Fixed point theorems in S-metric spaces via simulation function

Abstract: We introduce the concept of generalized S-y-Z contraction mapping with respect to a
simulation function & and study the existence of fixed points for such mappings in complete S-
metric spaces. Further, we extend it to partially ordered complete S-metric spaces.
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1. Introduction:

Fixed point theory is one of the most effective and fruitful tool in mathematics which has very
enormous applications within as well as outside mathematics. Starting of fixed point theory is
from the celebrated Banach Contraction Principle [5], many authors have obtained its several
generalizations in different ways. The famous Banach contraction principle, established by
Banach guarantees the presence and uniqueness of fixed points in complete metric spaces. A
metrical common fixed point theorem generally involves conditions on continuity,
commutativity, and contraction of the given mapping, as well as completeness or closedness of
the space, along with conditions on suitable containment amongst the range of mappings. By
introducing various contractions in various ambient spaces, several researchers generalized and
extended this theory. (See [1-2], [4], [6], [8], [10], [12-13]).

Definition 1.1. [17]

Let X be a non-empty set, a S-metric on X is a function § : X3 — [0, +c0) that satisfies the

following conditions, for each x,y,z,a € X,



1. S(x,y,z) =0,

2. S(x,y,z)=0ifandonlyifx =y =z,

3. S(x,y,2) <S(x,x,a) +S(y,vy,a) +S(z,2, a),
forall x,y,z,a € X.

The pair (X, S) is called an S-metric space.

Definition 1.2. [16]
Let (X,S) be an S-metric space.
(1) A sequence {x,} < X converges to x € X if S(x,,,x,, x) = 0asn — +oo. That is, for
each e > 0, there exists n, € N such that for all n > n, we have S(x,,,x,, x) <e.
(i) A sequence {x,} < X is a Cauchy sequence if S§(x,,x,, X,,) = 0 asn,m - +oo,
That is for each € > 0, there exists n, € N such that for all n, m > n, we have
S(Xp, Xy, X)) <E.
(i)  S-metric space (X, §)is complete if every Cauchy sequence is a convergent
sequence.
Lemma 1.3. [16] Suppose (X,S) is a metric space. Let us consider a sequence {x,} in X such
that S (x,, ,xp, Xn41) = 0asn — oo, If {x,,} is not a Cauchy sequence then there exists an € > 0
and sequences of positive integers {r.} and {s.} with s, > r, >k such that S(x,, x,,,
xs,) = €. For each k > 0, corresponding to r; , we can choose s, to be the smallest positive

integer such that §(x,,, x,,, x5,) = €, S(Xr,, Xr,, ) < € and
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Definition 1.4. [14] A simulation function is a mapping
§:[0,00) x [0,00) > (—00, )
Satisfying the following conditions:
1) é(0,0)=0
2) é(g,h) <g—h,forallg,h>0;



3) If{g.}, {h,} are sequences in (0, o) such that lim,_,, g, = lim,_4 h, = m € (0, ),

then lim sup é(g,, h,) <O.

Remark 1.5.[14] Let ¢ be a simulation function, if {g,}, {h,} are sequences in (0, o) such that
im0 gn = liMm,_, », h,, = m € (0, ), then Tllggo sup é(kgy,, hy,) <O forany k > 1.
An example of simulation function is as follows:
Example 1.6.[14] Let & : [0, ) x [0, 00) — (—o0, ), be defined by

1) é(g,h) = 6h— g forall g,h € [0,), where § € [0,1).

2) é(h,g)=———gforall g,h € [0,0).

3) &(g,h) = h — kg otherwise, where k > 1.

4) &(h,g) =——— ged forall g,h € [0, ).
2. Fixed point theorems for generalized g — y — Z contraction:
Here we prove some fixed point theorems for generalized g — y — Z contraction with respect to
3
Definition 2.1. Let (X,S) be a S-metric space and T be a self-map on X. Let S,y : X XX X
X - [0,00) be two functions. We say that T is B-admissible mapping with respect to y if
x,y,Zz€X
B(x,y,z) = y(x,y,z) implies that (Tx, Ty, Tz) = y(Tx, Ty, Tz).
Definition 2.2. Let (X,S) be a S-metric space and B,y : X xX x X — [0,). A mapping
T:X— X is said to be g-y-continuous if every sequence {x,} in X with S(x,, , X, ,Xns+1)

>y(xp  Xp  Xnyq) foralln e Nand x,, » x as n —» oo implies Tx, - Txasn — oo.

