UNDER PEER REVI EW

Original Research Article

Generalized Horadam-Leonardo Numbers and Polynomials

Abstract. In this paper, we introduce and investigate some linear third order polynomials called the
generalized Horadam-Leonardo polynomials (and its two special cases, namely), (r, s)-Horadam-Leonardo
and (r, s)-Horadam-Leonardo-Lucas polynomials. We present Binet’s formulas, generating functions, Simson
formulas, and the summation formulas for these polynomial sequences. Moreover, we give some identities
and matrices related to these polynomials.
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1. Introduction: Generalized Fibonacci (Horadam) Polynomials

Before defining and investigating the generalized Horadam-Leonardo polynomials we recall the definition
and some properties of Horadam polynomials and its two special cases. The generalized Fibonacci polynomi-
als (or Horadam polynomials or z-Horadam numbers or generalized (r(z), s(z))-polynomials or (r(z), s(x))

Horadam polynomials or 2-step Fibonacci polynomials)
{Va(Vo(z), Vi(z);r(x), s(x)) nzo
(or {Vi(z)}n>0 or shortly {V},}n>0) is defined as follows:
Valz) = r(@)Vo-1(z) + s(2)Vaa(z),  Vo(z) = a(z), Vi(z) = b(z), n=>2 (1.1)

where Vp(x), Vi (z) are arbitrary complex (or real) polynomials with real coefficients and r(x) and s(z) are
polynomials with real coefficients with r(z) # 0, s(x) # 0.

The sequence {V;,}n>0 can be extended to negative subscripts by defining

Voo (x) = —ZEQV_M_U(@ " @V_(n_a(m
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for n =1,2,3,... when s(z) # 0. Therefore, recurrence (1.1) holds for all integers n. Note that V_, (x) need
not to be a polynomial in the ordinary sense.

For some references on special cases of second-order linear recurrence sequences of polynomials and
numbers, see for instance [4,5,6,14,15,24,25] for papers and [1,3,7,8,9,13,23] for books.

Binet’s formula of generalized Fibonacci (Horadam) polynomials can be calculated using its characteristic

equation (the quadratic equation, polynomial) which is given as

y? —r(z)y — s(z) = 0. (1.2)

The roots of characteristic equation are

ola) = o = W EVI@ FA@) gy g , (13)

and the followings hold

at+pf = r),
af = —s(z),
(@=p)? = (a+p)” —4af =r?(z)+4s(z),
r(@) =20 = —(a-p),
r(z) =28 = a-p,
(r(z) = 2a)(r(z) = 28) = —(a—p)*=—(r’(z) +4s()).

If the roots o and 3 of characteristic equation (1.2) are distinct, i.e., & # 3 then r2(x) + 4s(z) # 0 and if

the roots a and f3 of characteristic equation (1.2) are equal, i.e., « = ( then (1.2) can be written as
y* —r(@)y —s(z) = (y—a)? =y* —2ay +a’ =0
and, in this case,
r(z) r?(z)

a=—, r(z) = 2a, s(z) = —a® = — 1 r2(z) + 4s(x) = 0.

Now, we define two special cases of the polynomials V,,(z). (r(x), s(z))-Fibonacci polynomials {M,, (0, 1; r(z), s(x)) }n>0
(or shortly M, (z)) and (r(z),s(x))-Lucas polynomials {N,(2,r(z);r(x), s(x))}n>0 (or shortly N,(z)) are

defined, respectively, by the second-order recurrence relations

Myia(z) = r(@)Mps1 +s(z)M,(z), Mo(z) =0,M(z) =1, (1.4)

Npta(x) = r(@)Npg1+ s(x)Ny(z),  No(z) =2, Ni(z) = r(x). (1.5)
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The (sequences of polinomials) {M, (z)},>0 and {N,,(z)},>0 can be extended to negative subscripts by

defining
r(x) 1
M_, = ——M_(n_ ——M_ (5 )
@) = ~HEM_ (@) + M en (@)
r(x) 1
N_,(z) = _@N—(n—l)(x) + %N—(n—%(w%
for n =1,2,3, ... respectively. Therefore, recurrences (1.4) and (1.5) hold for all integers n.

NOTE: For the sake of simplicity throughout the rest of the paper we use

Vn,’I",S, V()?VlvaaﬁvMnuNn7M07M17NO7N1

instead of
Vi), r(2), s(x), Vo(z), Vi(z), a(z), B(z), My (x), Ny(x), Mo(x), Mi(x), No(z), N1(z),

respectively. For example, we write

| :Tvn—1+svn—23 V0:a7‘/1 :b; n > 2

for the equation (1.1).
Using the roots a, 8 and recurrence relation (1.1), Binet’s formula of V,, can be given as follows:

THEOREM 1.
(a): (Distinct Roots Case: o # ) Binet’s formula of generalized Fibonacci (Horadam) polynomials

18
ria” roff" ra”™ —roB" (1.6)

M aBTB-a  a-8

where

r1=Vi1— Vo, r2 =Vi —alh.

(b): (Single Root Case: o = f3) Binet’s formula of generalized Fibonacci (Horadam) polynomials is

V, = (Dl + Dgn)a" (17)

where
Dl = V07

1
D2 = — (Vl — OZVQ) .
(67

Note that Binet’s formulas of M,, and N,, can be given, respectively, as follows:

ot = p" if o # B (Distinct Roots Case)

Mn = o= 6 7 ;
na"~1 | if a = 3 (Single Root Case)

N a™ + g" if o # S (Distinet Roots Case)
! 2a™ if @« = 8 (Single Root Case)

9
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Now, we define two sequences related to (r, s)-Fibonacci polynomials and (r, s)-Fibonacci-Lucas poly-
nomials. For r, s satisfying Eq. (1.4) and (1.5), (r, s)-Horadam-Leonardo polynomials and (r, s)-Horadam-

Leonardo-Lucas polynomials are defined as
Gn(x) =1Gp_1(x) + sGp_2(z) + 1 with Go(z) =0,G1(z) =1, n > 2, (1.8)

and

H,(z) =rH,—1(x) + sH,_o(x) + (1 — s —r) with Ho(z) =3, H1(z) =r+1, n > 2, (1.9

respectively.
Note that Ga(z) = r+1 and Ha(z) = r?+2s+ 1. The first few values of Horadam-Leonardo polynomials

and Horadam-Leonardo-Lucas polynomials are
0,L,r+ 1, +r+s+1,r3 +r2+r+2rs+s+1,...

and

3,r+ 1,724+ 25+ 1,73 +3sr + 1,7t + 4r2s + 25 + 1, ...
respectively. Note also that from the equations (1.8) and (1.9), we get
sGp_3(z) = Gp_1(x) —rGp_2(x) -1,
sHy_3(x) = Hp_1(x)—rHpo(x)—(1—s—1),
and so the sequences {G,, ()} and {H, (z)} satisfy the following third order linear recurrences:
Gn(z) = (r+1)Gpo1(x)+ (s —7)Gro2(x) — sGp_3(z), (1.10)
H,(z) = (r+1)H,-1(x)+ (s—7r)Hp—2(x) — sH,_3(x). (1.11)

REMARK 2. Note that if 1l —s—r =0, i.e., s=1—r, r=1—s, then we see from (1.9) and (1.11) that

the sequence {H,(x)} both have second order and third order linear relations. In this case, we get
Hy(z) =1 +2s+1=1>-2r+3 =5 +2.

In this paper, we also consider and investigate the case 1 — s —1r = 0 by considering it in the general case,

i.e. in (1.9) and (1.11) that is (2.3).
Note that if we define a sequence of polynomials as
Yo (z) =rY,_1(z) + sY—o(x) + c(z), with Yo(z) =di(z),Y1(z) =da(z), n>2

where 7, s satisfying Eq. (1.1) and Yy(z), Y1 (z) are arbitrary complex (or real) polynomials with real coeffi-

cients and ¢(z) is a polynomial with real coefficients, then since
sY,—3(z) = Yu_1(z) — rYu_o(z) — c(x),

we get

Yo()=(r+1D)Y,-1(z) + (s = 7)Yu_a(z) — sY,—3(z).
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2. Generalized Horadam-Leonardo Polynomials

In this section, for r, s satisfying Eq. (1.1), we define and investigate a new sequence and its two special

cases, namely the generalized Horadam-Leonardo, (r, s)-Horadam-Leonardo and (r, s)-Horadam-Leonardo-
Lucas polynomials.

For r, s satisfying Eq. (1.1), generalized Horadam-Leonardo polynomials {W,, },>0 = {W,,(Wo, W1, Wa; r+
1,8 —7,—8)}n>0 (or shortly {W, (z)}n>0) is defined by the third-order recurrence relation

Wo(z) = (r+ D)Wh_1(z) + (s = r)Wyh_a(x) — sW,_3(x) (2.1)

with the initial values Wy (x) = co(x), Wi (z) = c¢1(x), Wa(x) = co(x) not all being zero and Wy (), Wi (x), Wa(z) are
arbitrary complex (or real) polynomials with real coefficients.

The sequence {W,,(z)},>0 can be extended to negative subscripts by defining

s—r r+1

W_,(z) = W_(n—1)(w) +

1
5 W_(n—2)(x) — gW—(n—3) ()

for n = 1,2,3,.... Therefore, recurrence (2.1) holds for all integer n. Note that for n > 1, W_,,(z) need not
to be a polynomial in the ordinary sense.

Generalized Horadam-Leonardo polynomial are special cases of generalized Tribonacci polynomials, for
some references on generalized Tribonacci polynomials and its special cases, see for example [2,10,11,12].

Note that the sequences {G,(z)} and {H,(z)} which are defined in the section Introduction, are the
special cases of the generalized Horadam-Leonardo (sequence of) polynomials {W,,(z)}. For convenience,
we can give the definition of these two special cases of the sequence {W,,(x)} in this section as well. (r, s)-
Horadam-Leonardo and (r, s)-Horadam-Leonardo-Lucas polynomials are defined, respectively, by the third-

order recurrence relations

Gp(z) = (r+1)Gho1(x)+ (s —7)Gp_2(z) — sGpr_3(x), (2.2)
Go(z) = 0,Gi(z) =1,Ga(z) =r+1,

and
H,(z) = (r+1)H,—1(x)+ (s—7r)Hp—2(x) — sH,_3(x), (2.3)
Ho(z) = 3,Hy(x)=r+1,Hy(x) =r>+2s+1.

The sequences {G,,(0,1,7 + 1;7 + 1,5 — 7, —8) >0 and {H,(3,7+ 1,7* +2s+ 1;7 + 1,5 — 7, —5) }n,>0 can
be extended to negative subscripts by defining

s—r r+1 1

G_p(z) = . G_(n1)(z) + . G_(n—2)(7) — ;Gf(nf?))(x),
s—r r+1 1

H,(n,l)(x) + H,(H,Q) (:L') — EH,(n,;g) (:L'),

S S

=
3
—
&
Il

for n = 1,2, 3, ... respectively.



UNDER PEER REVI EW

REMARK 3. For the sake of simplicity throughout the rest of the paper, we use
Wi, Wo, W1, Wa, Gy, Go, G1, G2, Hy,, Hy, Hy, Ha,
instead of
Wi (z), Wo(x), Wi(x), Wa(z), G(x), Go(z), Gi(x), Ga(x), H(x), Ho(x), Hi(z), Ha(x)
respectively, unless otherwise stated. For example, we write
Wo=+1D)Wh_1+(s—1)Wy_o —sWy_3, Wo=co, W1 =c1,Wa=co, n>3
for the equation (2.1). Also we write U, Uy, Uy, Us instead of Uy, (x) with initial conditions Uy(x), Uy (x), Ua(x)

for any subsequence {U,(x)} of {Wy,}.

When r, s, Wy, Wy, Wy are real numbers we call generalized Horadam-Leonardo, (r, s)-Horadam-Leonardo
and (r, s)-Horadam-Leonardo-Lucas polynomials as generalized Horadam-Leonardo, (r, s)-Horadam-Leonardo
and (r, s)-Horadam-Leonardo-Lucas numbers (sequences).

Some special cases of generalized Horadam-Leonardo sequence are given as follows (Table 1):

Table 1 A few special cases of generalized Horadam-Leonardo sequence.

No Sequences (Numbers) T, Notation References
1  Generalized Leonardo r=1,s=1 {W, (W, W1, Wa;2,0,—1)} [17]

2 Generalized John r=2s=1 {W,(Wo, Wq,Ws;3,—1,—-1)} (18]

3 Generalized Ernst r=1s5=2 {W,(Wo, Wi, Wa;2,1,-2)} [19]

4 Generalized Pisano r=1,5s= —i {Wo(Wo, W1, Wa; 2, —%, i)} [20]

5  Generalized Edouard 7 =6,5s=—1 {W, (W, W, Wy;7,—7,1)} [21]

6 Generalized Bigollo r=3,s=-2 {W,(Wy, Wi, Ws;4,-5,2)} [22]

Next, we present the first few values of the (r, s)-Horadam-Leonardo and (r, s)-Horadam-Leonardo-Lucas
polynomials with positive and negative subscripts (Table 2):

Table 2. The first few values of the special third-order numbers with positive and negative subscripts.

n 0 1 2 3 4

G, O 1 r+1 r’+r+s+1 rP+ri4+r+2rs+s+1
G_, 0 -1 L(r—s) —L(s—rs+r?+s?)
H, 3 r+1 r2+2s+1 3+ 3sr+ 1 rt +4r?s + 252 + 1
H_, —Lr—s) L (rP+s2+2s) —L (P +3rs—s%) & (rt+4r?s+ st +247)

Some special cases of (r, s)-Horadam-Leonardo sequence {G, (0,1, + 1;7 + 1,s —r,—s)} and (r,s)-
Horadam-Leonardo-Lucas sequence {H,, (3,7 + 1,72 + 2s + 1;7 + 1,5 — r, —s)} are given as follows:
1) G,(0,1,2;2,0,—1) = G,,, modified Leonardo sequence, see [17].
3) G,(0,1,3;3,—1,—1) = J,, John sequence, see [18].

(1) Gu(
(2) Hy(3,2,4;2,0,—1) = H,, Leonardo-Lucas sequence, see [17].
(3) Gnl
(4) H,(3,3,7;3,—1,—1) = H,,, John-Lucas sequence, see [18].
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3,7,35;7;7,—7,1) = K,,, Edouard-Lucas sequence, see [21].
»(0,1,4;4,—5,2) = B,,, Bigollo sequence, see [22].
H,(3,4,6;1,4,-5,2) = C,, Bigollo-Lucas sequence, see [22].

H’L
G
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(5) Gn(0,1,2;2,1,—2) = E,,, Ernst sequence, see [19].
(6) H,(3,2,6;2,1,—2) = H,, Ernst-Lucas sequence, see [19].
(7) Gn(0,1,2;2,—3,1) = P,, Pisano sequence, see [20].
(8) Hn(3,2,3;2,-5 1) = R, Pisano-Lucas sequence, see [20].
(9) Gn(0,1,7;7,—7,1) = E,, Edouard sequence, see [21].

) Hn(3,

) Gn(

) Hn(

The characteristic equation (the cubic equation, auxiliary equation, polynomial) of W,, is given as

Y-+ —(s—ry+s=@" —ry—s)y—1)=0. (2.4)

The roots of characteristic equation are

a_r+\/7“2—|—4s 6_7"—\/7"24—45 S
== o PEF— =5

where a and § are as in (1.3).

We next present Binet’s formula of generalized Horadam-Leonardo polynomials

COROLLARY 4. Binet’s formula of generalized Horadam-Leonardo polynomials is given as follows ac-

cording to the roots of characteristic equation (2.4):

(a): (Three Distinct Roots Case: a £ #v=1)

W= Wy — (B +1)W -l-ﬁWoan_’_ Wo — (a+1)W1+aWoﬁn+ Wy + (=(r+1) + )Wy + (—s)Wo
" (0= Aa-1 B—a)F- 1D EECES R
_ (W tal=+ D+ Wi+ (=5)Wo) n  (BWa+ B(=(r+1) + Wi + (_S)Wo)ﬁn
(r+1a?24+2((s—r)—r)a+3(—s) (r+1)8>+2((s—r) —r)B +3(—s)
Wo+ (—(r+ 1)+ 1)Wi + (—s)Wy

(r+1)+2((s—7)—7r)+3(—s)

(b): (Two Distinct Roots Case: o £ B =~v=1)

"= <1<1s>>2“WQ_2W1+W°)a"+<—W2+2W1+<—s> ((=5) = 2) Wo) (1 — (=) (Wy -
(1+ (=8))Wy + (—s)Wo)n). 1
(c): (Single Root Case: a=B=v=1= (7";‘ ))

W, = %(n(n )W — 2n(n— Wi + (n— 1)(n — 2)Wo).

