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Abstract

The study of integer representations as a sum of powers is still a very long
standing problem. In this work, the study of integer representation as a sum
of cube is introduced and investigated for non-zero distinct integer solution. Let
a1,as,as3, - ,a, and d be any positive integers such that a, — a,_1 = an_1 —
ap—9 = --+ = as — a1 = d. This study formulates some general results for sums
of n cube. In particular, this research introduces and develops the diophantine
equation I = (a; + az +as + -+ + a,)L = a3 + a3 + a3 + --- + a3 for some
integer L. The method involves decomposing integer I into sums of n cube and
determination of general representation of integer L using case by case basis.
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1 Introduction

The study of integer decomposition into sums of powers is an area that has received much attention
since the advent of cryptography .Perhaps this is because of the fact that, the process of integer
factorization of composite number in the field of cryptography has contributed immensely in E-commerce
and banking industry. The security of most of the popular cryptosystems lies purely on the difficulty of
the integer decomposition problem. Indeed a number of scholars have obtained results demonstrating
the problem of integer factorization via integer decomposition. Due to this direct application of integer
decomposition in the field of computer science, researchers have devoted their attention in the subject
of factoring large integers since advent of cryptography. For detailed studies regarding integer
factorization see [1, 2]. Recent survey on problems of integer decomposition has demonstrated
the importance of integer factorization in the study of the diophantine equations. This research is
therefore meant to contribute to the study of integer factorization. Current literature’s have shown
that many researchers have continued to rely on existing formulas on integer decomposition with no
generation of new formulas on integer factorization. Perhaps , may be because of the fact that integer
decomposition and representation is not an easy task and has been a very long standing problems.
This is therefore set to contribute to this knowledge gap by formulating some general results on sums
of cube. The study of integer I for which I = (a1 + a2 +az +---+an)L =a3 + a3 +ad+---+ais
still hardily available. Most of the attempts have provided solution to diophantine equations problems
related to Fermat Last theorem, Ramanujan Nagell equation and with some few exception on the
study of polynomial of degree less than 5. For recent work on polynomials of degree less than 5
reference can be made to [1, 2,3,10,11,12,16,17,18,19] and for detailed recap on studies on sums of
powers the reader may see [4,5,6,7,8,9,13,14,15]. In most of this studies the literature on the studies
of integer I for which I = (a1 + a2 +as + --- + an)L = af + a3 + a3 + --- + a> is not known . This
study is therefore, set to contribute to this knowledge gap by introducing and developing the formula
for integer representation I = (a1 + a2 +az + -+ + an)L = a3 + a3 + a3 + - - + a3 by determining
the general integer representation of L. The method involves decomposing integer I into sums of n
cube and determination of general representation of integer L using case by case basis.

2 Main Results

In the sequel we present our results and solve some specific cases of our formula I = (a1 + a2 +
az + - +an)L = a + a3 + a3 + - + a>. Throughout this study the following will be standard
Ap > Ap—1 > -+ > Q1.

Casei:n=3

Proposition 2.1. I = (a1 + a2 + a3)(a? + 2d*) = a3 + a3 + o} has solution in integers if az — as =
a2 —a;p = d Z 1.

Proof. Suppose az = a1 +d and az = a1 + 2d. To prove I = a} + a3 + a3 = (a1 + a2 + a3)(a3 +
2d?)---(1.1). It is adequate to establish the equality of equation (1.1). Thus, I = a} + a3 + a} =
I=a}+ (a1 +d)?®+ (a1 +2d)% = a} + a? + 3aid + +3a1d® + d® + a3 + 6aid + 12a:1d* + 8d® =
3a3 + 9a3d + 15a1d> + 9d° - - - (1.2).

On the other hand, (a1 + a2 + a3)(a3 + 2d%) = ai(a3 + 2d?) + az(a3 + 2d?) + as(a3 + 2d*) =
a1a2 + 2a1d? + a3 + 2a3d® + a2as + 2asd?. - - - (xx). But a2 = a1 + d and as = a1 + 2d. So, equation
(1.2) becomes a1 (a1 + d)? + 2a1d* + (a1 + d)® + 2(a1 + d)d* + (a1 + d)?(az + 2d) + 2(a1 + 2d)d* =
ai(ai+2a1d+d*)4+-2a1d*+-af +3aid+3a1d* +d3>4-2a1d*4+-2d° 4 (i 4-2a1d+d?) (a1 +2d) +2a1 d* +4d> =
al + 2a3d 4+ ard® + ard® + 2a3d + dard® + 2d° + 2a1d? + 4d® = 3a + 9aid + 15a1d> + 94> - - - (1.3).
Since equation (1.1) is equal to (1.3) the results easily follows. O
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Caseii:n=4

Proposition 2.2. T = (a1 + a2 + a3 + a4)(a3 + d(as + as — a1)) = a + a3 + a3 + a3 has solution in
integers ifas —as = a3 —az =az —a1 =d > 1.