Definition 2.3. Let (X,S) be a S-metric space and B,y : X x X x X — [0, ) be two functions.
A mapping T: X — X is said to be a generalized g — y — Z contraction with respect to ¢ If there
exists simulation function ¢ such that

E(S(Tx, Tx, Ty), Mr(x,x,y)) = 0 forany x,y € X, (2.1)
with B(x, x,v) = y(x,x,y),

S(x,x,Ty) +S(y,y,Tx)}
> .

where My (x,x,y) = max{S(x,x,y), S(x,x,Tx), S(y,y,Ty),



Theorem 2.4. Let (X,S) be a S-metric space, T:X —» X and B,y : X xX xX — [0,») are
mappings.
Suppose that the following conditions are satisfied:
I. T isageneralized B-y- Z contraction with respect to &,
Il. Tisa [B-admissible mapping with respect to y,
I1l.  there exists x, € X such that B(x, xo, Txo) = y(x0, X0, Tx,) and
IV. T isan B-y-continuous mapping.
Then T has a fixed point g € X and {T"x,} converges to q.
Proof. Let x, € X be as in (iii), so that B(x,, xq, Txy) = v (x0, %0, Txo). Now we define a
sequence {x,} in X by x,., = T"x,= Tx,, for all h € N. Suppose that Xpy= Xn,,, TOr some
ho € N, we have Txp = xp,, SO that x; is a fixed point of T.
Hence, without loss of generality, we assume that x,,,; # x,, foralln € N.
From (2.1), we have
§(S(Xn+1 Xnt1 Xns2)y Mp(xp, X, Xpe1)) = E(S (Txp, Txp, TXpi1), Mp(Xp, Xp, Xpy1))
>0 (2.2)
where

My (xp, xp, Xp41) = max{ S (xp, Xp, Xp41), S (xn, xn, Txp), S (Xp41, Xps1, TXps1),

S(n X TXre1)+S (Xne1 Xnea ,Txh)}
2

= max{S(xp, Xp, Xp+1), S(Xn, Xn, Xp+1),S (Xnt1, Xn41, Xn+2),

S(XpXhXn+2)+S(Xpt1,Xnt1.Xn+1) }
2

< max{S(xXp Xp, Xns1)s S(Xns1, Xns1, TXns2),

S(xpXnXn+1)+S(Xne1 Xhe1 Xn+2) 1
2

= max{S (Xp, Xn, Xn+1)s S (Xns1, Xns1, Txny2) -
Hence
My (xp, X, Xpe1) = max{S (xn, Xn, Xn41), S (Xnt1, Xne1, TXne2)}-
Suppose that S (x, Xp, Xp41) < S(Xp41, Xpe1, TXpyo) fOor some h € N.
Then, we have
My (xp, Xp, Xp+1) = max{S (Xp, Xn, Xn+1), S (Xn+1, Xn+1, TXn42)} = S (K41, Xpa1, TXn42)-

Hence from (2.2), we have



0<$(S(Txps1,Txps1, TXps2), Mp(Xp, Xp, Xpy1))
= (S (Txps1: Txps1, Txpe2) S(Txpyr, Txpyr, TXRy2))
<S(Xps1, Xnt1: Xn2)— S(Txpyq, Txpyq, TXpi2) <0,
a contradiction.
Hence S (xp11, Xpa1, Xna2) < S(xp, xp,xp41) forall h € N.
Therefore, {S(xy, x, Tx;41)} is decreasing and bounded below. So there exists » = 0 such that
lim,, e S(xp, Xp, Xpe1) =T
Suppose that r > 0.
Now, using condition (&3), with t,= S(xXp41, Xpe1, Xne2) and
Sp=8(xp, Xp, Xpe1), We have
0 <I1imp o sup §(S(Xns1: Xn41 Xnt2)s 8 (X, Xn, Xpe1) <0,
a contradiction.
Therefore, r = 0.
That is
im0 S(Xh, Xp, Xpet) = 0.
(2.3)
Now, we show that {x;} is a Cauchy sequence. Suppose that {x;} is not a Cauchy sequence.
Then there exists € > 0 and sequence of positive integers {h; } and {g; } such that h, > g, > k
satisfying
S(xg,1 Xg,1 Xn,,) = €. (2.4)
Let us choose the smallest h,, satisfying (2.4), then we have
hi > gx = k with
S(x

g’
S (%,

x ) = eand

gk Xhy

Xg Xhy_q

)<e€

satisfying (i)-(iv) of Lemma 1.3.