Proof. Replace r,s and t with r + 1, s — r, —s, respectively, in [16, Corollary 7.]. O

o0
Next, we give the ordinary generating function Y. W, 2" of the sequence W,.
n=0



UNDER PEER REVI EW

o0
LEMMA 5. Suppose that fw, (z) = >, Wpz" is the ordinary generating function of the generalized
n=0

Horadam-Leonardo (sequence of ) polynomials {W,},>0. Then, > W,z" is given by

n=0

o0

n Wo+ Wy —(r+1)Wo)z+ (We — (r+ L)Wy — (s — r)Wp)z?
Z Wnz" = 1—(r+1)z—(s—1)z2 —(—s)z3 '

n=0
Proof. Replace r,s and t with r + 1, s — r, —s, respectively, in [16, Lemma 9.]. O
The last Lemma gives the following results as particular examples (generating functions of (r, s)-Horadam-

Leonardo and (r, s)-Horadam-Leonardo-Lucas polynomials).

COROLLARY 6. Generating functions of (r,s)-Horadam-Leonardo and (r,s)-Horadam-Leonardo-Lucas

polynomials are

;ann T o l-(r+l)z—(s—1)2 - (—s5)2%’
>, no 3—2(r+1)z—(s—1)22
;H"Z Il (r+Dz—(s—17)22 — (—s5)z3’

respectively.

Proof. In the last Lemma, take W,, = G,, with Gp = 0,G; = 1,Gy = (r + 1) and W,, = H,, with
Hy=3,H; = (r+1),Hy = r?+ 2s + 1, respectively. [J
Next, we present Binet’s formulas of (r, s)-Horadam-Leonardo and (r, s)-Horadam-Leonardo-Lucas poly-

nomials as a special case of Corollary 4.

COROLLARY 7. For all integers m, Binet’s formulas of (r,s)-Horadam-Leonardo and (r,s)-Horadam-

Leonardo-Lucas polynomials are given as follows:

(a): (Three Distinct Roots Case: a« £ #£~v=1)
antl Bn-‘rl 1

e P AN AR ( Ty B s R gy

an+2? Bn+2 1
(r+1)a?+2(s—r)a+3(—s) * (r+1)8*+2(s — )3 + 3(—s) * (r+1)+2(s—r)+3(-s)’
H, = a” + Bn + 1

(b): (Two Distinct Roots Case: o £ B =~v=1)

a4+ (1 —-a)n—a)

G, = 0 )2 , Hy =a" 4+ 2.
-«
1
(c): (Single Root Case: = =vy=1= (T—g ))
G = @ H, =3

Proof. In Corollary 4, take W,, = G,, with Gy = 0,G; = 1,Gy = (r+ 1) and W,, = H, with
Ho=3,H; = (r+1),Hy = 7% + 25 + 1, respectively. [J
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3. Simson’s Formulas of Horadam-Leonardo Polynomials

The following theorem gives Simson’s formula of the generalized Horadam-Leonardo polynomials {W,, }.

THEOREM 8 (Simson’s Formula of Generalized Horadam-Leonardo Polynomials). For all integers n, we

have
Whae Wpir W, Wy, W, Wy
Woir Won Wuy |[=E=8)" W W Woy |- (3.1)
Wn Wit Wihoa Wo W_1 W_s

Proof. Replace r, s and t with r + 1, s — r, —s, respectively, in [16, Theorem 33.]. O

The previous theorem gives the following results as particular examples.

COROLLARY 9. For all integers n, Simson’s formula of (r,s)-Horadam-Leonardo and (r,s)-Horadam-

Leonardo-Lucas polynomials are given as

Gn+2 Gn+1 Gn Hn+2 Hn+1 Hn
Gn+1 Gn Gn—l = _(_S)n_17 Hn-l—l Hn Hn—l = (7’2 + 48)(7" +5— 1)2(_S)n_2
Gn anl Gn72 Hn anl Hn72
respectively.

Note also that (3.1) can be written as

Wn+m+2 Wn+m+1 Wn+m W2 Wl WO
Wn+m+1 Wner Wn+m71 = (7S)n+m Wl WO Wfl
Wn+m Wn+m—1 Wn+m—2 WO W—l W—2
for all integers n, m.
We define
Aw(n) = WS+2 —r(r—s+ I)WSH + (—=8)* W2 —2(r + 1)Wn+1W3+2 —(s— ’I“)Wan2+2
H(r? 4 3r = s+ DWara Wiy + ((r + 1)(=8) + (s =))W, Wiy
F(r + 1) (=8)W2Wyio + 2(5 — ) (—8)W2W, i1 — (12 + 7 — 4s — 18) Wy oWy 1 Wi
Then
Aw(0) = W3 —r(r—s+ D)W+ (=s)* W3 —2(r + VW WE — (s — r)WoW3 (3.2)

+(r2 +3r — s+ DWoW2 4+ ((r + 1)(=58) + (s — r)2)WoW?
+(r 4+ 1) (—=8)WgWa + 2(s — 7)(—s)WEW, — (r? 4+ 1 — ds — 78)Wo W1 W.

Simson’s formulas of W,,, G,, H,, can be given in the following forms.

LemMmA 10. For all integers n, we have
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(a): Aw(n) = (—9)"Aw(0), i.e.,
Wiy —r(r—s+ D)W+ (=)*W2 =2(r + YW, Wiy — (s —r)W, W2y,
(1?43 — 5+ DWoo Wiy + ((r+ 1)(=s) + (s — 7)) W Wiy,
F(r+ 1) (=8)W2W,i0 +2(s — 7)(—8)W2W, i1 — (12 + 7 — 4s — 18) Wy oWy 1 Wi
= (=8)"(W3 —r(r—s+ D)W+ (=8)?W3 = 2(r + YW W3 — (s — r)WW3
+(r? +3r — s + DWW + (r? + 5% — s — 3rs)WoW? + (1 + 1)(—s) W Wy
+2(5 = 7)(=8)WEW, — (r® + 7 — 45 — rs)Wo W, Wh).
(b): Ag(n) = (=s)"Ag(0) = (=s)"*!, i.e.,
Goig —1(r — s+ )G 1+ (=8)°Gy, = 2(r +1)Gni1Grpg — (s = 7)GuGh
+(r? +3r — s+ 1)Gpi2G2 oy + (r* + 5% — s — 3r5)G,,G2
+(r 4+ 1)(=8)G2Gpya +2(s = 7)(=8)G2Gpy1 — (1* + 1 — 45 — 15)Gry2Gri1Gp

= (o)
(¢): Ap(n) = (=s)"Au(0) = —(r*> + 4s)(r + s — 1)*(—s)", i.e.,

H o—r(r—s+1)H}  + (—s)°H) —2(r + 1)Hp 1 Hy  — (s —1)H,HZ

+((r+1)% = (s =) HypaoHp oy + (0 + 1)(=8) + (s — 1)) Ho Hy
+(r 4+ 1)(=s)H2Hpyo +2(s — r)(—s)H*H, 1 — (r* + 7 — 45 — r8)Hy,y o Hy 1 Hy,

= —(r*4+4s)(r+s—1)*(—s)".
Proof. Replace r, s and t with r + 1, s — r, —s, respectively, in [16, Lemma 35.]. [J

4. Some Identities of Generalized Horadam-Leonardo Polynomials

In this section, we obtain some identities of (r, s)-Horadam-Leonardo and (r, s)-Horadam-Leonardo-Lucas

polynomials. First, we can give a few basic relations between {G,,} and {H,}.

LEMMA 11. The following equalities are true:

(a): (=s)3H,, = (3rs+13—53)Gpya—(4r2s—rs? +3rs+r3 +11+252)Gp s+ (4r?s+r1+25% +54) Gy 0.

(b): (=8)?H, = (25 + 12+ 8)Gpiz — (25 + 15> +3rs +r2 +13)Gpio + 3rs + 12 — s3)G 1.

(c): (=s)H, = —(s—1)Gpya+ (rs —2s =1 —12)Gpy1 + (r? + 52 +25)G,,.

(d): H, =3Gp+1 —2(r+1)G,, — (s = 7)Gp—1.

(e): Hy=(r+1)G, +2(s—7)Gp-1+ 3(—5)Gpn_2.

(£): s(r2+4s) (r+s—1)° Gy = (=13 + 125+ 2r2 = 3rs —r + 4% + 45 Hpp oy + (r* — r3s — r3 + 4125 —
r2 —4rs? —3rs+ 1 +25% —28)Hp 3 — (25 + 4r2s + 1282 — 6rs + 12 — 2r3 4 7% + 252 4 453)H,, 4 0.
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(g): —(r* +4s)(r+s—1)2G, = =2(r> = r+3s+ D)Hp13+ (—r — 25+ Trs — > + 2r® + 2)H,, 12 +
(—r +4s+1%s —3rs+2r2 — 3 + 4s*)H, 4 1.

(h): —(r* +4s)(r+s—1)2G, = (rs — 8 —r —r*)H, 0+ (r +2s — r2s + 5rs + 13 — 2s%)H,, 11 +
2s(—r +3s+r2+1)H,.

(i): —(r? +4s)(r+s—1)°2G, = —2(3s +rs+r> + s*)Hyi1 + (25 +1s® + 5rs + 12 + 13 — 25%)H,, +
s(r+8s—rs+r?)H,_ 1.

(G): —(r?* +4s)(r+s—1)2Gp = —(4s +rs® + 2r?s + 3rs + 12 + 13 + 4s?)H,, + (—rs® + 125 + Trs +
273 + 252 — 25 H,, 1 +25(3s + 715+ 1% + s*)H, .

Proof. Replace r, s and t with r + 1, s — r, —s, respectively, in [16, Lemma 36.]. O

Next, we give a few basic relations between {G,,} and {W,,}.

LEMMA 12. The following equalities are true:

(a): (=WE—(r —s+ 1) W2+sWE+(r+2)W 1 Wa —rWoWa+ (r—28)WoW1 ) (—Wa+rW1 +sWy)G,, =
((r+ DWE + (=s)W¢ — WiWa + (s — r)WoW1)Woio + (W3 — (r + YW1 Wa — (s — r)WoWa —
(=s)WoW1) Wi + ((—8)WP — (=) WoWa)W,,.

(b): (—WE—(r —s+ 1) WE+sWe+(r+2)WiWa —rWoWa+ (r—2s)WoW1)(—Wa+rW1+sWo)G,, =
(WE+(r+1)2WE+(r+1)(—s)Wg=2(r+ 1)W1 Wa—(s—r)WoWa+((r+1) (s—r)—(—s) ) WoW1) W, 11+
(=8)+ (r+ D) (s =r))WE+ (s — 1) (=)W — (s — 1)W1 Wy — (—8)WoWa + (s — )2 W W1)W,, +
((r+ 1) (=s)W32 + (=5)*Wg — (=s)W1Wa + (s — r)(—8)WoW1)W,,_1.

(c): (—W2—(r—s+1)W2+sWZ+(r+2)WiWo—rWoWa+(r—28)WoW1)(—Wa+rWi+sWy)G,, =
(r+DWE+((r4+12 + (=) + (r+ 1) (s —r)WE+ (=s)((s =) + (r+ D)W — ((s =) +2(r +
1)2)W1W2 —((=s) + (r+ )(s = m))WoWa + ((r+ 1)%(s = 7) + (s — )% = (r + 1)(—5)) WoW1) W, +
((s =m)W3 + (r+ D((r + 1)(s =) + (=)W + (=s)((=s) + (r + 1) (s = 1))W§ — ((—s) +2(r +
(s — ))W1W2 — (s =72 WoWa+ (r+1)(s — )2 WoW1)Wp_1 + (—s)WZ + (r + 1)2(—s)WZ + (r +
1)(=8)2WE = 2(r + 1) (=)W1 Wa — (s — 1) (—=s)WoWa + (=8)((r + 1) (s — 1) — (—8))WoW1)W,,_»
(d): (=s)Wy = (Wo— (r+ 1)W1 — (s =1)Wo) Gz + (—(r+ DWa + (r + 1)W1 + ((—s) + (r +1)(s —

T))Wo)Gn+1 +(=(s=r)Wo+ ((=s)+(r+D(s =)W1+ ((s —7)2 — (r + 1)(—8))Wp)G,p.

(e): Wy, = WoGpy1+ (Wi — (r+ D)Wy)Gp + (Wo — (r+ D)Wy — (s — )W) Gr—1
(£): W,, = W1Gpy + (W — (r + )W1)Gro1 + (—8)WoGra

Proof. Replace r, s and t with r + 1, s — r, —s, respectively, in [16, Lemma 37.]. O

Now, we present a few basic relations between {H,,} and {W,,}.

LEMMA 13. The following equalities are true:
(@): (—WE—(r—s+ 1) W2+sWi+(r+2)W1Wa —rWoWa+ (r—28)WoW1)(=Wa+rW1+sWo)H,, =
BWE+((r+1)2=(s=r)W2+(r+1)(=s)WZ —4(r + ))W1Wa —2(s —r)WoWa + ((r+1)(s —7) —
3(=s) ) WoW1 ) Wyio+(=2(r+1)W2+3(—s)WE—2(s—r)W Wy —3(—8)WoWa+3(r+1)(s—r)W2+
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2(s—r)(=s)WE+2(r+1)2W1Wo+2(s—1)2WoW1+ (r+1)(s—r)WoWa+2(r+1)(—s) WoW1) W11 +
(=(s =m)W3 +((s =7)* + (r + 1)(=8))WF + 3(=8)*Wg + ((r + 1)(s — 1) = 3(=5)) W1 W2 + 2(r +
D(=s)WoWa + 4(s — ) (—s)WoW1)W,.

(b): (—Wi—(r—s+ 1) WE+sWg+(r+2)W1Wa—rWoWa+(r—28)WoW1)(—Wa+rWi+sWy)H,, =
(r+13WE+(r+ D)WE+3(=s)WE+(r+1)2(=s)WZ —2(s —r)W1Wo — 3(—s) WoWa +2(r +1)(s —

rYWE+2(s—r)(—=s)Wg —=2(r+1)2W1Wa+2(s—7)2WoW1— (r+1) (s —r)WoWa — (r+1)(—s) Wo W1 +
(r+1)2%(s — ) WoW1)Wyi1 + (3(=8)2WZ +2(s — r)WE + (r + 1)%(s — r)WE — 3(—s) W1 Wa + (r +
1)(—s)WE — 2(s — r)2W0W2 =3(r+1)(s=r)WiWa + 2(r + 1)(—s)WoWa + (s — r)(—s) Wy W7 +
(r+1)(s =) (=)W + (r + 1)(s = r)*WoW1) Wy, + (3(=8)W3 + (=s)((r +1)> = (s =))W + (r +
1)(—s)? Wo —4(r+ 1)( S)WiWa = 2(s — ) (=s)WoWa + (=s)((r + 1)(s — ) = 3(—s))WoW1) W1

(c): (—Wi—(r—s+ )W1 +sWE+ (r+2)WiWa —rWoWa+ (r —28)WoWy) (= Wa+rWy +sWy ) H,, =

(((r—l-l) 25 —r))WE+ (r+1D)((r + 12 +3(r+1)(s—7) +4(=8))WZ + (=s)((r + 1) + 3(r +

1)(s—7)+3(=s))W5 — (3(— )+2(r +1)° +5(r+1)(s —r)WiWa — ((r+1)*(s —r) + (r+ 1)(—s) +

2(s — )2 WoWa + ((r+1)3(s —7) = (r + 1)?(=8) + 3(r + D)(s = )% + (s — 1) (=) ) WoW1)W,, + ((

3(=s)+(r+1)(s—r) Wi+ ((r+1)3(s—r)+2(r+1)(s—7)2+2(s—7)(=s)+ (r+1)%(—=s))WZ+(—s)
(r+1)(=s) + (r + 1)%(s = 1) + 2(s = 1))W§ — 2(2(r + 1)(=s) + (s = 7)* + (r + 1)*(s — 7))
Wo—(s=r)((r+1)(s—7) +5(—=8))WoWa + (2(s = )3 + (r + 1)?(s — )% = 3(—=8)?)WoW1)W,,_1 +
(r+ 1) (=)W + (=5)((r+1)* +3(=s) +2(r + 1) (s =))W + (=5)*(r* + 25 + WG —2(—s)((s —
)+ (r+ DHWiWs = (=5)(3(=s) + (r+ D)(s = r)WoWa + (=5)(2(s =) + (r+ 1)*(s = 7) = (r+
1)(=s))WoW1)Wy_2

(d): —(r? +4s)(r+s—1*W,, = (=2((r + 1)> + 3(s — r))Wa + (2(r + 1)> + 9(—s) + 7(r + 1)(

r)Wi+ (4(s —7)2 =3(r +1)(=s) + (r + 1) (s — ) )Wo)Hpya + ((2(r + 1)3 +9(—8) + 7(r + 1)(s —

T))W2 —2((r+ 1) +4(r+1)%(s = 1) + 6(=5)(r + 1) + (s = 7)*)W1 — (4(r + 1)(s — 1) + 6(—s)(

r) = (=s)(r +1)?+ (r+1)°(s = 7)) Wo) Hyp1 + ((=3(r + 1)(=s) + 4(s = 1)* + (r + 1)*(s — 7)) W2 —
Ar+D(s—r)2+r+1)3(s—r)—(r+1)2(=s)+6(s —r) (=)W1 + (—(r + 1)%(s —r)2 +2(r +
1)3(=s) +9(—s)2 —4(s — )3 + 10(r + 1)(s — r)(—s))Wo) Hp.

