Moreover, we give some identities

and matrices related to these polynomials.
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1. Introduction: Generalized Fibonacci (Horadam) Polynomials

Before de�ning and investigating the generalized Horadam-Leonardo polynomials we recall the de�nition

and some properties of Horadam polynomials and its two special cases. The generalized Fibonacci polynomi-

als (or Horadam polynomials or x-Horadam numbers or generalized (r(x); s(x))-polynomials or (r(x); s(x))

Horadam polynomials or 2-step Fibonacci polynomials)

fVn(V0(x); V1(x); r(x); s(x))gn�0

(or fVn(x)gn�0 or shortly fVngn�0) is de�ned as follows:

Vn(x) = r(x)Vn�1(x) + s(x)Vn�2(x); V0(x) = a(x); V1(x) = b(x); n � 2 (1.1)

where V0(x); V1(x) are arbitrary complex (or real) polynomials with real coe¢ cients and r(x) and s(x) are

polynomials with real coe¢ cients with r(x) 6= 0; s(x) 6= 0:

The sequence fVngn�0 can be extended to negative subscripts by de�ning

V�n(x) = �
r(x)

s(x)
V�(n�1)(x) +

1

s(x)
V�(n�2)(x)

1
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for n = 1; 2; 3; ::: when s(x) 6= 0: Therefore, recurrence (1.1) holds for all integers n: Note that V�n(x) need

not to be a polynomial in the ordinary sense.

For some references on special cases of second-order linear recurrence sequences of polynomials and

numbers, see for instance [4,5,6,14,15,24,25] for papers and [1,3,7,8,9,13,23] for books.

Binet�s formula of generalized Fibonacci (Horadam) polynomials can be calculated using its characteristic

equation (the quadratic equation, polynomial) which is given as

y2 � r(x)y � s(x) = 0: (1.2)

The roots of characteristic equation are

�(x) := � =
r(x) +

p
r2(x) + 4s(x)

2
; �(x) := � =

r(x)�
p
r2(x) + 4s(x)

2
; (1.3)

and the followings hold

�+ � = r(x);

�� = �s(x);

(�� �)2 = (�+ �)2 � 4�� = r2(x) + 4s(x);

r(x)� 2� = �(�� �);

r(x)� 2� = �� �;

(r(x)� 2�)(r(x)� 2�) = �(�� �)2 = �(r2(x) + 4s(x)):

If the roots � and � of characteristic equation (1.2) are distinct, i.e., � 6= � then r2(x) + 4s(x) 6= 0 and if

the roots � and � of characteristic equation (1.2) are equal, i.e., � = � then (1.2) can be written as

y2 � r(x)y � s(x) = (y � �)2 = y2 � 2�y + �2 = 0

and, in this case,

� =
r(x)

2
; r(x) = 2�; s(x) = ��2 = �r

2(x)

4
; r2(x) + 4s(x) = 0:

Now, we de�ne two special cases of the polynomials Vn(x). (r(x); s(x))-Fibonacci polynomials fMn(0; 1; r(x); s(x))gn�0
(or shortly Mn(x)) and (r(x); s(x))-Lucas polynomials fNn(2; r(x); r(x); s(x))gn�0 (or shortly Nn(x)) are

de�ned, respectively, by the second-order recurrence relations

Mn+2(x) = r(x)Mn+1 + s(x)Mn(x); M0(x) = 0;M1(x) = 1; (1.4)

Nn+2(x) = r(x)Nn+1 + s(x)Nn(x); N0(x) = 2; N1(x) = r(x): (1.5)
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GENERALIZED HORADAM-LEONARDO NUMBERS AND POLYNOMIALS 3

The (sequences of polinomials) fMn(x)gn�0 and fNn(x)gn�0 can be extended to negative subscripts by

de�ning

M�n(x) = �r(x)
s(x)

M�(n�1)(x) +
1

s(x)
M�(n�2)(x);

N�n(x) = �r(x)
s(x)

N�(n�1)(x) +
1

s(x)
N�(n�2)(x);

for n = 1; 2; 3; ::: respectively. Therefore, recurrences (1.4) and (1.5) hold for all integers n:

NOTE: For the sake of simplicity throughout the rest of the paper we use

Vn; r; s; V0; V1; �; �;Mn; Nn;M0;M1; N0; N1

instead of

Vn(x); r(x); s(x); V0(x); V1(x); �(x); �(x);Mn(x); Nn(x);M0(x);M1(x); N0(x); N1(x);

respectively. For example, we write

Vn = rVn�1 + sVn�2; V0 = a; V1 = b; n � 2

for the equation (1.1).

Using the roots �; � and recurrence relation (1.1), Binet�s formula of Vn can be given as follows:

Theorem 1.

(a): (Distinct Roots Case: � 6= �) Binet�s formula of generalized Fibonacci (Horadam) polynomials

is

Vn =
r1�

n

�� � +
r2�

n

� � � =
r1�

n � r2�n

�� � (1.6)

where

r1 = V1 � �V0; r2 = V1 � �V0:

(b): (Single Root Case: � = �) Binet�s formula of generalized Fibonacci (Horadam) polynomials is

Vn = (D1 +D2n)�
n (1.7)

where

D1 = V0;

D2 =
1

�
(V1 � �V0) :

Note that Binet�s formulas of Mn and Nn can be given, respectively, as follows:

Mn =

8><>:
�n � �n

�� � ; if � 6= � (Distinct Roots Case)

n�n�1 ; if � = � (Single Root Case)
;

Nn =

8<: �n + �n ; if � 6= � (Distinct Roots Case)

2�n ; if � = � (Single Root Case)
:
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Now, we de�ne two sequences related to (r; s)-Fibonacci polynomials and (r; s)-Fibonacci-Lucas poly-

nomials. For r; s satisfying Eq. (1.4) and (1.5), (r; s)-Horadam-Leonardo polynomials and (r; s)-Horadam-

Leonardo-Lucas polynomials are de�ned as

Gn(x) = rGn�1(x) + sGn�2(x) + 1 with G0(x) = 0; G1(x) = 1; n � 2; (1.8)

and

Hn(x) = rHn�1(x) + sHn�2(x) + (1� s� r) with H0(x) = 3;H1(x) = r + 1; n � 2; (1.9)

respectively.

Note that G2(x) = r+1 and H2(x) = r2+2s+1: The �rst few values of Horadam-Leonardo polynomials

and Horadam-Leonardo-Lucas polynomials are

0; 1; r + 1; r2 + r + s+ 1; r3 + r2 + r + 2rs+ s+ 1; :::

and

3; r + 1; r2 + 2s+ 1; r3 + 3sr + 1; r4 + 4r2s+ 2s2 + 1; :::

respectively. Note also that from the equations (1.8) and (1.9), we get

sGn�3(x) = Gn�1(x)� rGn�2(x)� 1;

sHn�3(x) = Hn�1(x)� rHn�2(x)� (1� s� r);

and so the sequences fGn(x)g and fHn(x)g satisfy the following third order linear recurrences:

Gn(x) = (r + 1)Gn�1(x) + (s� r)Gn�2(x)� sGn�3(x); (1.10)

Hn(x) = (r + 1)Hn�1(x) + (s� r)Hn�2(x)� sHn�3(x): (1.11)

Remark 2. Note that if 1� s� r = 0; i.e., s = 1� r, r = 1� s, then we see from (1.9) and (1.11) that

the sequence fHn(x)g both have second order and third order linear relations. In this case, we get

H2(x) = r
2 + 2s+ 1 = r2 � 2r + 3 = s2 + 2:

In this paper, we also consider and investigate the case 1 � s � r = 0 by considering it in the general case,

i.e. in (1.9) and (1.11) that is (2.3):

Note that if we de�ne a sequence of polynomials as

Yn(x) = rYn�1(x) + sYn�2(x) + c(x); with Y0(x) = d1(x); Y1(x) = d2(x); n � 2

where r; s satisfying Eq. (1.1) and Y0(x); Y1(x) are arbitrary complex (or real) polynomials with real coe¢ -

cients and c(x) is a polynomial with real coe¢ cients; then since

sYn�3(x) = Yn�1(x)� rYn�2(x)� c(x);

we get

Yn(x) = (r + 1)Yn�1(x) + (s� r)Yn�2(x)� sYn�3(x):
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GENERALIZED HORADAM-LEONARDO NUMBERS AND POLYNOMIALS 5

2. Generalized Horadam-Leonardo Polynomials

In this section, for r; s satisfying Eq. (1.1), we de�ne and investigate a new sequence and its two special

cases, namely the generalized Horadam-Leonardo, (r; s)-Horadam-Leonardo and (r; s)-Horadam-Leonardo-

Lucas polynomials.

For r; s satisfying Eq. (1.1), generalized Horadam-Leonardo polynomials fWngn�0 = fWn(W0;W1;W2; r+

1; s� r;�s)gn�0 (or shortly fWn(x)gn�0) is de�ned by the third-order recurrence relation

Wn(x) = (r + 1)Wn�1(x) + (s� r)Wn�2(x)� sWn�3(x) (2.1)

with the initial valuesW0(x) = c0(x);W1(x) = c1(x);W2(x) = c2(x) not all being zero andW0(x);W1(x);W2(x) are

arbitrary complex (or real) polynomials with real coe¢ cients.

The sequence fWn(x)gn�0 can be extended to negative subscripts by de�ning

W�n(x) =
s� r
s
W�(n�1)(x) +

r + 1

s
W�(n�2)(x)�

1

s
W�(n�3)(x)

for n = 1; 2; 3; :::: Therefore, recurrence (2.1) holds for all integer n: Note that for n � 1; W�n(x) need not

to be a polynomial in the ordinary sense.

Generalized Horadam-Leonardo polynomial are special cases of generalized Tribonacci polynomials, for

some references on generalized Tribonacci polynomials and its special cases, see for example [2,10,11,12].

Note that the sequences fGn(x)g and fHn(x)g which are de�ned in the section Introduction, are the

special cases of the generalized Horadam-Leonardo (sequence of) polynomials fWn(x)g. For convenience,

we can give the de�nition of these two special cases of the sequence fWn(x)g in this section as well. (r; s)-

Horadam-Leonardo and (r; s)-Horadam-Leonardo-Lucas polynomials are de�ned, respectively, by the third-

order recurrence relations

Gn(x) = (r + 1)Gn�1(x) + (s� r)Gn�2(x)� sGn�3(x); (2.2)

G0(x) = 0; G1(x) = 1; G2(x) = r + 1;

and

Hn(x) = (r + 1)Hn�1(x) + (s� r)Hn�2(x)� sHn�3(x); (2.3)

H0(x) = 3;H1(x) = r + 1;H2(x) = r
2 + 2s+ 1:

The sequences fGn(0; 1; r + 1; r + 1; s� r;�s)gn�0 and fHn(3; r + 1; r2 + 2s+ 1; r + 1; s� r;�s)gn�0 can

be extended to negative subscripts by de�ning

G�n(x) =
s� r
s
G�(n�1)(x) +

r + 1

s
G�(n�2)(x)�

1

s
G�(n�3)(x);

H�n(x) =
s� r
s
H�(n�1)(x) +

r + 1

s
H�(n�2)(x)�

1

s
H�(n�3)(x);

for n = 1; 2; 3; ::: respectively.
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Remark 3. For the sake of simplicity throughout the rest of the paper, we use

Wn;W0;W1;W2; Gn; G0; G1; G2;Hn;H0;H1;H2;

instead of

Wn(x);W0(x);W1(x);W2(x); G(x); G0(x); G1(x); G2(x);H(x);H0(x);H1(x);H2(x)

respectively, unless otherwise stated. For example, we write

Wn = (r + 1)Wn�1 + (s� r)Wn�2 � sWn�3; W0 = c0;W1 = c1;W2 = c2; n � 3

for the equation (2.1). Also we write Un; U0; U1; U2 instead of Un(x) with initial conditions U0(x); U1(x); U2(x)

for any subsequence fUn(x)g of fWng.

When r; s;W0;W1;W2 are real numbers we call generalized Horadam-Leonardo, (r; s)-Horadam-Leonardo

and (r; s)-Horadam-Leonardo-Lucas polynomials as generalized Horadam-Leonardo, (r; s)-Horadam-Leonardo

and (r; s)-Horadam-Leonardo-Lucas numbers (sequences).

Some special cases of generalized Horadam-Leonardo sequence are given as follows (Table 1):

Table 1 A few special cases of generalized Horadam-Leonardo sequence.

No Sequences (Numbers) r; s Notation References

1 Generalized Leonardo r = 1; s = 1 fWn(W0;W1;W2; 2; 0;�1)g [17]

2 Generalized John r = 2; s = 1 fWn(W0;W1;W2; 3;�1;�1)g [18]

3 Generalized Ernst r = 1; s = 2 fWn(W0;W1;W2; 2; 1;�2)g [19]

4 Generalized Pisano r = 1; s = � 1
4 fWn(W0;W1;W2; 2;� 5

4 ;
1
4 )g [20]

5 Generalized Edouard r = 6; s = �1 fWn(W0;W1;W2; 7;�7; 1)g [21]

6 Generalized Bigollo r = 3; s = �2 fWn(W0;W1;W2; 4;�5; 2)g [22]
Next, we present the �rst few values of the (r; s)-Horadam-Leonardo and (r; s)-Horadam-Leonardo-Lucas

polynomials with positive and negative subscripts (Table 2):

Table 2. The �rst few values of the special third-order numbers with positive and negative subscripts:

n 0 1 2 3 4

Gn 0 1 r + 1 r2 + r + s+ 1 r3 + r2 + r + 2rs+ s+ 1

G�n 0 � 1
s

1
s2 (r � s) � 1

s3

�
s� rs+ r2 + s2

�
Hn 3 r + 1 r2 + 2s+ 1 r3 + 3sr + 1 r4 + 4r2s+ 2s2 + 1

H�n � 1
s (r � s)

1
s2

�
r2 + s2 + 2s

�
� 1
s3

�
r3 + 3rs� s3

�
1
s4

�
r4 + 4r2s+ s4 + 2s2

�
Some special cases of (r; s)-Horadam-Leonardo sequence fGn(0; 1; r + 1; r + 1; s � r;�s)g and (r; s)-

Horadam-Leonardo-Lucas sequence fHn(3; r + 1; r2 + 2s+ 1; r + 1; s� r;�s)g are given as follows:

(1) Gn(0; 1; 2; 2; 0;�1) = Gn; modi�ed Leonardo sequence, see [17].

(2) Hn(3; 2; 4; 2; 0;�1) = Hn; Leonardo-Lucas sequence, see [17].

(3) Gn(0; 1; 3; 3;�1;�1) = Jn; John sequence, see [18].

(4) Hn(3; 3; 7; 3;�1;�1) = Hn; John-Lucas sequence, see [18].
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(5) Gn(0; 1; 2; 2; 1;�2) = En; Ernst sequence, see [19].

(6) Hn(3; 2; 6; 2; 1;�2) = Hn; Ernst-Lucas sequence, see [19].

(7) Gn(0; 1; 2; 2;� 5
4 ;

1
4 ) = Pn; Pisano sequence, see [20].

(8) Hn(3; 2; 32 ; 2;�
5
4 ;

1
4 ) = Rn; Pisano-Lucas sequence, see [20].

(9) Gn(0; 1; 7; 7;�7; 1) = En; Edouard sequence, see [21].

(10) Hn(3; 7; 35; 7; 7;�7; 1) = Kn; Edouard-Lucas sequence, see [21].

(11) Gn(0; 1; 4; 4;�5; 2) = Bn; Bigollo sequence, see [22].

(12) Hn(3; 4; 6; 1; 4;�5; 2) = Cn; Bigollo-Lucas sequence, see [22].

The characteristic equation (the cubic equation, auxiliary equation, polynomial) of Wn is given as

y3 � (r + 1)y2 � (s� r)y + s = (y2 � ry � s)(y � 1) = 0: (2.4)

The roots of characteristic equation are

� =
r +

p
r2 + 4s

2
; � =

r �
p
r2 + 4s

2
; 
 = 1;

where � and � are as in (1.3).

We next present Binet�s formula of generalized Horadam-Leonardo polynomials

Corollary 4. Binet�s formula of generalized Horadam-Leonardo polynomials is given as follows ac-

cording to the roots of characteristic equation (2.4):

(a): (Three Distinct Roots Case: � 6= � 6= 
 = 1)

Wn =
W2 � (� + 1)W1 + �W0

(�� �)(�� 1) �n +
W2 � (�+ 1)W1 + �W0

(� � �)(� � 1) �n +
W2 + (�(r + 1) + 1)W1 + (�s)W0

(�s)� (r + 1) + 2

=
(�W2 + �(�(r + 1) + �)W1 + (�s)W0)

(r + 1)�2 + 2((s� r)� r)�+ 3(�s) �n +
(�W2 + �(�(r + 1) + �)W1 + (�s)W0)

(r + 1)�2 + 2((s� r)� r)� + 3(�s)
�n

+
W2 + (�(r + 1) + 1)W1 + (�s)W0

(r + 1) + 2((s� r)� r) + 3(�s) :

(b): (Two Distinct Roots Case: � 6= � = 
 = 1)

Wn =
1

(1� (�s))2
((W2�2W1+W0)�

n+(�W2+2W1+(�s) ((�s)� 2)W0)+(1� (�s)) (W2�

(1 + (�s))W1 + (�s)W0)n):

(c): (Single Root Case: � = � = 
 = 1 =
(r + 1)

3
)

Wn =
1

2
(n(n� 1)W2 � 2n(n� 2)W1 + (n� 1)(n� 2)W0):

Proof. Replace r; s and t with r + 1; s� r; �s; respectively, in [16, Corollary 7.]. �
Next, we give the ordinary generating function

1P
n=0

Wnz
n of the sequence Wn:
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Lemma 5. Suppose that fWn
(z) =

1P
n=0

Wnz
n is the ordinary generating function of the generalized

Horadam-Leonardo (sequence of) polynomials fWngn�0: Then,
1P
n=0

Wnz
n is given by

1X
n=0

Wnz
n =

W0 + (W1 � (r + 1)W0)z + (W2 � (r + 1)W1 � (s� r)W0)z
2

1� (r + 1)z � (s� r)z2 � (�s)z3 :

Proof. Replace r; s and t with r + 1; s� r; �s; respectively, in [16, Lemma 9.]. �
The last Lemma gives the following results as particular examples (generating functions of (r; s)-Horadam-

Leonardo and (r; s)-Horadam-Leonardo-Lucas polynomials).

Corollary 6. Generating functions of (r; s)-Horadam-Leonardo and (r; s)-Horadam-Leonardo-Lucas

polynomials are
1X
n=0

Gnz
n =

z

1� (r + 1)z � (s� r)z2 � (�s)z3 ;

1X
n=0

Hnz
n =

3� 2(r + 1)z � (s� r)z2
1� (r + 1)z � (s� r)z2 � (�s)z3 ;

respectively.

