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Abstract

Let R be a commutative unital finite rings and Z(R) be its set of zero divisors. The
study of automorphisms of algebraic structures via zero divisor graphs is still an
active area of research. Perhaps, because of the fact that automorphisms have
got real life application in capturing the symmetries of algebraic structures. In this
study, the automorphisms zero divisor graphs of such rings in which the product
of any four zero divisor is zero has been determined.
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1 Introduction

The determination of the group of automorphisms of finite rings was invigorated by research of
Alkhamees in [1], where he studied finite chain rings of characteristic p. In [2], Alkhamees considered
the case of finite completely rings with minimal index of nilpotency J? = (0) and determined completely
the group of automorphisms of such rings. If we consider the other extreme of maximal index of
nilpotency, we are led naturally to the case of chain rings [3]. Therefore, in [1] he determined fully the
automorphism group, in commutative case of chain rings of characteristic p and then showed how
this can used to solve non commutative case using ideas introduced in [3]. Since finite principle rings
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of characteristic p are direct sums of finite chain rings of characteristic p, it is possible to determine
the group of automorphisms of finite principle rings of characteristic p.

The classification of automorphisms of graphs would have been exhausted if it was possible to find
necessary and sufficient conditions to determine the full automorphism group. The classification is still
open even though it has been done for some families of graphs. Graphs and graph automorphisms
are two important structures studied in mathematics. Interestingly the theory of graphs and graph
automorphisms are deeply connected. For instance, Evariste Galois characterized the general quintic
univariate polynomial f over rationals by showing that the root of such polynomial cannot be expressed
interms of radicals via automorphisms of structures of the splitting fields of f. Some contributions on
automorphisms can be mentioned. Ojiema et’al [16] did considerable work on automorphisms unit
groups of square radical completely primary finite rings. The research on automorphisms of direct
product of finite groups was extensively done by Bidwell [5] while Chikunji [6],[7],[8],[9], [10] and [11]
considerable research on unit groups and automorphisms of square radical and cube radical zero
completely primary finite rings while Ojiema et’al [17] characterized automorphisms of unit groups
of power four radical zero finite commutative completely primary rings. The classification of the 4-
nilpotent radical of Jacobson finite rings was advanced in [16] and later by Evgeniy [12] where in both
instances they determined the structures of the unit groups of primary and local rings. Moreover, an
exposition of the automorphisms of such unit groups can be attributed to the findings of [17]. In all
these studies, specific cases of these classes of rings have been considered. For recent survey on
automorphisms of zero divisor graphs reference can be made to [13, 14, 15]. We therefore advance
further, the classification by considering the graphs and the automorphisms of the zero divisor graphs
of such classes of rings for the characteristics p, p?, p°, and p*.

2 Power Four Radical Zero Finite Rings of Characteristic
p

Let Ry = GR(p",p) be a Galois ring, U,V and W are finitely generated Ry modules. Suppose
u,v and w are the generators of U,V and W respectively, so that R = Ry & Rou & Rov & Row
is an additive abelian group. On R define multiplication as follows: (rg,r1,72,73)(S0, 1, S2, 83) =
(7“080, T0S1 + 7180, 7082 + 7280 +7181,7083 + 73S0 + 7152 + 7"251). It is well known that the muItipIication
turns R into a commutative ring with identity (1,0,0,0). Further, it has been proved in Ojiema and
Owino [17] that

Z(R) = Rou & Rov & Row,

(Z(R))2 = Rov & Row,
(Z(R))* = Row,
(Z(R))* = (0).
Consequently, the next result in the sequel holds:

Proposition 2.1. Let Ry = GR(p",p) and R = Ro @ Rou @ Rov ® Row is a ring with respect to
multiplication in this section. Then,
Aut((F(R))) >~ Spr_1 X SPQT»,l X Spsv-,

p21- .