(e): —(r? +4s)(r+s—1)*Wy, = ((9(=s) + (r +1)(s = 7)) Wa — ((r +1)*(s — 1) +3(=s)(r + 1) +2(s —

)W —=2(=s)(3(s — 1)+ (r + 1))Wo) Hpp1 + (—((r + 1)*(s =) +2(s —7)* +3(r + 1)(—s))Wa +

((r+1)3(s r)+3(r+1)(s—r) +(r+1)2(=s) +3(s —7)(=8))W1 + (=8)(9(—=s) +2(r +1)3 +
T(r+1)(s —7))Wo)Hp + (—2(=s)((r + 1)2 + 3(s — 7)) Wa + (—s)(2 (7“—!—13—1—9( s)+7(r+1)(s—
r)Wi+ (=s)(4(s —7)* + )2(8 ) = 3(r+1)(=5))Wo) Hp—1.

(£): —(r? +45)(T+5*1)2 = 2B(r +1)(=s) = (s =1)*)Wa + (3(s = r)(=s) + (r + 1)(s — )% —
2(r + 1)2(=8))W1 + (=8)(9(=s) + (r + 1)(s — 7))Wo)Hy + (((r + 1)(s — r)? = 2(r + 1)*(=s) +
3(s—r)(= ))Wz +2r+1)%(=s) = (r+1)* (s =r)? +4(r + (s —7)(=5) = 2(s —7)> +9(—5)*) W1 —

5)2(s = )2+ 3(r + 1)(=s) + (r + 1)%(s — r))Wo)Hy—1 + ((=8)(9(=3) + (r + 1)(s — 7)) Wy —

S (r+12(s—7)+3(r+1)(—=s)+2(s =))W —2(=5)%2(B(s —7) + (r + 1)>)Wo)H,_»

s —

s —

r

Avvgﬁ

(=
(=
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Proof. Replace r, s and t with r + 1, s — r, —s, respectively, in [16, Lemma 38.]. O
5. Recurrence Properties of Generalized Horadam-Leonardo Polynomials

Next, we present a formula for W_,.

THEOREM 14. For n € Z, we have

Proof. Replace r, s and t with r + 1, s — r, —s, respectively, in [16, Theorem 39.]. O

Now, we have the following corollary.

COROLLARY 15. For n € Z, we have
(2): Gon = g (2 + 1)(=5) = (5 = 1)))G7, + (=5)Gan + (5 = 7G2G — (B(=5) + (r + 1)(s -
'I"))Gn+1Gn).

Proof. Replace r, s and ¢t with » 4+ 1, s — r, —s, respectively, in [16, Corollary 42] or take W,, = G,, with
Go=0,G; =1,Gy = (r+1) and W,, = H,, with Hy = 3, H; = (r+1), Hy = r? + 25 + 1, respectively, in the
last Theorem. [

6. Generalized Horadam-Leonardo Polynomials by Matrix Methods

In this section, we present matrix representations of the sequences W,,,G,, and H,,. We also introduce

Simson matrix and investigate its properties.

6.1. Matrix Representations of the Sequences W,,,G,, and H,,. We define the square matrix A

of order 3 as:
r+1 s—r —s

A= 1 0 0
0 1 0
such that det A = (—s). We also define

Gry1 (s=7)Gp+ (—5)Gp-1 (—s)Gp,
B, = Gn  (s—1)Gpo1+(—5)Gro2 (—s
Gno1 (s=7)Gp_o+(—=8)Gp_3 (—s
and
Wher  (s=1m)Wp, + (=)W1 (—s)W,
D, = Wn (s=r)Wu1+(—s)Wy_o (—s)W,_1
Who1 (s=r)Wha+ (—s)Wy3 (—8)Wp_o
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THEOREM 16. For all integers m,n, we have the following properties:

(a): B, = A", i.e

r+1 s—r -—s Gni1  (s—=7)Gp+ (—5)Gn-1 (=9)G,
1 0 0 = Gn (s=7)Gp_14+(—5)Gpn_2 (—9)Gn_1
0 1 0 Gno1 (s—71)Gpoo+ (—5)Gros  (—8)Gn—2

(b): DlAn = AnDl
(¢): Dytm = DBy = By Dy, iee.,

(d):
A" =G 1 A2+ (s —1)Gra + (=8)Gpr_3)A+ (—8)Gp_aI,
where
100
I=10 10
0 01

Proof. Replace r,s and t with r + 1, s — r, —s, respectively, in [16, Theorem 51.]. O
Next, we present matrix formulas for the generalized Horadam-Leonardo polynomials and (r, s)-Horadam-
Leonardo-Lucas polynomials.
In the next Corollary, we use Ay (0) given in (3.2), i.e
Aw(0) = W3 —r(r—s+ D)W+ (—s)* W3 —2(r + VW WE — (s — r)WoW3
+(r? +3r — s+ YWoW? + ((r + 1)(=s) + (s — r)* ) Wo W7

+(r 4+ 1) (—=8)WEWa + 2(s — 7)(=s)WEW, — (r? 4+ 1 — ds — 175)Wo W1 W,

COROLLARY 17. For all integers n, we have the following formulas for generalized Horadam-Leonardo
polynomials and (r, s)-Horadam-Leonardo-Lucas polynomials.
(a): Generalized Horadam-Leonardo polynomials.

n

r+1 s—r -—s a1 a2 a3
1 0 0 = AWI(O) a21 Q22 a23
0 1 0 az1 G32 Q33
where
a1 = ((r + (=)W — WiWy + (s — r)WoW1) Wiz + (W3 — (r + VWi Wo — (s —
r)WoWsa — (- 3)W0W1)Wn+2 + (=)W — (=) WoWa)Wiy1,
= ((r+ W + (=s)W5 — WilWa + (s — r)WoW1) Wi + (W5 — (r + YW1 Ws — (s —
)WoWz (- S)WOWl)Wn+1 + (=)W = (=) WoWa) W,
az1 = ((r + DWE + (=s)W¢ — WiWa + (s — r)WoW1)Wyi1 + (W3 — (r + YW Wy — (s —
r)WoWs — (- 5)W0W1)W + ((=8)WF — (=) WoWa) Wy, 1,
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a2 = (s=r)((r+ D)WE+ (—s)W¢ = W1Wa+ (s =) WoW1)Wygo + (W3 — (r+ 1)W1 Wo — (s —
r)WoWa—(=s)WoW1)Wig1 +((—=8)Wi— (=) WoW2) Wy ) +(=8) (r+ D)W+ (—s) W5 = W1 Wa+ (s~
PYWoW1) Wit +(W2—(r+ 1) Wi Wa—(s—1) Wo Wa— (—8) Wo W1 ) Wi +((—8)W2—(—8) Wo Wa) Wi_1),

aga = (s —7r)(((r+ Y)WE+ (=s)WZ =W Wa + (s —r)WoW1) W1 + (W3 — (r+ 1)W1 Wa — (s —
r)WoWa—(=s)WoW1) Wy +((=8)Wi = (=) WoWa) Wy—1)+(=8) (((r+ )W +(—s) W5 = W1 Wa+ (s~
PYWoW )Wy +(WE—(r+1)W1Wo—(s—7)WoWa—(—s)WoW1 )W, _1+((—8)WE—(—s)Wo W)W, _2),

aza = (s —7)(((r + DWE + (=s)Wg — WiWa + (s — r)WoW)W,, + (W2 — (r + YW1 Wa —
(s —r)WoWa — (=) WoW1) W1+ ((—8)WE — (—8)WoWo) Wy, _2) + (—8)(((r + )W + (—s)Wg —
WiWo+ (s =) WoW1) W, 1+ (W3 — (r + 1)W1 W — (s —r)WoWa — (=) Wo W1 )W, o+ ((—8)WE —
(=8)WoW2)Wy_3),

ary = (=8)(((r + YW + (=s)W5 = WiWs + (s — r)WoW1) Wi + (W5 — (r+ 1)W1 Wo — (s —
r)WoWa — (=) WoW1)Wii1 + ((—=s)WT — (=s)WoW2)W,),
azs = (=8)(((r + YW2Z + (=)W — W1Wa + (s = r)WoW1)Wi1 + (W3 — (r + 1)W1 Wy — (s —
WoWs — (—8)Wo Wl)Wn F(—s)W2 — (—s)WoWa) Wi 1),

ags = (=s)(((r + YWE + (=s)Wg — WiWa + (s — r)WoW1)W,, + (W3 — (r + YW1 Wa — (s —
PYWoWa — (—8)Wo W) Wiy + ((—8)W2 — (—8)WoWa) Wi_s),

(b): (r,s)-Horadam-Leonardo-Lucas polynomials.

n
r+1 s—r -—s

bin b2 bz
1

K+ 1)3(—s) = (r+ D2(s — )2 —A(s — )3 + 27(—s)2 + 18(r + (s —r)(—s) | 020 P22 P
bs1 b3z bs3

where

b1 = (9(=s)+ (r+1)(s—r) Hyss — ((r+1)*(s =) +2(s —)? +3(r +1)(—s)) Hpp2 = 2(—s) ((r +
1)2+4+3(s—7))Hpi1,

bar = (9(=s)+ (r+1)(s—7) Hus2 — ((r+1)*(s =) +2(s =1)2 +3(r +1)(—5)) Hnr1 —2(=s) ((r +
1)2 +3(s—17))H,,

b1 = (9(=35) + (r+1)(s =7)) Hnt1 — ((r+1)*(s =) +2(s = 1)+ 3(r + 1) (—s)) Hp — 2(=5)((r +
)2 +3(s—7))Hp,_1,

bia=(s—7)((9(=8)+(r+1)(s—7))Hpr2— ((r+1)2(s =) +2(s —7)?> +3(r + 1)(—5)) Hp11 —
2(=s)((r +1)? +3(s =) Hn) + (=5)((9(=5) + (r+ 1)(s = 7)) Hpr = (r + 1)* (s — 1) +2(s —7)* +
3(r+1)(=8)H, —2(=s)((r+1)2+3(s —7))H,_1),
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bz = (s =7)((9(=s) + (r+1)(s =)
2(=8)((r+1)2+3(s — 7)) Hy,—1) + (—5)(
3(r+ 1)(=8))Hn-1 — 2(=s)((r + 1)* + 3(s — 1)) Hn—2),
bzo = (s —7)((9(=8)+ (r+1)(s —r))H, — (r+1)%(s —7) +2(s — )2+ 3(r + 1)(—s
(

MHp1 = ((r+1)%(s =) +2(s = 7)* +3(r + 1)(—s
(

I(=s)+(r+1)(s =) Hp— ((r+1)%(s =) +2(s —7)* +

2(=s)((r +1)* +3(s = 7)) Hn—2) + (=8)((9(=s) + (r + 1)(s = 1)) Hp1 — ((r +1)*(s = 1) +2(s —

) (T+ )( )) n—2 2(—8)((7‘—|—1) +3(8_7'))Hn—3)7

bis = (=8)((9(=5) + (r+ 1)(s = 1) Hngz — ((r+ 1)*(s =) + 2(s = 7)* + 3(r + 1)(—s

2(=s)((r +1)* + 3(s — 1)) Hy),
bag = (=s)((9(=s) + (r + 1)

2(=s)((r +1)* +3(s = 7)) Hy—1),
bsz = (=s)((9(—s) + (r+1)

2(=s)((r+1)2+3(s — 7)) Hp—2).

Proof. Replace r, s and t with r + 1, s — r, —s, respectively, in [16, Corollary 52]. OJ

Now, we present an identity for W, 4.

THEOREM 18. (Honsberger’s Identity) For all integers m and n, we have

Wn—i—’m = WnGnH—l + Wn—l((s - T)G’m + (_S)G’m—l) + (_S)Wn—QGm

= W,Gpy1+ ((S — 7“)an1 + (—S)WH,Q) G + (—S)anlefl.
Proof. Replace r,s and t with r + 1, s — r, —s, respectively, in [16, Theorem 53]. OJ

COROLLARY 19. For all integers m,n, we have the following properties:

Grnim = GnGmy1+Gno1((s—7)Gm + (—8)Grm—1) + (—8)Gp—2Gp,

Hypp = H,G g1 + Hn—l((S - T)Gm + (7S)Gm—1) + (75)H7L—QGWL'
Proof. Replace r, s and t with r + 1, s — r, —s, respectively, in [16, Corollary 54]. [

COROLLARY 20. For all integers m,n, j, we have the following properties:

Wmn+j = Gmn—1Wj+2 + ((5 - T)Gmn—Z + (_S)Gmn—3) Wj+1 + (_S)Gmn—QWja
Gmn+j = GmnflGjJrQ + ((S - T)Gmn72 + <_5)Gmn73) Gj+1 + (_S)Gmn72Gja
Hmn+j = GnLn—lHj—l-Z + ((3 - 7ﬂ)(;’mn—Z + (*S)Gmn—ZS) Hj+1 + (*S)Gmn—QHj-

Proof. Replace r,s and t with r + 1, s — r, —s, respectively, in [16, Corollary 55.]. O

(s =) Hnpr = (r+ D (s =) +2(s = 1)? + 3(r + 1)(—s

(s =) Hn = ((r+1)%(s = 7) +2(s = 7)* + 3(r + 1)(=5)) Hn1 —
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6.2. Simson Matrix and its Properties. For n € Z, we define
W7L+2 W1L+1 Wn

fW (n) = W77,+1 Wn Wn—l
Wn an 1 Wn72

We call this matrix as Simson matrix of the sequence W,,. Similarly, as special cases of W,,, Simson matrices

of the sequences G,, and H,, are

Gn+2 Gn+l Gn Hn+2 Hn+1 Hn
fG (n) = G7L+1 Gn Gn—l ’ fH (’I’L) = Hn,-i-l Hn Hn—l ’
Gn Gn—l Gn—2 Hn Hn—l Hn—2

respectively.

LemMmA 21. For all integers n,m and j, the followings hold.
(a): fw(n) =(r+1fwn—1)+ (s —r)fw(n—2)+ (=s)fw(n —3).

(b): fw(n)=Afw(n—1) and fw(n) = A" fw(0), i.e.,
(c): fwn+m)=A"fw(m) and fw(n+m) = A" fiy(n) i.e., and fiw(n) = A™ fw(n —m), i.e.,

(d):
Jw(mn +j) = A™ fw(j)
and
Jw(mn +j) = (Gn1 A% + ((s = 1)Groz + (—5)Gn-g) A+ (=) Gn_od) ™ fw (j).
(e):
Wn+2 Wn+1 Wn CTY7L+1 (5 - T)Gn + (*S)Gn—l (*S)Gn W2 Wl WO
Woh W, Wy = G, (s—1)Gp_1+(—5)Gp_2 (—9)Gn-1 Wi Wy W
Wn  Wpor Wipoo Gno1 (s—7)Gr2+ (—5)Gn—3 (—5)Gp_2 Wo W_1 W_,
(f):
Wito Wi W, . a1 a2 ai3 Wy Wi Wy
Wit W W1 = m a1 Az G23 Wiy Wo W
Wyn Wit Wihoa azr Gz2 033 Wo W_1 W_y

where ai1, a1, 431, 12, 422, 32, 413, G423, azz and Aw (0) are as in Corollary 17 (a) (in the last iden-

tity above, we replace n with m in ai1,as1, as1, a2, @22, a3, 413, 423, 433 ).
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(8):
bir b2 bi3 Wy Wy Wy
bar  baa  bos Wy Wy W
Wn+2 Wn+ 1 Wn
b31 b3z b33 Wo W_1 W_y

Wn +1 Wn Wn —1 =
Wn Wn —1 Wn —2

—(r2 +4s)(r+s—1)>2

where by, ba1, b1, bia, bag, ba, b1s, bas, bss are as in Corollary 17 (b) (in the last identity above, we

replace n with m in biy, bo1, b31, b12, baz, b3z, bis, bz, bs3 ).

Proof. Replace r, s and t with r + 1, s — r, —s, respectively, in [16, Lemma 56]. O
Taking the determinant of both sides of the identities given in the last Lemma, we obtain the following

Theorem.

THEOREM 22. For all integers n and m, the following identities hold.

(a): Catalan’s Identity:

det(fw (n+m)) = (—s)" det(fw (m)),

and
det(fw(n)) = (=s)™ det(fw (n — m)).
(b): (see Theorem 8) Simson’s (or Cassini’s) Identity:

det(fur (n)) = ()" det(fu (0)).

Proof. Replace r, s and t with r + 1, s — r, —s, respectively, in [16, Theorem 57]. [
From the last Theorem, we have the following Corollary which gives determinantal formulas of (r, s)-

Horadam-Leonardo polynomials (take W,, = G, with Gy =0,G1 =1,G2 = (r + 1)).

COROLLARY 23. For all integers n and m, the following identities hold.
(a): Catalan’s Identity:
det(fa(n+m)) = (=s)" det(fa(m)),
and
det(fa(n)) = (=)™ det(fa(n —m)).