Proof. In the last Lemma, take Wn = Gn with G0 = 0; G1 = 1; G2 = (r + 1) and Wn = Hn with

H0 = 3;H1 = (r + 1);H2 = r
2 + 2s+ 1; respectively. �

Next, we present Binet�s formulas of (r; s)-Horadam-Leonardo and (r; s)-Horadam-Leonardo-Lucas poly-

nomials as a special case of Corollary 4.

Corollary 7. For all integers n; Binet�s formulas of (r; s)-Horadam-Leonardo and (r; s)-Horadam-

Leonardo-Lucas polynomials are given as follows:

(a): (Three Distinct Roots Case: � 6= � 6= 
 = 1)

Gn =
�n+1

(�� �)(�� 1) +
�n+1

(� � �)(� � 1) +
1

(1� �)(1� �)

=
�n+2

(r + 1)�2 + 2(s� r)�+ 3(�s) +
�n+2

(r + 1)�2 + 2(s� r)� + 3(�s)
+

1

(r + 1) + 2(s� r) + 3(�s) ;

Hn = �n + �n + 1:

(b): (Two Distinct Roots Case: � 6= � = 
 = 1)

Gn =
�n+1 + ((1� �)n� �)

(1� �)2
; Hn = �

n + 2:

(c): (Single Root Case: � = � = 
 = 1 =
(r + 1)

3
)

Gn =
n(n+ 1)

2
; Hn = 3:

Proof. In Corollary 4, take Wn = Gn with G0 = 0; G1 = 1; G2 = (r + 1) and Wn = Hn with

H0 = 3;H1 = (r + 1);H2 = r
2 + 2s+ 1; respectively. �
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3. Simson�s Formulas of Horadam-Leonardo Polynomials

The following theorem gives Simson�s formula of the generalized Horadam-Leonardo polynomials fWng.

Theorem 8 (Simson�s Formula of Generalized Horadam-Leonardo Polynomials). For all integers n; we

have ���������
Wn+2 Wn+1 Wn

Wn+1 Wn Wn�1

Wn Wn�1 Wn�2

��������� = (�s)
n

���������
W2 W1 W0

W1 W0 W�1

W0 W�1 W�2

��������� : (3.1)

Proof. Replace r; s and t with r + 1; s� r; �s; respectively, in [16, Theorem 33.]. �
The previous theorem gives the following results as particular examples.

Corollary 9. For all integers n; Simson�s formula of (r; s)-Horadam-Leonardo and (r; s)-Horadam-

Leonardo-Lucas polynomials are given as���������
Gn+2 Gn+1 Gn

Gn+1 Gn Gn�1

Gn Gn�1 Gn�2

��������� = �(�s)
n�1;

���������
Hn+2 Hn+1 Hn

Hn+1 Hn Hn�1

Hn Hn�1 Hn�2

��������� = (r
2 + 4s)(r + s� 1)2(�s)n�2

respectively.

Note also that (3.1) can be written as���������
Wn+m+2 Wn+m+1 Wn+m

Wn+m+1 Wn+m Wn+m�1

Wn+m Wn+m�1 Wn+m�2

��������� = (�s)
n+m

���������
W2 W1 W0

W1 W0 W�1

W0 W�1 W�2

���������
for all integers n;m:

We de�ne

�W (n) = W 3
n+2 � r(r � s+ 1)W 3

n+1 + (�s)2W 3
n � 2(r + 1)Wn+1W

2
n+2 � (s� r)WnW

2
n+2

+(r2 + 3r � s+ 1)Wn+2W
2
n+1 + ((r + 1)(�s) + (s� r)2)WnW

2
n+1

+(r + 1)(�s)W 2
nWn+2 + 2(s� r)(�s)W 2

nWn+1 � (r2 + r � 4s� rs)Wn+2Wn+1Wn

Then

�W (0) = W 3
2 � r(r � s+ 1)W 3

1 + (�s)2W 3
0 � 2(r + 1)W1W

2
2 � (s� r)W0W

2
2 (3.2)

+(r2 + 3r � s+ 1)W2W
2
1 + ((r + 1)(�s) + (s� r)2)W0W

2
1

+(r + 1)(�s)W 2
0W2 + 2(s� r)(�s)W 2

0W1 � (r2 + r � 4s� rs)W2W1W0:

Simson�s formulas of Wn; Gn Hn can be given in the following forms.

Lemma 10. For all integers n; we have

UNDER PEER REVIEW



(a): �W (n) = (�s)n�W (0); i.e.,

W 3
n+2 � r(r � s+ 1)W 3

n+1 + (�s)2W 3
n � 2(r + 1)Wn+1W

2
n+2 � (s� r)WnW

2
n+2

+(r2 + 3r � s+ 1)Wn+2W
2
n+1 + ((r + 1)(�s) + (s� r)2)WnW

2
n+1

+(r + 1)(�s)W 2
nWn+2 + 2(s� r)(�s)W 2

nWn+1 � (r2 + r � 4s� rs)Wn+2Wn+1Wn

= (�s)n(W 3
2 � r(r � s+ 1)W 3

1 + (�s)2W 3
0 � 2(r + 1)W1W

2
2 � (s� r)W0W

2
2

+(r2 + 3r � s+ 1)W2W
2
1 + (r

2 + s2 � s� 3rs)W0W
2
1 + (r + 1)(�s)W 2

0W2

+2(s� r)(�s)W 2
0W1 � (r2 + r � 4s� rs)W2W1W0):

(b): �G(n) = (�s)n�G(0) = (�s)n+1; i.e.,

G3n+2 � r(r � s+ 1)G3n+1 + (�s)2G3n � 2(r + 1)Gn+1G2n+2 � (s� r)GnG2n+2

+(r2 + 3r � s+ 1)Gn+2G2n+1 + (r2 + s2 � s� 3rs)GnG2n+1

+(r + 1)(�s)G2nGn+2 + 2(s� r)(�s)G2nGn+1 � (r2 + r � 4s� rs)Gn+2Gn+1Gn

= (�s)n+1:

(c): �H(n) = (�s)n�H(0) = �(r2 + 4s)(r + s� 1)2(�s)n; i.e.,

H3
n+2 � r(r � s+ 1)H3

n+1 + (�s)2H3
n � 2(r + 1)Hn+1H2

n+2 � (s� r)HnH2
n+2

+((r + 1)2 � (s� r))Hn+2H2
n+1 + ((r + 1)(�s) + (s� r)2)HnH2

n+1

+(r + 1)(�s)H2
nHn+2 + 2(s� r)(�s)H2

nHn+1 � (r2 + r � 4s� rs)Hn+2Hn+1Hn

= �(r2 + 4s)(r + s� 1)2(�s)n:

Proof. Replace r; s and t with r + 1; s� r; �s; respectively, in [16, Lemma 35.]. �

4. Some Identities of Generalized Horadam-Leonardo Polynomials

In this section, we obtain some identities of (r; s)-Horadam-Leonardo and (r; s)-Horadam-Leonardo-Lucas

polynomials. First, we can give a few basic relations between fGng and fHng.

Lemma 11. The following equalities are true:

(a): (�s)3Hn = (3rs+r3�s3)Gn+4�(4r2s�rs3+3rs+r3+r4+2s2)Gn+3+(4r2s+r4+2s2+s4)Gn+2:

(b): (�s)2Hn = (2s+ r2 + s2)Gn+3 � (2s+ rs2 + 3rs+ r2 + r3)Gn+2 + (3rs+ r3 � s3)Gn+1:

(c): (�s)Hn = �(s� r)Gn+2 + (rs� 2s� r � r2)Gn+1 + (r2 + s2 + 2s)Gn:

(d): Hn = 3Gn+1 � 2(r + 1)Gn � (s� r)Gn�1:

(e): Hn = (r + 1)Gn + 2(s� r)Gn�1 + 3(�s)Gn�2:

(f): s(r2+4s) (r + s� 1)2Gn = (�r3+ r2s+2r2� 3rs� r+4s2+4s)Hn+4+(r4� r3s� r3+4r2s�

r2 � 4rs2 � 3rs+ r + 2s2 � 2s)Hn+3 � (2s+ 4r2s+ r2s2 � 6rs+ r2 � 2r3 + r4 + 2s2 + 4s3)Hn+2:

UNDER PEER REVIEW
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(g): �(r2 + 4s)(r + s� 1)2Gn = �2(r2 � r + 3s+ 1)Hn+3 + (�r � 2s+ 7rs� r2 + 2r3 + 2)Hn+2 +

(�r + 4s+ r2s� 3rs+ 2r2 � r3 + 4s2)Hn+1:

(h): �(r2 + 4s)(r + s � 1)2Gn = (rs � 8s � r � r2)Hn+2 + (r + 2s � r2s + 5rs + r3 � 2s2)Hn+1 +

2s(�r + 3s+ r2 + 1)Hn:

(i): �(r2 + 4s)(r + s� 1)2Gn = �2(3s+ rs+ r2 + s2)Hn+1 + (2s+ rs2 + 5rs+ r2 + r3 � 2s2)Hn +

s(r + 8s� rs+ r2)Hn�1:

(j): �(r2 + 4s)(r + s� 1)2Gn = �(4s+ rs2 + 2r2s+ 3rs+ r2 + r3 + 4s2)Hn + (�rs2 + r2s+ 7rs+

2r3 + 2s2 � 2s3)Hn�1 + 2s(3s+ rs+ r2 + s2)Hn�2:

Proof. Replace r; s and t with r + 1; s� r; �s; respectively, in [16, Lemma 36.]. �
Next, we give a few basic relations between fGng and fWng.

Lemma 12. The following equalities are true:

(a): (�W 2
2 �(r � s+ 1)W 2

1 +sW
2
0 +(r+2)W1W2�rW0W2+(r�2s)W0W1)(�W2+rW1+sW0)Gn =

((r + 1)W 2
1 + (�s)W 2

0 �W1W2 + (s � r)W0W1)Wn+2 + (W
2
2 � (r + 1)W1W2 � (s � r)W0W2 �

(�s)W0W1)Wn+1 + ((�s)W 2
1 � (�s)W0W2)Wn:

(b): (�W 2
2 �(r � s+ 1)W 2

1 +sW
2
0 +(r+2)W1W2�rW0W2+(r�2s)W0W1)(�W2+rW1+sW0)Gn =

(W 2
2+(r+1)

2W 2
1+(r+1)(�s)W 2

0�2(r+1)W1W2�(s�r)W0W2+((r+1)(s�r)�(�s))W0W1)Wn+1+

(((�s) + (r + 1)(s� r))W 2
1 + (s� r)(�s)W 2

0 � (s� r)W1W2 � (�s)W0W2 + (s� r)2W0W1)Wn +

((r + 1)(�s)W 2
1 + (�s)2W 2

0 � (�s)W1W2 + (s� r)(�s)W0W1)Wn�1:

(c): (�W 2
2 �(r � s+ 1)W 2

1 +sW
2
0 +(r+2)W1W2�rW0W2+(r�2s)W0W1)(�W2+rW1+sW0)Gn =

((r+ 1)W 2
2 + ((r+ 1)

3 + (�s) + (r+ 1)(s� r))W 2
1 + (�s)((s� r) + (r+ 1)2)W 2

0 � ((s� r) + 2(r+

1)2)W1W2 � ((�s) + (r+ 1)(s� r))W0W2 + ((r+ 1)
2(s� r) + (s� r)2 � (r+ 1)(�s))W0W1)Wn +

((s � r)W 2
2 + (r + 1)((r + 1)(s � r) + (�s))W 2

1 + (�s)((�s) + (r + 1)(s � r))W 2
0 � ((�s) + 2(r +

1)(s� r))W1W2� (s� r)2W0W2+(r+1)(s� r)2W0W1)Wn�1+((�s)W 2
2 +(r+1)

2(�s)W 2
1 +(r+

1)(�s)2W 2
0 � 2(r + 1)(�s)W1W2 � (s� r)(�s)W0W2 + (�s)((r + 1)(s� r)� (�s))W0W1)Wn�2:

(d): (�s)Wn = (W2� (r+1)W1� (s� r)W0)Gn+2+(�(r+1)W2+(r+1)
2W1+((�s)+ (r+1)(s�

r))W0)Gn+1 + (�(s� r)W2 + ((�s) + (r + 1)(s� r))W1 + ((s� r)2 � (r + 1)(�s))W0)Gn:

(e): Wn =W0Gn+1 + (W1 � (r + 1)W0)Gn + (W2 � (r + 1)W1 � (s� r)W0)Gn�1:

(f): Wn =W1Gn + (W2 � (r + 1)W1)Gn�1 + (�s)W0Gn�2:

Proof. Replace r; s and t with r + 1; s� r; �s; respectively, in [16, Lemma 37.]. �
Now, we present a few basic relations between fHng and fWng.

Lemma 13. The following equalities are true:

(a): (�W 2
2 �(r � s+ 1)W 2

1 +sW
2
0 +(r+2)W1W2�rW0W2+(r�2s)W0W1)(�W2+rW1+sW0)Hn =

(3W 2
2 +((r+1)

2� (s� r))W 2
1 +(r+1)(�s)W 2

0 � 4(r+1)W1W2� 2(s� r)W0W2+((r+1)(s� r)�

3(�s))W0W1)Wn+2+(�2(r+1)W 2
2 +3(�s)W 2

1 �2(s�r)W1W2�3(�s)W0W2+3(r+1)(s�r)W 2
1 +

UNDER PEER REVIEW



2(s�r)(�s)W 2
0 +2(r+1)

2W1W2+2(s�r)2W0W1+(r+1)(s�r)W0W2+2(r+1)(�s)W0W1)Wn+1+

(�(s � r)W 2
2 + ((s � r)2 + (r + 1)(�s))W 2

1 + 3(�s)2W 2
0 + ((r + 1)(s � r) � 3(�s))W1W2 + 2(r +

1)(�s)W0W2 + 4(s� r)(�s)W0W1)Wn:

(b): (�W 2
2 �(r � s+ 1)W 2

1 +sW
2
0 +(r+2)W1W2�rW0W2+(r�2s)W0W1)(�W2+rW1+sW0)Hn =

((r+1)3W 2
1 +(r+1)W

2
2 +3(�s)W 2

1 +(r+1)
2(�s)W 2

0 �2(s�r)W1W2�3(�s)W0W2+2(r+1)(s�

r)W 2
1 +2(s�r)(�s)W 2

0 �2(r+1)2W1W2+2(s�r)2W0W1�(r+1)(s�r)W0W2�(r+1)(�s)W0W1+

(r + 1)2(s� r)W0W1)Wn+1 + (3(�s)2W 2
0 + 2(s� r)W 2

2 + (r + 1)
2(s� r)W 2

1 � 3(�s)W1W2 + (r +

1)(�s)W 2
1 � 2(s � r)2W0W2 � 3(r + 1)(s � r)W1W2 + 2(r + 1)(�s)W0W2 + (s � r)(�s)W0W1 +

(r+1)(s� r)(�s)W 2
0 + (r+1)(s� r)2W0W1)Wn + (3(�s)W 2

2 + (�s)((r+1)2 � (s� r))W 2
1 + (r+

1)(�s)2W 2
0 � 4(r+1)(�s)W1W2� 2(s� r)(�s)W0W2+ (�s)((r+1)(s� r)� 3(�s))W0W1)Wn�1:

(c): (�W 2
2 �(r � s+ 1)W 2

1 +sW
2
0 +(r+2)W1W2�rW0W2+(r�2s)W0W1)(�W2+rW1+sW0)Hn =

(((r + 1)2 + 2(s� r))W 2
2 + (r + 1)((r + 1)

3 + 3(r + 1)(s� r) + 4(�s))W 2
1 + (�s)((r + 1)3 + 3(r +

1)(s� r)+3(�s))W 2
0 � (3(�s)+2(r+1)3+5(r+1)(s� r))W1W2� ((r+1)2(s� r)+ (r+1)(�s)+

2(s� r)2)W0W2 + ((r + 1)
3(s� r)� (r + 1)2(�s) + 3(r + 1)(s� r)2 + (s� r)(�s))W0W1)Wn + ((

3(�s)+(r+1)(s�r))W 2
2 +((r+1)

3(s�r)+2(r+1)(s�r)2+2(s�r)(�s)+(r+1)2(�s))W 2
1 +(�s)

((r + 1)(�s) + (r + 1)2(s � r) + 2(s � r)2)W 2
0 � 2(2(r + 1)(�s) + (s � r)2 + (r + 1)2(s � r))W1

W2 � (s� r)((r+1)(s� r) + 5(�s))W0W2 + (2(s� r)3 + (r+1)2(s� r)2 � 3(�s)2)W0W1)Wn�1 +

((r+1)(�s)W 2
2 +(�s)((r+1)3+3(�s)+ 2(r+1)(s� r))W 2

1 +(�s)2(r2+2s+1)W 2
0 � 2(�s)((s�

r) + (r+ 1)2)W1W2 � (�s)(3(�s) + (r+ 1)(s� r))W0W2 + (�s)(2(s� r)2 + (r+ 1)2(s� r)� (r+

1)(�s))W0W1)Wn�2:

(d): �(r2 + 4s)(r + s � 1)2Wn = (�2((r + 1)2 + 3(s � r))W2 + (2(r + 1)
3 + 9(�s) + 7(r + 1)(s �

r))W1 + (4(s� r)2 � 3(r + 1)(�s) + (r + 1)2(s� r))W0)Hn+2 + ((2(r + 1)
3 + 9(�s) + 7(r + 1)(s�

r))W2 � 2((r+ 1)4 + 4(r+ 1)2(s� r) + 6(�s)(r+ 1) + (s� r)2)W1 � (4(r+ 1)(s� r)2 + 6(�s)(s�

r)� (�s)(r+ 1)2 + (r+ 1)3(s� r))W0)Hn+1 + ((�3(r+ 1)(�s) + 4(s� r)2 + (r+ 1)2(s� r))W2 �

(4(r + 1)(s� r)2 + (r + 1)3(s� r)� (r + 1)2(�s) + 6(s� r)(�s))W1 + (�(r + 1)2(s� r)2 + 2(r +

1)3(�s) + 9(�s)2 � 4(s� r)3 + 10(r + 1)(s� r)(�s))W0)Hn:

(e): �(r2+4s)(r+ s� 1)2Wn = ((9(�s)+ (r+1)(s� r))W2� ((r+1)2(s� r)+ 3(�s)(r+1)+2(s�

r)2)W1 � 2(�s)(3(s� r) + (r+1)2)W0)Hn+1 + (�((r+1)2(s� r) + 2(s� r)2 +3(r+1)(�s))W2 +

((r + 1)3(s � r) + 3(r + 1)(s � r)2 + (r + 1)2(�s) + 3(s � r)(�s))W1 + (�s)(9(�s) + 2(r + 1)3 +

7(r + 1)(s� r))W0)Hn + (�2(�s)((r + 1)2 + 3(s� r))W2 + (�s)(2(r + 1)3 + 9(�s) + 7(r + 1)(s�

r))W1 + (�s)(4(s� r)2 + (r + 1)2(s� r)� 3(r + 1)(�s))W0)Hn�1:

(f): �(r2 + 4s)(r + s � 1)2Wn = (2(3(r + 1)(�s) � (s � r)2)W2 + (3(s � r)(�s) + (r + 1)(s � r)2 �

2(r + 1)2(�s))W1 + (�s)(9(�s) + (r + 1)(s � r))W0)Hn + (((r + 1)(s � r)2 � 2(r + 1)2(�s) +

3(s� r)(�s))W2+(2(r+1)
3(�s)� (r+1)2(s� r)2+4(r+1)(s� r)(�s)� 2(s� r)3+9(�s)2)W1�

(�s)(2(s � r)2 + 3(r + 1)(�s) + (r + 1)2(s � r))W0)Hn�1 + ((�s)(9(�s) + (r + 1)(s � r))W2 �

(�s)((r + 1)2(s� r) + 3(r + 1)(�s) + 2(s� r)2)W1 � 2(�s)2(3(s� r) + (r + 1)2)W0)Hn�2:

UNDER PEER REVIEW



GENERALIZED HORADAM-LEONARDO NUMBERS AND POLYNOMIALS 13

Proof. Replace r; s and t with r + 1; s� r; �s; respectively, in [16, Lemma 38.]. �

5. Recurrence Properties of Generalized Horadam-Leonardo Polynomials

Next, we present a formula for W�n:

Theorem 14. For n 2 Z; we have

W�n = (�s)�n(W2n �HnWn +
1

2
(H2

n �H2n)W0):

Proof. Replace r; s and t with r + 1; s� r; �s; respectively, in [16, Theorem 39.]. �
Now, we have the following corollary.

