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DIVERSITY ON #g, (X)

Abstract

In tight-span theory, a diversity is a generalization of metric space where the metric is defined
over the set §25, (X) which is composed of finite subsets of X. In this paper we are going to gener-
alize the results of D. Silvestru and C. Gosa to derive some inequalities for the diameter diversity.

A diversity or Bryant-Tupper space (BT-space) is a generalization of metric space
that have wide applications in non-linear analysis [1]. In this paper, we are going
to derive some inequalities for diversities using the results of D. Silvestru and C.
Gosa [2]. The paper is organized as follows. In 1st section, we will provide some
preliminary definitions that we would be using throughout the paper. In 2nd section,
we will derive the main results of this paper and finally in 3rd section, we will apply
the main results to diameter diversity.

1. INTRODUCTION

Let X be a non empty set. Then the ordered pair (X, o) is known as a metric space
if Vz,y, z € X, the function g : X x X — R satisfies

M1 o(z,y) > 0 and g(z,y) =0if only if z = y.
M2 o(z,y) = o(y, 7).
M3 Q(x, y) < Q(.’IJ, z) + Q(z7 y)‘

Bryant and Tupper defined a slightly different mapping. Instead of defining ¢ on
X x X, they defined it on §5, (X) which is the set of finite subsets of X. Now again,
if X is a non empty set. Then the ordered pair (X,d) is known as a diversity if
VA, B,C € 4, (X), the function ¢ : #5, (X) — R satisfies

D1 §(A) > 0 and §(A) = 0 if and only if |[A4] < 1.
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D2 §(AUC) <6(AUB)+6(BUC) provided that B # ¢.
D3 if A C B, then 6(A) < 4(B).

To avoid using double summations for simplicity of notation purpose, the sum over
two indices will be represented under one sum.

2. MAIN RESULTS

In this section, we are going to derive analogues of theorems derived by D. Silvestru
and C. Gosa. For Theorem 1 and Corollary 1, readers can refer to [2] whereas for
Theorem 2 readers can refer to [3].

Theorem 1. Let (X, 5) be a diversity and A, A; € $sn (X), pi > 0fori € {1,2,...,n}
such that Y7 ; p; = 1. Then

> sedua)< mt | S psaud]. @D

1<i<j<n 1<i<n

The above inequality is sharp in the sense that any multiplicative constant c =1 on
the right hand side cannot be replaced by a smaller quantity.

Proof. Let A, A;, A; € $q (X) for 4,5 € {1,2,...,n} provided that A # ¢. Then,
using (D2) we get
0(AUA;) <6(AUA)+I(AUA)) (2.2)

Let p; > 0fori € {1,2,...,n} such that }_; | p; = 1. Now multiply p;p; on both sides
of Eqn.(2.2) and sum on ¢ and j from 1 to n to get

> ppid (AUA) < D pipi[6(AUA)+5(AUA)]. (2.3)
1<i,j<n 1<i,j<n

We can see that the function ¢ is symmetric i.e. 6(A U B) = §(B U A). Therefore,
using this property we can rewrite left and right hand side of Eqn. (2.3) as

> pipid (AUA)=2 > pipid (AU A) (2.4)
1<i,j<n 1<i<j<n
and
> pipi[6(AUA)+5(AUA)] =2 ) pid(AUA) (2.5)
1<i,j<n 1<i<n
respectively. Therefore, substituting Eqn. (2.4) and (2.5) in Eqn. (2.3) gives
> pipib(AiUA) < Y pid (AU A). (2.6)
1<i<j<n 1<i<n
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Now, taking infimum over A, we get the desired result. Suppose that Eqn. (2.1) is
valid for some constant ¢ > 0, i.e.

oy UA) < i 10 (A; . .
> pipid (AU 3)<cAe&‘fn(X)[Zp5(A,UA)] 2.7)

1<i<j<n 1<i<n

Now, let n = 2,p; = p,p» = 1—p where p € (0,1). Then, we get p(p—1)6(A;UA2) <
c[pd(A1 U A) + (p — 1)6(A U A,)] where Ay, A; € X. Now, let |A; U A| < 1. Then,
to get pd(A; U Az) < ¢d(A; U Ap). And since p € (0,1), the constant ¢ should be
greater than on equal to 1, i.e. ¢ > 1. This implies that Eqn. (2.1) is sharp and
any multiplicative constant on right hand side of the equation cannot be replaced by
a smaller quantity. O

Following is the corollary of Theorem 1 derived by choosing p; = 1 Vi € {1,2,...,n}.
Corollary 1. Let (X, ) be a diversity and A, A; € X fori € {1,2,...,n}. Then
Y s(Au4)<n mf [Zé(A,-UA)]. (2.8)
1<i<j<n AePa ) L1552,

Consider the function f(t) = ¢* defined on [0, 00) for s > 1. Then, using convexity

property of f(t), we get
(a+b)* <2°71(a® +b°). (2.9)
If 0 < s < 1, then we have the following analogue [4]:
(a+b)® < (a® +b°). (2.10)

Now, we are going to use above two results in deriving the following theorems.