(b): Simson’s (or Cassini’s) Identity:
det(fa(n)) = (=5)" det(fc(0)),

i.e.,
Gny2 Gpy1 Gy
Gui1 Gn  Guoy |=—(=9)""h
G, Gp1 Gp_o
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Taking W,, = H,, with Hy = 3, H; = (r+1), Hy = r> +2s+ 1 in the last Theorem, we have the following

Corollary which gives determinantal formulas of (r, s)-Horadam-Leonardo-Lucas polynomials.

COROLLARY 24. For all integers n and m, the following identities hold.
(a): Catalan’s Identity:
det(fu(n+m)) = (=s)" det(fu(m)),
and
det(fu(n)) = (=s)™ det(fu(n —m)),.

(b): Simson’s (or Cassini’s) Identity:
det(fm(n)) = (=s)" det(fu(0)).
7. The Sum Formula }_;_, szmkﬂ- of Generalized Horadam-Leonardo Polynomials

In this section, we give the sum formula Y, _, 2*Wink+; of generalized Horadam-Leonardo polynomials.

7.1. The Sum Formula EZ:O Zkak—i—j of Generalized Horadam-Leonardo Polynomials in
Terms of Generalized Horadam-Leonardo Polynomials. We can give the sum formula ), _, Wkt
of generalized Horadam-Leonardo polynomials in terms of elements of the sequence of generalized Horadam-

Leonardo polynomials.

THEOREM 25. For all integers m and j, we have the following sum formulas.
(a): If 23Ty + 2%Ty + 23 + Ty # 0 then

z": Sy 2004 2120, 4 21110, 1 220, 4+ 2054+ 05 _ Ow(2)
=0 mk+i = z3F1 + Z2F2 + 23+ T1'y o FW(Z)

where

Ow(2) = 2"T301 + 2" 205 + 2" 7103 + 220, + 205 + O,

2301 = MWW oWtz + (= Wit + (r+ DWH W oW1 + (= Wiz + (r+
DWig1 + (s = 1) W)W o Winpmn + (=Wt + (s = 1) W)W i Wanimng2 — ((=8) + (r +1)(s —
IIWiWa 1 Wantmnt1 + ((s = 1) Wita — (=) + (r + 1)(s = 1)W1 — (s = )2 W) Wi 1 Winpmn —
(=)Wa Wit Wingmntz + (=8)(=Wijt2 + (r + YW )WE Wanimngr — (=8)°W; Wi Wonpmn +
(Wis1 + (r + DWW oWon i1 Wanmngz + (Wjg2 — (r + DOWi 1) Won oW Wanomns2 + (—(s —
Wit + ()W) Wit W Wongmnsz + Wise — (0 + 12*W)Wara Wit Wantmngr + (—(r +
DWita + ((r 4+ 1)2 + (s = 7))Wit1 + (=) W) Wi oW Wongmntr + (—(5 — 1)Wiga + ((=s) +
(r+1)(s =)W1 — (r + D(=)Wj)Wiiad Wi Winimnt1 + (1 + D)WjaWin i Wi o W +
(=)WiWoni 1 Win o Wongmn — (r + 1) (s = 1)WiWo i W oaWongmn — (7 + 12 Wi Won 1 Wiy
Wingmn + (=8)(Wjt1 = (r + DWj) Wi oW Wan g + (=8)(Wjp2 — (1 + DWig1 = 2(s — r)Wj)
Wit A Wi Wi pman),
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220, = 2" P2 (= WoWjpo+ ((r+1)Wo—W1)Wis1+ CWo— (r+ )W) W) Wt o Wintmnt2 +
@WiWjia + ((s = r)Wo = Wa)Wjp1 — ((r + 1)Wa + 2(s — r)W1 + (=) Wo )W) Wi 41 Wi pmnt2 +
(—WaWj o+ (r+ D)W+ (s — )Wy +2(—8)Wo)Wis1 — (=) Wi W, ) Wi Win sz + (((r + 1) Wo —
Wi)Wjpa+(2Wa — (r+1)Wo — (s = 1) Wo)Wjg1 + (=2(r + YWa + (r + 1)W1 — (=) Wo)W; ) Wip42
Wintimn1+ (=Wt (s=r)Wo) W2 — ((r+1)(s =) Wo+ (=) Wo) W1 +((r+1)*Wa+2((—s) +(r+
D) (s=r))Wi+(r+1)(=s)Wo )W) Wi 1 Wi pma1+(((r+ 1) Wa+ (s =) W1 42(—5) Wo ) W2 — ((r +
D2Wa+ (r+1)(s—r)Wi+2(r+1)(—s)Wo+ (s —r)Wa+ (—s)W1)Wji1 + (=) ((r + 1)W1 — Wa) Wj)
Wi Wnmnt1 + ((2Wa = (r + D)W1) Wyso + ((r + 1) Wi = 2(r + 1) Wa — (=) Wo) W1 + ((r + 1) (s —
Wi —2(s —r)Wa — (=)W1 + (r + 1)(—=s)Wo )W) Wit o Winsmn + (—((r + 1)Wa + 2(s — r)W7 +
(=$)Wo)Wita + ((r + 1)*Wa +2((=s) + (r + 1)(s = 7)) Wi + (r + 1)(=8)Wo)Wji1 + (((r + 1)(s —
) — (=8)Wa+2(s —r)2W1 +2(s — ) (=) Wo )W) )Wn 11 Wi + (—8) (= W1 W o + ((r + L)W, —
Wo)Wig1 + ((r+ 1)Wa + 2(s — r)W1 + 2(—=8)Wo)W; ) We, Wan £mm ) s

2105 = 2T (WoWa — WEWipo + (—(—s)WE + WilWa — (r + )WWs — (s — r)WoW;
a1+ (W3 + (s =)W + (r + )WiWa + (=) WoW) W))W mnta + ((—(=8)W§ + Wi W —
r+ D)WoWa — (s = r)WoW)Wjip + (= W3 + (r + D)(=s)W5 + ((r + 1)* + (s = 7)) WoWa + ((—s) +
r+1)(s—r))WoW)Wip1 +((r+ 1)Wg —((r+1)(s—7) + (=))W — (r+ 1)W1 Wa + (—s) W Wo —

D(=s)WoWD)W)Wtmni1 + (W3 + (s = r)WE + (r + YW1 Wa + (—s)WoW1)W,pa + (
+D)WE—((r+1)(s—r)+ (=)W — (r+ 1)>WiWa + (—s)WoWa — (r + 1) (—s)WoW1)W; 11 +
s—rYW3Z — (s —1r)?WE — (=s)* W2 + ((—8) — (r + 1) (s — 7)) W1 Wa — (r + 1)(—8)WoWo — 2(s —
(=s)WoW1 )W) Wi iman),

2204 = 22(WoWsa+ (Wi — (r+ 1)Wo) W1+ (Wo— (r+ 1) Wy — (s —r)Wo )W) W2 o+ (Wa—
(s = 1)Wo)Wja + ((=8)Wo + (r + 1)(s = r)Wo) Wy + ((s = 7)*Wo + ((r + 1) (s — 1) + (=))W —
(s =) Wo)Wj)Wi 11 + (=8)(WaiWja + (Wo — (r + DW) W1 + (=) WoWH) W2 + (=(Wi + (r +
DWo)Wita + ((r+1)?Wo = Wo)Wip1 + (= (r + DWa + (r + 1)W1+ ((r + 1)(s — 1) — (=5)) Wo) W)
Wini1 Wiz + (((r + YW1 = Wo)Wjgo + ((r + D)Wa — ((s — ) + (r + 1)2)W1 — (=8)Wo) Wi +
(=5)((r+ 1)Wo = Wi)W)Win oW + (s = 1)W1 = (=) Wo)Wjpa + ((s = r)Wa = ((r + 1) (s —7) +
(=)W1 (r+ 1)(=s)Wo)Wjt1 + (=) (=Wa + (r + 1)W1 + 2(s — r)Wo)W;) Wi -1 Winn),

205 = 2((WE — WoWo)W,io + (=)W — W1Wa + (r + 1)WoWa + (s — r)WoW1) Wit +
(=2W3 — (r + 1)2W2 — (=8)(r + DWE + 3(r + YW1 Wa + 2(s — 1)WoWa + (2(=s) — (s — 7)(r +
1)WoW1) W)Wy p0 + (—=s)WE =W Wa+ (r+ 1)WoWa + (s — r)WoW1)Wiio + (W3 —((r+1)%+
(s=1))WoWa—((r+1)(s—7)+(=8))WoW) W1+ ((r+ 1)W5 —2((—s) + (r+ 1) (s =))W —2(s —
) (=)W +(2(s—1) = (r+ 1) )WiWa+(2(—8) = (r+1) (s —7)) Wo Wa— (2(s—7)* +(r+1)(—s5)) Wo W1)
W)W+ (W3 = (s =)W = (r+ YW Wa — (=) Wo W)W + (= (r+ DWE+ ((r+ 1)(s — 1) +
(=s))WE + (r+1)*W1Wa — (=s)Wo W + (1 + 1) (=) WoW1) Wi +( s)(—(r+ )W —2(—s)W5 +
2W Wy — (r 4+ D)WoWa — 2(s — r)WoW1 ) W)Wy, — (r + 1) (=8)WEW, 41 Wini1),

r

W,
(
(
(r+
(
(

(
)

)
)
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Qs = (W3 + ((=s) + (r + 1) (s =))W + (=) W5 — 2(r + YWLIW3F — (s — r)WoW3 + ((r +
D2 = (s=r)WiWa+ ((s —=7)2 4+ (r + 1)(—=8))WoW3E + (r + 1) (—8)WEWa + 2(s — r)(—s)WEW7 +
((r+1)(s = 7) = 3(=5)) Wo W1 W2) W,

and

Tw(z) = 2%T1 + 22Ty + 203 + Ty,

2Ty = 23— (=) (W3 + (=) + (r+1)(s =))W +(=5) Wi+ ((r+1)* — (s — 7)) Wi W2 —2(r +
DWAWE — (s —r)WoW3+ (r+1)(—s)WeWa+((s—7)2 4+ (r+1)(—s) ) WoW2 +2(s —r)(—s)WEW, +
((r 4+ 1)(s — ) — 3(—s)) Wo W1 W2)),

22Ty = 22((BWo = 2(r+ 1)W1 — (s = r)Wo)W2 o+ (((r+1)* = (s = r))Wa+ B(r + 1) (s — ) +
3(=s))Wi+ ((s —r)* + (r + 1)(=s))Wo)W3 1y + (=s)((r + 1)Wa + 2(s — r)W; + 3(—s)Wo) W3, +
(—4(r+D)Wo+2((r+1)2 = (s =)W1+ ((r+ 1) (s —7) = 3(=8))Wo)Wina oW1 + (—2(s —r)Wo +
((r+1)(s =) = 3(=s)) W1 + 2(r + )(=8)Wo) Wi 2 W + ((r + 1)(s — 1) = 3(=5)) W2 + 2((s —
P2 (r 4 1) (=) Wi+ 4(s — 1) (=) Wo) Wy W),

T3 =2((=3W3+((s—7) = (r+ 1D)HW2 — (=s)(r + HYWZ +4(r + YW1 Wa +2(s — r)WoWa +
(3(=8) = (s=7)(r+ 1) WoW1) Wy + 2(r+ 1)W2 —(3(r+1)(s—7) +3(—s))WE —2(s—7)(—s) W+
(2(s — 1) = 2(r + D)W 1Wa + (3(=s) — (r + 1)(s — r))WoWa — 2((s — )2 + (r + 1)(—s))WoW7)
Wingr + ((s = )WE = ((s =) + (r + 1)(=8))WF = 3(=)?W§ + (3(—s) — (r + 1)(s — 7)) W1 W2 —
2(r 4+ 1)(—s)WoWa — 4(s — 1) (—s) W W1)Wy,),

Dy=W3+((—=8)+(r+1)(s—r) Wi+ (=s)*Wg —2(r+ 1)W1 W3+ ((r+1)% — (s — 7)) WEW, —
(s = )WoW3 + ((s =) + (r + 1)(=s))WoW{ + (r + 1)(—s)WEWa + 2(s — 7)(—s)WiW1 + ((r +
D(s—1)—3(—s))WoW, Whs.

(b): If 22Ty + 22Ty + 23 + 'y = u(z — a)(z — b)(z — ¢) = 0 for some u,a,b,c € C with u # 0 and

a#b#c,ie,z=ao0rz=>borz=c then

i: W (n+3)2""201 + (n +2)2""O2 + (n + 1)2"0O3 + 2204 + O3
k=0 mk+i = 322F1 + 2ZF2 + ].—‘3 '

(c): If 2°T1 + 2°Ta + 23 + Ty = u(z — a)?(z — b) = 0 for some u,a,b € C withu # 0 and a # b, i.e.,

z=a or z =", then for z = a we get

N (n+3)(n+2)2""0; + (n+2)(n +1)2"O3 + (n + 1)n2""103 + 20,
D Wik = 62T + 2T ’
= zI'1 + 219

and for z = b we get

zn: KW — (n+3)2""201 + (n +2)2""10Oy + (n + 1)2"O3 + 220, + @5’
e 3221 + 2205 + T3

(d): If 2°T1 + 2219 + 23 + Ty = u(z — a)® = 0 for some u,a € C with u # 0, i.e., z = a, then
Zn: e (n+3)(n+2)(n+1)2"01 + (n+2)(n + 1)nz""103 + (n + 1)n(n — 1)2" 203
mk+j — .
6I'y

k=0



UNDER PEER REVI EW

Proof. Replace r, s and t with r + 1, s — r, —s, respectively, in [16, Theorem 61]. [J

Now, we consider special cases of the last Theorem.

THEOREM 26. We have the following sum formulas.
(a): (m=1,j=0),
(1): If 22(—(=3s)) + 22(=1)(s =) + 2(=1)(r + 1) + 1 # 0 then

n Q
& _ 1
Dy e s e o

where
Q=23 (=) (=)W + 2" T2 ((r + 1) Wyp1 — Whao) + 2" T H(=1) Wy 1 + 22(Wo — (r+ 1)W; —
(s —=m)Wo) + (W1 — (r + 1)Wo) + W,

(ii): If 22(—(=s)) + 22(-1)(s =)+ 2(-1)(r + 1) + 1 = u(z — a)(z — b)(z — ¢) = O for some

u,a,b,c € C withu#0 anda#b#c, i.e., z=a or z=0b or z=c then

= Q
;) Wi = 322(—(—s)) + 22(71)55 )+ ()t 1)
where
Qo = (n+3)2" (= 1)(=8)Wy + (n + 2)z"H((r + DWyps — Wiga) + (04 1)2" (= 1) Wip +
22(Wo — (r + 1)W1 — (s — m)Wo) + (W7 — (r + 1)Wy).
(iii): If 23(—(=5)) + 22(-1)(s—r) + 2(=1)(r+1) + 1 = u(2 —a)?*(2 — b) = 0 for some u,a,b € C

with uw# 0 and a # b, i.e., z=a or z = b then for z = a we get

n Zk B Qg
,;0 W= sy 2D =)

where

Q3 = (n+3)(n + 2)z"TH(=1)(=s)Wn + (n + 2)(n + D2"((r + DWip1 — Waga) + (n +
Dnz" Y (=)W1 +2(Wa — (r + 1)W1 — (s — 7)Wo)

and for z = b we get

Q4

2 e = g D6 T (DG D

where
Qi = (n+3)2" (1) (=)W, + (n+ 2)2" T ((r + DWop1 — Wyga) + (04 1)2" (= 1) Wga +
2z(Wo — (r+ 1)W1 — (s = m)Wo) + (W1 — (r + 1)W).

(iv): If 23(—(=s)) + 22(=)(s =) + 2(=1)(r + 1) + 1 = u(z — a)® = 0 for some u,a € C with

u#£0, i.e., z=a, then

n . B Q5
2 e =5

where
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Qs =(n+3)(n+2)(n+1)2"(=1)(=s) Wy + (n+2)(n+ L)nz""1((r+ 1) Wyg1 — Wipo) + (n+
Dn(n — 12" 2(=1)W41.
(b): (m=2,j = 0).
(1): If 22(—(=s)2) + 22(=2(r+ 1)(=s) + (s = r)?) + 2(=1)(r?* + 25 + 1) + 1 # 0 then

- b _ 0
k.Z:O Wor = 2B(—(=8)2) + 22(=2(r + 1)(=s) + (s = 1)2) + 2(=1)(r2 + 25 + 1) + 1
where

O = 2" (=1)(=) Wan+2" 2 ((s= 1) Wanpa = ((r+1)(s=7) (=) Want1— (r+1) (=) Wan) +
(=) Wangz + 22 (= (s =1)Wa + (=) + (r + 1)(s = m))Wi + ((s =) = (r+ 1)(=5))Wo) +
2(Wo — ((r+1)2 4+ 2(s — 7)) W) + Wy.