Proof. Let&;,---,& € Rowith & = 1suchthat &, ---,&. € Ro form a basis for Ry over its prime
subfield Ro/pRo. With respect to the multiplication in this section, Ann(Z(R)) = (Z(R))* = p*Ro.
Let Vi = Ann(Z(R)) \ {0}. Then |V;| = p" — 1. Since each vertex = € V; is adjacent to every other
vertex in the graph, deg(x) = p*" — 2. Consider V» = {&v +a&w | a € Ro}. Then |Vz| = p*" —p” and
each vertex in V4 is adjacent to a vertex in the form &wv + &;w . So the degree of y € Vs is p*” — 1.
Finally, V3 = {&u + b&v + c€w, b,c € Ro}. So |V3| = p* — p®" and the degree of each z € V3 is
p" — 1 since each vertex in V3 is adjacent to a vertex in V; but not V5. O
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3 Power Four Radical Zero Finite Rings of Characteristic

p2

Let Ry = GR(p*", p*) be Galois ring of order p*” and characteristic p?. Suppose U and V are Ro—
modules generated by u1, u2 and v respectively, so that R = Ry ® U @ V. If the multiplication on R is
defined by (ro, 71, 72,73)(s0, 51, 82, 83) = (T0S0 + prisi1 + prasa, ros1 + 180,082 + 280,083 + 350 +
7151 + 7182 + ras1 4 ras2) 80 that pu; # 0,p?u; = 0,1 < i < 2 and pv = 0, it has been verified in
[20] that the multiplication turns R into a ring with identity (1,0, 0,0) and Z(R) satisfies the following
properties:

Z(R) = pRo @& Roui & Rouz & Rov,

(Z(R))2 = pRo @ pRou1 ® pRouz @ Rov,
(Z(R))® = pRou1 @ pRoua,
(Z(R))" = (0).

The next result gives the structure of the automorphisms of the zero divisor graphs of R. constructed
above.

Proposition 3.1. Let R be a ring defined in this section. Then,
Aut(I'(R)) 22 Spar_1 X Sper _opar 1 psr X Spsr_par_p3r X Spar_psr X Sper_3,5r apar 80 _o

Proof. Let &, - ,&. € Ro with ¢, = 1 such that &, --- ,&,. € R, form a basis for R, over its prime
subfield Ro/pRo. Using the given multiplication, Ann(Z(R)) = {pai1&iu1 + paz€ius + b&v | a1, a2,b €
Ro}. Let Vi = Ann(Z(R)) \ {0}. Then |V1| = p*" — 1. Since each vertex in V; is adjacent to other
vertex in the graph, the degree of =z € 1 is p%" — 2.

Let X = {alfilh +(IL2€¢U2 —|—b€ﬂ) | ai, a2, be Ro, ai + a2 ;_é O(mod p)} Then |X| = pQT(pQT _p).pr =

p°" — p*". Each vertex in X is adjacent to a vertex in X or a vertex of the form a'lgz- + algg,- +bw

where a; + a» = 0(mod p). So the degree of each vertex in Vs is p?” — 1 + p*" — p*" = p — 1.
fY = {pro + a1&u1 + a26iuz + b&v | pro # 0,a1,a2,b € Ro,a1 + a2 Z 0(mod p)}. Then |Y| =
(p* = p*")(p" — 1)p" = p% — p°" — p*" + p°". Each vertex in Y is adjacent to a vertex in either
Vi1 or a vertex of the form pro + pai&; + pa2€; + bv where pro # 0, a1 + a2 = 0(mod p). So the
degree of a vertex in Y is p®" — 1 + p*" — p®" = p*" — 1. So we consider V> = X UY. Next, consider
Vs = {a)&iur + asbiuz + b &v | ay + an = 0(mod p)}}\ Va. So Vs is p°" — p*™ — p*". Each vertex
in Vs is adjacent to a vertex in V4, Va or V5. So the degree of a vertex in Vs is p®" — p*" +p®" — 1 +
P> —p" —p®" = 2p°" — 2p*" — 1. Next, Consider Vi = {pro + pai&; + pasf; +bv | pro #0,a1,a2,b €
Ro, a1+ a2 = 0(mod p)}. Then |Vy| = (p” — 1)(p°")p" = p*" — p°". Each vertex in V, is adjacent to a
vertex in either V1 or Vj. So the degree of a vertex in V4 is p*" — p" — 1 + p®" — 1 = p*" — 2. Finally,
consider Vs = {pro + a1& + a2& + bv | pro # 0, a1,a2,b € Ro, a1 + a2 = 0(mod p)} — V4. Then
Vvs _ (pr _ 1).pr(p2r _ pr)(pQ'r 7pr) — (p2r _ pr)(p4r o 2p3r +pQr) — pﬁr _ 3p5r + 3p4r 7p3r. EaCh
vertex in V; is adjacent to a vertex in either V1, V4 or V5. Therefore, the degree of each vertex in V; is
P> — 1+ p* — PP £ % — 3PP 4 3pT — p3" — 1 = pb — 3p°" + 4p*" — p3 — 2. The result follows
from the fact that Aut(T'(R)) permutes Vi, Va2, Va, V4 and Vs independently. O