Corollary 15. For n 2 Z; we have

(a): G�n = 1
(�s)n+1 ((2(r + 1)(�s)� (s� r)

2)G2n + (�s)G2n + (s� r)Gn+2Gn � (3(�s) + (r + 1)(s�

r))Gn+1Gn):

(b): H�n = 1
2(�s)n (H

2
n �H2n):

Proof. Replace r; s and t with r+ 1; s� r; �s; respectively, in [16, Corollary 42] or take Wn = Gn with

G0 = 0; G1 = 1; G2 = (r+1) and Wn = Hn with H0 = 3;H1 = (r+1);H2 = r2+2s+1; respectively, in the

last Theorem. �

6. Generalized Horadam-Leonardo Polynomials by Matrix Methods

In this section, we present matrix representations of the sequences Wn; Gn and Hn: We also introduce

Simson matrix and investigate its properties.

6.1. Matrix Representations of the Sequences Wn; Gn and Hn. We de�ne the square matrix A

of order 3 as:

A =

0BBB@
r + 1 s� r �s

1 0 0

0 1 0

1CCCA
such that detA = (�s): We also de�ne

Bn =

0BBB@
Gn+1 (s� r)Gn + (�s)Gn�1 (�s)Gn
Gn (s� r)Gn�1 + (�s)Gn�2 (�s)Gn�1
Gn�1 (s� r)Gn�2 + (�s)Gn�3 (�s)Gn�2

1CCCA
and

Dn =

0BBB@
Wn+1 (s� r)Wn + (�s)Wn�1 (�s)Wn

Wn (s� r)Wn�1 + (�s)Wn�2 (�s)Wn�1

Wn�1 (s� r)Wn�2 + (�s)Wn�3 (�s)Wn�2

1CCCA :

UNDER PEER REVIEW



Theorem 16. For all integers m;n; we have the following properties:

(a): Bn = An; i.e.,0BBB@
r + 1 s� r �s

1 0 0

0 1 0

1CCCA
n

=

0BBB@
Gn+1 (s� r)Gn + (�s)Gn�1 (�s)Gn
Gn (s� r)Gn�1 + (�s)Gn�2 (�s)Gn�1
Gn�1 (s� r)Gn�2 + (�s)Gn�3 (�s)Gn�2

1CCCA :
(b): D1An = AnD1:

(c): Dn+m = DnBm = BmDn; i.e.,

(d):

An = Gn�1A
2 + ((s� r)Gn�2 + (�s)Gn�3)A+ (�s)Gn�2I;

where

I =

0BBB@
1 0 0

0 1 0

0 0 1

1CCCA :
Proof. Replace r; s and t with r + 1; s� r; �s; respectively, in [16, Theorem 51.]. �
Next, we present matrix formulas for the generalized Horadam-Leonardo polynomials and (r; s)-Horadam-

Leonardo-Lucas polynomials.

In the next Corollary, we use �W (0) given in (3.2), i.e.,

�W (0) = W 3
2 � r(r � s+ 1)W 3

1 + (�s)2W 3
0 � 2(r + 1)W1W

2
2 � (s� r)W0W

2
2

+(r2 + 3r � s+ 1)W2W
2
1 + ((r + 1)(�s) + (s� r)2)W0W

2
1

+(r + 1)(�s)W 2
0W2 + 2(s� r)(�s)W 2

0W1 � (r2 + r � 4s� rs)W2W1W0:

Corollary 17. For all integers n; we have the following formulas for generalized Horadam-Leonardo

polynomials and (r; s)-Horadam-Leonardo-Lucas polynomials.

(a): Generalized Horadam-Leonardo polynomials.0BBB@
r + 1 s� r �s

1 0 0

0 1 0

1CCCA
n

=
1

�W (0)

0BBB@
a11 a12 a13

a21 a22 a23

a31 a32 a33

1CCCA
where

a11 = ((r + 1)W 2
1 + (�s)W 2

0 � W1W2 + (s � r)W0W1)Wn+3 + (W
2
2 � (r + 1)W1W2 � (s �

r)W0W2 � (�s)W0W1)Wn+2 + ((�s)W 2
1 � (�s)W0W2)Wn+1;

a21 = ((r + 1)W 2
1 + (�s)W 2

0 � W1W2 + (s � r)W0W1)Wn+2 + (W
2
2 � (r + 1)W1W2 � (s �

r)W0W2 � (�s)W0W1)Wn+1 + ((�s)W 2
1 � (�s)W0W2)Wn;

a31 = ((r + 1)W 2
1 + (�s)W 2

0 � W1W2 + (s � r)W0W1)Wn+1 + (W
2
2 � (r + 1)W1W2 � (s �

r)W0W2 � (�s)W0W1)Wn + ((�s)W 2
1 � (�s)W0W2)Wn�1;
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a12 = (s� r)(((r+1)W 2
1 +(�s)W 2

0 �W1W2+(s� r)W0W1)Wn+2+(W
2
2 � (r+1)W1W2� (s�

r)W0W2�(�s)W0W1)Wn+1+((�s)W 2
1�(�s)W0W2)Wn)+(�s)(((r+1)W 2

1+(�s)W 2
0�W1W2+(s�

r)W0W1)Wn+1+(W
2
2�(r+1)W1W2�(s�r)W0W2�(�s)W0W1)Wn+((�s)W 2

1�(�s)W0W2)Wn�1);

a22 = (s� r)(((r+1)W 2
1 +(�s)W 2

0 �W1W2+(s� r)W0W1)Wn+1+(W
2
2 � (r+1)W1W2� (s�

r)W0W2�(�s)W0W1)Wn+((�s)W 2
1�(�s)W0W2)Wn�1)+(�s)(((r+1)W 2

1+(�s)W 2
0�W1W2+(s�

r)W0W1)Wn+(W
2
2�(r+1)W1W2�(s�r)W0W2�(�s)W0W1)Wn�1+((�s)W 2

1�(�s)W0W2)Wn�2);

a32 = (s � r)(((r + 1)W 2
1 + (�s)W 2

0 �W1W2 + (s � r)W0W1)Wn + (W
2
2 � (r + 1)W1W2 �

(s� r)W0W2 � (�s)W0W1)Wn�1 + ((�s)W 2
1 � (�s)W0W2)Wn�2) + (�s)(((r+1)W 2

1 + (�s)W 2
0 �

W1W2+(s�r)W0W1)Wn�1+(W
2
2 � (r+1)W1W2� (s�r)W0W2� (�s)W0W1)Wn�2+((�s)W 2

1 �

(�s)W0W2)Wn�3);

a13 = (�s)(((r+1)W 2
1 + (�s)W 2

0 �W1W2+ (s� r)W0W1)Wn+2+ (W
2
2 � (r+1)W1W2� (s�

r)W0W2 � (�s)W0W1)Wn+1 + ((�s)W 2
1 � (�s)W0W2)Wn);

a23 = (�s)(((r+1)W 2
1 + (�s)W 2

0 �W1W2+ (s� r)W0W1)Wn+1+ (W
2
2 � (r+1)W1W2� (s�

r)W0W2 � (�s)W0W1)Wn + ((�s)W 2
1 � (�s)W0W2)Wn�1);

a33 = (�s)(((r + 1)W 2
1 + (�s)W 2

0 �W1W2 + (s� r)W0W1)Wn + (W
2
2 � (r + 1)W1W2 � (s�

r)W0W2 � (�s)W0W1)Wn�1 + ((�s)W 2
1 � (�s)W0W2)Wn�2);

(b): (r; s)-Horadam-Leonardo-Lucas polynomials.

0BBB@
r + 1 s� r �s

1 0 0

0 1 0

1CCCA
n

=
1

4(r + 1)3(�s)� (r + 1)2(s� r)2 � 4(s� r)3 + 27(�s)2 + 18(r + 1)(s� r)(�s)

0BBB@
b11 b12 b13

b21 b22 b23

b31 b32 b33

1CCCA

where

b11 = (9(�s)+(r+1)(s�r))Hn+3�((r+1)2(s�r)+2(s�r)2+3(r+1)(�s))Hn+2�2(�s)((r+

1)2 + 3(s� r))Hn+1;

b21 = (9(�s)+(r+1)(s�r))Hn+2�((r+1)2(s�r)+2(s�r)2+3(r+1)(�s))Hn+1�2(�s)((r+

1)2 + 3(s� r))Hn;

b31 = (9(�s)+(r+1)(s� r))Hn+1� ((r+1)2(s� r)+2(s� r)2+3(r+1)(�s))Hn�2(�s)((r+

1)2 + 3(s� r))Hn�1;

b12 = (s� r)((9(�s)+ (r+1)(s� r))Hn+2� ((r+1)2(s� r)+ 2(s� r)2+3(r+1)(�s))Hn+1�

2(�s)((r+1)2 +3(s� r))Hn) + (�s)((9(�s) + (r+1)(s� r))Hn+1 � ((r+1)2(s� r) + 2(s� r)2 +

3(r + 1)(�s))Hn � 2(�s)((r + 1)2 + 3(s� r))Hn�1);
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b22 = (s� r)((9(�s) + (r + 1)(s� r))Hn+1 � ((r + 1)2(s� r) + 2(s� r)2 + 3(r + 1)(�s))Hn �

2(�s)((r+1)2 +3(s� r))Hn�1) + (�s)((9(�s) + (r+1)(s� r))Hn � ((r+1)2(s� r) + 2(s� r)2 +

3(r + 1)(�s))Hn�1 � 2(�s)((r + 1)2 + 3(s� r))Hn�2);

b32 = (s� r)((9(�s) + (r + 1)(s� r))Hn � ((r + 1)2(s� r) + 2(s� r)2 + 3(r + 1)(�s))Hn�1 �

2(�s)((r + 1)2 + 3(s � r))Hn�2) + (�s)((9(�s) + (r + 1)(s � r))Hn�1 � ((r + 1)2(s � r) + 2(s �

r)2 + 3(r + 1)(�s))Hn�2 � 2(�s)((r + 1)2 + 3(s� r))Hn�3);

b13 = (�s)((9(�s) + (r+ 1)(s� r))Hn+2 � ((r+ 1)2(s� r) + 2(s� r)2 + 3(r+ 1)(�s))Hn+1 �

2(�s)((r + 1)2 + 3(s� r))Hn);

b23 = (�s)((9(�s) + (r + 1)(s � r))Hn+1 � ((r + 1)2(s � r) + 2(s � r)2 + 3(r + 1)(�s))Hn �

2(�s)((r + 1)2 + 3(s� r))Hn�1);

b33 = (�s)((9(�s) + (r + 1)(s � r))Hn � ((r + 1)2(s � r) + 2(s � r)2 + 3(r + 1)(�s))Hn�1 �

2(�s)((r + 1)2 + 3(s� r))Hn�2):

Proof. Replace r; s and t with r + 1; s� r; �s; respectively, in [16, Corollary 52]. �
Now, we present an identity for Wn+m:

Theorem 18. (Honsberger�s Identity) For all integers m and n; we have

Wn+m = WnGm+1 +Wn�1((s� r)Gm + (�s)Gm�1) + (�s)Wn�2Gm

= WnGm+1 + ((s� r)Wn�1 + (�s)Wn�2)Gm + (�s)Wn�1Gm�1:

Proof. Replace r; s and t with r + 1; s� r; �s; respectively, in [16, Theorem 53]. �

Corollary 19. For all integers m;n; we have the following properties:

Gn+m = GnGm+1 +Gn�1((s� r)Gm + (�s)Gm�1) + (�s)Gn�2Gm;

Hn+m = HnGm+1 +Hn�1((s� r)Gm + (�s)Gm�1) + (�s)Hn�2Gm:

Proof. Replace r; s and t with r + 1; s� r; �s; respectively, in [16, Corollary 54]. �

Corollary 20. For all integers m;n; j; we have the following properties:

Wmn+j = Gmn�1Wj+2 + ((s� r)Gmn�2 + (�s)Gmn�3)Wj+1 + (�s)Gmn�2Wj ;

Gmn+j = Gmn�1Gj+2 + ((s� r)Gmn�2 + (�s)Gmn�3)Gj+1 + (�s)Gmn�2Gj ;

Hmn+j = Gmn�1Hj+2 + ((s� r)Gmn�2 + (�s)Gmn�3)Hj+1 + (�s)Gmn�2Hj :

Proof. Replace r; s and t with r + 1; s� r; �s; respectively, in [16, Corollary 55.]. �
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6.2. Simson Matrix and its Properties. For n 2 Z; we de�ne

fW (n) =

0BBB@
Wn+2 Wn+1 Wn

Wn+1 Wn Wn�1

Wn Wn�1 Wn�2

1CCCA :
We call this matrix as Simson matrix of the sequence Wn: Similarly, as special cases of Wn, Simson matrices

of the sequences Gn and Hn are

fG(n) =

0BBB@
Gn+2 Gn+1 Gn

Gn+1 Gn Gn�1

Gn Gn�1 Gn�2

1CCCA ; fH(n) =
0BBB@
Hn+2 Hn+1 Hn

Hn+1 Hn Hn�1

Hn Hn�1 Hn�2

1CCCA ;
respectively.

Lemma 21. For all integers n;m and j; the followings hold.

(a): fW (n) = (r + 1)fW (n� 1) + (s� r)fW (n� 2) + (�s)fW (n� 3):

(b): fW (n) = AfW (n� 1) and fW (n) = AnfW (0); i.e.,

(c): fW (n+m) = AnfW (m) and fW (n+m) = AmfW (n) i.e., and fW (n) = AmfW (n�m); i.e.,

(d):

fW (mn+ j) = A
mnfW (j)

and

fW (mn+ j) = (Gn�1A
2 + ((s� r)Gn�2 + (�s)Gn�3)A+ (�s)Gn�2I)mfW (j):

(e):0BBB@
Wn+2 Wn+1 Wn

Wn+1 Wn Wn�1

Wn Wn�1 Wn�2

1CCCA =

0BBB@
Gn+1 (s� r)Gn + (�s)Gn�1 (�s)Gn
Gn (s� r)Gn�1 + (�s)Gn�2 (�s)Gn�1
Gn�1 (s� r)Gn�2 + (�s)Gn�3 (�s)Gn�2

1CCCA
0BBB@
W2 W1 W0

W1 W0 W�1

W0 W�1 W�2

1CCCA :

(f): 0BBB@
Wn+2 Wn+1 Wn

Wn+1 Wn Wn�1

Wn Wn�1 Wn�2

1CCCA =
1

�W (0)

0BBB@
a11 a12 a13

a21 a22 a23

a31 a32 a33

1CCCA
0BBB@
W2 W1 W0

W1 W0 W�1

W0 W�1 W�2

1CCCA
where a11; a21; a31; a12; a22; a32; a13; a23; a33 and �W (0) are as in Corollary 17 (a) (in the last iden-

tity above, we replace n with m in a11; a21; a31; a12; a22; a32; a13; a23; a33).
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(g):

0BBB@
Wn+2 Wn+1 Wn

Wn+1 Wn Wn�1

Wn Wn�1 Wn�2

1CCCA =

0BBB@
b11 b12 b13

b21 b22 b23

b31 b32 b33

1CCCA
0BBB@
W2 W1 W0

W1 W0 W�1

W0 W�1 W�2

1CCCA
�(r2 + 4s)(r + s� 1)2

where b11; b21; b31; b12; b22; b32; b13; b23; b33 are as in Corollary 17 (b) (in the last identity above, we

replace n with m in b11; b21; b31; b12; b22; b32; b13; b23; b33).

Proof. Replace r; s and t with r + 1; s� r; �s; respectively, in [16, Lemma 56]. �
Taking the determinant of both sides of the identities given in the last Lemma, we obtain the following

Theorem.

Theorem 22. For all integers n and m; the following identities hold.

(a): Catalan�s Identity:

det(fW (n+m)) = (�s)n det(fW (m));

and

det(fW (n)) = (�s)m det(fW (n�m)):

(b): (see Theorem 8) Simson�s (or Cassini�s) Identity:

det(fW (n)) = (�s)n det(fW (0)):

Proof. Replace r; s and t with r + 1; s� r; �s; respectively, in [16, Theorem 57]. �
From the last Theorem, we have the following Corollary which gives determinantal formulas of (r; s)-

Horadam-Leonardo polynomials (take Wn = Gn with G0 = 0; G1 = 1; G2 = (r + 1)).

Corollary 23. For all integers n and m; the following identities hold.