(ii): If 22(—(—s)?)+22(=2(r+1)(=s)+(s—7)}) +2(=1)(r®+25+1)+1 = u(z—a)(z—b)(z—c) = 0

for some u,a,b,c € C withu#0 anda#b#c, i.e., z=a or z=>b or z = c then

n Qz
;)sz% - 322(—(—8)2) +22(=2(r + 1)(=s) + (s = 7)2) + (=1)(r2 +2s + 1)
where

Q2 = (n+3)2" (1) (=5)*Wan + (n +2)2" 1 ((s = 1) Wani2 — ((r+ 1) (s = 7) + (=5)) Wapi1 —
(r+1)(=s)Wap) + (n+ 1)2" (1) Wapyo + 22(—(s —m)Wa + ((—=s) + (r+ 1)(s — 7)) W1 + ((s —
r)? = (r+1)(=8))Wo) + (W2 — ((r + 1)* + 2(s — 7)) Wp).

(iii): If 22(—=(=s)) +22(=2(r+ 1)(=8) + (s —7)?) +2(=1)(r®*+ 25+ 1)+ 1 = u(z —a)?*(z —b) = 0

for some u,a,b € C with u #0 and a £ b, i.e., z=a or z =b then for z = a we get

" W, — Qy
,;0 Wk, = 62(—(—8)2) +2(=2(r+ 1)(—s) + (s — 7)?)

where

Q3 = (n+3)(n+2)2""(=1)(=5)*Wan + (n +2)(n + 1)2"((s — ") Wanya — ((r + 1)(s — ) +
(=8))Wani1— (r+1)(=8)Wan) + (n+ 1)nz" "1 (=1)Wap o +2(—(s =) Wa + ((—5) + (r + 1) (s —
Wi+ ((s —r)* = (r+1)(—s))Wo)

and for z = b we get

n - Q4
D = o e )y Py

where

Qu = (n+3)2" 2 (=1)(=5)*Wap + (n+2)2" T ((s = 1) Wanyo — (r+1)(s = 7) + (=5)) Want1 —
(r+1)(=8)Wap) + (n+ 1) 2" (=1)Wap 2 4+ 22(—(s = )Wa + ((—s) + (r + 1) (s = 7)) W1 + ((s —
)2 — (r+1)(=s))Wo) + W — ((r + 1)2 +2(s — 7)) Wp).
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(iv): If 22(=(=8)?) + 22(=2(r+ 1)(=s) + (s = 7)?) + 2(=1)(1* + 25 + 1) + 1 = u(z — a)® = 0 for

some u,a € C with uw # 0, i.e., z = a, then

where
Qs =n+3)(n+2)(n+1)2"(=1)(=5)*Wap + (n+2)(n+ 1)nz""1((s =) Wapia — ((r+1)(s —
)+ (=) Wang1 — (r + 1)(=5)Way) + (n + D)n(n — 1)2"2(=1)Wap 0.
(c): (m=2,7=1).
(1): If 22(—(=s)?) + 22(=2(r + 1)(=8) + (s = 7)) + 2(~=1)(r* + 25 + 1) + 1 # 0 then

kzzosz%“ T B (=) +22(20r+ 1)(=8)+ (s —r)2) +2(-1)(r2+ 25+ 1) + 1

where
= 2" (= (=) Waps1) + 2" (= (=) Wani2 + ((s = 1) — (r + 1)(=5))Want1 + (s —
7)(=8)Wap) + 2" TH(=1)((r + D)Wapaa + (s =) Wapi1 + (—8)Way, ) + 22(—s) (W — (r + 1) Wy —
(s =m)Wo) + 2((r + DWa — ((r +1)2 + (s — 7)) W7 + (—5)Wp) + Wi.

(ii): If 23(—(—s)?)+22(=2(r+1)(—s)+(s—7)?)+2(=1)(r?+2s+1)+1 = u(2—a)(z—b)(z—c) = 0
for some u,a,b,c € C withu #0 and a #b#c, i.e., z=a or z=10 or z = c then

n QQ
kZ:Osz%H = 322(—(—8)2) +22(=2(r + 1)(=s) + (s = 7)2) + (=1)(r2 + 25 + 1)

where
Q2 = (n43)2" (= (=) Wans1) + (n+2)2" " (= (=) Wania + (s —7)? = (r+1)(=5)) Wans1 +
(s =7)(=s)Wan) + (n + 12" (=1)((r + DWani2 + (s = 7)Wapp1 + (=5)Wap) + 22(—s)(W2 —
(r+ 1)W1 — (s = r)Wo) + ((r + DWa — ((r + 1)* + (s — 7)) W1 + (=) Wo).

(iii): If 23(—(=9)?) +22(=2(r+1)(=8) + (s = 1))+ 2(-1)(r* + 25+ 1) + 1 = u(z —a)?(z —b) = 0
for some u,a,b € C withu#0 and a # b, i.e., z=a or z=> then for z = a we get

n i - %
kz:%z Waky1 = 62(—(—5)2) + 2(=2(r + 1)(—s) + (s — r)?)

where

Q5 = (n 4 3)(n +2)2" " (=(=9)*Wans1) + (0 + 2)(n + 1)2" (= (=) Want2 + ((s = 1)* = (r +
1)(=8))Wans1+(s=7)(=8)Wap )+ (n+1)nz" "1 (=1)((r+1) Wanya+ (s =) Wang1 + (=) Wan ) +
2(=s)(Wa = (r + YW1 — (s = 1)Wp)

and for z =b we get

;) # a1 = 322(—(=9)2) + 22(=2(r + 1)(=s) + (s — 7)2) + (=1)(r2 + 25 + 1)

where
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Q4 = (n+3)2" (= (=5)"Want1) + (n+2)2" (= (=8)Wanya + (s =7)? = (r+1)(=5)) Wan 1 +
(s =r)(=s)Wan) + (n 4+ 1)2" (=1)((r + 1)Want2 + (s — r)Want1 + (=5)Wan) + 22(—s)(W2 —
(r+10)Wy—(s—=7)Wo) + ((r + D)Wa — ((r+1)% + (s — 7)) W1 + (—s)Wp).

(iv): If 22(—(=s)?) + 22(—2(r+ 1)(=s) + (s = 7)?) + 2(-1)(1* + 25 + 1) + 1 = u(z — a)® = 0 for
some u,a € C with uw # 0, i.e., z = a, then

n

72 2k+1 = 77 oy
g Warnt = 5 =97)

where

Q5 = (n+3)(n+2)(n+1)2"(=(=5)*Want1) + (n+2)(n+ 1)nz" " (= (=) Wapt2 + ((s = 1) —
(r+1)(=8))Wapi1+ (s =1)(=5)Wap) + (n+ D)n(n—1)2" "2 (=1)((r+1)Wan 2+ (s =) Wapi1 +
(—8)Way).

7.2. The Sum Formula ), _, szmk+j of Generalized Horadam-Leonardo Polynomials in
Terms of Generalized Horadam-Leonardo Polynomials and (r, s)-Horadam-Leonardo Polynomi-
als. We can give the sum formula > }'_, 2*Wnk+j of generalized Horadam-Leonardo polynomials in terms
of elements of the sequence of generalized Horadam-Leonardo polynomials and (7, s)-Horadam-Leonardo

polynomials.

THEOREM 27. For all integers m and j, we have the following sum formulas.

(a): If 25Ty + 22Ty + 23 + Ty # 0 then

i ZkW R Zn+3®1 + Zn+2@2 + Zn+193 + 22@4 + 2«'@5 + 66
k=0 mi 220 + 22Ty + 23 + Ty
_ 0g(2)
Fg(z)

where

Oc(z) = 2301 + 2205 + 2" 7103 + 220, + 205 + O,

230 = 2" (=W G2 o+ (—Wiga + (s =) W) G2y — (—8)Wj31G2 + (Wipq + (r+1)W;)
Gmr2Gmy1 + Wira — (r + DW;1)Grn2Gm + (—(s = 1)W1 + (=8)W;)Gry1Gim) Gy mn 2
F (Wi + (r+ D)W5)Gh o = (=) + (r+ 1) (s = 7)) W;Gh g + (=) (= Wiga + (r + 1) W;41) G, +
(Wiga = (r+ 1) Wj)GmsaGrmpr + (= (r + Wiga + ((r +1)% + (s = 1)) W1 + (=) W;) G 2Gm +
(=(s =Wtz + ((=8) + (r + D)(s = 7))Wjs1 — (r + D)(=8)W;) G 1Gm) Gmmn+1 + (Wi +
(r+ Wit + (s =1)W)Ghpo + (s = 1) Wjgo — ((=8) + (r + 1) (s = 1)) W1 — (s = 1)*W;) G} —
Wi(=8)2Gr, + (Wi (r +1) = (r +1)2Wjgq + ((=8) = (r + 1) (s = 1)) W) Grnt2Grt1 + (—=8) (W1 —
(r+ DW;)Gmp2Gm + (=8)(Wjsz — (r + YW1 — 2(s — r)W;)Grng1Gm) Gmtmn),

220, = 2" (((r+ D)W= Wjt1) Gz +(2Wipa— (r+ 1) Wi —((r+1)*+2(s—1))W;) G 1 +
(=(r+ D)Wtz +((r+1)%+ (s = 7)) Wjt1 — (=8)W;)Gr) Grngmntz + (200 + W1 = Wipa — (r+
1)2W;)Grpot+(—(r+1)Wipa+((r+1)2+2(=8)+2(r+1) (s—r))W;)Grs1 +(((r+1)*+(s—7)) W 12—



UNDER PEER REVI EW

(r+ 1> +2(r+1)(s= 1)+ (=)W 11)Gm) Gommn1+ (1 D Wjpa = (r+ 12 Wiga = ((r+1) (s —7) +
(=NW)Gmpa+ (=((r+ 1) +2(s=r))Wjpa+((r+1)° +2(r+1) (s —7) +2(=5)) W1 +((r+1)*(s -
r)+2(s—1)% = (r+1)(=8))W;)Gmi1+2(s — ) (—s)W;Gp, — (—8) G Wita + (r + 1)2(—s)W;G,)
Gmtmn),

2105 = 2" (= Wipa + (r+ D)Wisa + (s =) W) Grnpmnz + ((r+ DWigo = (r+1)*Wjga —
(r+1)(s—7)+ (=8)W;)Gmtmni1 + (s =)Wt — ((r +1)(s =) + (=8)) W1 — ((s — r)* —
(r + D) (=s)W;)Grmtmn),

2204 = 22(G?2 o Wit1 + (r + DWjgo + (—s)W;)G2 11 + (—=8)G2, W0 — ((r + L)W +
Wit2)Gmi1Gmiz = (s = 1)W1 + (=)Wj) GGz + ((s = 1)Wjpa = (=)Wj1)GmGmia),

205 = 2(Wji2 — (r + YWji1)Grgz + (—=(r + Wiz + (r + 1)*Wji1 — 2(=s)W;) Gy +
(=(s=m)Wjt2 + ((=)Wjs1 + (r + 1)(s = 1)Wjga) + (r + D(=s)W;)Gm),

O = (=)W,

and

Pa(z) =T'1(2) + a(z) + T3(2) + Ta(2),

BTy = 3 (—(—s)™ ),

2Ty = 2((r + )Gy + ((r + 12 +2(r + 1)(s = 7) +3(=5))Ghpq + ((r + 1)*(—5) +2(s —
) (=8)G2, —2((r + 1)? + (s = 1)) Gms1Gmi2 — ((r + 1)(s = 7) + 3(=5))G G2 + ((r + 1)%(s —
P) +2(s = 1) — (1 + 1)(=5))GmGms1),

T3 = 2((s = 1)Gma2 = (1 + 1)(s = 1) + 3(=5))Gmr1 + 2(r + 1)(=5) = (s = 1)*)Gm),

Ty =(—s).

(b): If 2°Ty + 22Ty + 23 + Ty = u(z — a)(z — b)(z — ¢) = 0 for some u,a,b,c € C with u # 0 and
a#b#c, ie,z=ao0rz=>borz=c then

~ k (n + 3)Zn+2®1 + (’ﬂ + 2) n+1®2 + ( ) "O3 + 2204 + @5
ZZ ka—‘rj = 2
32211 + 2215 +1'3

(c): If 2Ty + 2°Ty + 2T'3 + Ty = u(z — a)?(2 — b) = 0 for some u,a,b € C withu #0 and a £ b, i.e.,

z=a or z =" then for z = a we get

i W (n+3)(n+2)2""101 + (n+2)(n+1)2"O + (n+ 1)nz" 103 + 20,
et 6zF1 + 2F2 ’

and for z = b we get

n

Z W (n+3)2""201 + (n +2)2" 1Oy + (n + 1)2"03 + 2204 + @5.
ke 322T + 2205 + T's

k=0

(d): If 23Ty + 22Ty + 203 + Ty = u(z — a)® = 0 for some u,a € C with u # 0, i.e., 2 = a, then

zn: W = (n+3)(n+2)(n+1)2"01 + (n+2)(n+ 1)nz""1O3 + (n+ 1)n(n — 1)2" 203
mk+jy — .
61";

Proof. Replace r, s and t with r + 1, s — r, —s, respectively, in [16, Theorem 63]. [J

Now, we consider special cases of the last Theorem.
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THEOREM 28. We have the following sum formulas.
(a): (m=1,j=0),
(A): If 23(=1)(=s) + 22(=(s = 7)) + 2(=(r + 1)) + 1 # 0 then
k U
I S E= = e e

k=0

where
D =2"B3((—Wa+ (r+ D)W+ (s — 1)Wo)Grao + (r + YW — (r + 1)?Wy — ((r + 1)(s —
)+ ()W)t + (5= 1) Wa = (04 1)(s = 1) + (=) Wi + ((r+ 1)(=s) = (5 = 1)) Wo) G
)+ 2" P2(=Wy + (r + 1)Wo)Grao — (Wo = 2(r + D)W + (r+ 1)2Wo)Gra1 + ((r + D)Wo — (r +
D2Wh = ((r+ 1) (s—7)+ (—=8))W0)Gn) + 2" TH =W Grga + (—Wi + (r + )Wo)Gpg1 + (—Wa +
(r+ D)Wy + (s — 1)Wo)Gn) + 22(Wo — (r + D)Wy — (s — 1)Wo) + 2(W1 — (r + 1) W) + W.
(ii): If 22(=1)(=s) + 2°(—(s = 7)) + 2(—(r+ 1)) + 1 = u(z — a)(z2 = b)(z — ¢) = 0 for some
u,a,b,c € C withu#0 anda#b#c, i.e., z=a or z=0>b or z=c then

Zk Q2
Z W = A 2 =) T (G + 1)

where

Qo = (n+3)2"T2((—Wa+ (r+ 1)W1+ (s —1r)Wo)Gria+ ((r+ 1)Wo — (r+1)2W; — ((r+1)(s —

r) 4+ (=8))Wo)Grsr+ (s = m)Wa — ((r + 1) (s =) + (=)W1 + ((r + 1)(=5) — (s = 7)*) Wo) G

)+ (n+2)2" T (=W 4 (r+ 1) Wo)Gryo — (Wa —2(r + )Wy + (r+ 1)2Wo)Grpr + ((r+ 1) Wa —

(r+1)?Wi—((r+1)(s—7)+(=5))Wo)Gn) + (n+1)2" (= WoGni2 + (W1 + (r+ 1)Wo)Gri1 +

(=Wa+ (r+ D)Wy + (s = r)W)Gr) + 22(Wa — (r + YW1 — (s — r)Wo) + (W1 — (r + 1) Wy).
(iii): If 23(=1)(=s) + 22(=(s — 7)) + 2(=(r+ 1)) + 1 = u(z — a)?(z — b) = 0 for some u,a,b € C

with uw #0 and a £ b, i.e., z=a or z =>b then for z = a we get

n i B Qs
k;z W= D (=) + 2= =)

where

Q3= (n+3)(n+2) 2" ((=Wa+ (r+ 1)W1+ (s —1)Wo)Gpia+ ((r+1)Wa— (r+1)*W1 — ((r +
1)(s=7)+(=5))Wo)Grar+((s=r)Wa—((r+1)(s—r)+ (=) Wi+((r+1)(=s)— (s —1)? ) Wo)Gn
)+ (n+2)(n+1)2" (=W + (r + 1)Wo) Gy — (Wo = 2(r + Wi + (r + 1)*Wo)G1 + ((r +
DWa = (r +1)?W1 = ((r+ 1)(s = 1) + (=8))Wo)G) + (n+ 1)nz""H (= Wo G2 + (=Wi + (r+
DW0)Grg1 + (—Wao + (r+ D)Wq + (s — r)Wo)Gy) + 2(Wa — (r + 1)W1 — (s — )W)

and for z = b we get

2k L
Z W = 322(—1)(=s) + 22(=(s — ) + (—(r + 1))

where
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Q= (n+3)2"T2((-Wo+ (r+ D)Wy + (s —1)Wo)Graa + ((r+1)Wo — (r+1)2Wy — ((r+1)(s —
)+ (=8)Wo)Gryr+ ((s =) Wo = (r + D)(s =) + (=)W1 + ((r + 1)(=s) = (s = 7)*) Wo) G
)+ (n+2)2"TH (Wi + (r+ )W) Gryo — (Wa —2(r + L)Wy + (r+1)*Wo)Grgr + (r+ 1) Wo —
(r+12Wy —((r+1)(s—7)+(—=8)Wo)Gpn) + (n+1)2"(~=WoGpio+ (—Wi+ (r+1)Wo)Gpi1 +
(=Wo + (r+ D)Wy + (s = r)Wo)Gr) + 22(Wa — (r + YWy — (s — 7)Wo) + (W71 — (r + 1)Wy)

(iv): If 23(=1)(=s) + 22(=(s = 7)) + 2(=(r + 1)) + 1 = u(z — a)® = 0 for some u,a € C with
u#£0, i.e., z=a, then

)
)

"o s
2 W= 5

where
Q5 = (n+3)(n+2)(n+1)2"((=Wa+(r+ 1)W1+ (s—7)Wo)Gpio+((r+1)Wao—(r+1)2W7 — ((r+
D(s=71)+(=8))Wo)Grs1+((s—r)Wa—((r+1)(s—7)+(=5)) Wi+ ((r+1)(=s)— (s —7)*) W) G,
Y+ (n+2)(n+ Dnz" (Wi + (r + D)Wo)Grio — (Wa —2(r + )Wy + (r + 1)2Wo)Gpy1 +
((r+ W2 = (r+ 1)?W1 = ((r + 1)(s = 1) + (=) Wo)Gn) + (n+ D)n(n — 1)2" (= WGz +
(Wi + (r+ DWo)Grir + (=Wa + (r + YW1 + (s — r)Wo)Gy)

(b): (m=2,7=0).