4 Power Four Radical Zero Finite Rings of Characteristic

p3

Let Ry = GR(p*", p*) be a Galois ring of order p®" and characteristic p*. Suppose U and V are Ro—
module generated by u and v respectively, so that R = Ry & Rou & Rov, if the multiplication on R is
defined by (7‘0,7‘1,7"3)(80, 81,33) = (7"080,7"031 + SoT1,T0S2 + Sor2 + T'181) so that p2u 7& 07 p3u =0
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and pv = 0, it has been verified in [17] that the multiplication turns R into a ring with identity (1,0, 0)
and Z(R) satisfies the following properties:

Z(R) = pRo & Rou & Rov,

(Z(R))* = p*Ro & pRou & Rov,
(Z(R))® = pRov,
(Z(R))" = (0).
The following result summarizes the structure of the automorphisms of the zero divisor graphs of R.

Proposition 4.1. Let R be a ring defined in this section. Then
Aut(I'(R)) 22 Sper 1 X Spsr_p2r X Spar_p2r X Sopsr_gpar X Sper _gpsry par

Proof. Let&;,---,& € Rowith &, = 1suchthat &, ---,&. € Ro form a basis for Ry over its prime
subfield Ro/pRo. Using the given multiplication, the annihilator of Z(R), ann(Z(R)) = {p*&u +
a&v | a € Ro}. Consider Vi = ann(Z(R)) \ {0}. Then |Vi| = p®" — 1. Every vertex in V; is adjacent
to all the other vertices in the graph. So, the degree of x € V; is p® — 2. Next, consider Va =
{p*ro + p*&u + a&v | p*ro # 0, a € Ro}. Then |Va| = p®" — p*". Each vertex in V4 is adjacent to all
the other vertices in the graph except vertices of the form prg + &u + a&;v, a € Ry where rq is not a
multiple of p. So, the degree of a vertex in Vz is p°” — 2. Now, let X = {p?r¢ + p&u + a&;v} \ Vi U Va.
Then |X| = p*" — p®". Each vertex in X is adjacent to a vertex in V4 or V> or X or Y where Y =
{p&u+akv | a € Ro} \ Vi. So |Y| = p®" — p*” which implies that the degree of each vertex in X
is p? — 14 p% —p* 4+ 9% —p¥ 4+ p*" —p*" — 1 = p*" 4+ p*" — 2p?" — 2, and each vertex in Y is
adjacent to a vertex in Vi or V» or X or Y. So the degree of a vertex in Y is p*" + p®" — 2p?" — 2.
Consequently, we consider V53 = X UY. Next, let W = {pro + p&iu + a&iv |a € Ro} \ Vi U Vo U Vs,
Then |W| = p°" — (p*" + p*" — p°" + p° — p?") = p®" — p*". Each vertex in W is adjacent to a
vertex in V; or V. So the degree of a vertex in W is p?" — 1 4+ p°" — p* = p°" — 1. Next, let
Z = {p*ro+&uta&iv|a € Ro}. Then |Z| = p" (p*" —p°").p" = p°" —p*". Each vertex in Z to a vertex
in V1 or Y. So the degree of a vertex in Z is p*” — 1+ p®>" — p*>" = p3” — 1. Consequently, we consider
Vi = WUZ. Finally, let Vs = {pro+&u+ta&iv|a € Ro}\Z. Then |Vs| = p*" (p*" —p*")p" — (p°" —p*") =
p*(p*" — p®") — (p°" — p*") = p° — 2p°" + p*". Each vertex in Vs is adjacent to a vertex in V; or X.
So, the degree of a vertex in Vs is p?” — 1 + (p?" — p°") = p?" — p*" + p*" — 1. O