(a): Catalan�s Identity:

det(fG(n+m)) = (�s)n det(fG(m));

and

det(fG(n)) = (�s)m det(fG(n�m)):

(b): Simson�s (or Cassini�s) Identity:

det(fG(n)) = (�s)n det(fG(0));

i.e., ���������
Gn+2 Gn+1 Gn

Gn+1 Gn Gn�1

Gn Gn�1 Gn�2

��������� = �(�s)
n�1:
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Taking Wn = Hn with H0 = 3;H1 = (r+1);H2 = r2+2s+1 in the last Theorem, we have the following

Corollary which gives determinantal formulas of (r; s)-Horadam-Leonardo-Lucas polynomials.

Corollary 24. For all integers n and m; the following identities hold.

(a): Catalan�s Identity:

det(fH(n+m)) = (�s)n det(fH(m));

and

det(fH(n)) = (�s)m det(fH(n�m)); :

(b): Simson�s (or Cassini�s) Identity:

det(fH(n)) = (�s)n det(fH(0)):

7. The Sum Formula
Pn

k=0 z
kWmk+j of Generalized Horadam-Leonardo Polynomials

In this section, we give the sum formula
Pn

k=0 z
kWmk+j of generalized Horadam-Leonardo polynomials.

7.1. The Sum Formula
Pn

k=0 z
kWmk+j of Generalized Horadam-Leonardo Polynomials in

Terms of Generalized Horadam-Leonardo Polynomials. We can give the sum formula
Pn

k=0 z
kWmk+j

of generalized Horadam-Leonardo polynomials in terms of elements of the sequence of generalized Horadam-

Leonardo polynomials.

Theorem 25. For all integers m and j; we have the following sum formulas.

(a): If z3�1 + z2�2 + z�3 + �4 6= 0 then
nX
k=0

zkWmk+j =
zn+3�1 + z

n+2�2 + z
n+1�3 + z

2�4 + z�5 +�6
z3�1 + z2�2 + z�3 + �4

=
�W (z)

�W (z)

where

�W (z) = z
n+3�1 + z

n+2�2 + z
n+1�3 + z

2�4 + z�5 +�6;

zn+3�1 = z
n+3(�WjW

2
m+2Wm+mn+2+(�Wj+1+(r+1)Wj)W

2
m+2Wm+mn+1+(�Wj+2+(r+

1)Wj+1 + (s� r)Wj)W
2
m+2Wm+mn + (�Wj+2 + (s� r)Wj)W

2
m+1Wm+mn+2 � ((�s) + (r + 1)(s�

r))WjW
2
m+1Wm+mn+1+((s� r)Wj+2� ((�s)+ (r+1)(s� r))Wj+1� (s� r)2Wj)W

2
m+1Wm+mn�

(�s)W 2
mWj+1Wm+mn+2 + (�s)(�Wj+2 + (r + 1)Wj+1)W

2
mWm+mn+1 � (�s)2WjW

2
mWm+mn +

(Wj+1 + (r + 1)Wj)Wm+2Wm+1Wm+mn+2 + (Wj+2 � (r + 1)Wj+1)Wm+2WmWm+mn+2 + (�(s�

r)Wj+1 + (�s)Wj)Wm+1WmWm+mn+2 + (Wj+2 � (r + 1)2Wj)Wm+2Wm+1Wm+mn+1 + (�(r +

1)Wj+2 + ((r + 1)
2 + (s � r))Wj+1 + (�s)Wj)Wm+2WmWm+mn+1 + (�(s � r)Wj+2 + ((�s) +

(r + 1)(s � r))Wj+1 � (r + 1)(�s)Wj)Wm+1WmWm+mn+1 + (r + 1)Wj+2Wm+1Wm+2Wm+mn +

(�s)WjWm+1Wm+2Wm+mn � (r + 1)(s � r)WjWm+1Wm+2Wm+mn � (r + 1)2Wj+1Wm+1Wm+2

Wm+mn + (�s)(Wj+1 � (r + 1)Wj)Wm+2WmWm+mn + (�s)(Wj+2 � (r + 1)Wj+1 � 2(s � r)Wj)

Wm+1WmWm+mn);
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zn+2�2 = z
n+2((�W0Wj+2+((r+1)W0�W1)Wj+1+(2W2�(r+1)W1)Wj)Wm+2Wm+mn+2+

(2W1Wj+2 + ((s� r)W0 �W2)Wj+1 � ((r + 1)W2 + 2(s� r)W1 + (�s)W0)Wj)Wm+1Wm+mn+2 +

(�W2Wj+2+((r+1)W2+(s�r)W1+2(�s)W0)Wj+1� (�s)W1Wj)WmWm+mn+2+(((r+1)W0�

W1)Wj+2+(2W2� (r+1)2W0� (s�r)W0)Wj+1+(�2(r+1)W2+(r+1)
2W1� (�s)W0)Wj)Wm+2

Wm+mn+1+((�W2+(s�r)W0)Wj+2�((r+1)(s�r)W0+(�s)W0)Wj+1+((r+1)
2W2+2((�s)+(r+

1)(s�r))W1+(r+1)(�s)W0)Wj)Wm+1Wm+mn+1+(((r+1)W2+(s�r)W1+2(�s)W0)Wj+2�((r+

1)2W2+(r+1)(s�r)W1+2(r+1)(�s)W0+(s�r)W2+(�s)W1)Wj+1+(�s)((r+1)W1�W2)Wj)

WmWm+mn+1+((2W2� (r+1)W1)Wj+2+((r+1)
2W1�2(r+1)W2� (�s)W0)Wj+1+((r+1)(s�

r)W1 � 2(s� r)W2 � (�s)W1 + (r + 1)(�s)W0)Wj)Wm+2Wm+mn + (�((r + 1)W2 + 2(s� r)W1 +

(�s)W0)Wj+2 + ((r + 1)
2W2 + 2((�s) + (r + 1)(s� r))W1 + (r + 1)(�s)W0)Wj+1 + (((r + 1)(s�

r)� (�s))W2+2(s� r)2W1+2(s� r)(�s)W0)Wj)Wm+1Wm+mn+(�s)(�W1Wj+2+((r+1)W1�

W2)Wj+1 + ((r + 1)W2 + 2(s� r)W1 + 2(�s)W0)Wj)WmWm+mn);

zn+1�3 = zn+1(((W0W2 �W 2
1 )Wj+2 + (�(�s)W 2

0 +W1W2 � (r + 1)W0W2 � (s � r)W0W1

)Wj+1 + (�W 2
2 + (s� r)W 2

1 + (r+1)W1W2 + (�s)W0W1)Wj)Wm+mn+2 + ((�(�s)W 2
0 +W1W2 �

(r+1)W0W2� (s� r)W0W1)Wj+2+(�W 2
2 +(r+1)(�s)W 2

0 +((r+1)
2+(s� r))W0W2+((�s)+

(r+1)(s�r))W0W1)Wj+1+((r+1)W
2
2 � ((r+1)(s�r)+(�s))W 2

1 � (r+1)2W1W2+(�s)W0W2�

(r + 1)(�s)W0W1)Wj)Wm+mn+1 + ((�W 2
2 + (s � r)W 2

1 + (r + 1)W1W2 + (�s)W0W1)Wj+2 + (

(r+ 1)W 2
2 � ((r+ 1)(s� r) + (�s))W 2

1 � (r+ 1)2W1W2 + (�s)W0W2 � (r+ 1)(�s)W0W1)Wj+1 +

((s� r)W 2
2 � (s� r)2W 2

1 � (�s)2W 2
0 + ((�s)� (r + 1)(s� r))W1W2 � (r + 1)(�s)W0W2 � 2(s�

r)(�s)W0W1)Wj)Wm+mn);

z2�4 = z
2((W0Wj+2+(W1�(r+1)W0)Wj+1+(W2�(r+1)W1�(s�r)W0)Wj)W

2
m+2+((W2�

(s� r)W0)Wj+2 + ((�s)W0 + (r+ 1)(s� r)W0)Wj+1 + ((s� r)2W0 + ((r+ 1)(s� r) + (�s))W1 �

(s� r)W2)Wj)W
2
m+1 + (�s)(W1Wj+2 + (W2 � (r+ 1)W1)Wj+1 + (�s)W0Wj)W

2
m + (�(W1 + (r+

1)W0)Wj+2+((r+1)
2W0�W2)Wj+1+(�(r+1)W2+(r+1)

2W1+((r+1)(s� r)� (�s))W0)Wj)

Wm+1Wm+2 + (((r + 1)W1 �W2)Wj+2 + ((r + 1)W2 � ((s � r) + (r + 1)2)W1 � (�s)W0)Wj+1 +

(�s)((r+1)W0�W1)Wj)Wm+2Wm+(((s� r)W1� (�s)W0)Wj+2+((s� r)W2� ((r+1)(s� r)+

(�s))W1 + (r + 1)(�s)W0)Wj+1 + (�s)(�W2 + (r + 1)W1 + 2(s� r)W0)Wj)Wm+1Wm);

z�5 = z(((W 2
1 �W0W2)Wj+2 + ((�s)W 2

0 �W1W2 + (r + 1)W0W2 + (s � r)W0W1)Wj+1 +

(�2W 2
2 � (r + 1)2W 2

1 � (�s)(r + 1)W 2
0 + 3(r + 1)W1W2 + 2(s � r)W0W2 + (2(�s) � (s � r)(r +

1))W0W1)Wj)Wm+2+(((�s)W 2
0 �W1W2+(r+1)W0W2+(s� r)W0W1)Wj+2+(W

2
2 � ((r+1)2+

(s�r))W0W2�((r+1)(s�r)+(�s))W0W1)Wj+1+((r+1)W
2
2 �2((�s)+(r+1)(s�r))W 2

1 �2(s�

r)(�s)W 2
0 +(2(s�r)�(r+1)2)W1W2+(2(�s)�(r+1)(s�r))W0W2�(2(s�r)2+(r+1)(�s))W0W1)

Wj)Wm+1+((W
2
2 � (s�r)W 2

1 � (r+1)W1W2� (�s)W0W1)Wj+2+(�(r+1)W 2
2 +((r+1)(s�r)+

(�s))W 2
1 +(r+1)

2W1W2� (�s)W0W2+(r+1)(�s)W0W1)Wj+1+(�s)(�(r+1)W 2
1 �2(�s)W 2

0 +

2W1W2 � (r + 1)W0W2 � 2(s� r)W0W1)Wj)Wm � (r + 1)(�s)W 2
0Wj+1Wm+1);
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�6 = (W
3
2 + ((�s) + (r + 1)(s � r))W 3

1 + (�s)2W 3
0 � 2(r + 1)W1W

2
2 � (s � r)W0W

2
2 + ((r +

1)2 � (s� r))W 2
1W2 + ((s� r)2 + (r + 1)(�s))W0W

2
1 + (r + 1)(�s)W 2

0W2 + 2(s� r)(�s)W 2
0W1 +

((r + 1)(s� r)� 3(�s))W0W1W2)Wj ;

and

�W (z) = z
3�1 + z

2�2 + z�3 + �4;

z3�1 = z
3(�(�s)m(W 3

2 +((�s)+(r+1)(s�r))W 3
1 +(�s)2W 3

0 +((r+1)
2�(s�r))W 2

1W2�2(r+

1)W1W
2
2 �(s�r)W0W

2
2 +(r+1)(�s)W 2

0W2+((s�r)2+(r+1)(�s))W0W
2
1 +2(s�r)(�s)W 2

0W1+

((r + 1)(s� r)� 3(�s))W0W1W2));

z2�2 = z
2((3W2� 2(r+1)W1� (s� r)W0)W

2
m+2+(((r+1)

2� (s� r))W2+(3(r+1)(s� r)+

3(�s))W1 + ((s� r)2 + (r + 1)(�s))W0)W
2
m+1 + (�s)((r + 1)W2 + 2(s� r)W1 + 3(�s)W0)W

2
m +

(�4(r+1)W2+2((r+1)
2� (s� r))W1+((r+1)(s� r)�3(�s))W0)Wm+2Wm+1+(�2(s� r)W2+

((r + 1)(s � r) � 3(�s))W1 + 2(r + 1)(�s)W0)Wm+2Wm + (((r + 1)(s � r) � 3(�s))W2 + 2((s �

r)2 + (r + 1)(�s))W1 + 4(s� r)(�s)W0)Wm+1Wm);

z�3 = z((�3W 2
2 + ((s� r)� (r+1)2)W 2

1 � (�s)(r+1)W 2
0 +4(r+1)W1W2 +2(s� r)W0W2 +

(3(�s)�(s�r)(r+1))W0W1)Wm+2+(2(r+1)W
2
2 �(3(r+1)(s�r)+3(�s))W 2

1 �2(s�r)(�s)W 2
0 +

(2(s � r) � 2(r + 1)2)W1W2 + (3(�s) � (r + 1)(s � r))W0W2 � 2((s � r)2 + (r + 1)(�s))W0W1)

Wm+1 + ((s� r)W 2
2 � ((s� r)2 + (r + 1)(�s))W 2

1 � 3(�s)2W 2
0 + (3(�s)� (r + 1)(s� r))W1W2 �

2(r + 1)(�s)W0W2 � 4(s� r)(�s)W0W1)Wm);

�4 =W
3
2 +((�s)+(r+1)(s� r))W 3

1 +(�s)2W 3
0 �2(r+1)W1W

2
2 +((r+1)

2� (s� r))W 2
1W2�

(s� r)W0W
2
2 + ((s� r)2 + (r + 1)(�s))W0W

2
1 + (r + 1)(�s)W 2

0W2 + 2(s� r)(�s)W 2
0W1 + ((r +

1)(s� r)� 3(�s))W0W1W2:

(b): If z3�1 + z2�2 + z�3 + �4 = u(z � a)(z � b)(z � c) = 0 for some u; a; b; c 2 C with u 6= 0 and

a 6= b 6= c, i.e., z = a or z = b or z = c then
nX
k=0

zkWmk+j =
(n+ 3)zn+2�1 + (n+ 2)z

n+1�2 + (n+ 1)z
n�3 + 2z�4 +�5

3z2�1 + 2z�2 + �3
:

(c): If z3�1 + z2�2 + z�3 +�4 = u(z� a)2(z� b) = 0 for some u; a; b 2 C with u 6= 0 and a 6= b, i.e.,

z = a or z = b then for z = a we get

nX
k=0

zkWmk+j =
(n+ 3)(n+ 2)zn+1�1 + (n+ 2)(n+ 1)z

n�2 + (n+ 1)nz
n�1�3 + 2�4

6z�1 + 2�2
;

and for z = b we get

nX
k=0

zkWmk+j =
(n+ 3)zn+2�1 + (n+ 2)z

n+1�2 + (n+ 1)z
n�3 + 2z�4 +�5

3z2�1 + 2z�2 + �3
:

(d): If z3�1 + z2�2 + z�3 + �4 = u(z � a)3 = 0 for some u; a 2 C with u 6= 0, i.e., z = a; then
nX
k=0

zkWmk+j =
(n+ 3)(n+ 2)(n+ 1)zn�1 + (n+ 2)(n+ 1)nz

n�1�2 + (n+ 1)n(n� 1)zn�2�3
6�1

:
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Proof. Replace r; s and t with r + 1; s� r; �s; respectively, in [16, Theorem 61]. �
Now, we consider special cases of the last Theorem.

Theorem 26. We have the following sum formulas.

(a): (m = 1; j = 0):

(i): If z3(�(�s)) + z2(�1)(s� r) + z(�1)(r + 1) + 1 6= 0 then
nX
k=0

zkWk =

1

z3(�(�s)) + z2(�1)(s� r) + z(�1)(r + 1) + 1

where


1 = z
n+3(�1)(�s)Wn+ z

n+2((r+1)Wn+1�Wn+2)+ z
n+1(�1)Wn+1+ z

2(W2� (r+1)W1�

(s� r)W0) + z(W1 � (r + 1)W0) +W0:

(ii): If z3(�(�s)) + z2(�1)(s � r) + z(�1)(r + 1) + 1 = u(z � a)(z � b)(z � c) = 0 for some

u; a; b; c 2 C with u 6= 0 and a 6= b 6= c, i.e., z = a or z = b or z = c then
nX
k=0

zkWk =

2

3z2(�(�s)) + 2z(�1)(s� r) + (�1)(r + 1)

where


2 = (n + 3)z
n+2(�1)(�s)Wn + (n + 2)z

n+1((r + 1)Wn+1 �Wn+2) + (n + 1)z
n(�1)Wn+1 +

2z(W2 � (r + 1)W1 � (s� r)W0) + (W1 � (r + 1)W0):

(iii): If z3(�(�s))+ z2(�1)(s� r)+ z(�1)(r+1)+1 = u(z� a)2(z� b) = 0 for some u; a; b 2 C

with u 6= 0 and a 6= b, i.e., z = a or z = b then for z = a we get
nX
k=0

zkWk =

3

6z(�(�s)) + 2(�1)(s� r)

where


3 = (n + 3)(n + 2)zn+1(�1)(�s)Wn + (n + 2)(n + 1)zn((r + 1)Wn+1 � Wn+2) + (n +

1)nzn�1(�1)Wn+1 + 2(W2 � (r + 1)W1 � (s� r)W0)

and for z = b we get

nX
k=0

zkWk =

4

3z2(�(�s)) + 2z(�1)(s� r) + (�1)(r + 1)

where


4 = (n + 3)z
n+2(�1)(�s)Wn + (n + 2)z

n+1((r + 1)Wn+1 �Wn+2) + (n + 1)z
n(�1)Wn+1 +

2z(W2 � (r + 1)W1 � (s� r)W0) + (W1 � (r + 1)W0):

(iv): If z3(�(�s)) + z2(�1)(s � r) + z(�1)(r + 1) + 1 = u(z � a)3 = 0 for some u; a 2 C with

u 6= 0, i.e., z = a; then
nX
k=0

zkWk =

5

6(�(�s))

where
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5 = (n+3)(n+2)(n+1)z
n(�1)(�s)Wn+(n+2)(n+1)nz

n�1((r+1)Wn+1�Wn+2)+ (n+

1)n(n� 1)zn�2(�1)Wn+1:

(b): (m = 2; j = 0):

(i): If z3(�(�s)2) + z2(�2(r + 1)(�s) + (s� r)2) + z(�1)(r2 + 2s+ 1) + 1 6= 0 then

nX
k=0

zkW2k =

1

z3(�(�s)2) + z2(�2(r + 1)(�s) + (s� r)2) + z(�1)(r2 + 2s+ 1) + 1

where


1 = z
n+3(�1)(�s)2W2n+z

n+2((s�r)W2n+2�((r+1)(s�r)+(�s))W2n+1�(r+1)(�s)W2n)+

zn+1(�1)W2n+2+ z
2(�(s� r)W2+ ((�s) + (r+1)(s� r))W1+ ((s� r)2� (r+1)(�s))W0) +

z(W2 � ((r + 1)2 + 2(s� r))W0) +W0:

(ii): If z3(�(�s)2)+z2(�2(r+1)(�s)+(s�r)2)+z(�1)(r2+2s+1)+1 = u(z�a)(z�b)(z�c) = 0

for some u; a; b; c 2 C with u 6= 0 and a 6= b 6= c, i.e., z = a or z = b or z = c then

nX
k=0

zkW2k =

2

3z2(�(�s)2) + 2z(�2(r + 1)(�s) + (s� r)2) + (�1)(r2 + 2s+ 1)

where


2 = (n+3)z
n+2(�1)(�s)2W2n+(n+2)z

n+1((s� r)W2n+2� ((r+1)(s� r)+ (�s))W2n+1�

(r+ 1)(�s)W2n) + (n+ 1)z
n(�1)W2n+2 + 2z(�(s� r)W2 + ((�s) + (r+ 1)(s� r))W1 + ((s�

r)2 � (r + 1)(�s))W0) + (W2 � ((r + 1)2 + 2(s� r))W0):

(iii): If z3(�(�s)2)+z2(�2(r+1)(�s)+(s�r)2)+z(�1)(r2+2s+1)+1 = u(z�a)2(z� b) = 0

for some u; a; b 2 C with u 6= 0 and a 6= b, i.e., z = a or z = b then for z = a we get

nX
k=0

zkW2k =

3

6z(�(�s)2) + 2(�2(r + 1)(�s) + (s� r)2)

where


3 = (n + 3)(n + 2)z
n+1(�1)(�s)2W2n + (n + 2)(n + 1)z

n((s � r)W2n+2 � ((r + 1)(s � r) +

(�s))W2n+1� (r+1)(�s)W2n)+(n+1)nz
n�1(�1)W2n+2+2(�(s�r)W2+((�s)+(r+1)(s�

r))W1 + ((s� r)2 � (r + 1)(�s))W0)

and for z = b we get

nX
k=0

zkW2k =

4

3z2(�(�s)2) + 2z(�2(r + 1)(�s) + (s� r)2) + (�1)(r2 + 2s+ 1)

where


4 = (n+3)z
n+2(�1)(�s)2W2n+(n+2)z

n+1((s� r)W2n+2� ((r+1)(s� r)+ (�s))W2n+1�

(r+ 1)(�s)W2n) + (n+ 1)z
n(�1)W2n+2 + 2z(�(s� r)W2 + ((�s) + (r+ 1)(s� r))W1 + ((s�

r)2 � (r + 1)(�s))W0) + (W2 � ((r + 1)2 + 2(s� r))W0):
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(iv): If z3(�(�s)2) + z2(�2(r+ 1)(�s) + (s� r)2) + z(�1)(r2 + 2s+ 1) + 1 = u(z � a)3 = 0 for

some u; a 2 C with u 6= 0, i.e., z = a; then
nX
k=0

zkW2k =

5

6(�(�s)2)

where


5 = (n+3)(n+2)(n+1)z
n(�1)(�s)2W2n+(n+2)(n+1)nz

n�1((s� r)W2n+2� ((r+1)(s�

r) + (�s))W2n+1 � (r + 1)(�s)W2n) + (n+ 1)n(n� 1)zn�2(�1)W2n+2:

(c): (m = 2; j = 1):

(i): If z3(�(�s)2) + z2(�2(r + 1)(�s) + (s� r)2) + z(�1)(r2 + 2s+ 1) + 1 6= 0 then
nX
k=0

zkW2k+1 =

1

z3(�(�s)2) + z2(�2(r + 1)(�s) + (s� r)2) + z(�1)(r2 + 2s+ 1) + 1

where


1 = zn+3(�(�s)2W2n+1) + zn+2(�(�s)W2n+2 + ((s � r)2 � (r + 1)(�s))W2n+1 + (s �

r)(�s)W2n)+ z
n+1(�1)((r+1)W2n+2+(s� r)W2n+1+(�s)W2n)+ z

2(�s)(W2� (r+1)W1�

(s� r)W0) + z((r + 1)W2 � ((r + 1)2 + (s� r))W1 + (�s)W0) +W1:

(ii): If z3(�(�s)2)+z2(�2(r+1)(�s)+(s�r)2)+z(�1)(r2+2s+1)+1 = u(z�a)(z�b)(z�c) = 0

for some u; a; b; c 2 C with u 6= 0 and a 6= b 6= c, i.e., z = a or z = b or z = c then
nX
k=0

zkW2k+1 =

2

3z2(�(�s)2) + 2z(�2(r + 1)(�s) + (s� r)2) + (�1)(r2 + 2s+ 1)

where


2 = (n+3)z
n+2(�(�s)2W2n+1)+(n+2)z

n+1(�(�s)W2n+2+((s�r)2�(r+1)(�s))W2n+1+

(s � r)(�s)W2n) + (n + 1)z
n(�1)((r + 1)W2n+2 + (s � r)W2n+1 + (�s)W2n) + 2z(�s)(W2 �

(r + 1)W1 � (s� r)W0) + ((r + 1)W2 � ((r + 1)2 + (s� r))W1 + (�s)W0):

(iii): If z3(�(�s)2)+z2(�2(r+1)(�s)+(s�r)2)+z(�1)(r2+2s+1)+1 = u(z�a)2(z� b) = 0

for some u; a; b 2 C with u 6= 0 and a 6= b, i.e., z = a or z = b then for z = a we get
nX
k=0

zkW2k+1 =

3

6z(�(�s)2) + 2(�2(r + 1)(�s) + (s� r)2)

where


3 = (n + 3)(n + 2)z
n+1(�(�s)2W2n+1) + (n + 2)(n + 1)z

n(�(�s)W2n+2 + ((s � r)2 � (r +

1)(�s))W2n+1+(s�r)(�s)W2n)+(n+1)nz
n�1(�1)((r+1)W2n+2+(s�r)W2n+1+(�s)W2n)+

2(�s)(W2 � (r + 1)W1 � (s� r)W0)

and for z = b we get

nX
k=0

zkW2k+1 =

4

3z2(�(�s)2) + 2z(�2(r + 1)(�s) + (s� r)2) + (�1)(r2 + 2s+ 1)

where
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4 = (n+3)z
n+2(�(�s)2W2n+1)+(n+2)z

n+1(�(�s)W2n+2+((s�r)2�(r+1)(�s))W2n+1+

(s � r)(�s)W2n) + (n + 1)z
n(�1)((r + 1)W2n+2 + (s � r)W2n+1 + (�s)W2n) + 2z(�s)(W2 �

(r + 1)W1 � (s� r)W0) + ((r + 1)W2 � ((r + 1)2 + (s� r))W1 + (�s)W0):

(iv): If z3(�(�s)2) + z2(�2(r+ 1)(�s) + (s� r)2) + z(�1)(r2 + 2s+ 1) + 1 = u(z � a)3 = 0 for

some u; a 2 C with u 6= 0, i.e., z = a; then
nX
k=0

zkW2k+1 =

5

6(�(�s)2)

where


5 = (n+3)(n+2)(n+1)z
n(�(�s)2W2n+1)+ (n+2)(n+1)nz

n�1(�(�s)W2n+2+((s� r)2�

(r+1)(�s))W2n+1+(s�r)(�s)W2n)+(n+1)n(n�1)zn�2(�1)((r+1)W2n+2+(s�r)W2n+1+

(�s)W2n):

7.2. The Sum Formula
Pn

k=0 z
kWmk+j of Generalized Horadam-Leonardo Polynomials in

Terms of Generalized Horadam-Leonardo Polynomials and (r; s)-Horadam-Leonardo Polynomi-

als. We can give the sum formula
Pn

k=0 z
kWmk+j of generalized Horadam-Leonardo polynomials in terms

of elements of the sequence of generalized Horadam-Leonardo polynomials and (r; s)-Horadam-Leonardo

polynomials.

Theorem 27. For all integers m and j; we have the following sum formulas.

(a): If z3�1 + z2�2 + z�3 + �4 6= 0 then
nX
k=0

zkWmk+j =
zn+3�1 + z

n+2�2 + z
n+1�3 + z

2�4 + z�5 +�6
z3�1 + z2�2 + z�3 + �4

=
�G(z)

�G(z)

where

�G(z) = z
n+3�1 + z

n+2�2 + z
n+1�3 + z

2�4 + z�5 +�6;

zn+3�1 = z
n+3((�WjG

2
m+2+(�Wj+2+(s�r)Wj)G

2
m+1� (�s)Wj+1G

2
m+(Wj+1+(r+1)Wj)

Gm+2Gm+1 + (Wj+2 � (r + 1)Wj+1)Gm+2Gm + (�(s � r)Wj+1 + (�s)Wj)Gm+1Gm)Gm+mn+2

+((�Wj+1+(r+1)Wj)G
2
m+2� ((�s)+(r+1)(s�r))WjG

2
m+1+(�s)(�Wj+2+(r+1)Wj+1)G

2
m+

(Wj+2� (r+1)2Wj)Gm+2Gm+1+(�(r+1)Wj+2+((r+1)
2+(s� r))Wj+1+(�s)Wj)Gm+2Gm+

(�(s� r)Wj+2 + ((�s) + (r + 1)(s� r))Wj+1 � (r + 1)(�s)Wj)Gm+1Gm)Gm+mn+1 + ((�Wj+2 +

(r+1)Wj+1+(s� r)Wj)G
2
m+2+((s� r)Wj+2� ((�s)+ (r+1)(s� r))Wj+1� (s� r)2Wj)G

2
m+1�

Wj(�s)2G2m+(Wj+2(r+1)� (r+1)2Wj+1+((�s)� (r+1)(s� r))Wj)Gm+2Gm+1+(�s)(Wj+1�

(r + 1)Wj)Gm+2Gm + (�s)(Wj+2 � (r + 1)Wj+1 � 2(s� r)Wj)Gm+1Gm)Gm+mn);

zn+2�2 = z
n+2((((r+1)Wj�Wj+1)Gm+2+(2Wj+2�(r+1)Wj+1�((r+1)2+2(s�r))Wj)Gm+1+

(�(r+1)Wj+2+((r+1)
2+(s� r))Wj+1� (�s)Wj)Gm)Gm+mn+2+((2(r+1)Wj+1�Wj+2� (r+

1)2Wj)Gm+2+(�(r+1)Wj+2+((r+1)
3+2(�s)+2(r+1)(s�r))Wj)Gm+1+(((r+1)

2+(s�r))Wj+2�
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((r+1)3+2(r+1)(s�r)+(�s))Wj+1)Gm)Gm+mn+1+(((r+1)Wj+2�(r+1)2Wj+1�((r+1)(s�r)+

(�s))Wj)Gm+2+(�((r+1)2+2(s�r))Wj+2+((r+1)
3+2(r+1)(s�r)+2(�s))Wj+1+((r+1)

2(s�

r) + 2(s� r)2� (r+1)(�s))Wj)Gm+1+2(s� r)(�s)WjGm� (�s)GmWj+2+ (r+1)
2(�s)WjGm)

Gm+mn);

zn+1�3 = z
n+1((�Wj+2+(r+1)Wj+1+(s� r)Wj)Gm+mn+2+((r+1)Wj+2� (r+1)2Wj+1�

((r + 1)(s � r) + (�s))Wj)Gm+mn+1 + ((s � r)Wj+2 � ((r + 1)(s � r) + (�s))Wj+1 � ((s � r)2 �

(r + 1)(�s))Wj)Gm+mn);

z2�4 = z2(G2m+2Wj+1 + ((r + 1)Wj+2 + (�s)Wj)G
2
m+1 + (�s)G2mWj+2 � ((r + 1)Wj+1 +

Wj+2)Gm+1Gm+2 � ((s� r)Wj+1 + (�s)Wj)GmGm+2 + ((s� r)Wj+2 � (�s)Wj+1)GmGm+1);

z�5 = z((Wj+2 � (r + 1)Wj+1)Gm+2 + (�(r + 1)Wj+2 + (r + 1)
2Wj+1 � 2(�s)Wj)Gm+1 +

(�(s� r)Wj+2 + ((�s)Wj+1 + (r + 1)(s� r)Wj+1) + (r + 1)(�s)Wj)Gm);

�6 = (�s)Wj ;

and

�G(z) = �1(z) + �2(z) + �3(z) + �4(z);

z3�1 = z
3(�(�s)m+1);

z2�2 = z2((r + 1)G2m+2 + ((r + 1)
3 + 2(r + 1)(s � r) + 3(�s))G2m+1 + ((r + 1)2(�s) + 2(s �

r)(�s))G2m � 2((r + 1)2 + (s� r))Gm+1Gm+2 � ((r + 1)(s� r) + 3(�s))GmGm+2 + ((r + 1)2(s�

r) + 2(s� r)2 � (r + 1)(�s))GmGm+1);

z�3 = z((s� r)Gm+2 � ((r + 1)(s� r) + 3(�s))Gm+1 + (2(r + 1)(�s)� (s� r)2)Gm);

�4 = (�s):

(b): If z3�1 + z2�2 + z�3 + �4 = u(z � a)(z � b)(z � c) = 0 for some u; a; b; c 2 C with u 6= 0 and

a 6= b 6= c, i.e., z = a or z = b or z = c then
nX
k=0

zkWmk+j =
(n+ 3)zn+2�1 + (n+ 2)z

n+1�2 + (n+ 1)z
n�3 + 2z�4 +�5

3z2�1 + 2z�2 + �3
:

(c): If z3�1 + z2�2 + z�3 +�4 = u(z� a)2(z� b) = 0 for some u; a; b 2 C with u 6= 0 and a 6= b, i.e.,

z = a or z = b then for z = a we get
nX
k=0

zkWmk+j =
(n+ 3)(n+ 2)zn+1�1 + (n+ 2)(n+ 1)z

n�2 + (n+ 1)nz
n�1�3 + 2�4

6z�1 + 2�2
;

and for z = b we get
nX
k=0

zkWmk+j =
(n+ 3)zn+2�1 + (n+ 2)z

n+1�2 + (n+ 1)z
n�3 + 2z�4 +�5

3z2�1 + 2z�2 + �3
:

(d): If z3�1 + z2�2 + z�3 + �4 = u(z � a)3 = 0 for some u; a 2 C with u 6= 0, i.e., z = a; then
nX
k=0

zkWmk+j =
(n+ 3)(n+ 2)(n+ 1)zn�1 + (n+ 2)(n+ 1)nz

n�1�2 + (n+ 1)n(n� 1)zn�2�3
6�1

:

Proof. Replace r; s and t with r + 1; s� r; �s; respectively, in [16, Theorem 63]. �
Now, we consider special cases of the last Theorem.
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Theorem 28. We have the following sum formulas.

(a): (m = 1; j = 0):

(i): If z3(�1)(�s) + z2(�(s� r)) + z(�(r + 1)) + 1 6= 0 then
nX
k=0

zkWk =

1

z3(�1)(�s) + z2(�(s� r)) + z(�(r + 1)) + 1

where


1 = zn+3((�W2 + (r + 1)W1 + (s � r)W0)Gn+2 + ((r + 1)W2 � (r + 1)2W1 � ((r + 1)(s �

r)+ (�s))W0)Gn+1+((s� r)W2� ((r+1)(s� r)+ (�s))W1+((r+1)(�s)� (s� r)2)W0)Gn

)+ zn+2((�W1+(r+1)W0)Gn+2� (W2� 2(r+1)W1+(r+1)
2W0)Gn+1+((r+1)W2� (r+

1)2W1� ((r+1)(s�r)+(�s))W0)Gn)+z
n+1(�W0Gn+2+(�W1+(r+1)W0)Gn+1+(�W2+

(r + 1)W1 + (s� r)W0)Gn) + z
2(W2 � (r + 1)W1 � (s� r)W0) + z(W1 � (r + 1)W0) +W0:

(ii): If z3(�1)(�s) + z2(�(s � r)) + z(�(r + 1)) + 1 = u(z � a)(z � b)(z � c) = 0 for some

u; a; b; c 2 C with u 6= 0 and a 6= b 6= c, i.e., z = a or z = b or z = c then
nX
k=0

zkWk =

2

3z2(�1)(�s) + 2z(�(s� r)) + (�(r + 1))

where


2 = (n+3)z
n+2((�W2+(r+1)W1+(s�r)W0)Gn+2+((r+1)W2� (r+1)2W1� ((r+1)(s�

r)+ (�s))W0)Gn+1+((s� r)W2� ((r+1)(s� r)+ (�s))W1+((r+1)(�s)� (s� r)2)W0)Gn

)+(n+2)zn+1((�W1+(r+1)W0)Gn+2� (W2�2(r+1)W1+(r+1)
2W0)Gn+1+((r+1)W2�

(r+1)2W1� ((r+1)(s�r)+(�s))W0)Gn)+(n+1)z
n(�W0Gn+2+(�W1+(r+1)W0)Gn+1+

(�W2 + (r + 1)W1 + (s� r)W0)Gn) + 2z(W2 � (r + 1)W1 � (s� r)W0) + (W1 � (r + 1)W0):

(iii): If z3(�1)(�s) + z2(�(s� r)) + z(�(r+ 1)) + 1 = u(z � a)2(z � b) = 0 for some u; a; b 2 C

with u 6= 0 and a 6= b, i.e., z = a or z = b then for z = a we get
nX
k=0

zkWk =

3

6z(�1)(�s) + 2(�(s� r))

where


3 = (n+3)(n+2)z
n+1((�W2+(r+1)W1+(s�r)W0)Gn+2+((r+1)W2� (r+1)2W1� ((r+

1)(s�r)+(�s))W0)Gn+1+((s�r)W2�((r+1)(s�r)+(�s))W1+((r+1)(�s)�(s�r)2)W0)Gn

) + (n+2)(n+1)zn((�W1 + (r+1)W0)Gn+2 � (W2 � 2(r+1)W1 + (r+1)
2W0)Gn+1 + ((r+

1)W2� (r+1)2W1� ((r+1)(s� r)+ (�s))W0)Gn)+ (n+1)nz
n�1(�W0Gn+2+(�W1+(r+

1)W0)Gn+1 + (�W2 + (r + 1)W1 + (s� r)W0)Gn) + 2(W2 � (r + 1)W1 � (s� r)W0)

and for z = b we get

nX
k=0

zkWk =

4

3z2(�1)(�s) + 2z(�(s� r)) + (�(r + 1))

where
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4 = (n+3)z
n+2((�W2+(r+1)W1+(s�r)W0)Gn+2+((r+1)W2� (r+1)2W1� ((r+1)(s�

r)+ (�s))W0)Gn+1+((s� r)W2� ((r+1)(s� r)+ (�s))W1+((r+1)(�s)� (s� r)2)W0)Gn

)+(n+2)zn+1((�W1+(r+1)W0)Gn+2� (W2�2(r+1)W1+(r+1)
2W0)Gn+1+((r+1)W2�

(r+1)2W1� ((r+1)(s�r)+(�s))W0)Gn)+(n+1)z
n(�W0Gn+2+(�W1+(r+1)W0)Gn+1+

(�W2 + (r + 1)W1 + (s� r)W0)Gn) + 2z(W2 � (r + 1)W1 � (s� r)W0) + (W1 � (r + 1)W0)