(G): If23(=1) (=92 +22((s —r)2 = 2(r + 1)(=s)) + 2(=((r + D)2 +2(s — 7)) + 1 # O then

Q
Zk = !
D e gy T g ) e gy s e

where
Q1 = 2"F3(=s)((=Wa + (r + YW1 + (s — r)Wo)Gango + ((r + HYWa — (r + 1)2W; — ((—s) +
(r+1)(s =7))Wo)Gant1+ (s —=m)Wa = ((=5) + (r+ 1) (s =)W1+ ((r +1)(—s) — (s —7)*) Wo)
Gan) + 2" 2((=(r+ W2+ ((r+1)° + (s = 1)W1 = (=) Wo)Ganiz + ((r+1)* + (s = 7)) W2 —
(r+13+2(r+1)(s—7)+ (=8))W1)Gang1 + (—8)(—Wa + 2(s — 1) Wo + (r + 1)*Wo)Ga,) +
2 (W1 Gopro+ ((r+ D)Wy — Wa)Gani1 — (—8)WoGay) + 22(—=(s —r)Wa+ ((r+1)(s —r) +
(=W + ((s = 7)? = (r + 1)(=5))Wo) + 2(Wa — ((r + 1) + 2(s — 7)) Wo) + Wo.

(ii): If 2°(=1)(=9)* +2°((s = 1) = 2(r + 1)(=s)) + 2(=((r + 1)? +2(s = 7)) + 1 = u(z —a)(z —
b)(z —¢) = 0 for some u,a,b,c € C withu#0 anda#b#c, ie, z=aorz=borz=c
then

2" = Qz
’; Wk = 3 ) (o2 22((s — 1) —20r + (=) + (—((r + D2 + 25 — 1))

where

Q= (n+3)2" 2 (=s)((—Wa+ (r+ 1)W1+ (s —1)Wo)Ganra+ ((r+ 1) Wo — (r+1)2W; — ((—s) +
(r+1)(s = 7)Wo)Gant1 + ((s =1)Wa = ((=8) + (r + 1)(s =)W1+ ((r + 1)(=s) — (s = 1)*) W)
Gon) + (0 +2)2" (= (r + DW2 + ((r + 1) + (s = 1)W1 — (=5)Wo)Gant2 + (((r + 1)* +
(s—r)Wo— ((r+1)2+2(r+1)(s —7) + (=5))W1)G2pi1 +( s)(=Wa +2(s — )Wy + (r +
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1)2Wo)Gan)+(n+1)2"(=W1Gansa+ ((r+ 1)W1 = W2)Gang1 — (=) WoGan ) +22(—(s—r) Wa+
((r+ 1) (s =) + (=)W1 + ((s = 1) = (r + 1)(=5))Wo) + (W2 — ((r +1)* +2(s — 7)) Wh).

(iii): If 23(—1)(=s)2+2%((s—7)?=2(r+1)(—=s))+2(—=((r+1)24+2(s—7)))+1 = u(2—a)?*(z—b) = 0

for some u,a,b € C with u#0 and a # b, i.e., z=a or z =>b then for z = a we get

k _ Q3
kz:%z Wor = G D (Co)2 205 — 72 = 20r £ 1)(=3))

where

Q3= (n+3)(n+2)2" T (=s)((—Wa+ (r+ 1)W1+ (s —1)Wo)Gapso+ ((r+1)Wo — (r+1)2W; —
((=8)+(r+1)(s=7))Wo)Gant1+((s=r)Wa—((=8)+(r+1)(s=r)) Wi+ ((r+1)(—s)—(s—7)*) Wo
Gan) + (n+2)(n+ 1)2"((=(r + DW2 + ((r +1)* + (s = 7)) W1 = (=5)Wo)G2nt2 + (((r +1)
(s =r)Wa — ((r +1)> + 2(r + 1)(s — 1) + (=8))W1)Gans1 + (=5)(=Wa +2(s — r)Wo + (r
1)?Wo)Gan) + (n+ Dn2" " (= W1 Gantz + ((r + DW1 — W2)Gansr — (=8)WoGa2n) + 2(—(
PWa + ((r+1)(s =) + (=)W1 + ((s = 7)* = (r + 1)(~5)) W)

and for z = b we get

~—

2

+ o+

S —

i:szQk = Q4

322(—1)(=s)?2+2z2((s —r)2 =2(r + 1)(—=s)) + (—=((r + 1)2 + 2(s —1)))

where

Qy = (n+3)2"2(=8)((=Wa+ (r+ 1)W1+ (s —7)Wo)Gania+ ((r+1)Wo — (r+1)2W7 — ((—s) +
(r+1)(s = 1)Wo)Gant1 +((s —r)Wa = ((=8) + (r + 1)(s =)W1+ ((r + 1)(=s) — (s —1)*) W)
Gan) + (0 + 22" ((—=(r + DWo + ((r + 1)2 + (s — r))W1 — (—8)Wp)Gansa + (((r +1)% +
(s—r)Wao—((r+13+2(r+1)(s—r)+ (- ))W1)G2n+1 + (=) (—Wa+2(s =)Wy + (r +
1)2Wo)G2p) +(n+1)2" (= W1Ganpz+ ((r+ 1)W1 = W2)Gangr — (—=8)WoGan) +22(— (s —1)Wa +
(r+1)(s—7)+ (=)W1 + ((s = 7)2 = (r + 1)(=s))Wo) + (W2 — ((r + 1)% + 2(s — 7)) Wp).

(iv): If22(=1)(=s)2+22((s —7r)2 =2(r + 1)(=8)) + 2(=((r+ 1> +2(s —7))) + 1 =u(z —a)®> = 0

(m

for some u,a € C with uw # 0, i.e., z = a, then

n Zk B Qs
2 Wk = Gy o

where

Q5 = (n+3)(n+2) (n+1)2"(=8) ((—Wa+(r+ 1)W1+ (s—1)Wo)Gap o+ ((r+1)Wo—(r+1)2W; —
((=8)+(r+1) (=) Wo)Gani1+((s—r)Wa—((=s)+(r+1)(s—r)) Wi+ ((r+1)(—s)—(s—7)*) W)
Gon) + (n+2)(n + Dn2" (= (r + )W2 + ((r +1)% + (s — 1)) W1 — (=) Wo)Gani2 + (((r +
D2+ (s—r)Wo—((r+1)3+2(r+1)(s—7) + (—))W1)Gant1 + (— Y(=Wa +2(s — )Wy +
(r+1)*Wo)Gan) + (n + 1)n(n — 1)2" 2 (= W1 Gappo + ((r + 1)W1 — Wa)Gans1 — (—5)WoGay).
=2,7=1).
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() IF2(=1) (=82 +22(=2(r+ 1) (=s) + (s —r)2) + 2(-1)((r + )2 +2(s — 7)) + 1 # 0 then

0

n zk _
kgo Vot = (o + 2 (20 + Do) + (-2 + (D + 1P 1 25— 1) 1 1

where

Oy = 23 (=5)2 (= WoGapio + ((r+ 1)Wo — W1)Gaony1 + (=W + (r+ D)Wy + (s — 7)Wo)Gay)
+ 2" (s = r)Wo = ((r+1)(s = 1) + (=8) Wi — (1 + 1)(=8)Wo)Gant2 + (—((r + 1)(s —7) +
(=))Wot (s =r)((r+1)%+ (s =r)Wi+(=s)((s =)+ (r+1)*)Wo)Gant1 + (=s) (= (r+ )Wa+
(r4+1)*+(s—7))W1—(=8)Wo)Gan )+ 2" (=WaGanyo— ((s—7) W14 (=) Wo) Gons1— (—s) W1
Gan)+22(—s)(Wo—(r+ 1)W1 —(s—1r)Wo) +2((r+1)Wo—((r+1)24 (s —7)) W1 +(—s) W) +Wr.

Gi): If 22(=1)(=s)2 + 22(=2(r+ D)(=s) + (s —=m)?) + 2(-D)((r+ 12 +2(s = 7)) + 1 = u(z —

a)(z = b)(z —¢c) =0 for some u,a,b,c € C withu #0 and a #b # ¢, i.e., z=a orz=">b or
z = c then

2y

D T e gy oy (T Py

where

Qo = (n+3)2" 2 (=5)*(—WoGanto+((r+1)Wo—W1)Gapy1+(—Wot(r+ 1) Wi+ (s—1)Wo) Gay)
+(n+2)2" T (((s—r)Wo—((r+1)(s—7)+(=8))W1 — (r+1)(—=5)Wo)Gansa+(—((r+1)(s—r)+
(=) Wat(s=r)((r+1)>+(s=r))Wi+(=s)((s—7)+(r+1)*)Wo) Gant1+(—5) (= (r+1) Wa+((r+
1?4 (s =7)) Wi —(=5)Wo)Gan) +(n+1) 2" (=WaGonta — ((s =) Wi+ (=5)Wo)Gany1— (—s) W1
Gon) +22(—s)(Wa— (r+ 1)W1 — (s —r)Wo) + (r + )Wa — ((r+ 1) + (s — 7)) W1 + (—s)Wp).

(iii): If23(—=1)(—s)*+2%(=2(r4+1)(=s)+(s—7)?)+2(=1)((r+1)*+2(s—r))+1 = u(z—a)?(z—b) =

0 for some u,a,b € C with u# 0 and a # b, i.e., z=a or z = b then for z = a we get

" Wy = 93
2 okt = G 3G T+ =

where

Q3= (n+3)(n+2)2" " (=8)2(—=WoGania + ((r + )Wy — W1)Gaons1 + (=Wa + (r + )Wy +
(s —r)Wp)Gap) + (n+2)(n+1)2"(((s —m)Wa — ((r + 1)(s — 1) + (—s)) W1 — (r + 1)(—s) W)
Gont2+(=((r+1)(s=7) +(=8) W2+ (s =) ((r+1)* + (s = 1)) W1+ (=s)((s =)+ (r+1)*) Wo)
Gant1+(=8)(=(r+D)Wa+((r+1)>+ (s —1)) W1 — (=5)Wo)Gan) + (n+ 1)nz" " (= W2Gap iz —
((s =)Wy + (=8)Wp)Gant1 — (—s)W1Gap) + 2(—s)(Wa — (r + 1)W1 — (s — )W)

and for z = b we get

Qy

2 ek = o A T a2 D)+ () O+ 1P 72— 7)

where
Qy = (n+3)2" 12 (=5)*(—WoGanta+((r+1)Wo—W1)Gan 1 +(=Wa(r+1) Wi+ (s—7)Wo)Gay)
+(n+2)2" T (((s—r)Wo—((r+1)(s—7)+(=8)) W1 — (r+1)(—=8)Wo)Gania+(—((r+1)(s—r)+
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(—=8))Wa+(s—r)((r+1)2+(s—r))Wi+(=8)((s—7)+(r+1)?)Wo)Gapy1+(—5) (= (r+1) Wo+((r+
12+ (s—7))Wi—(=5)Wo)Gan)+(n+1)2" (=W Ganya— ((s—1) Wi+ (—5)Wo) Gans1 — (—s) Wy
Gan) +22(—s)(Wo — (r + YW1 — (s = 1) Wo) + ((r + )Wa — ((r + 1)2 4 (s — 7)) W1 + (—s) W)
(iv): If23(=1)(=s) 2 +22(=2(r+1)(=s)+(s—7m)) +2(-=1)((r+1)?+2(s—7))+1 =u(z—a)® = 0

for some u,a € C with uw # 0, i.e., z = a, then

Z 2"Wogg1 = %

where

Q5 = (n43)(n+2)(n+1)2"(—5)*(—WoGanta + (r+ 1)Wo = W1)Gans1 + (—Wa+ (r+ 1)W1 +
(s =1)Wo)Gan) + (n+2)(n+ nz" " (s = r)Wa = ((r + 1) (s — 1) + (=5)) W1 — (r + 1)(—s)Wo)
Gonz + (=((r+ D(s = 1) + (=) Wa+ (s =) ((r + 1)? + (s = r)) Wi + (=s)((s =) + (r +
D2)Wo)Gang1 + (=) (—=(r + YWa + ((r + 1) + (s — r))Wi — (—s)Wy)G2yn) + (n + V)n(n —
1)z 2(=WaGapnia — ((s — 1)W1 + (—8)Wo)Gani1 — (—8)W1Gay).

7.3. The Sum Formula ZZ:O Zkak'H of Generalized Horadam-Leonardo Polynomials in
Terms of Generalized Horadam-Leonardo Polynomials and (r, s)-Horadam-Leonardo-Lucas Poly-
nomials. We can give the sum formula ZZ:o Zkakﬂ‘ of generalized Horadam-Leonardo polynomials
in terms of elements of the sequence of generalized Horadam-Leonardo polynomials and (r, s)-Horadam-

Leonardo-Lucas polynomials.

THEOREM 29. For all integers m and j, we have the followings sum formulas.

(a): If 23T + 2%Ty + 23 + Ty # 0 then

i: KWL — 2301 + 220 + 2" O3 + 2204 + 205 + O
mktg N z3I‘1 + 22F2 -+ ng —+ F4
_ Ow(?)
Tw(2)

where

Ow(z) = 2"30; + 2205 + 2" 7103 + 220, + 205 + O,

20y = (- WHG, o + (—Wjsa + (s = M)W H 1y — (=)W H, + (Wi + (r +
DWj)Humi 2 Hmp1+(Wja—(r+ 1)W1 ) Hynpo Hyn (= (s=7) Wiga+(=8)W;) Hip1 Hin ) Hipomn 2+
(Wi + (r+ DWH)Hp o — (=) + (r+ D) (s =))W H oy + (=) (= Wjga + (r + YW Hpy, +
(Wise = (r+ 1)°Wi) Hypo Hpp1 + (= (r + 1)Wyso + (1 + 1)% + (s = 1)W1 + (=) W) Hypp2 Hy +
(=(s=r)Wjg2 + ((r + 1)(s =) + (=)W1 — (r + 1)(=8)W;) Himp1 Hin ) Hinpomn1 + (= Wjg2 +
(r+ DWiga+ (s =)Wy Hp, o+ (s = 1) Wia = ((r+ 1)(s = 1) + (=) Wisa = (s = 7)?Wj) H, o —
Wi(=8)Hy, + ((r+1)Wjso — (r+1)*Wjta +((—=8) = (r+ 1) (s = 7))W;) Hipo Hipr + (—8) (W1 —
(r+ O)W;)HypoHypy + (=) Witz — (r + D)Wja — 2(s — )W) Hyn Hy ) Hipman),
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220 = 2" (((=3Wip2 +2(r + W1 + ((r + 1)? +4(s = 1)) Wj) Hinyz + (2(r + W2 +
(s=r) = (r+ D) W1 = ((r+1)° +4(r+1)(s =) +3(=5))W)) Hp1 + (= ((r+ 1) +2(s =))Wy +
(r+1)343(r+1)(s—7)+6(—8))Wit1— (r+1)(—s)W;)Hp) Hintmnt2 + (2(r+ 1) Wi — ((r+1)% —

NWit1 = ((r+1)>+3(=s) +4(r+ 1)(s = 1)) W) Hpmyo + (= ((r+1)° = (s = 7)) Wj42 = 3((—s) +
P+ (s =)W1+ (r+1D)((r+1)% +4(r+ 1)(s =) +5(=)Wj) Hinpa + (((r +1)° +3(r + 1) (s =
1) +6(=8)) Witz —((r+1)* +4(r+1)*(s =) +2(s = )2+ T(r +1)(=5))Wjs1 — 2(s — 1) (=) W;) Hpn)
Hyppmn1 + (1412 +4(s =) Wiga = ((r+1)° +4(r +1)(s = 1) +3(=5)) Wjp1 = ((r +1)*(s =) =
2(r+1)(=s) +4(s =) )W) Hipgo + (—(r + 12 +4(r+ 1) (s = 7) +3(=s) )Wt + (r+ 1)* + 4(r +
D2(s=1)+5(r+1)(=))Wjit1+((r+1)°(s =) = (r+ 1)*(=5) +4(r + 1) (s —7)* +4(s = 1) (—=5)) W)
Hpg1 + (=) (= (r+ DWjso = 2(s = 1)W1 + (1 +1)° +4(r + 1) (s = 7) +6(—5))W;) Hin) Hin-smn )