Proof. Letas — a3 = a3 —as =az — a1 = d. Then, a2 = a1 +d, as = a1 + 2d, as = a1 +3d. To prove
al + a3 + a3 +ai = (a1 + a2 + as + as)(a3 + d(as + as — a1)) -+ - (1.4).

It is sufficient to satisfy the equality of equation (1.4). Thus, a} + a3 + a3 + a3 = af + (a1 +d)°> + (a1 +
2d)3(a1 +3d)® = a} +a3+3aid+3a1d*> +d> 4+ a} +6a3d+12a1d*> +8d° +a’ +9ald +27a,d*> +27d° =
403 + 18a%d + 42a:1d* 4 36d° - - - (1.5).

On the other hand, (a1 +a2+a3+a4)(a§+d(a3+a4—a1)) =a (a§+d(a3+a4—a1))+a2(a§+d(a3+a4—
a1))+az(a3+d(az+as—ar))+as(a3+d(az+as—ar))--- (1.6). Butas = a1+d, a3 = a1+2d, a4 = a1+
3d. So, (a1+as+az+aq)(a3+d(az+as—ar)) = a3 +3aid+6a1d>+a3 +4aid+9a1d*+6d°> +ai+5a3d+
12a1d* +12d° 4 a +6a3d + 15a1d> + 18d° = 4a3 +18a1d* 4 4a1d® 4+ 36d> - - - (x * xx). Since, equation
(1.5) and (1.6) are equal, consequently a? + a3 4 a3 + a3 = (a1 + a2 +az +a4)(a3 +d(az + a4 —ay))
concluding the proof. O

Caseiii:n=>5

Proposition 2.3. T = (a1 + az + a3 + as + as) (a3 + 6d*) = a} + a3 + a3 + a} + o has solution in
integersifa5—a4:a4—a3:a3—a2 = as — a1 :dZ 1.

Proof. Suppose a5 — a4 = a4 —as = a3 —az = az —ay; = d. Then,az = a1 +d,a3 = a1 + 2d, a4 =
a1+ 3d, a5 = a1 + 4d. To prove a$ + a3 + a3 +a} + a3 = (a1 + a2 + a3z + aa + as) (a3 + 642) - - - (1.7)
Need to guarantee the equality of (1.7). Now, af + a3 + a3 + a + a3 = a? + (a1 + d)® + (a1 +2d)® +
(a1 +3d)3 + (a1 + 4d)® = a3 + 3a3d + 3a1d* + d® + a} + 6a3d + 12a1d* 4+ 8d® + a + 9a3d + 27a,d* +
27d® + a} 4+ 12a3d + 48a1d* + 64d® = 5a3 + 30a3d + 90a1d” 4+ 100d° - - - (1.8).

On the other hand (a1 +as+as+as+as)(a3+6d*) = (a1+a1+d4a1+2d+a1+3d+a1+4d) ((a1 +2d)> +
6d?) = (5a1+10d) (a3 4+4a1d+4d*+10d?) = 5a1(ai+4a1d+4d>+10d?)+10d(a? +4a1d+4d>+10d?) =
5a3 4 20a?d + 50a1d* + 10aid + 40a1d? + 100d® = 5a3 + 30a?d + 90a1d* + 1004 - - - (1.9). Since, we
have equation (1.8) and (1.9) are equal the proof follows immediately. O

Caseiw:n=26

Proposition 2.4. I = (a1 + a2 + a3 +as +as + aﬁ)(a§ +11d% + ard) = al 4+ a3 +ai +ad +ad+ad
has solution in integers ifas —as = as —as = a4 —az =az —az =az —a1 =d > 1.