(iv): If z3(�1)(�s) + z2(�(s � r)) + z(�(r + 1)) + 1 = u(z � a)3 = 0 for some u; a 2 C with

u 6= 0, i.e., z = a; then
nX
k=0

zkWk =

5

6(�1)(�s)

where


5 = (n+3)(n+2)(n+1)z
n((�W2+(r+1)W1+(s�r)W0)Gn+2+((r+1)W2�(r+1)2W1�((r+

1)(s�r)+(�s))W0)Gn+1+((s�r)W2�((r+1)(s�r)+(�s))W1+((r+1)(�s)�(s�r)2)W0)Gn

) + (n+ 2)(n+ 1)nzn�1((�W1 + (r + 1)W0)Gn+2 � (W2 � 2(r + 1)W1 + (r + 1)
2W0)Gn+1 +

((r+1)W2 � (r+1)2W1 � ((r+1)(s� r) + (�s))W0)Gn) + (n+1)n(n� 1)zn�2(�W0Gn+2 +

(�W1 + (r + 1)W0)Gn+1 + (�W2 + (r + 1)W1 + (s� r)W0)Gn)

(b): (m = 2; j = 0):

(i): If z3(�1)(�s)2 + z2((s� r)2 � 2(r + 1)(�s)) + z(�((r + 1)2 + 2(s� r))) + 1 6= 0 then
nX
k=0

zkW2k =

1

z3(�1)(�s)2 + z2((s� r)2 � 2(r + 1)(�s)) + z(�((r + 1)2 + 2(s� r))) + 1

where


1 = z
n+3(�s)((�W2 + (r + 1)W1 + (s � r)W0)G2n+2 + ((r + 1)W2 � (r + 1)2W1 � ((�s) +

(r+1)(s� r))W0)G2n+1+((s� r)W2� ((�s)+(r+1)(s� r))W1+((r+1)(�s)� (s� r)2)W0)

G2n)+ z
n+2((�(r+1)W2+((r+1)

2+(s� r))W1� (�s)W0)G2n+2+(((r+1)
2+(s� r))W2�

((r + 1)3 + 2(r + 1)(s� r) + (�s))W1)G2n+1 + (�s)(�W2 + 2(s� r)W0 + (r + 1)
2W0)G2n) +

zn+1(�W1G2n+2+((r+1)W1�W2)G2n+1� (�s)W0G2n)+ z
2(�(s� r)W2+((r+1)(s� r)+

(�s))W1 + ((s� r)2 � (r + 1)(�s))W0) + z(W2 � ((r + 1)2 + 2(s� r))W0) +W0:

(ii): If z3(�1)(�s)2 + z2((s� r)2 � 2(r+1)(�s)) + z(�((r+1)2 +2(s� r))) + 1 = u(z� a)(z�

b)(z � c) = 0 for some u; a; b; c 2 C with u 6= 0 and a 6= b 6= c, i.e., z = a or z = b or z = c

then

nX
k=0

zkW2k =

2

3z2(�1)(�s)2 + 2z((s� r)2 � 2(r + 1)(�s)) + (�((r + 1)2 + 2(s� r)))

where


2 = (n+3)z
n+2(�s)((�W2+(r+1)W1+(s�r)W0)G2n+2+((r+1)W2�(r+1)2W1�((�s)+

(r+1)(s� r))W0)G2n+1+((s� r)W2� ((�s)+(r+1)(s� r))W1+((r+1)(�s)� (s� r)2)W0)

G2n) + (n + 2)z
n+1((�(r + 1)W2 + ((r + 1)

2 + (s � r))W1 � (�s)W0)G2n+2 + (((r + 1)
2 +

(s� r))W2 � ((r + 1)3 + 2(r + 1)(s� r) + (�s))W1)G2n+1 + (�s)(�W2 + 2(s� r)W0 + (r +

UNDER PEER REVIEW



GENERALIZED HORADAM-LEONARDO NUMBERS AND POLYNOMIALS 29

1)2W0)G2n)+(n+1)z
n(�W1G2n+2+((r+1)W1�W2)G2n+1�(�s)W0G2n)+2z(�(s�r)W2+

((r + 1)(s� r) + (�s))W1 + ((s� r)2 � (r + 1)(�s))W0) + (W2 � ((r + 1)2 + 2(s� r))W0):

(iii): If z3(�1)(�s)2+z2((s�r)2�2(r+1)(�s))+z(�((r+1)2+2(s�r)))+1 = u(z�a)2(z�b) = 0

for some u; a; b 2 C with u 6= 0 and a 6= b, i.e., z = a or z = b then for z = a we get

nX
k=0

zkW2k =

3

6z(�1)(�s)2 + 2((s� r)2 � 2(r + 1)(�s))

where


3 = (n+3)(n+2)z
n+1(�s)((�W2+(r+1)W1+(s�r)W0)G2n+2+((r+1)W2�(r+1)2W1�

((�s)+(r+1)(s�r))W0)G2n+1+((s�r)W2�((�s)+(r+1)(s�r))W1+((r+1)(�s)�(s�r)2)W0)

G2n) + (n+2)(n+1)z
n((�(r+1)W2+ ((r+1)

2+ (s� r))W1� (�s)W0)G2n+2+ (((r+1)
2+

(s� r))W2 � ((r + 1)3 + 2(r + 1)(s� r) + (�s))W1)G2n+1 + (�s)(�W2 + 2(s� r)W0 + (r +

1)2W0)G2n) + (n+ 1)nz
n�1(�W1G2n+2 + ((r + 1)W1 �W2)G2n+1 � (�s)W0G2n) + 2(�(s�

r)W2 + ((r + 1)(s� r) + (�s))W1 + ((s� r)2 � (r + 1)(�s))W0)

and for z = b we get

nX
k=0

zkW2k =

4

3z2(�1)(�s)2 + 2z((s� r)2 � 2(r + 1)(�s)) + (�((r + 1)2 + 2(s� r)))

where


4 = (n+3)z
n+2(�s)((�W2+(r+1)W1+(s�r)W0)G2n+2+((r+1)W2�(r+1)2W1�((�s)+

(r+1)(s� r))W0)G2n+1+((s� r)W2� ((�s)+(r+1)(s� r))W1+((r+1)(�s)� (s� r)2)W0)

G2n) + (n + 2)z
n+1((�(r + 1)W2 + ((r + 1)

2 + (s � r))W1 � (�s)W0)G2n+2 + (((r + 1)
2 +

(s� r))W2 � ((r + 1)3 + 2(r + 1)(s� r) + (�s))W1)G2n+1 + (�s)(�W2 + 2(s� r)W0 + (r +

1)2W0)G2n)+(n+1)z
n(�W1G2n+2+((r+1)W1�W2)G2n+1�(�s)W0G2n)+2z(�(s�r)W2+

((r + 1)(s� r) + (�s))W1 + ((s� r)2 � (r + 1)(�s))W0) + (W2 � ((r + 1)2 + 2(s� r))W0):

(iv): If z3(�1)(�s)2+ z2((s� r)2� 2(r+1)(�s))+ z(�((r+1)2+2(s� r)))+1 = u(z�a)3 = 0

for some u; a 2 C with u 6= 0, i.e., z = a; then

nX
k=0

zkW2k =

5

6(�1)(�s)2

where


5 = (n+3)(n+2)(n+1)z
n(�s)((�W2+(r+1)W1+(s�r)W0)G2n+2+((r+1)W2�(r+1)2W1�

((�s)+(r+1)(s�r))W0)G2n+1+((s�r)W2�((�s)+(r+1)(s�r))W1+((r+1)(�s)�(s�r)2)W0)

G2n) + (n+ 2)(n+ 1)nz
n�1((�(r + 1)W2 + ((r + 1)

2 + (s� r))W1 � (�s)W0)G2n+2 + (((r +

1)2 + (s� r))W2 � ((r + 1)3 + 2(r + 1)(s� r) + (�s))W1)G2n+1 + (�s)(�W2 + 2(s� r)W0 +

(r+1)2W0)G2n) + (n+1)n(n� 1)zn�2(�W1G2n+2+ ((r+1)W1�W2)G2n+1� (�s)W0G2n):

(c): (m = 2; j = 1):
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(i): If z3(�1)(�s)2 + z2(�2(r + 1)(�s) + (s� r)2) + z(�1)((r + 1)2 + 2(s� r)) + 1 6= 0 then
nX
k=0

zkW2k+1 =

1

z3(�1)(�s)2 + z2(�2(r + 1)(�s) + (s� r)2) + z(�1)((r + 1)2 + 2(s� r)) + 1

where


1 = z
n+3(�s)2(�W0G2n+2+ ((r+1)W0�W1)G2n+1+ (�W2+ (r+1)W1+ (s� r)W0)G2n)

+ zn+2(((s� r)W2 � ((r+ 1)(s� r) + (�s))W1 � (r+ 1)(�s)W0)G2n+2 + (�((r+ 1)(s� r) +

(�s))W2+(s�r)((r+1)2+(s�r))W1+(�s)((s�r)+(r+1)2)W0)G2n+1+(�s)(�(r+1)W2+

((r+1)2+(s�r))W1�(�s)W0)G2n)+z
n+1(�W2G2n+2�((s�r)W1+(�s)W0)G2n+1�(�s)W1

G2n)+z
2(�s)(W2�(r+1)W1�(s�r)W0)+z((r+1)W2�((r+1)2+(s�r))W1+(�s)W0)+W1:

(ii): If z3(�1)(�s)2 + z2(�2(r + 1)(�s) + (s � r)2) + z(�1)((r + 1)2 + 2(s � r)) + 1 = u(z �

a)(z � b)(z � c) = 0 for some u; a; b; c 2 C with u 6= 0 and a 6= b 6= c, i.e., z = a or z = b or

z = c then
nX
k=0

zkW2k+1 =

2

3z2(�1)(�s)2 + 2z(�2(r + 1)(�s) + (s� r)2) + (�1)((r + 1)2 + 2(s� r))

where


2 = (n+3)z
n+2(�s)2(�W0G2n+2+((r+1)W0�W1)G2n+1+(�W2+(r+1)W1+(s�r)W0)G2n)

+(n+2)zn+1(((s�r)W2�((r+1)(s�r)+(�s))W1�(r+1)(�s)W0)G2n+2+(�((r+1)(s�r)+

(�s))W2+(s�r)((r+1)2+(s�r))W1+(�s)((s�r)+(r+1)2)W0)G2n+1+(�s)(�(r+1)W2+((r+

1)2+(s�r))W1�(�s)W0)G2n)+(n+1)z
n(�W2G2n+2�((s�r)W1+(�s)W0)G2n+1�(�s)W1

G2n)+ 2z(�s)(W2� (r+1)W1� (s� r)W0)+ ((r+1)W2� ((r+1)2+(s� r))W1+(�s)W0):

(iii): If z3(�1)(�s)2+z2(�2(r+1)(�s)+(s�r)2)+z(�1)((r+1)2+2(s�r))+1 = u(z�a)2(z�b) =

0 for some u; a; b 2 C with u 6= 0 and a 6= b, i.e., z = a or z = b then for z = a we get
nX
k=0

zkW2k+1 =

3

6z(�1)(�s)2 + 2(�2(r + 1)(�s) + (s� r)2)

where


3 = (n+ 3)(n+ 2)z
n+1(�s)2(�W0G2n+2 + ((r + 1)W0 �W1)G2n+1 + (�W2 + (r + 1)W1 +

(s� r)W0)G2n) + (n+ 2)(n+ 1)z
n(((s� r)W2 � ((r + 1)(s� r) + (�s))W1 � (r + 1)(�s)W0)

G2n+2+(�((r+1)(s�r)+(�s))W2+(s�r)((r+1)2+(s�r))W1+(�s)((s�r)+(r+1)2)W0)

G2n+1+(�s)(�(r+1)W2+((r+1)
2+(s�r))W1�(�s)W0)G2n)+(n+1)nz

n�1(�W2G2n+2�

((s� r)W1 + (�s)W0)G2n+1 � (�s)W1G2n) + 2(�s)(W2 � (r + 1)W1 � (s� r)W0)

and for z = b we get
nX
k=0

zkW2k+1 =

4

3z2(�1)(�s)2 + 2z(�2(r + 1)(�s) + (s� r)2) + (�1)((r + 1)2 + 2(s� r))

where


4 = (n+3)z
n+2(�s)2(�W0G2n+2+((r+1)W0�W1)G2n+1+(�W2+(r+1)W1+(s�r)W0)G2n)

+(n+2)zn+1(((s�r)W2�((r+1)(s�r)+(�s))W1�(r+1)(�s)W0)G2n+2+(�((r+1)(s�r)+
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(�s))W2+(s�r)((r+1)2+(s�r))W1+(�s)((s�r)+(r+1)2)W0)G2n+1+(�s)(�(r+1)W2+((r+

1)2+(s�r))W1�(�s)W0)G2n)+(n+1)z
n(�W2G2n+2�((s�r)W1+(�s)W0)G2n+1�(�s)W1

G2n)+ 2z(�s)(W2� (r+1)W1� (s� r)W0)+ ((r+1)W2� ((r+1)2+(s� r))W1+(�s)W0):

(iv): If z3(�1)(�s)2+z2(�2(r+1)(�s)+(s�r)2)+z(�1)((r+1)2+2(s�r))+1 = u(z�a)3 = 0

for some u; a 2 C with u 6= 0, i.e., z = a; then

nX
k=0

zkW2k+1 =

5

6(�1)(�s)2

where


5 = (n+3)(n+2)(n+1)z
n(�s)2(�W0G2n+2+((r+1)W0�W1)G2n+1+(�W2+(r+1)W1+

(s� r)W0)G2n)+(n+2)(n+1)nz
n�1(((s� r)W2� ((r+1)(s� r)+(�s))W1� (r+1)(�s)W0)

G2n+2 + (�((r + 1)(s � r) + (�s))W2 + (s � r)((r + 1)2 + (s � r))W1 + (�s)((s � r) + (r +

1)2)W0)G2n+1 + (�s)(�(r + 1)W2 + ((r + 1)
2 + (s � r))W1 � (�s)W0)G2n) + (n + 1)n(n �

1)zn�2(�W2G2n+2 � ((s� r)W1 + (�s)W0)G2n+1 � (�s)W1G2n):

7.3. The Sum Formula
Pn

k=0 z
kWmk+j of Generalized Horadam-Leonardo Polynomials in

Terms of Generalized Horadam-Leonardo Polynomials and (r; s)-Horadam-Leonardo-Lucas Poly-

nomials. We can give the sum formula
Pn

k=0 z
kWmk+j of generalized Horadam-Leonardo polynomials

in terms of elements of the sequence of generalized Horadam-Leonardo polynomials and (r; s)-Horadam-

Leonardo-Lucas polynomials:

Theorem 29. For all integers m and j; we have the followings sum formulas.

(a): If z3�1 + z2�2 + z�3 + �4 6= 0 then

nX
k=0

zkWmk+j =
zn+3�1 + z

n+2�2 + z
n+1�3 + z

2�4 + z�5 +�6
z3�1 + z2�2 + z�3 + �4

=
�W (z)

�W (z)

where

�W (z) = z
n+3�1 + z

n+2�2 + z
n+1�3 + z

2�4 + z�5 +�6;

zn+3�1 = zn+3((�WjH
2
m+2 + (�Wj+2 + (s � r)Wj)H

2
m+1 � (�s)Wj+1H

2
m + (Wj+1 + (r +

1)Wj)Hm+2Hm+1+(Wj+2�(r+1)Wj+1)Hm+2Hm+(�(s�r)Wj+1+(�s)Wj)Hm+1Hm)Hm+mn+2+

((�Wj+1+(r+1)Wj)H
2
m+2� ((�s)+ (r+1)(s� r))WjH

2
m+1+(�s)(�Wj+2+(r+1)Wj+1)H

2
m+

(Wj+2� (r+1)2Wj)Hm+2Hm+1+(�(r+1)Wj+2+((r+1)
2+(s� r))Wj+1+(�s)Wj)Hm+2Hm+

(�(s� r)Wj+2 + ((r+ 1)(s� r) + (�s))Wj+1 � (r+ 1)(�s)Wj)Hm+1Hm)Hm+mn+1 + ((�Wj+2 +

(r+1)Wj+1+(s� r)Wj)H
2
m+2+((s� r)Wj+2� ((r+1)(s� r)+ (�s))Wj+1� (s� r)2Wj)H

2
m+1�

Wj(�s)2H2
m+((r+1)Wj+2� (r+1)2Wj+1+((�s)� (r+1)(s�r))Wj)Hm+2Hm+1+(�s)(Wj+1�

(r + 1)Wj)Hm+2Hm + (�s)(Wj+2 � (r + 1)Wj+1 � 2(s� r)Wj)Hm+1Hm)Hm+mn);
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zn+2�2 = z
n+2(((�3Wj+2 + 2(r+ 1)Wj+1 + ((r+ 1)

2 + 4(s� r))Wj)Hm+2 + (2(r+ 1)Wj+2 +

((s�r)�(r+1)2)Wj+1�((r+1)3+4(r+1)(s�r)+3(�s))Wj)Hm+1+(�((r+1)2+2(s�r))Wj+2+

((r+1)3+3(r+1)(s�r)+6(�s))Wj+1�(r+1)(�s)Wj)Hm)Hm+mn+2+((2(r+1)Wj+2�((r+1)2�

(s�r))Wj+1� ((r+1)3+3(�s)+4(r+1)(s�r))Wj)Hm+2+(�((r+1)2� (s�r))Wj+2�3((�s)+

(r+1)(s� r))Wj+1+(r+1)((r+1)
3+4(r+1)(s� r)+5(�s))Wj)Hm+1+(((r+1)

3+3(r+1)(s�

r)+6(�s))Wj+2�((r+1)4+4(r+1)2(s�r)+2(s�r)2+7(r+1)(�s))Wj+1�2(s�r)(�s)Wj)Hm)