2O = 2" ((2B(s—r)+ (r+ 1)) Wi — 2(r+1)3+7(r+1)(s — )+ 9(—s))Wit1 — ((r+
2(s=r) =3(r+ 1)(=8) +4(s =) )Wj) Hinpmns2 + (= (2(r +1)° +9(=s) + 7(r + 1)(s =))W +
2((r+ D) 4+ 1% (s =r) +6(r+1)(=8) + (s =))W + ((r + 1)°(s =7) = (r + 1)*(=s) +4(r +
1)(s = 1) +6(s = r)(=s))Wj) Hiymns1 + (=((r +1)(s = 1) = 3(r + 1)(=s) + 4(s — 1)*) W2 +
(r+1)3(s—r)=(r+1)2(=s) +4(r+1)(s =12 +6(s —7)(=8))Wjs1 + (=2(r + 1)3(=s) + (r +
1)?(s = 7)? +4(s —1)° = 9(=5)* = 10(r + 1)(s — 7)(=8)) W) Hupran)

2204 = 22(BWige — 2(r + 1)W1 — (s — r)W)Hz o + ((r +1)% — (s — r))Wjg2 + 3((r +
(s —7) + (=s)Wjg1 + ((s = )% + (r + 1)(=8)) W) Hp, 1y + (=8)((r + Wiz +2(s — 1) Wp1 +
(=)W Hi+ (—A(r+ D)W +2((r+ 1) = (s=r)) W1+ ((r+1) (s =) =3(=9))W;) Hp s Hon g1 +
(=2(s =)W + ((r + 1)(s =7) = 3(=))Wjs1 +2(r + 1)(=s)Wj) Hn 2 Hup + (((r + 1)(s = 7) —
B(=s)Wjtz +2((s = )° + (r + 1)(=8)) Wi + 4(s — 1) (=) W) Ho 1 Hn),

205 = 2((=2((r4+1)24+3(s—1))Wit2+2(r+1)2+7(r+1)(s—r)+9(—s)) W1+ ((r+1)*(s—r)—
3(r+1)(=s)+4(s—1))Wj) Hyngo +H((2(r+1)°+7(r+1) (s =) +9(=5)) Wy —2((r+1)1+4(r+1)*(s—
r)+6(r+1)(=s)+ (s =))W — ((r+1)>(s =) +4(r +1)(s —7)* = (r+1)*(=s) +6(s =) (=s))W})
Hpp1 + (r+ )% (s=7)+4(s —7r)2 =3(r + 1) (=) )Wjpa — Ar+ (s =)+ (r+ 1)3(s —r) —
(r+1)2(=s) +6(s — 1) (=)W1 —2(=s)((r + 1)2 +4(r + 1)(s — r) + 9(—s))W,)Hp,),

O = (4(r+1)3(=s) = (r+1)%(s = 1) —4(s —r)3 + 27(—5)? + 18(r + 1)(s — 7)(—s))W;,

and

Tw(z) =T1(2) + T2(2) + Ts(z) + Ta(2),

2T =23 (=(=s)"(A(r+1)°(=s) = (r+1)*(s =) +18(r+ 1) (s —7)(—s) —4(s —1)> +27(=s5)?)),

2Ty = 22(((r+1)2+3(s 1) Hy, o+ (r+ 1) +4(r+ 1) (s —r) + (s —7)? +6(r +1)(=5)) Hy, g +
(=) (r+ 12 4+4r+1)(s—7r)+9(=s)H2 — 2+ 12 +70r+1)(s —7) +9(—8))HpioHpmi1 —
(r+1)%(s—7)+4(s—7)2=3(r+1)(=8))HmsaHpy + (r+1)(s —=7)((r +1)2 +4(s — 7)) Hpy1 Hy, —
(=s)((r +1)? = 6(s = 7)) Hyng1 Hyn),

2Ty =z2(—4(r +1)3(=s) + (r+ 1)*(s = r)? + 4(s — r)> = 27(—5)> = 18(r + 1)(s — 7)(—3))Hp,

Ty=4(r+1)3(=s) = (r+ 1) (s —7)2+18(r + 1)(s — r)(—s) — 4(s — )3 + 27(—s)2.

S—T

(
(
(
(

)
(
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(b): If 23Ty + 22T + 23 + 'y = u(z — a)(z — b)(z — ¢) = 0 for some u,a,b,c € C with u # 0 and

a#b#c, ie,z=aorz=>borz=cthen

i KW — (n+3)2""201 + (n +2)2" 10Oy + (n + 1)2"O3 + 2204 + @5’
i 3221 + 22T + '3

(c): If 2°T1 + 22Tg + 23 + Ty = u(z — a)?(z — b) = 0 for some u,a,b € C withu # 0 and a # b, i.e.,

z=a or z =" then for z = a we get

z”: FWopes = (n+3)(n+2)z""0; + (n+2)(n+1)2"O3 + (n + 1)nz""103 + 20,
mET 6211 + 2Ty ’

and for z = b we get

z”: e (n+3)2"201 + (n+2)2""10y + (n +1)2"03 + 2204 + s
mktd 322F1 + 2ZF2 + F3

k=0

(d): If 23Ty + 22T + 203 + Ty = u(z — a)® = 0 for some u,a € C with u # 0, i.c., 2 = a, then

i W = (n+3)(n+2)(n+1)z2"0; + (n+2)(n+ 1)nz""1O3 + (n+ 1)n(n — 1)2" 203
mk+j — .
611

Proof. Replace r, s and t with r + 1, s — r, —s, respectively, in [16, Theorem 65]. [J

8. Generating Function of Generalized Horadam-Leonardo Polynomials

In this section, we present generating function of the sequence Wp,,4; and its special cases.

8.1. Generating Function of Generalized Horadam-Leonardo Polynomials via Generalized
o0
Horadam-Leonardo Polynomials. Next, we give the ordinary generating function > Wy,,4;2"™ of the
n=0
sequence W,,+; (in terms of elements of the sequence of generalized Horadam-Leonardo polynomials).

LEMMA 30. Assume that |z| < min{|a|™™,|8]""™,1}. Suppose that fw,,, . (z) = Z Winnj2™ is the or-

dmary generating function of the generalized Horadam-Leonardo (sequence of) polynomwls {Winn+j - Then,

Z Winn452" is given by
n=0

iW o 22@4+Z®5 + O
mntj o 23F1 + Z2F2 + ng + F4

where (as in Theorem 25 (a))

2204 = 22(WoWiso + (Wi — (r+ YWo)Wjg1 + (W — (r + )Wy — (s = r)Wo) W) W2 5 + (Wa — (s —
P)Wo)Wjt2+((=8)Wot(r+1)(s—r)Wo)Wj1 +((s—r)*Wo+((r+1)(s—r)+(=s)) Wi — (s =) W) W; )W, +
(=) Wi Wj o4+ (Wao—(r+1) W) W1 +(—s)WoW; )W 2 +(—(Wi+(r+1)Wo) Wiia+((r+1)*Wo—Wo) W1 +
(=(r+DWart (r+1)2Wi+((r+1)(s —1) = (=8)) Wo) W) Win 1 W2+ ((r + D)W = W) Wa +((r+1) W2 —
((s=7)+ (r+1)*)W1 = (=85)Wo)Wjt1+ (=)((r + D)Wo — W) Wj) Wi s Wan + (((s =)W1 — (=) Wo) W2 +
((s =r)Wa = ((r + 1)( =)+ (=s))Wi+ (r + D)(=s)Wo)Wjp1 + (=) (=Wa + (r + 1)W1 + 2(s — r)Wo) W)
Win1Wn),
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= 2((WF = WoW2)Wjso + ((—=s)W§ = WilWa + (r+ DWoWa + (s — ) WoW1) W1 + (-2W5 — (r+
1)2W- ( )(7"4—1)VVO +3(r+1)WiWa+2(s—r)WoWa—+(2(—5)— (s—7) (r+1)) WoW1) W))W, o+ (((—s) WE —
WiWse + DWoWa+ (s —r)WoW1)Wjto+ (WG —((r+1)*+ (s —r))WoWa — ((r+ 1) (s —7) + (—s)) Wo W)
Wit1+((r+1D)WE =2((=s)+ (r+ 1)(s —r))WE =2(s —r)(=s)WZ + (2(s =) — (r + 1)>)W1 Wa + (2(—s) —
(r+1)(s=r)WoWa — (2(s = )2 + (r + 1)(=s))WoW1)W;)Wyp1 + (WG — (s = )WE — (r + Y)W W, —
(=) WoW1)Wjso+ (= (r+ DWE+((r+1)(s—7)+ (=) Wi+ (r+1)*WiWa — (=) WoWa + (r+1)(—s) Wo W1)
W1+ (=8)(—(r+ )W —=2(—s)Wg+2W 1 Wa — (r+ 1) WoWa —2(s — 1) WoW1)W;) Wy, — (r+ 1) (—s) W W41
Wint1),
O = (W3 + ((=s) + (r+ 1)(s =))W} + (=)* W5 —2(r + YWAWE — (s —r)WoW3 + ((r +1)% — (s —
r)WEWa+ ((s =)+ (r+1)(=s))WoWE +2(s — 1) (—=s)WEW1 + (r+ 1) (=s)WeWa + ((r+1)(s — ) — 3(—s))
WoW 1 Wa)Wj,

(r+
(r

and

2°T1 = 22 (= (=)™ (W3 + ((=s) + (r + 1)(s = r))W + (=) WG + ((r + 1)* — (s — ) WiW2 — 2(r +
DWAWE — (s —r)WoW3 + (r + 1) (=s)WgWa + ((s = 7)2 + (r + 1)(=8))WoWE + 2(s — ) (—s)WEW1 + ((r +
1)(s —7) = 3(=s)) WoW1W2)),

22Ty = 22((BWa—=2(r+ 1)W1 —(s—r)Wo)W2 Lo+ (((r4+1)*=(s—7))Wa+(3(r+1) (s —r)+3(—s)) W1+ ((s—
)4+ (r+1)(=s))Wo)W2 11+ (=) ((r+ 1) Wa+2(s — )Wy 4+ 3(—s)Wo) W2 + (—4(r+ 1) Wa +2((r+1)% — (s —
r)Wi+((r+1)(s=7) =3(=))Wo)Win 12 Win 1 +(=2(s =r)Wa+ ((r+1)(s =) =3(=s)) W1 +2(r +1)(—s)Wp)
WingoaWe + ((r + 1) (s = 7) = 3(=8))Wa + 2((s — 7)* + (r + 1)(—3)) W1 + 4(s — 7) (=) Wo) W1 Win),

2Ty =2((=3W2+((s—7) = (r+ 1)2)W2 — (=8)(r + YW§ +4(r + YW1 Wy + 2(s — r)WoWa + (3(—s) —
(s=7)(r+1))WoW)Wiia+ r+1)W2 —B(r+1)(s—7)+3(—=8))WE—=2(s —7)(—=8)WZ + (2(s —7) — 2(r +
DHWiWa + (3(=s) = (r+1)(s = 1)) WoW2 = 2((s = 7)* + (r + 1)(=8)) Wo W) Was1 + ((s = 1) W3 — ((s —7)* +
(r+ 1) (=))W = 3(=5)°W5 + (3(=s) — (r + 1)(5 — 7)) WiWa — 2(r + 1)(=5)WoWa — 4(s — r)(—s)WoW1)
W),

Ly = W3+ ((=8)+(r+1)(s—r))WP+(—=s)2 W5 =2(r+ 1)W1 W3 +((r+1)% = (s—r)) WEWo — (s—r) W W3 +
(s=r)2+(r+1)(=s))WoWZ+ (r+1)(—s)WigWa +2(s — 1) (—=s)WEW1 + ((r+1)(s — 1) — 3(—s)) Wo W1 Wa.

Proof. Replace r, s and t with r + 1, s — r, —s, respectively, in [16, Lemma 66]. O

Now, we consider special cases of the last Lemma.

COROLLARY 31. The ordinary generating functions of the sequences Wy, Way, Woni1, W_p, W_g,,

W_ont1 are given as follows:

(a): (m=1,j=0,[z[ <minfla|"",|8]"",1}).

W2 — (T+1)W1 (S—T)Wo) —I-Z(Wl — (T+ 1)W0)+W0
ZWZ - Bs+22(—1)(s—1) +2(—1)(r +1) + 1 '
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(b): (m=2,5=0,|z| <min{|a| %, |57, 1}).

i W 57 — 2(—(s=m)Wa—r(r—s+ )Wy + (r> —rs+ s 4+ s)Wo) + 2(Wa — (r? + 2s + 1)Wp) + Wy
me 23(=82)+ 22(r2 + 52+ 2s) + 2(—1)(r2+2s + 1)+ 1 '

n=0

(c): (m=2j=1,|z| <minf{la| ?,|8]7%,1}).

i W . 22(=s)(Wo — (r+ )Wy — (s = r)Wo) + 2((r + DOWa — (r2 + 7 + s+ L)Wy + (—s)Wp) + W1
= s 23(=82)+ 22(r2+ 824+ 2s) + 2(—-1)(r2+2s+ 1)+ 1 '

(d): (m= 1,5 =0,]2| < minflal,|8],1}).

> o — Z2W1 + Z(W2 — (T’ + 1)W1) + (—S)Wo
;Wﬁn B (=) 422+ 1) +2(s—1)+(=s)

(e): (m=—2,j=0,|z| <min{|a|?,|8]*,1}).

i W om P2Wo+ 2(=(s —r)Wo —r(r — s+ D)Wy + (r + 1)(—=s)Wp) + s2Wy
= e 23(=1) + 22(r2+2s+ 1) 4+ 2(—1)(r2 + s2 + 2s) + 82 '

(£): (m=—2,j=1,|z| <min{la|*,|5]*,1}).
2Z2((r+ 1)Wa+ (s — )Wy — sWy) + 2(—=sWa — (r2 + 82 + s — rs)Wy — s(r — s)Wp) + s*W;

W_oni12" =
nz:% e 23(=1) +22(r2 + 25+ 1) + 2(—1)(r2 + s2 + 2s) + 52

Proof. Replace r,s and t with r + 1, s — r, —s, respectively, in [16, Corollary 67.]. O
The last Lemma gives the following results as particular examples (generating functions of (r, s)-Horadam-

Leonardo and (r, s)-Horadam-Leonardo-Lucas polynomials).