Hence, we have

S(xgk’xgk’ xhk)’s(xgk’ Xgp Txgk)’s(xhk’ Xhyr Txhk)’

S(xgk,xgk,Txhk)+5(xhk,xhk,Txgk)
2

M (x

gk X,

g Xhy) = Max

On taking limit as k — oo,

we have M(xg, , x

gk’xhk) - €



Using condition (&3) with

ty, =S(x X

Ik+1’ Qk+1’xhk+1) and Sk = M(x X

g0 Xgr0 Xnic)s

we have 0 < limy_o sup $(S (g, s Xgiryr Xnpss)s Ms(xg, Xg,r Xn,)) <0,

a contradiction.

Thus {x;,} is a Cauchy sequence.

Since X is a S-metric space then, there exists b € X such that lim,_, x, =b. Since T is a f-y-
continuous and B(xp, xXp, Xns1) = Y (X, Xp,xpeq) for all h € N,we have b = lim,,_ o Xp41=
lim; o Txy, =T limy,_ x, =Th. Hence T has a fixed point.

In the following theorem, we replace the g-y-continuity of T by another condition.

Theorem 2.5. Let (X,S) be a S-metric spaceand T : X — X and
B,y : X xX xX - [0,0) be mappings.
Suppose that the following conditions are satisfied:
I. T isageneralized $-y-Z-contraction with respect to ¢,
Il. T isaf-admissible mapping with respect to y,
I1l.  there exists x, € X such that 5(x,, xo, Txq) = y(xg, X9, TXxp),
IV. if {x,} is a sequence in X such that 5(xp,Xp, Xn4+1) = ¥(xn, Xn, xp41) forall h € N and
X, = x; € X as h — oo, then there exists a subsequence {xh,,} of {x;,} such that
B(xn,, xn,.b) = y(xXn,, xp,.b) forallp € N.
Then {T™x,} converges to an element b of X and b is a fixed point of T.
Proof. By using similar arguments as in the proof of Theorem 2.1, we obtain that the sequence
{x,} defined by x,,,; = Tx;, converges to b € X and B(xp, xp, Xps1) = ¥(xp, Xp, xp4q) for all
p € N.
By (1V), there exists a subsequence {xh,,} of {x,} such that ﬁ(xhp, xhp,b) > y(xhp, xhp,b) for
all p € N. Hence from (2.1) we have
0< E(S(Txhp, Txp,,, Tb), MT(xhp,xhp, b))
=$(S(Txny+1, Txn,,,, Th), Mr(xp, . Xn, b))
<MT(xhp,xhp,b) — S(Txhpﬂ,Txth,Tb), (2.8)

Which implies that



S(Txny+1,TXny, 1 TD) < Mr(xp,, Xp,, b).

Now, we have

S(Txny+1,TXny,y T) < S(TXpy41, TXny,  TD) < My(xp,, Xp,, b)
And

S§(b,b, Th) < MT(xhp, Xn,,, b )

S (xhp, Xh,, b) S (xhp, Xh,, Txhp) ,8(b,b,Th),

S(th ,th ,Tb)+S(Txhp ,Txhp,b)}
2

S (xhp, Xh,, b) S (xhp, Xh,, Txhp) ,8(b,b,Th),

S(xhp,xhp,xl) + S(b,b,Th) + S(Txhp,Txhp,b)}
2

= max

< max

On taking limits as h — oo we have
S(b,b, Th) < 1imy,_,e0 My (xp,, X1, b) < S(b, b, Tb).
Therefore
lim, o My (Xp,,, Xn,, b) = S(b, b, Tb)
From (2.9) we have
c < S(b,b, Txhp) + S(xhp,xhp, Tbh)

< 8(b,b, Txp,) + My (xp, Xn, b)
On taking limit as p — oo on (2.10), we have
S(b,b,Tb) <lim, e, S (xn,,,,s Xn,,, Th)

< S(b, b, Th).