Proof. SUppOSG ag — A5 — a5 — A4 — A4 — A3 = A3 — A2 = A2 — A1 = d. Then,ag = a1 + d,ag =
a1+2d, a4 = a1+3d, a5 = a1+4d, as = a1+5d. To prove (a1+a2+a3+a4+a5+a6)(a§+11d2+a1d)
a} + a3 + a3 +ai +ad +ad - (1.10). It is suffices to establish the equality of equation (1.10)

Now, a3 +a3 +a3 +aj +ad +ad = a3 + (a1 +d)® + (a1 +2d)% + (a1 +3d)® + (a1 +4d)> + (a1 +5d)° =
at+3aid+3a1d*+d*+ai+6aid+12a1d*+8d> +ai+9a3 d+27a1d*+27d° +-a3 +12a7d+48a1 d* +64d° =
5a3 +30a3d+90a1d> 4+100d® +a3 +15a3d+ 75a1d> +125d° = 6a’4-45a3d+165a1d> +225d% - - - (1.11).
On the other hand (a1 + a2 + az + a4 + as + ag) (a3 + 11d* + a1d) = (a1 + a1 +d + a1 +2d + a1 +
3d + a1 + 4d + a1 + 5d)((a1 + 2d)* + 11d*> + a1d) = (6a1 + 15d)((a1 + 2d)? + 11d* + a1d) =
6a3 + 45a1d + 165a1d® + 225d° - - - (1.12). Since, we have equation (1.11) and (1.12) are equal the
proof follows immediately. O

In our next subsection, we provide some examples to support our results in proposition 2.1. We have
the following :
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’ a; \ as \ a3 \ai”—i—a%—i—agzlz(a1+a2+a3)(a%+2d2)\ d ‘
13| 23 | 33 36 1
3P| 537 495 2
23 | 53 | &3 645 3
3|11 1701 4
53 | 113 | 173 6369 6
10° | 20° | 30° 36000 10
5% 120% | 353 51000 15
303 | 383 | 463 179208 8
63 | 11° | 16° 5643 5
93 |18 | 273 24244 9
33 [ 11° | 193 8217 8
113 | 212 | 313 40383 10
153 | 273 | 393 82377 12
43 | 243 | 443 99072 20

Table 1: Sums of Three Cube

In this subsection, we provide some examples to support our results in proposition 2.2. We have the
following :

’ a3 ‘ as ‘ a% ‘ a; ‘a?—i—a%+a§+aiz[=(a1—|—a2+a3+a4)(a%—|—d(a3+a4—a1))‘ d ‘
13 ] 2% | 33| 43 100 1
35 B 93 1224 2
23 | 53 | 8 [11° 1976 3
3| 7 [11° ] 153 5076 4
53 | 113 | 173 | 233 18536 6
10 | 20% | 30° | 40° 100000 10
53 [ 20% | 35°% | 503 51125 15
303 | 383 | 463 | 543 336672 8
43 | 143 | 243 | 343 1352968 10
23 1113 | 293 | 293 716620 9
63 | 123 | 183 | 243 339552 6
5% [ 123 [ 193 | 26° 465688 7
93 | 143 | 193 | 243 342108 5
35% | 463 | 573 | 683 21706780 11

Table 2: Sums of Four Cube

In this subsection, we provide some examples to support our results in proposition 2.3. We have the
following :
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af [ a3 [ af [ a} | &} |al+al+ai+ai+al=1=(a1+as+as+as+as)(aj+6d%) | d
13|23 | 33| 43| 5 225 1
3P B9 113 2555 2
23 | 53 [ 8 [ 11°% | 143 4720 3
3| 7 [ 11° | 153 | 193 11935 4
53 | 113 | 173 | 233 | 293 42925 6
10° | 202 | 302 | 40° | 50° 225000 10
53 1203 [ 35% | 503 | 65° 450625 15
303 | 383 | 463 | 543 | 62° 575000 8
43 [ 93 [ 143 | 19% | 243 24220 5
63 | 123 | 18 | 243 | 30° 48600 6
3| 7 117 | 153 | 193 11935 4
53 [ 123 [ 173 | 223 | 273 37097 5
113 | 20° | 292 | 382 | 473 192415 9
43 | 16° | 283 | 40° | 523 230720 12
293 | 363 | 433 | 503 | 573 460745 7
333 | 413 | 493 | 573 | 65° 682325 8

Table 3: Sums of Five Cube

Conjecture 2.1. T = (a1 +az+az +---+a,)L = a} +a3 + a3 + -+ a3 has solution in integers if
Qn — Qp—1 = Qpn—1 — Gn—2 = +-+ = a2 — a1 = d for some integer L.

3 Conclusion

This research, has contributed to problem of integer representation of sum n cubes. In particular, the
study has partially determine the value of I for which I = (a1 + a2 +as +---+a,)L = a} + a3 + a3 +
o fadforan, —an-1=an_1—an_2=---=az — a1 = d for some integer L. The study devoted
its attention by introducing and developing the formula by way of conjectures and demonstrating the
validity of the obtained formula through proof and constructions of tables for sum of three, four , five
and six cubes. We therefore, encourage other researchers to work on a more generalized formula for
sum of n cube by providing proof of the conjecture outlined in this research.
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