COROLLARY 32. Assume that |z| < min{|a|™™,|8]"™,1}. Generating functions of (r,s)-Horadam-

Leonardo and (r, s)-Horadam-Leonardo-Lucas polynomials are given, respectively, as follows:

(a):

i Gy = — 2204 2+ 205 + Og
o 2301 + 225 + 235 + 1y
where (as Theorem 25 (a))
204 = 22(Gh 12 G +(r+ )G G +(=8) G301 G+ (—5) G Ga = G 1 G 2Gla +
(5 = 1)GnGm1Gjy2 — (1 + 1)Gmy1Gmi2Gir1 — (8 = 7)GinGmi2Gip1 — (=8)GmGmi1Gj —
(=8)GmGm+2G)),
205 = 2(Gm12Gjt2—(r+1)Gi1Gir2— (1+1)G i 2Gip1—(5—7) G Gjpot+(r+1)2 G 1 Gy —
2(=5)G Gt + (=) + (r + 1)(5 = 1)GnGiys1 + (r + 1)(=5)GmGy),
O = (=9)Gj,
and
2Ty = 2% (=(=s)™),
22Ty = 22((r+ )G o+ (r+ 12 +2(r+ 1)(s = 7) + 3(—5))G% 1 + (=s)((r + 1)* + 2(s —
1))Gh = 2((r + 1)* + (s = 1)Gs2Gmsr — (3(=5) + (r + 1)(s = 1)) Grs2G + ((r + 1)%(s — 1) +
2(s = 71)% = (r + 1)(~35))Gim1Gm),



UNDER PEER REVI EW

2Ly = 2((s = 1)Gmaz = (" + 1)(s = 1) + 3(=5))Gmy1 — ((s = 1)* = 2(r + 1)(=5))Gm),
F4 = (—8)
(b):

i H o 22@4 + 205 + B¢
mntj - 23F1 + 22F2 + ZFg + F4

where (as Theorem 25 (a))

2204 = 22((BHjs2 — 2(r + D) Hj1 — (s — r)Hj)H7, o + (((r + 1) = (s — 7)) Hjp2 + 3((r +
(s =7) + (=s))Hjr1 + ((s = 7)? + (r + D)(=)) Hj) H, 1 + (=5)((r + 1) Hjo + 2(s — 1) Hjp +
3(=s)Hj) H, +(—4(r+ D Hjpo+2((r+1)* = (s =) Hjpr +((r+1) (s = 1) =3(—=58)) H; ) Hyn 42 Hyn 1 +
(=2(s = r)Hj2 + ((r + 1) (s = 7) = 3(=5)) Hjp1 + 2(r + 1)(=8) Hj) Hiny2 Hr + (((r + 1)(s —7) —
3(=s)Hjtz +2((s = r)? + (r + 1) (=) Hjpr + 4(s = 7) (=) H;) Hony1 Hin),

205 = 2((=2((r+ 1) +3(s = 7)) Hjo + (2(r +1)° + 7(r+ 1)(s =) +9(=8)) Hjpr + ((r +1)*(s =
r)+4(s—1r)2 = 3(r + 1)(=8))Hj) Himio + +(2(r + 12+ 7(r + 1)(s — 1) + 9(—5))Hj42 — (2(r +
DA4+8(r+ 1) (s—r)+3(r+1)(—=s)+2(s —r))Hjs1 — (r+1)3(s —r) +4(r + 1) (s —7)* — (
1)2(=8) +6(s —7)(=8)) Hj) Hyng1r + ((r +1)%(s = 7) = 3(r + 1)(=s) +4(s = 1)*) Hj12 — (r +1)° (s —
r)+Ar+1)(s =71)? = (r+1)*(=5) +6(s —7)(=5)) Hjr1 — 2(=s)((r + 1)* + 4(r +1)(s — 1) +9(—5))
Hj)Hpy = 9(r + 1)(=s)Hj11 Hpnya),

+1)3(=s) = (r+1)2(s — 1) —4(s — )3 + 27(—s)* + 18(r + 1)(s — r)(—s))H;,

r—+

and

201 = 23(—(—=8)™(A4(r+1)3(—s)— (r+1)2(s—r) 2 +18(r+1)(s —r)(—s) —4(s — )3 +27(—5)?)),

22Ty =22(((r+1)*+3(s —r)HZ o+ (r+ D)* +4(r + 1)*(s = 7) + (s = )2 + 6(r + 1)(—s))
Hy 1+ (=) ((r+ 12 +4(r+1) (s =)+ 9(=)) Hy, = (2(r + 1) +7(r+1)(s =) +9(=5)) Hm 2 Hin 41
—((r+ 1% (s —7)=3(r+1)(=8)+4(s — ")) HpyoHy + ((r+1)3(s =) +4(r+1)(s—7r)2 = (r +
1)2(=8) +6(s — 7)(=8)) Hin 1 Hum),

2Ty =2(—4(r +1)3(=s) + (r + 1)*(s = )2 + 4(s — r)3 = 27(—5)?> — 18(r + 1)(s — 7)(—5)) Hpn,

Ty=4(r+1)3(=s) = (r+1)%(s = 1) —4(s — )3 +27(=8)? + 18(r + 1)(s — r)(—s).

Proof. Replace r, s and t with r + 1, s — r, —s, respectively, in [16, Corollary 68.]. O

Now, we consider special cases of the last two Corollaries.

COROLLARY 33. The ordinary generating functions of the sequences G, Gon, Gont1, G_pn, G_2n,

G_ony1 and Hy, Hopy, Hopy1, H_yyy H 9y, H 9,41 are given as follows:

(a): (m=1,j =0,z <minfla|"",|8]7",1}).

z
Gnn = )
ng[) : 1—(r+1)z—(s—r)22+s23
inn B 3—2(r+1)z—(s—1)22
" 1l —(r+1Dz—(s—1)22 4 523

n=0
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(b): (m=2,5=0,|z| <min{|a| %, |57, 1}).

37

— n 1= (r24+2s+ 1)z + (r2 + 52 + 25)22 — 223’

OOH . 3—-2(r?+2s+1) 24 (r? + s* + 2s5)2°
n? .

o 2 1—(r24+2s+ 1)z 4 (12 + 52 + 25)22 — 223

(c): (m=2,7=1,|z| <min{le|?,|87%,1}).

(d): (m =-1,7=0, |Z| < min{|a| ) |6| ) 1})

i . o 1—(s—1r)z
P 2n+1 = 17(T2+25+1)Z+(T2+52+25)3275223’
> n (7"+1>+(TS—28—T—T2)Z_S(T_S)'22
ZH%H'Z = 2 2 4 g2 2 52,37
2 1—(r242s+ 1)z + (r2 + s2 + 25)22 — sz
0o 2
$en - : ,
o (=s)+(s—=r)z+ (r+1)22 - 23
= B(es) 4 2As— 1)z (r+ 1)
S ~
(=s)+(s—r)z+ (r+1)22 —23

n=0

(e): (m=—2,j=0,|z| <min{|a|?,|8]*,1}).

[e%e) _ 2
Z Gy — (=s)z+ (r+1)z ,
n=0

$2—(r24+82+2s)z+ (r2+2s+1)22 — 23

$2—(r24+s2428)z+ (r2+2s+1)22 — 23

= n 352 —2(r? + 5% + 2s8)2 + (1% + 25 + 1)22
S -
n=0

(£): (m=-2,5 =1,z <min{la”, |8, |7*}).

o0

n
E G_any12
n=0

o
g H_ 912"

n=0

s°—(r* + s> 4+2s)z+ (rP+r+s+1)2°
§2— (r2+82+28)z+ (r2 +2s +1)22 — 23’

(r+1)(=8)% = (1 + 7%+ 3rs + rs? +28)z + (r3 + 3rs + 1)2>
§2—(r2+s2+28)z+ (r2 +2s +1)22 — 23 '

Proof. Replace r, s and t with r + 1, s — r, —s, respectively, in [16, Corollary 69.]. O

8.2. Generating Function of Generalized Horadam-Leonardo Polynomials via Generalized

Horadam-Leonardo Polynomials and (r,s)-Horadam-Leonardo Polynomials. Next, we give the

(o]
ordinary generating function ) Wy, ;2™ of the sequence Wiy, ; (in terms of elements of the sequence of

n=0

generalized Horadam-Leonardo polynomials and (7, s)-Horadam-Leonardo polynomials).

o0
LEMMA 34. Assume that |z| < min{|a|™™, |B]7™,|7|”"}. Suppose that fiw,,.. (2) = > Wingj2" is
' =0

n—=—
the ordinary generating function of the generalized Horadam-Leonardo (sequence of) polynomials {Wn+; }-

o0
Then, Y Winy 2™ is given by
n=0

iw n 22®4+Z@5 + O¢
Y -
n=0 m 23101 4 22Ty 4 2T'3 + Ty
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where (as in Theorem 27 (a))

2204 = 22(Gh s Wi H(r 1) WygoH(—=8) W) G 1 H(=8) G Wi — (r+ 1)W1 4 Wii2) Gt 1 o —
((s =)W1 + (=8)W;)GnGrga + ((s = 1)Wjs2 — (=8)Wjt1)GnGmi1),

205 = 2(Wjt2— (r+ DWis1) G+ (= (r+ D)Wyt + (r+ 1)W1 = 2(=8)W;)Grp1 + (= (s =) Wjga +
(=)Wjs1 + (r+ 1)(s = r)Wjga) + (r + 1)(=s)W;)Gm),

O = (—s)W;

and

2Ty = 23(—(=s)™*),

2Ty = 22((r+1)Gh o+ ((r+1)> +2(r+1) (s =) +3(=5))Gh oy +((r+1)* (=5) +2(s—7)(=5)) G, —2((r+
124 (s=7)Gmi1Gmia—((r+1)(s=7)+3(=8))GmGmia+ ((r+1)2(s—7)+2(s—7)2 = (r+1)(—=8)) G Gms1),

23 = 2((s = 7)Gmsz — (r+ 1 (s = 1) +3(=8))Grmt1 + 2(r +1)(=s) = (s = 7)*)Gm),

Proof. Replace r, s and t with r + 1, s — r, —s, respectively, in [16, Lemma 70]. O
Lemma 34 gives the following result as particular example (generating functions of (r,s)-Horadam-

Leonardo-Lucas polynomials).

COROLLARY 35. Assume that |z| < min{|a|™™,|8]""™,|v|”™}. Generating function of (r,s)-Horadam-

Leonardo-Lucas polynomials is given, as follows:

P mntjz = 230 + 2209 + 23 + 'y

where (as in Theorem 27 (a))

2204 = 22(G? oHjp1+((r+1)Hjpo+(—s)H;)G?%, 1 +(=8)G2 Hjo—((r+1)Hj11+ Hj12) G 1Grnyo —
((s =r)Hjy1 + (—=8)H;j)GmGmiz + (s — 1) Hjr2 — (=8)Hjs1) G Gtr),

205 = 2((Hj2 — (r+ 1) Hj11) Gy +(—(r + 1) Hjso + (r+1)2 Hj1 = 2(=8) Hj)Grpir + (= (s —7) Hjp2 +
(=8)Hjs1+ (r+1)(s =) Hjpr) + (r + 1)(=8)H;)Gm),

O = (—5)H,

and

Ty = 23(— (=)™ ),

22Ty = 22((r+1)G2 o+ ((r+1)3+2(r+1)(s—r)+3(—5))GZ, 1 +((r+1)*(—=s)+2(s—r)(—s))GZ, —2((r+
124+ (5=1))Gons1 G — (141) (=) +3(=8)) G G2+ (1 1)2 (5= 1) 4 2(5 =)= (r41) (=8)) G o1,

25 = 2((s = 7)Gsz — (r+ 1) (s = 1) +3(=8))Grt1 + 2(r +1)(=s) — (s = 7)*)Gm),

Proof. Replace r,s and t with r + 1, s — r, —s, respectively, in [16, Corollary 71.]. O

8.3. Generating Function of Generalized Horadam-Leonardo Polynomials via Generalized

Horadam-Leonardo Polynomials and (r, s)-Horadam-Leonardo-Lucas Polynomials. Next, we give
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o0
the ordinary generating function > W,,,4,2" of the sequence Wi, +; (in terms of elements of the sequence
n=0

of generalized Horadam-Leonardo polynomials and (r, s)-Horadam-Leonardo-Lucas polynomials).
LEMMA 36. Assume that |z| < min{|a|™ ™, 3|7, |y|”"}. Suppose that fw,, .. (z) = Z Winngj2™ is

the ordmary generating function of the generalized Horadam-Leonardo (sequence of ) polynomwls {Winn+j }-

Then, Z Winnt;2" is given by

n=0

iW o 2’2@4—1-2’@5 + O
MY T BT+ 22Ty + 205 + Iy

where (as in Theorem 29 (a))

2204 = 22((BWig2 — 2(r + DWir — (s = )W) HZ 5 + ((r + 1)* = (s = 7)) Wjsa + 3((r + 1)(s —
)+ (= )Wiga + (s =7)% + (r+ D(=s))WH) Hi 1 + (=) ((r + DWjio + 2(5 = 1) Wi + 3(=5) W) Hy, +
(—4(r + DWjg2 +2((r + 1)? = (s = 7)) Wj1 + ((r + 1)(s = 1) = 3(=3))W;) Hino Hipr + (=2(s = 1) Wiz +
((r+1)(s = 7) = 3(=8)) W1 + 2(r + 1)(=8)W)) Hin 2 Hp + (((r + 1)(s — 1) = 3(=5))Wj42 +2((s — 7)* +
(r+ D(=s))Wit1 +4(s = 7)(=8)Wj) Hpn 1 Hm),

205 = 2((=2((r +1)* +3(s = 1))Wjp2 + 2(r + 1° + 7(r + 1)(s =) + 9(=5)) Wy + ((r + 1)*(s = 1) =
3(r+1)(=s)+4(s =))W Hpgo + (2(r +1)3 +7(r+ 1) (s — 1) + 9(—8))Wjta — 2((r + 1)* +4(r + 1)%(s —
) +6(r+1)(=5) + (s =))W — (1 +1)°(s = 1) +4(r + 1)(s = 1)* = (r + 1)*(=s) + 6(s — )(—5))W;)
Hypyr 4+ ((r+1)% (s =r) +4(s =1)? =3(r + 1) (=8)) W2 = (4(r + (s =r)* + (r+ 1)* (s = 1) = (r + 1)*(=s) +
6(s — ) (=8))Wjz1 — 2(=s)((r + 1)> + 4(r + 1)(s — ) + 9(=5))W;) Hpn),

O = (A(r+1)3(=s) = (r+1)2(s —r)2 —4(s — )3 + 27(—s)> + 18(r + 1)(s — 7)(—s)) W},

and

3F1 =2 (= (=9)"(A(r + 1°(=5) = (r + 1)*(s = 1) + 18(r + 1)(s = 1)(=s) — 4(s — 1)° + 27(=5)?)),
=22(((r+ 1 4+3(s—r)H2 o+ (r+D)*+4(r+ 1)?(s = 1)+ (s = 7)2 + 6(r + 1)(—s))HZ, 11 +
(— )((r+1)3+4(r+1)( r)+9(—8))HZ —(2(r+1)2+7(r+1)(s—7)+9(—8)) Hpt2 Hing1— ((r+1)2(s—r)+4(s—
r)?=3(r+1)(=8)) HmoHum + (r+1)(s =) ((r+1)? +4(s = 1)) Hyp1 Hi — (=) (1 +1)* = 6(s = 7)) Hyp 1 Hn ),

2Ty = 2(=4(r + 1)3(=s) + (r+ 1)2(s = 7r)2 + 4(s — )3 = 27(=8)? = 18(r + 1)(s — 7)(—8)) H.n,

Ty=4(r+1)3(=s)— (r+1)%(s—7)2+18(r + 1)(s — r)(—s) — 4(s — r)> + 27(—5)2.

Proof. Replace r, s and t with r + 1, s — r, —s, respectively, in [16, Lemma 72.]. O
Lemma 36 gives the following result as particular example (generating function of (r,s)-Horadam-

Leonardo polynomials).

COROLLARY 37. Assume that |z| < min{|a|” "™, |8]""™,|7|"™}. Generating function of (r,s)-Horadam-

Leonardo polynomials is given, as follows:

> n 22@4 + 205 + B¢
Z Gmn+j -

~ T 4 22Ty + 23 + Ty

where (as in Theorem 29 (a))
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7204 = 2((3Gj42=2(r+1)G 11— (s—7)Gj) Hp, o+ (((r+1)? = (s—7)) Gja+3((r+1) (s—7)+(=5))Gja+
((s=7)2+(r+1)(=8))G)Hp 11 +(=5)((r+1)Gj2+2(s —7)G 1 +3(=5)Gj) Hy, + (—4(r +1)Gjaa +2((r +
1)?=(s=7))Gju1+((r+1)(s—7) = 3(=5))Gj) HmsoHmi1+ (=2(s = 1)Gja2 + ((r+ 1) (s —1) = 3(—5))Gjs1 +
2(r +1)(=8)Gj) Hmso Hy + (((r +1)(s =7) = 3(=5)) G2 + 2((s = 1) + (r + 1)(=5)) G 1 +4(s = 7)(—5)G;)
Hyp11Him),

205 = 2((=2((r + 1)* +3(s = 1)) Gjpa + R + 1° + 7(r + 1)(s = 1) +9(=5)) G + ((r + 1)*(s —7) =
3(r+1)(—=s)+4(s —1)2)G)Hpmiz+ (2(r + 12+ 7(r+ 1) (s —7) + 9(—8))Gji2 — 2((r + D* + 4(r + 1)%(s —
) +6(r+1)(=s)+(s—1)2)Gjp1 — (r+1)3(s—7r)+4(r+1)(s—1)2 = (r + 1)?(=s) + 6(s — r)(—s))G;)
Hyp1 4 (((r+1)*(s =) +4(s =1)? =3(r+ 1)(=5))Gj2 — (A(r + D(s = )2 + (r+ 1)* (s =) = (r+ 1)*(—s) +
6(s —7)(=5))Gjr1 — 2(=8)((r +1)° +4(r + 1)(s — 1) + 9(=5))Gj) Hn),

O = (A(r+1)3(=s) = (r+1)2(s —r)2 —4(s —r)3 +27(—s)2 + 18(r + 1)(s — ) (—s))Gj,

and

— (= (=)™ (A + 1)3(—s) — (r + 1)2(s — 1) + 18 + 1)(s — ) (=) — (s — 1)? + 27(—s)2)),
=22(((r+ 1 4+3(s—r)H2 o+ (r+D)*+4(r+1)%(s = 7) + (s = 7)2 + 6(r + 1)(—s))HZ, 11 +
(— )((r+1)3+4(r+1)(s—r)+9(—s))H§1—( (r4+1)34+7(r4+1)(s—7)+9(—8)) Hintr2 Him1— ((r+1)%(s—r)+4(s—
P2 =307+ 1) (=8)) Hons2 Ho 4 (7 1) (5 =) (-4 124405 — 1) Ho 1 Hon — () ((r-+ 12 = 6(5 — 1) o1 Ho),
2Ty = 2(—4(r +1)3(=s) + (r + 1)3(s = )2 +4(s — )3 = 27(—=8)2 = 18(r + 1)(s — 7)(—8)) Hpn,
Ty=4(r+1)3(=s) = (r+1)*(s—r)2+18(r + 1)(s — r)(—s) — 4(s — r)> + 27(—5)?.

Proof. Replace r, s and t with r + 1, s — r, —s, respectively, in [16, Corollary 73.]. O
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