Hm+mn+1+((((r+1)
2+4(s�r))Wj+2�((r+1)3+4(r+1)(s�r)+3(�s))Wj+1�((r+1)2(s�r)�

2(r+1)(�s)+ 4(s� r)2)Wj)Hm+2+(�((r+1)3+4(r+1)(s� r)+ 3(�s))Wj+2+((r+1)
4+4(r+

1)2(s�r)+5(r+1)(�s))Wj+1+((r+1)
3(s�r)� (r+1)2(�s)+4(r+1)(s�r)2+4(s�r)(�s))Wj)

Hm+1+(�s)(�(r+1)Wj+2� 2(s� r)Wj+1+((r+1)
3+4(r+1)(s� r)+ 6(�s))Wj)Hm)Hm+mn);

zn+1�3 = z
n+1((2(3(s� r)+ (r+1)2)Wj+2� (2(r+1)3+7(r+1)(s� r)+9(�s))Wj+1� ((r+

1)2(s� r)�3(r+1)(�s)+4(s� r)2)Wj)Hm+mn+2+(�(2(r+1)3+9(�s)+7(r+1)(s� r))Wj+2+

2((r+1)4+4(r+1)2(s� r)+6(r+1)(�s)+ (s� r)2)Wj+1+((r+1)
3(s� r)� (r+1)2(�s)+4(r+

1)(s � r)2 + 6(s � r)(�s))Wj)Hm+mn+1 + (�((r + 1)2(s � r) � 3(r + 1)(�s) + 4(s � r)2)Wj+2 +

((r + 1)3(s � r) � (r + 1)2(�s) + 4(r + 1)(s � r)2 + 6(s � r)(�s))Wj+1 + (�2(r + 1)3(�s) + (r +

1)2(s� r)2 + 4(s� r)3 � 9(�s)2 � 10(r + 1)(s� r)(�s))Wj)Hm+mn);

z2�4 = z2((3Wj+2 � 2(r + 1)Wj+1 � (s � r)Wj)H
2
m+2 + (((r + 1)

2 � (s � r))Wj+2 + 3((r +

1)(s� r) + (�s))Wj+1 + ((s� r)2 + (r + 1)(�s))Wj)H
2
m+1 + (�s)((r + 1)Wj+2 + 2(s� r)Wj+1 +

3(�s)Wj)H
2
m+(�4(r+1)Wj+2+2((r+1)

2�(s�r))Wj+1+((r+1)(s�r)�3(�s))Wj)Hm+2Hm+1+

(�2(s � r)Wj+2 + ((r + 1)(s � r) � 3(�s))Wj+1 + 2(r + 1)(�s)Wj)Hm+2Hm + (((r + 1)(s � r) �

3(�s))Wj+2 + 2((s� r)2 + (r + 1)(�s))Wj+1 + 4(s� r)(�s)Wj)Hm+1Hm);

z�5 = z((�2((r+1)2+3(s�r))Wj+2+(2(r+1)
3+7(r+1)(s�r)+9(�s))Wj+1+((r+1)

2(s�r)�

3(r+1)(�s)+4(s�r)2)Wj)Hm+2+((2(r+1)
3+7(r+1)(s�r)+9(�s))Wj+2�2((r+1)4+4(r+1)2(s�

r)+6(r+1)(�s)+(s�r)2)Wj+1�((r+1)3(s�r)+4(r+1)(s�r)2�(r+1)2(�s)+6(s�r)(�s))Wj)

Hm+1 + (((r + 1)
2(s� r) + 4(s� r)2 � 3(r + 1)(�s))Wj+2 � (4(r + 1)(s� r)2 + (r + 1)3(s� r)�

(r + 1)2(�s) + 6(s� r)(�s))Wj+1 � 2(�s)((r + 1)3 + 4(r + 1)(s� r) + 9(�s))Wj)Hm);

�6 = (4(r + 1)
3(�s)� (r + 1)2(s� r)2 � 4(s� r)3 + 27(�s)2 + 18(r + 1)(s� r)(�s))Wj ;

and

�W (z) = �1(z) + �2(z) + �3(z) + �4(z);

z3�1 = z
3(�(�s)m(4(r+1)3(�s)�(r+1)2(s�r)2+18(r+1)(s�r)(�s)�4(s�r)3+27(�s)2));

z2�2 = z
2(((r+1)2+3(s�r))H2

m+2+((r+1)
4+4(r+1)2(s�r)+(s�r)2+6(r+1)(�s))H2

m+1+

(�s)((r + 1)3 + 4(r + 1)(s� r) + 9(�s))H2
m � (2(r + 1)3 + 7(r + 1)(s� r) + 9(�s))Hm+2Hm+1 �

((r+1)2(s� r)+4(s� r)2� 3(r+1)(�s))Hm+2Hm+(r+1)(s� r)((r+1)2+4(s� r))Hm+1Hm�

(�s)((r + 1)2 � 6(s� r))Hm+1Hm);

z�3 = z(�4(r + 1)3(�s) + (r + 1)2(s� r)2 + 4(s� r)3 � 27(�s)2 � 18(r + 1)(s� r)(�s))Hm;

�4 = 4(r + 1)
3(�s)� (r + 1)2(s� r)2 + 18(r + 1)(s� r)(�s)� 4(s� r)3 + 27(�s)2:
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(b): If z3�1 + z2�2 + z�3 + �4 = u(z � a)(z � b)(z � c) = 0 for some u; a; b; c 2 C with u 6= 0 and

a 6= b 6= c, i.e., z = a or z = b or z = c then
nX
k=0

zkWmk+j =
(n+ 3)zn+2�1 + (n+ 2)z

n+1�2 + (n+ 1)z
n�3 + 2z�4 +�5

3z2�1 + 2z�2 + �3
:

(c): If z3�1 + z2�2 + z�3 +�4 = u(z� a)2(z� b) = 0 for some u; a; b 2 C with u 6= 0 and a 6= b, i.e.,

z = a or z = b then for z = a we get

nX
k=0

zkWmk+j =
(n+ 3)(n+ 2)zn+1�1 + (n+ 2)(n+ 1)z

n�2 + (n+ 1)nz
n�1�3 + 2�4

6z�1 + 2�2
;

and for z = b we get

nX
k=0

zkWmk+j =
(n+ 3)zn+2�1 + (n+ 2)z

n+1�2 + (n+ 1)z
n�3 + 2z�4 +�5

3z2�1 + 2z�2 + �3
:

(d): If z3�1 + z2�2 + z�3 + �4 = u(z � a)3 = 0 for some u; a 2 C with u 6= 0, i.e., z = a; then
nX
k=0

zkWmk+j =
(n+ 3)(n+ 2)(n+ 1)zn�1 + (n+ 2)(n+ 1)nz

n�1�2 + (n+ 1)n(n� 1)zn�2�3
6�1

:

Proof. Replace r; s and t with r + 1; s� r; �s; respectively, in [16, Theorem 65]. �

8. Generating Function of Generalized Horadam-Leonardo Polynomials

In this section, we present generating function of the sequence Wmn+j and its special cases:

8.1. Generating Function of Generalized Horadam-Leonardo Polynomials via Generalized

Horadam-Leonardo Polynomials. Next, we give the ordinary generating function
1P
n=0

Wmn+jz
n of the

sequence Wmn+j (in terms of elements of the sequence of generalized Horadam-Leonardo polynomials):

Lemma 30. Assume that jzj < minfj�j�m ; j�j�m ; 1g: Suppose that fWmn+j
(z) =

1P
n=0

Wmn+jz
n is the or-

dinary generating function of the generalized Horadam-Leonardo (sequence of) polynomials fWmn+jg: Then,
1P
n=0

Wmn+jz
n is given by

1X
n=0

Wmn+jz
n =

z2�4 + z�5 +�6
z3�1 + z2�2 + z�3 + �4

where (as in Theorem 25 (a))

z2�4 = z
2((W0Wj+2 + (W1 � (r+1)W0)Wj+1 + (W2 � (r+1)W1 � (s� r)W0)Wj)W

2
m+2 + ((W2 � (s�

r)W0)Wj+2+((�s)W0+(r+1)(s�r)W0)Wj+1+((s�r)2W0+((r+1)(s�r)+(�s))W1�(s�r)W2)Wj)W
2
m+1+

(�s)(W1Wj+2+(W2�(r+1)W1)Wj+1+(�s)W0Wj)W
2
m+(�(W1+(r+1)W0)Wj+2+((r+1)

2W0�W2)Wj+1+

(�(r+1)W2+(r+1)
2W1+((r+1)(s�r)�(�s))W0)Wj)Wm+1Wm+2+(((r+1)W1�W2)Wj+2+((r+1)W2�

((s�r)+(r+1)2)W1� (�s)W0)Wj+1+(�s)((r+1)W0�W1)Wj)Wm+2Wm+(((s�r)W1� (�s)W0)Wj+2+

((s� r)W2 � ((r + 1)(s� r) + (�s))W1 + (r + 1)(�s)W0)Wj+1 + (�s)(�W2 + (r + 1)W1 + 2(s� r)W0)Wj)

Wm+1Wm);
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z�5 = z(((W
2
1 �W0W2)Wj+2+((�s)W 2

0 �W1W2+(r+1)W0W2+(s� r)W0W1)Wj+1+(�2W 2
2 � (r+

1)2W 2
1�(�s)(r+1)W 2

0+3(r+1)W1W2+2(s�r)W0W2+(2(�s)�(s�r)(r+1))W0W1)Wj)Wm+2+(((�s)W 2
0�

W1W2+(r+1)W0W2+(s�r)W0W1)Wj+2+(W
2
2 � ((r+1)2+(s�r))W0W2� ((r+1)(s�r)+(�s))W0W1)

Wj+1 + ((r+1)W
2
2 � 2((�s) + (r+1)(s� r))W 2

1 � 2(s� r)(�s)W 2
0 + (2(s� r)� (r+1)2)W1W2 + (2(�s)�

(r + 1)(s � r))W0W2 � (2(s � r)2 + (r + 1)(�s))W0W1)Wj)Wm+1 + ((W
2
2 � (s � r)W 2

1 � (r + 1)W1W2 �

(�s)W0W1)Wj+2+(�(r+1)W 2
2 +((r+1)(s�r)+(�s))W 2

1 +(r+1)
2W1W2�(�s)W0W2+(r+1)(�s)W0W1)

Wj+1+(�s)(�(r+1)W 2
1 �2(�s)W 2

0 +2W1W2�(r+1)W0W2�2(s�r)W0W1)Wj)Wm�(r+1)(�s)W 2
0Wj+1

Wm+1);

�6 = (W
3
2 + ((�s) + (r + 1)(s� r))W 3

1 + (�s)2W 3
0 � 2(r + 1)W1W

2
2 � (s� r)W0W

2
2 + ((r + 1)

2 � (s�

r))W 2
1W2+((s�r)2+(r+1)(�s))W0W

2
1 +2(s�r)(�s)W 2

0W1+(r+1)(�s)W 2
0W2+((r+1)(s�r)�3(�s))

W0W1W2)Wj ;

and

z3�1 = z3(�(�s)m(W 3
2 + ((�s) + (r + 1)(s � r))W 3

1 + (�s)2W 3
0 + ((r + 1)

2 � (s � r))W 2
1W2 � 2(r +

1)W1W
2
2 � (s� r)W0W

2
2 + (r+1)(�s)W 2

0W2 + ((s� r)2 + (r+1)(�s))W0W
2
1 +2(s� r)(�s)W 2

0W1 + ((r+

1)(s� r)� 3(�s))W0W1W2));

z2�2 = z
2((3W2�2(r+1)W1�(s�r)W0)W

2
m+2+(((r+1)

2�(s�r))W2+(3(r+1)(s�r)+3(�s))W1+((s�

r)2+(r+1)(�s))W0)W
2
m+1+(�s)((r+1)W2+2(s�r)W1+3(�s)W0)W

2
m+(�4(r+1)W2+2((r+1)

2�(s�

r))W1+((r+1)(s�r)�3(�s))W0)Wm+2Wm+1+(�2(s�r)W2+((r+1)(s�r)�3(�s))W1+2(r+1)(�s)W0)

Wm+2Wm + (((r + 1)(s� r)� 3(�s))W2 + 2((s� r)2 + (r + 1)(�s))W1 + 4(s� r)(�s)W0)Wm+1Wm);

z�3 = z((�3W 2
2 + ((s� r)� (r+1)2)W 2

1 � (�s)(r+1)W 2
0 +4(r+1)W1W2 +2(s� r)W0W2 + (3(�s)�

(s�r)(r+1))W0W1)Wm+2+(2(r+1)W
2
2 � (3(r+1)(s�r)+3(�s))W 2

1 �2(s�r)(�s)W 2
0 +(2(s�r)�2(r+

1)2)W1W2+(3(�s)� (r+1)(s� r))W0W2�2((s� r)2+(r+1)(�s))W0W1)Wm+1+((s� r)W 2
2 � ((s� r)2+

(r + 1)(�s))W 2
1 � 3(�s)2W 2

0 + (3(�s) � (r + 1)(s � r))W1W2 � 2(r + 1)(�s)W0W2 � 4(s � r)(�s)W0W1)

Wm);

�4 =W
3
2+((�s)+(r+1)(s�r))W 3

1+(�s)2W 3
0�2(r+1)W1W

2
2+((r+1)

2�(s�r))W 2
1W2�(s�r)W0W

2
2+

((s� r)2+(r+1)(�s))W0W
2
1 +(r+1)(�s)W 2

0W2+2(s� r)(�s)W 2
0W1+((r+1)(s� r)� 3(�s))W0W1W2:

Proof. Replace r; s and t with r + 1; s� r; �s; respectively, in [16, Lemma 66]. �
Now, we consider special cases of the last Lemma.

Corollary 31. The ordinary generating functions of the sequences Wn; W2n; W2n+1; W�n; W�2n;

W�2n+1 are given as follows:

(a): (m = 1; j = 0; jzj < minfj�j�1 ; j�j�1 ; 1g):

1X
n=0

Wnz
n =

z2(W2 � (r + 1)W1 � (s� r)W0) + z(W1 � (r + 1)W0) +W0

z3s+ z2(�1)(s� r) + z(�1)(r + 1) + 1 :
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(b): (m = 2; j = 0; jzj < minfj�j�2 ; j�j�2 ; 1g):
1X
n=0

W2nz
n =

z2(�(s� r)W2 � r(r � s+ 1)W1 + (r
2 � rs+ s2 + s)W0) + z(W2 � (r2 + 2s+ 1)W0) +W0

z3(�s2) + z2(r2 + s2 + 2s) + z(�1)(r2 + 2s+ 1) + 1 :

(c): (m = 2; j = 1; jzj < minfj�j�2 ; j�j�2 ; 1g):
1X
n=0

W2n+1z
n =

z2(�s)(W2 � (r + 1)W1 � (s� r)W0) + z((r + 1)W2 � (r2 + r + s+ 1)W1 + (�s)W0) +W1

z3(�s2) + z2(r2 + s2 + 2s) + z(�1)(r2 + 2s+ 1) + 1 :

(d): (m = �1; j = 0; jzj < minfj�j ; j�j ; 1g):
1X
n=0

W�nz
n =

z2W1 + z(W2 � (r + 1)W1) + (�s)W0

z3(�1) + z2(r + 1) + z(s� r) + (�s) :

(e): (m = �2; j = 0; jzj < minfj�j2 ; j�j2 ; 1g):
1X
n=0

W�2nz
n =

z2W2 + z(�(s� r)W2 � r(r � s+ 1)W1 + (r + 1)(�s)W0) + s
2W0

z3(�1) + z2(r2 + 2s+ 1) + z(�1)(r2 + s2 + 2s) + s2 :

(f): (m = �2; j = 1; jzj < minfj�j2 ; j�j2 ; 1g):
1X
n=0

W�2n+1z
n =

z2((r + 1)W2 + (s� r)W1 � sW0) + z(�sW2 � (r2 + s2 + s� rs)W1 � s(r � s)W0) + s
2W1

z3(�1) + z2(r2 + 2s+ 1) + z(�1)(r2 + s2 + 2s) + s2 :

Proof. Replace r; s and t with r + 1; s� r; �s; respectively, in [16, Corollary 67.]. �
The last Lemma gives the following results as particular examples (generating functions of (r; s)-Horadam-

Leonardo and (r; s)-Horadam-Leonardo-Lucas polynomials).

