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Congruence of partial sum of binomial coefficients

Abstract : In this paper, the sum formula containing the central binomial

coefficient is studied by the constant term method. Let p >3 be a prime, we obtain

the following congruence
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1 Introduction
The congruence property of binomial coefficient sum is an important research
subject in mathematics. In 1878, Lucas’ proved the congruence theorem of binomial

coefficients. Let n,, k,be the remainder of 7,k with respect to the module p, then

(e

nO

mod p) ,

B )
p

where [x] is the greatest integer not greater than x. More generally, for any positive

integers n and k, if

n=ny+np+np’+--+n,p’ k=k,+kp+k,p’+--+k,p’,

are the base p expansions of n and k respectively, where 0<n, k < p-1,then
n ny \( 1y n,
= mod p).
In 2006, Sun Zhiwei and Pan Hao’ proved that for any prime number p > 3, then
el 2k
3 = (Ej (mod p),
o\ k 3

where (—j is the Legendre Symbol. In 2011, Sun Zhiwei and Tauraso’ extended and
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proved the congruence module p?,

&2k _| P 2
50 =[5 troar)
and
o1 (2k) 3(p) 1 5
— == |-= d
kok+1( J 2(3} 2 (mod p°)
where p>5.

Apagodu and Zeiberger'® conjectured that for any prime p > 3 and any positive

integer 7,

rp—l(sz a, (mod pz), if p=1(mod 3),
k ~a, (mod pz), if p=2(mod 3),

(2
k=0 k ‘
Liul™ confirmed the conjecture and Sun™ proved a stronger version,
1( = 2k pj n1( 2k )
- - = =0(mod p ).
n[%(kj (3 2 (mod p*)

Based on the research of Sun Zhiwei and Tauraso’, the following conclusions are
obtained:

k=0

where

gl

Theorem 1 Let p be an odd prime number, if p=1 (mod 3) , we have

)42 o)

If p=-1(mod3), we have
[%H} 2p [ 2p
> (31 2] = > [ N J(mod pz).

Definition 1° (Constant term method) Given Laurent polynomial

2 Preliminaries

P(xl,xz,...,xn) , define

CT[P(xl,xZ,---,xn)]
2
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is the constant term of P( XXy, xn) and define

COEEF[XW ]P(xl XX,

is the coefficient of x™ x> ... x"
Lemma 1° Let p be an odd prime number, then

0 (modpz),ifp:3,

ol 2n

Z{ jE 1 (modpz),ifpsl (mod 3),
-1 (mod pz),ifps—l (mod 3).

Lemma 2° For any real number «, we have

a(l—q")

iaqi_l= I ,if g =1,
- na, if g =1,
and
_ oo, if |g|>1,
2047214 g gl <1,
1-¢

3 Proof of Theorem 1

By Definition 1, we have

f’z}z(”] > [(1+x)2nJ %[(Hx)] 0

By Lemma 2, we obtain

e
il{(l +xx) :l _ x . @)
1

By (1) and (2) , we get
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[(1+x)2 J

=l 2n X

ZUCTla—> ¥
X

Multiply x” on the numerator and denominator of the right-hand side of equation
(3), then

. P _ 2p P _ 2p P x?
P I(ZnJ:CT X (1+x) B X (1+x) (1+x)
n

-CT T~ 4
xp—(1+x)2xp’1 xp"[x—(1+x) } (1+x+x ) pt ®

n=0

Since

l+x+x*=

)

Substitute (5) into (4) to get

el

n=0

When |x|<1, we have

3 i"si- (7)
By (6) and (7) , we get
2=l 2n 2 o
EE)(”J CT—[(1+x) ](1_x)§x
:CTL[(1+x)2p_xp](ixﬁ_ixyuj )
xp_l i=0 i=0
- COEEF,, [(1 rx) - xp](ix” B ixs,-ﬂj.

When p=1 (mod 3) , we have

e}

COEEF [(1 +x)’ - xﬂ](z i xs’“j

e SN L P AT S

By Lemma 1, when p=1 (mod 3) , we have

pl[an ,
=1(mod p°). (10)
n

n=0
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Combined (8), (9) and (10)
1_(219}+[2p]_[2p]{2p}_m( 2p J{ 2p ]EI (modpz).
2 3 5 6 p-2) \p-1

ol

i=1 i=l1

Then

When p=-1 (mod 3) , we have

COEEE, (L) -7 ](i P xmj

2 2 2i:0 21.:0 2 2 (12)
:—1+p—p+p—p+...— p+ p.
1 3 4 6 p-2) (p-1
By Lemma 1, when p=-1 (m0d3), we have
-1(2
pz( njz—l(modpz). (13)
n=0\ N

Combined (11)-(13), we have
_1+(2p]_(2pj+[2p]_[2p]+m_[ 2p ]{ 2p ]E—l (mod p?).
1 3 4 6 p-2) (p-1

ptl

[;}(31'2? 2J ,-?[235} (mod p?). (14)

Then

4 Conclusion

By proof of Theorem 1, if prime p >3, we have the congruence

o 7o) o,
A\ 3 [%1} 2p N
)Y (3i_2](modp ).if p=-1 (mod 3).

We can't help but ask the congruence
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2p ‘
[2[?) i1 (31’—1} (mOd pz)’lfpz_l (mod 3),

(;pzj(mod pz), if p=1 (mod3).
i=1 l1—
is it established?

It's not hard to prove that it is also true. Since
ptl

Seapy 15, - 2y
S _'2pC2p-D(@2p-2)---(2p-3i+3) _ (-1
;1:(31'—2}_ p> (3i-2)! =22
g 2p =[g2p(2p—1)(2p—2)---(2p—3i+1)=2 [ﬂ(—l)“’l
|3 )~ 5 3i)! — b

(mod pz),

i=1 1

w3

w

N

M 2p :[Zﬂ2p(2p—1)(2p_2)...(2p_3,'+2):me(_l)si_z
=\3i-1) 5 3i-1)! =

When p=1 (mod3),

= mod p) »
2y Ty mdn)

2 s Bl

this is because the i-th item on the left is congruent to the reciprocal i-th item on the
right with respect to the module p , thus

w s

[%[312 ! 2} - [1}(235] (mod p?).

when p=-1 (mod3),

[

i

w s

3i-1 b3

i=1

(mod p) ,

}(_1)31'-2 _ [ﬂ (_1)3i-1
N 3

this is also because the i-th item on the left is congruent with the reciprocal

item on the right with respect to the module p, so

()52 ).

i-th

In conclusion, if p >3 isa prime, then we obtain the following congruence
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[pﬂ 2p H 2p H 2p i
= [3i—2j i=1(3i—1]5§[3i](m0d1) ).
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