Theorem 2. Let (X, 5) be a diversity and A, A; € $5, (X), pi > 0fori € {1,2,...,n}
such that Y. ; p; = 1. Then for s > 1, we have

2
"1< > pzp,J(AUA,)) <Si< jf [2 > 6’(AkUA)] (2.11)

1<i<j<n 1<k<n

where
Si= Y pipid® (AU A). (2.12)

1<i<j<n
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Proof. Let (X, é) be a diversity and s > 1. Furthermore, let A, A;, A; € £5, (X) for
i,j € {1,2,...,n} provided that A # ¢. Now, apply Eqn. (2.9) to Eqn. (2.2) to get

6 (AiUAj) <2°71[6° (AU A)+6° (AU A)) ] (2.13)
Let p; > 0fori € {1,2,...,n} such that }_; ; p; = 1. Now multiply p;p; on both sides
of Eqn.(2.13) and sum on ¢ and j over 1 < i < j < n to get
3 mpi (AUA) <20 S py[5 (A UA) +6(AU4)].  (2.14)
1<i<j<n 1<i<j<n

For evaluating above sum, we can rely on the result that if a;; is a symbol such that
a;; = aj; where 1 < i < j < n, then

D =% ( . oag— ), akk)- (2.15)

1<i<j<n 1<i,j<n 1<k<n

Denote the left hand sum in Eqn. (2.14) by S;. Then,

S1 < 282_1 ( Z pipj[5’(A,~UA)+5’(AUAj)] -2 Z p,%é‘(AkUA))

1<i,j<n 1<k<n

=21 )" ped® (AUA) — D pho° (AU A)
1<k<n 1<k<n

= 92571 Z pk(l — pk)(Y‘ (Ak U A)
1<k<n

23—1 .

<50 D P44, (2.16)

1<k<n

In the last inequality above, we have used the property

1 1
(1l —px) < Z(Pk +1-m)?= i
Substituting above result in Eqn. (2.14) and taking infimum over A gives
. 2° s
> wdua)s g (53 e (2.17)
1<i<j<n 4ePax) LS 1552,

If we use discrete Jensen’s inequality on the function f(¢) then we get

1<Z;< pip;0° (A; U Aj) 1<~Z< pipid (AiU A7)\ °
ShI=h > | == . 2.18
Y. Dpipj - Y. DD (2.18)
1<i,j<n 1<i,5<n
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The denominator on both the sides can be found equal to 1 using the definition of p;.
The Numerator on left and right hand side of Eqn. (2.18) can be found equal to

Z p;pch’ (A,, U A_.,) =2 E p,:pjé’ (A, U A_,) (2.19)
1<i,j<n 1<i<j<n
and
> pipid (AUA)=2 > pipid (AU A)) (2.20)
1<i,j<n 1<i<j<n

respectively. Substituting above two values in Eqn. (2.18) and simplifying further,
we get the following lower bound

2
2’"1< > pipid (AiUAj)) < ) ppit (AU A). (2.21)

1<i<j<n 1<i<j<n
]

For the case of 0 < s < 1, the upper bound of S; will be off by the factor of
2¢-1, Now, we will apply Theorem 1 and Theorem 2 for deriving results on diameter
diversity.

3. DIAMETER DIVERSITY

Let (X, d) be a metric space. For all A € §g, (X) let
0(A) = max d(z,y) = diam A. (3.1)
z,y€EA

Then (X, d) is known as a diameter diversity. Now,

Z pip;6 (A; U Aj) = Z pip; max d(z,y)

1<i<j<n 1<i<j<n z,y€A;UA;
= Z pip;diam (A; U A;). (38.2)
1<i<j<n
Similarly,
o [ piJ&UA]= inf [ p; max dw,y]
4eBP4aa(Xx) 152‘;” ( ) AeBh 0 15255:n o pEx (z,9)

= ; diam (4; U A .
Aep“f,(x)[zpdmm("‘*u )] 3.3)

1<i<n
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Now, substituting Eqn. (3.2) and (3.3) in Eqn. (2.1) gives

Z pipjdiam (A; U A;) < inf [ Z p; diam (4; UA)] ) (8.5)

1<i<j<n AP x) L1552,

Similarly, from Theorem 2, we get

2
28
2o~ papdiamuauA)) <S8 < iof [— diam® (AkuA)]
(15;':9 ’ ! 4ePsx) L8 lszk;n
(3.6)

Sl = Z pipjdiams (A., U Aj) . (3.7)
1<i<j<n
The results of Silvestru and Gosa from [2]] were generalized later and other analogues
were found [5]-[8]. This generalized analogues can be also applied to derive further
inequalities for diversities on {5, (X).

where
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