Hence we have
lim, Lo S(xhp+1,xhp+1,Tb) =
(2.12)
Suppose b # Tb.
Now we choose ¢, = cS(xhw, Xy Th) and d,,= MT(xhp, Xn,y, b)
From property (&3), it follows that
0<Ilim,_ sup€(5(Txhp, Txp,,, Tbh), MT(xhp,xhp, b) <0,
a contradiction.
Hence Th = b.

(2.9)

(2.10)

(2.11)

S(b, b, Th).



Therefore T has a fixed point.
Theorem 2.6. In addition to the hypotheses of Theorem 2.2(Theorem 2.3), assume the following
condition (A): for all x #y € X, there exists w € X such that B(x,x,w) = y(x,x,w),
By, y,w) = y(y,y,w) and B(w,w,Tw) = y(w,w,Tw). Then T has a unique fixed point.
Proof. Suppose that ¢ and b are two fixed points of T with ¢ # b. Then by our assumption,
there exists w € X such that B(c,c,w) = y(c,c,w), B(b,b,w) = y(b,b,w) and f(w,w,Tw) >
y(w,w, Tw) so that condition (111) of Theorem 2.2(Theorem 2.3) holds with x, = w, also. Now,
by applying Theorem 2.2(Theorem 2.3), we deduce that {T"w} converges to a fixed point a of T
and hence the sequence is {S(a,a, T"w)} is bounded.
Now, since S(c,c, T"w) < [S(c,c, a) + S(a,a, T"w)], we have the sequence S(c,c, T"w) is
bounded. Therefore there exists a sub-sequence {S(c,c, T"w)} of S(c,c, T"w) such that
lim, e S(c,c, T"»w) = r, for some non-negative real r.
Now, we have
S(c,c, T"w) < Mz(c,c, Tw)

S(e,c, Thpw) S(c,c,TzY), S(Th»w, TMw, Thr+1w),

=max z z ,Thp+1w)+S(Tz Tz ,Thpw)
2

S(c,c,Thew), (T w, TMw, Thr+1w),
= max ccThp+1w)+S(CCThpW) (2.13)
2
S(c,c,Th»w), (T w, Thew, Thr+1w),
< max [S(C,C,Thp)+S(Thpw,Thp W,Thp+1w)] +S(C,C,Thp w)

2

On taking limits as p — oo we have lim,,_,., My (c,c, T"»w) =r.
Now we show that » = 0. Suppose r > 0.

Since T is B-admissible with respect to y, we have

B(w,w, T"w) = y(w,w,T"w)

and hence B(c,c, T"w) = y(c, c, T"w)

B(c,c,T"w) = y(b,b, T"w) forall h € N.

Now from (2.1), we have

&s(c,c, T+1w), My (c,c, T"?w)} = 0.

Hence, we have S(c,c, T"*+1w) < My(c, ¢, T w)

8



which implies that
S(c,c,Th+1w) < 8(c, ¢, Th+1w)
< Mz(c,c, T w).

Now, we have

S(c,c,T"w) < 8(c,c, T+1w)+ S(c, ¢, T"+1w) + S(TMow, Thew, Thr+1w)
=2S(c,c, T+ w) + S( Thew, T w, The+1w)
<28(c,c, Tw+w) + S( Tho+rw, T 1w, Thow)
< My(c,c,w) + S(c,c, T"»w)

On taking limits as p — oo we have

limy,_e S(c,c, T+ 1w) =r.

Now, by choosing ¢, = §(c,c, T"»+1w) and s, = Mr(c, c, T"w),

from property (&5), it follows that

0<limy, supé(S(c,c, T"+1w), My (c,c, T"w) ) <0,

a contradiction.

Hence r = 0. Hence T"»w — c as h - .

Therefore ¢ = a.

Similarly we can prove that b = a.

Thus it follows that ¢ = b,

a contradiction.

Hence T has a unique fixed point.

Example 2.7. Let X = [0,2] and §:[0,2] x [0,2] % [0,2] - [0, ) as

Sk,y,z)=|x—z|+|x+z—-2y].

Then, clearly (X, S) is a complete metric space.