5 Power Four Radical Zero Finite Rings of Characteristic

p4

Let Ry = GR(p*", p*) be a Galois ring of order p*" and characteristic p*. Suppose U and V are Ro—

module generated by v and v respectively, so that R = Ry ® Rou & Rov. If the multiplication on R is

defined by (70, 71,73)(s0, 51, 83) = (1050, 7081 + S0T1,7082 + Sor2 + r151) With p*u = 0, p*u # 0 and

pv = 0, it has been verified that R is a ring with identity (1,0, 0) and satisfies the following properties:
Z(R) = pRo & Rou & Rov,

(Z(R))* = p*Ro ® Rov,

)
(Z(R))* = p’ Ry,
(Z(R))" = (0).
The following result summarizes the structure of the automorphisms of the zero divisor graphs of R.
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Proposition 5.1. Let R be a ring defined in this section. Then,

Aut(I'(R)) 22 Spar_1 X Spsr_gp2r e X Spar_p2r X Spar_p2r o X Spar_psr.

Proof. Let &1,---,& € Ro with & = 1 such that &,---,&. € Ro form a basis for Ry over its
prime subfield Ro/pRo. Using the given multiplication, the annihilator of Z(R), ann(Z(R)) = {pro +
atv|a € Ro}. Let Vi = ann(Z(R))\ {0}. Then |V1| = p*” — 1. Each vertex in V; is adjacent to every
other vertex in the graph. So the degree of = € Vi is p*" — 2. Let Va = {p®ro + &u + a&iv | a € Ro}.
Then |Vz| = (p" —1)(p" — 1)p" = p*" — 2p>" +p". Every vertex in Vz is adjacent to a vertex of the form
pro + a&v. So, the degree of a vertex in V is p® — 2. Next, let V5 = {p®ro + b&v | b € Ro}.
Then |Va| = (p* — p")p" = p*" — p>". Every vertex in V3 is adjacent to a vertex of the form
p?so + a&u+ b&v. Then the degree of a vertex in V3 is p*” — 2. Next, let Vi = {p*ro 4+ &u + v} \ Va.
Then |V4| = p® — (p*" — 2) = p®" — p*” + 2. Each vertex in V; is adjacent to a vertex in V; or V5. So
the degree of a vertex in V4 is p°" — 1 4+ p®" — p*>" = p* — 1. Finally, let Vs = {pro + &v} \ V1 U V3.
Then |Vs| = p*" — (p*" + p° — p®") = p*" — p°". Each vertex in V5 is adjacent to a vertex in V; or V5.
So the degree of a vertex in Vs is p>” — 14+ p>" — 2p°" +p" = p>" — p*" +p" — 1. O

Conclusion

This study has determined the automorphisms of such rings in which the product of any four zero
divisor is zero and revealed the structures and order formulae for automorphisms. The method
of study involved partitioning the ring under consideration into mutually disjoint subset of invertible
elements and zero divisors, isolation of zero divisors and determination of there graphs using case
to case basis. In view of the aforementioned, we recommend other researchers to carry out more
studies regarding automorphisms of zero divisor graphs of index of nil-potency greater than four.
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