Corollary 32. Assume that jzj < minfj�j�m ; j�j�m ; 1g: Generating functions of (r; s)-Horadam-

Leonardo and (r; s)-Horadam-Leonardo-Lucas polynomials are given, respectively, as follows:

(a):
1X
n=0

Gmn+jz
n =

z2�4 + z�5 +�6
z3�1 + z2�2 + z�3 + �4

where (as Theorem 25 (a))

z2�4 = z
2(G2m+2Gj+1+(r+1)G

2
m+1Gj+2+(�s)G2m+1Gj+(�s)G2mGj+2�Gm+1Gm+2Gj+2+

(s � r)GmGm+1Gj+2 � (r + 1)Gm+1Gm+2Gj+1 � (s � r)GmGm+2Gj+1 � (�s)GmGm+1Gj+1 �

(�s)GmGm+2Gj);

z�5 = z(Gm+2Gj+2�(r+1)Gm+1Gj+2�(r+1)Gm+2Gj+1�(s�r)GmGj+2+(r+1)2Gm+1Gj+1�

2(�s)GjGm+1 + ((�s) + (r + 1)(s� r))GmGj+1 + (r + 1)(�s)GmGj);

�6 = (�s)Gj ;

and

z3�1 = z
3(�(�s)m+1);

z2�2 = z2((r + 1)G2m+2 + ((r + 1)
3 + 2(r + 1)(s � r) + 3(�s))G2m+1 + (�s)((r + 1)2 + 2(s �

r))G2m � 2((r + 1)2 + (s� r))Gm+2Gm+1 � (3(�s) + (r + 1)(s� r))Gm+2Gm + ((r + 1)2(s� r) +

2(s� r)2 � (r + 1)(�s))Gm+1Gm);
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z�3 = z((s� r)Gm+2 � ((r + 1)(s� r) + 3(�s))Gm+1 � ((s� r)2 � 2(r + 1)(�s))Gm);

�4 = (�s):

(b):
1X
n=0

Hmn+jz
n =

z2�4 + z�5 +�6
z3�1 + z2�2 + z�3 + �4

where (as Theorem 25 (a))

z2�4 = z2((3Hj+2 � 2(r + 1)Hj+1 � (s � r)Hj)H2
m+2 + (((r + 1)

2 � (s � r))Hj+2 + 3((r +

1)(s � r) + (�s))Hj+1 + ((s � r)2 + (r + 1)(�s))Hj)H2
m+1 + (�s)((r + 1)Hj+2 + 2(s � r)Hj+1 +

3(�s)Hj)H2
m+(�4(r+1)Hj+2+2((r+1)2�(s�r))Hj+1+((r+1)(s�r)�3(�s))Hj)Hm+2Hm+1+

(�2(s � r)Hj+2 + ((r + 1)(s � r) � 3(�s))Hj+1 + 2(r + 1)(�s)Hj)Hm+2Hm + (((r + 1)(s � r) �

3(�s))Hj+2 + 2((s� r)2 + (r + 1)(�s))Hj+1 + 4(s� r)(�s)Hj)Hm+1Hm);

z�5 = z((�2((r+1)2+3(s�r))Hj+2+(2(r+1)3+7(r+1)(s�r)+9(�s))Hj+1+((r+1)2(s�

r) + 4(s � r)2 � 3(r + 1)(�s))Hj)Hm+2 + +((2(r + 1)3 + 7(r + 1)(s � r) + 9(�s))Hj+2 � (2(r +

1)4 + 8(r + 1)2(s� r) + 3(r + 1)(�s) + 2(s� r)2)Hj+1 � ((r + 1)3(s� r) + 4(r + 1)(s� r)2 � (r +

1)2(�s)+6(s� r)(�s))Hj)Hm+1+(((r+1)2(s� r)� 3(r+1)(�s)+4(s� r)2)Hj+2� ((r+1)3(s�

r)+ 4(r+1)(s� r)2� (r+1)2(�s)+ 6(s� r)(�s))Hj+1� 2(�s)((r+1)3+4(r+1)(s� r)+ 9(�s))

Hj)Hm � 9(r + 1)(�s)Hj+1Hm+1);

�6 = (4(r + 1)
3(�s)� (r + 1)2(s� r)2 � 4(s� r)3 + 27(�s)2 + 18(r + 1)(s� r)(�s))Hj ;

and

z3�1 = z
3(�(�s)m(4(r+1)3(�s)�(r+1)2(s�r)2+18(r+1)(s�r)(�s)�4(s�r)3+27(�s)2));

z2�2 = z
2(((r + 1)2 + 3(s� r))H2

m+2 + ((r + 1)
4 + 4(r + 1)2(s� r) + (s� r)2 + 6(r + 1)(�s))

H2
m+1+(�s)((r+1)3+4(r+1)(s�r)+9(�s))H2

m�(2(r+1)3+7(r+1)(s�r)+9(�s))Hm+2Hm+1
� ((r + 1)2(s� r)� 3(r + 1)(�s) + 4(s� r)2)Hm+2Hm + ((r + 1)3(s� r) + 4(r + 1)(s� r)2 � (r +

1)2(�s) + 6(s� r)(�s))Hm+1Hm);

z�3 = z(�4(r + 1)3(�s) + (r + 1)2(s� r)2 + 4(s� r)3 � 27(�s)2 � 18(r + 1)(s� r)(�s))Hm;

�4 = 4(r + 1)
3(�s)� (r + 1)2(s� r)2 � 4(s� r)3 + 27(�s)2 + 18(r + 1)(s� r)(�s):

Proof. Replace r; s and t with r + 1; s� r; �s; respectively, in [16, Corollary 68.]. �
Now, we consider special cases of the last two Corollaries.

Corollary 33. The ordinary generating functions of the sequences Gn; G2n; G2n+1; G�n; G�2n;

G�2n+1 and Hn; H2n; H2n+1; H�n; H�2n; H�2n+1 are given as follows:

(a): (m = 1; j = 0; jzj < minfj�j�1 ; j�j�1 ; 1g):
1X
n=0

Gnz
n =

z

1� (r + 1)z � (s� r)z2 + sz3 ;

1X
n=0

Hnz
n =

3� 2(r + 1)z � (s� r)z2
1� (r + 1)z � (s� r)z2 + sz3 :
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(b): (m = 2; j = 0; jzj < minfj�j�2 ; j�j�2 ; 1g):
1X
n=0

G2nz
n =

(r + 1)z + (�s)z2
1� (r2 + 2s+ 1)z + (r2 + s2 + 2s)z2 � s2z3 ;

1X
n=0

H2nz
n =

3� 2
�
r2 + 2s+ 1

�
z + (r2 + s2 + 2s)z2

1� (r2 + 2s+ 1)z + (r2 + s2 + 2s)z2 � s2z3 :

(c): (m = 2; j = 1; jzj < minfj�j�2 ; j�j�2 ; 1g):
1X
n=0

G2n+1z
n =

1� (s� r)z
1� (r2 + 2s+ 1)z + (r2 + s2 + 2s)z2 � s2z3 ;

1X
n=0

H2n+1z
n =

(r + 1) + (rs� 2s� r � r2)z � s(r � s)z2
1� (r2 + 2s+ 1)z + (r2 + s2 + 2s)z2 � s2z3 :

(d): (m = �1; j = 0; jzj < minfj�j ; j�j ; 1g):
1X
n=0

G�nz
n =

z2

(�s) + (s� r)z + (r + 1)z2 � z3 ;

1X
n=0

H�nz
n =

3(�s) + 2(s� r)z + (r + 1)z2
(�s) + (s� r)z + (r + 1)z2 � z3 :

(e): (m = �2; j = 0; jzj < minfj�j2 ; j�j2 ; 1g):
1X
n=0

G�2nz
n =

(�s)z + (r + 1)z2
s2 � (r2 + s2 + 2s)z + (r2 + 2s+ 1)z2 � z3 ;

1X
n=0

H�2nz
n =

3s2 � 2(r2 + s2 + 2s)z + (r2 + 2s+ 1)z2
s2 � (r2 + s2 + 2s)z + (r2 + 2s+ 1)z2 � z3 :

(f): (m = �2; j = 1; jzj < minfj�j2 ; j�j2 ; j
j2g):
1X
n=0

G�2n+1z
n =

s2 � (r2 + s2 + 2s)z + (r2 + r + s+ 1)z2
s2 � (r2 + s2 + 2s)z + (r2 + 2s+ 1)z2 � z3 ;

1X
n=0

H�2n+1z
n =

(r + 1)(�s)2 � (r3 + r2 + 3rs+ rs2 + 2s)z + (r3 + 3rs+ 1)z2
s2 � (r2 + s2 + 2s)z + (r2 + 2s+ 1)z2 � z3 :

Proof. Replace r; s and t with r + 1; s� r; �s; respectively, in [16, Corollary 69.]. �

8.2. Generating Function of Generalized Horadam-Leonardo Polynomials via Generalized

Horadam-Leonardo Polynomials and (r; s)-Horadam-Leonardo Polynomials. Next, we give the

ordinary generating function
1P
n=0

Wmn+jz
n of the sequence Wmn+j (in terms of elements of the sequence of

generalized Horadam-Leonardo polynomials and (r; s)-Horadam-Leonardo polynomials):

Lemma 34. Assume that jzj < minfj�j�m ; j�j�m ; j
j�mg: Suppose that fWmn+j
(z) =

1P
n=0

Wmn+jz
n is

the ordinary generating function of the generalized Horadam-Leonardo (sequence of) polynomials fWmn+jg:

Then,
1P
n=0

Wmn+jz
n is given by

1X
n=0

Wmn+jz
n =

z2�4 + z�5 +�6
z3�1 + z2�2 + z�3 + �4
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where (as in Theorem 27 (a))

z2�4 = z
2(G2m+2Wj+1+((r+1)Wj+2+(�s)Wj)G

2
m+1+(�s)G2mWj+2�((r+1)Wj+1+Wj+2)Gm+1Gm+2�

((s� r)Wj+1 + (�s)Wj)GmGm+2 + ((s� r)Wj+2 � (�s)Wj+1)GmGm+1);

z�5 = z((Wj+2�(r+1)Wj+1)Gm+2+(�(r+1)Wj+2+(r+1)
2Wj+1�2(�s)Wj)Gm+1+(�(s�r)Wj+2+

((�s)Wj+1 + (r + 1)(s� r)Wj+1) + (r + 1)(�s)Wj)Gm);

�6 = (�s)Wj ;

and

z3�1 = z
3(�(�s)m+1);

z2�2 = z
2((r+1)G2m+2+((r+1)

3+2(r+1)(s�r)+3(�s))G2m+1+((r+1)2(�s)+2(s�r)(�s))G2m�2((r+

1)2+(s�r))Gm+1Gm+2�((r+1)(s�r)+3(�s))GmGm+2+((r+1)2(s�r)+2(s�r)2�(r+1)(�s))GmGm+1);

z�3 = z((s� r)Gm+2 � ((r + 1)(s� r) + 3(�s))Gm+1 + (2(r + 1)(�s)� (s� r)2)Gm);

�4 = (�s):

Proof. Replace r; s and t with r + 1; s� r; �s; respectively, in [16, Lemma 70]. �
Lemma 34 gives the following result as particular example (generating functions of (r; s)-Horadam-

Leonardo-Lucas polynomials).

Corollary 35. Assume that jzj < minfj�j�m ; j�j�m ; j
j�mg: Generating function of (r; s)-Horadam-

Leonardo-Lucas polynomials is given, as follows:

1X
n=0

Hmn+jz
n =

z2�4 + z�5 +�6
z3�1 + z2�2 + z�3 + �4

where (as in Theorem 27 (a))

z2�4 = z
2(G2m+2Hj+1+((r+1)Hj+2+(�s)Hj)G2m+1+(�s)G2mHj+2�((r+1)Hj+1+Hj+2)Gm+1Gm+2�

((s� r)Hj+1 + (�s)Hj)GmGm+2 + ((s� r)Hj+2 � (�s)Hj+1)GmGm+1);

z�5 = z((Hj+2� (r+1)Hj+1)Gm+2+(�(r+1)Hj+2+(r+1)2Hj+1�2(�s)Hj)Gm+1+(�(s�r)Hj+2+

((�s)Hj+1 + (r + 1)(s� r)Hj+1) + (r + 1)(�s)Hj)Gm);

�6 = (�s)Hj ;

and

z3�1 = z
3(�(�s)m+1);

z2�2 = z
2((r+1)G2m+2+((r+1)

3+2(r+1)(s�r)+3(�s))G2m+1+((r+1)2(�s)+2(s�r)(�s))G2m�2((r+

1)2+(s�r))Gm+1Gm+2�((r+1)(s�r)+3(�s))GmGm+2+((r+1)2(s�r)+2(s�r)2�(r+1)(�s))GmGm+1);

z�3 = z((s� r)Gm+2 � ((r + 1)(s� r) + 3(�s))Gm+1 + (2(r + 1)(�s)� (s� r)2)Gm);

�4 = (�s):

Proof. Replace r; s and t with r + 1; s� r; �s; respectively, in [16, Corollary 71.]. �

8.3. Generating Function of Generalized Horadam-Leonardo Polynomials via Generalized

Horadam-Leonardo Polynomials and (r; s)-Horadam-Leonardo-Lucas Polynomials. Next, we give
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the ordinary generating function
1P
n=0

Wmn+jz
n of the sequence Wmn+j (in terms of elements of the sequence

of generalized Horadam-Leonardo polynomials and (r; s)-Horadam-Leonardo-Lucas polynomials):

Lemma 36. Assume that jzj < minfj�j�m ; j�j�m ; j
j�mg: Suppose that fWmn+j (z) =
1P
n=0

Wmn+jz
n is

the ordinary generating function of the generalized Horadam-Leonardo (sequence of) polynomials fWmn+jg:

Then,
1P
n=0

Wmn+jz
n is given by

1X
n=0

Wmn+jz
n =

z2�4 + z�5 +�6
z3�1 + z2�2 + z�3 + �4

where (as in Theorem 29 (a))

z2�4 = z2((3Wj+2 � 2(r + 1)Wj+1 � (s � r)Wj)H
2
m+2 + (((r + 1)

2 � (s � r))Wj+2 + 3((r + 1)(s �

r) + (�s))Wj+1 + ((s� r)2 + (r + 1)(�s))Wj)H
2
m+1 + (�s)((r + 1)Wj+2 + 2(s� r)Wj+1 + 3(�s)Wj)H

2
m +

(�4(r + 1)Wj+2 + 2((r + 1)
2 � (s� r))Wj+1 + ((r + 1)(s� r)� 3(�s))Wj)Hm+2Hm+1 + (�2(s� r)Wj+2 +

((r + 1)(s � r) � 3(�s))Wj+1 + 2(r + 1)(�s)Wj)Hm+2Hm + (((r + 1)(s � r) � 3(�s))Wj+2 + 2((s � r)2 +

(r + 1)(�s))Wj+1 + 4(s� r)(�s)Wj)Hm+1Hm);

z�5 = z((�2((r + 1)2 + 3(s� r))Wj+2 + (2(r + 1)
3 + 7(r + 1)(s� r) + 9(�s))Wj+1 + ((r + 1)

2(s� r)�

3(r+1)(�s) + 4(s� r)2)Wj)Hm+2 + ((2(r+1)
3 +7(r+1)(s� r) + 9(�s))Wj+2 � 2((r+1)4 +4(r+1)2(s�

r) + 6(r + 1)(�s) + (s � r)2)Wj+1 � ((r + 1)3(s � r) + 4(r + 1)(s � r)2 � (r + 1)2(�s) + 6(s � r)(�s))Wj)

Hm+1+(((r+1)
2(s� r)+4(s� r)2�3(r+1)(�s))Wj+2� (4(r+1)(s� r)2+(r+1)3(s� r)� (r+1)2(�s)+

6(s� r)(�s))Wj+1 � 2(�s)((r + 1)3 + 4(r + 1)(s� r) + 9(�s))Wj)Hm);

�6 = (4(r + 1)
3(�s)� (r + 1)2(s� r)2 � 4(s� r)3 + 27(�s)2 + 18(r + 1)(s� r)(�s))Wj ;

and

z3�1 = z
3(�(�s)m(4(r + 1)3(�s)� (r + 1)2(s� r)2 + 18(r + 1)(s� r)(�s)� 4(s� r)3 + 27(�s)2));

z2�2 = z
2(((r + 1)2 + 3(s � r))H2

m+2 + ((r + 1)
4 + 4(r + 1)2(s � r) + (s � r)2 + 6(r + 1)(�s))H2

m+1 +

(�s)((r+1)3+4(r+1)(s�r)+9(�s))H2
m�(2(r+1)3+7(r+1)(s�r)+9(�s))Hm+2Hm+1�((r+1)2(s�r)+4(s�

r)2�3(r+1)(�s))Hm+2Hm+(r+1)(s�r)((r+1)2+4(s�r))Hm+1Hm�(�s)((r+1)2�6(s�r))Hm+1Hm);

z�3 = z(�4(r + 1)3(�s) + (r + 1)2(s� r)2 + 4(s� r)3 � 27(�s)2 � 18(r + 1)(s� r)(�s))Hm;

�4 = 4(r + 1)
3(�s)� (r + 1)2(s� r)2 + 18(r + 1)(s� r)(�s)� 4(s� r)3 + 27(�s)2:

Proof. Replace r; s and t with r + 1; s� r; �s; respectively, in [16, Lemma 72.]. �
Lemma 36 gives the following result as particular example (generating function of (r; s)-Horadam-

Leonardo polynomials).

Corollary 37. Assume that jzj < minfj�j�m ; j�j�m ; j
j�mg: Generating function of (r; s)-Horadam-

Leonardo polynomials is given, as follows:
1X
n=0

Gmn+jz
n =

z2�4 + z�5 +�6
z3�1 + z2�2 + z�3 + �4

where (as in Theorem 29 (a))
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z2�4 = z
2((3Gj+2�2(r+1)Gj+1�(s�r)Gj)H2

m+2+(((r+1)
2�(s�r))Gj+2+3((r+1)(s�r)+(�s))Gj+1+

((s�r)2+(r+1)(�s))Gj)H2
m+1+(�s)((r+1)Gj+2+2(s�r)Gj+1+3(�s)Gj)H2

m+(�4(r+1)Gj+2+2((r+

1)2� (s�r))Gj+1+((r+1)(s�r)�3(�s))Gj)Hm+2Hm+1+(�2(s�r)Gj+2+((r+1)(s�r)�3(�s))Gj+1+

2(r+1)(�s)Gj)Hm+2Hm+(((r+1)(s� r)� 3(�s))Gj+2+2((s� r)2+(r+1)(�s))Gj+1+4(s� r)(�s)Gj)

Hm+1Hm);

z�5 = z((�2((r + 1)2 + 3(s� r))Gj+2 + (2(r + 1)3 + 7(r + 1)(s� r) + 9(�s))Gj+1 + ((r + 1)2(s� r)�

3(r+ 1)(�s) + 4(s� r)2)Gj)Hm+2 + ((2(r+ 1)3 + 7(r+ 1)(s� r) + 9(�s))Gj+2 � 2((r+ 1)4 + 4(r+ 1)2(s�

r) + 6(r + 1)(�s) + (s � r)2)Gj+1 � ((r + 1)3(s � r) + 4(r + 1)(s � r)2 � (r + 1)2(�s) + 6(s � r)(�s))Gj)

Hm+1+(((r+1)
2(s� r)+4(s� r)2� 3(r+1)(�s))Gj+2� (4(r+1)(s� r)2+(r+1)3(s� r)� (r+1)2(�s)+

6(s� r)(�s))Gj+1 � 2(�s)((r + 1)3 + 4(r + 1)(s� r) + 9(�s))Gj)Hm);

�6 = (4(r + 1)
3(�s)� (r + 1)2(s� r)2 � 4(s� r)3 + 27(�s)2 + 18(r + 1)(s� r)(�s))Gj ;

and

z3�1 = z
3(�(�s)m(4(r + 1)3(�s)� (r + 1)2(s� r)2 + 18(r + 1)(s� r)(�s)� 4(s� r)3 + 27(�s)2));

z2�2 = z
2(((r + 1)2 + 3(s � r))H2

m+2 + ((r + 1)
4 + 4(r + 1)2(s � r) + (s � r)2 + 6(r + 1)(�s))H2

m+1 +

(�s)((r+1)3+4(r+1)(s�r)+9(�s))H2
m�(2(r+1)3+7(r+1)(s�r)+9(�s))Hm+2Hm+1�((r+1)2(s�r)+4(s�

r)2�3(r+1)(�s))Hm+2Hm+(r+1)(s�r)((r+1)2+4(s�r))Hm+1Hm�(�s)((r+1)2�6(s�r))Hm+1Hm);

z�3 = z(�4(r + 1)3(�s) + (r + 1)2(s� r)2 + 4(s� r)3 � 27(�s)2 � 18(r + 1)(s� r)(�s))Hm;

�4 = 4(r + 1)
3(�s)� (r + 1)2(s� r)2 + 18(r + 1)(s� r)(�s)� 4(s� r)3 + 27(�s)2:

Proof. Replace r; s and t with r + 1; s� r; �s; respectively, in [16, Corollary 73.]. �
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