Now, define Tx = { s x€lob :
2x —2, x €[1.2]

2+xyz, x,y,z €[01]
0 otherwise

B(.y.2) = {

and



1+xyz, x,y,z€[0,1]
4 otherwise

y(x,y,z) = {
Taking, é(t,s) = i —t.

Clearly, T is f - admissible mapping with respect to y and S-y continuous mapping.
Forall x,y,z € [0,1)

B(x,y,2) 2 y(x,y 2).

ES(Tx, Tx, Ty), Mr(x,x,y)) = _Mrexy) S(Tx,Tx,Ty)

1+ M7 (x,x,y)

> SCXD__ o(Tx Tx, Ty)

1+ S(xxy)

= 2oyl 1y
1+2|x—y| 3 y

> 0.

So, all the conditions of Theorem 2.4 are hold.
Hence T has fixed points. Clearly, O and 1 are the fixed points.
If in the above setting we redefine f(x,y,z) =2 and y(x,y,z) =1 forall x,y,z € X.

If Tx = % for all x € [0,2], then all the conditions of Theorem 2.6 are satisfied, so T has a unique

fixed point.
Clearly, 0 is the unique fixed point of T.

3. Afixed point result in partially ordered S-metric spaces
Definition 3.1. Let (X, &) be a partially ordered set. If there exists a S-metric § on X such that
(X, S) is complete, then we say that (X, &, ) is a partially ordered complete S-metric space.
Theorem 3.2. Let (X, &, §) be a partially ordered complete S-metric space and T : X — X be a
self-map of X. Assume that the following conditions are satisfied:
(1 there exists a simulation mapping ¢ such that
§(S(Tx,Tx, Ty), My (x,y)) =0, forany x,y € X with x & y,

Where M;(x,x,y) =max{S(x,x,y), S(x,x,Tx),S(y,y,Ty), S(x'x'Ty);S(y'y'Tx) },

(i) T is anon-decreasing,
(i)  There exists an x, € X such that x, & Tx,,
(iv)  Either T is continuous or {x; } is a decreasing sequence with x;, — a as h — oo, then

there exists a subsequence {xhp} of {x;, } such that Xn, & Xo forall p € N.
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Then {T"x,} converges to an element a of X is a fixed point of T.
Further, if for all x # y € X, there exists w € X suchthat x & w, y s wand w & Tw, then T
has a unique fixed point.
Proof. We define functions 8,y : X x X x X — [0, o) by
3
ﬁ(x,y) = { Oloft;fei"\i]/ise

and

_rlif x=y
]/(X, y) — U 4 otherwise

Now, forany x,y € X, B(x,x,y) = y(x,x,y) ifand only if x & y.

By (i), we have

E(S(Tx, Tx, Ty), My (x,x,y)) = 0.

Suppose that B (x, x, Tx) = y(x,x, Tx),

then we have

x & Tx. Since T is non-decreasing, we have Tx & TTx

which implies that

B(Tx,TTx) = y(Tx,TTx), hence T is f-admissible with respect to y.

Further, suppose that B(x,x,y) = y(x,x,y) and B(y,,y,Ty) = y(y,y,Ty), so that we have
x sy and y s Ty. It follows that x = Ty and hence B(x,x,Ty) = y(x,x,Ty). Thus T is 3-
admissible with respect to y. Hence T satisfy all the hypotheses of Theorem 2.1 (Theorem 2.2)
and T has a fixed point.

Moreover, if for all x # y € X, there exists w € X, suchthatx & w, y & w and w & Tw, then we
have B(x,x,w) = y(x,x,w), B(y,y,w) = y(y,y,w) and B(w,w,Tw) = y(w,w, Tw).

Hence by Theorem 2.3, T has a unique fixed point.

4. Corollaries

In this section, we shall derive some results of literature from our main results.
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Corollary 4.1. Let (X, §) be a S-metric space. Let T : X - X and B,y : X X X x X = [0, ) be
mappings.
Suppose that the following conditions are satisfied:

(i) There exists a simulation mapping & such that for any x,y € X, f(x,x,y) = y(x,x,y)

implies §(S(Tx,Tx, Ty), S(x,x,y)) =0,

(i) T is a B-admissible mapping with respect to y,

(iii) There exists an x; € X such that 5(x1, x4, Tx;) = y(xq, x4, Tx;), and

(iv) T is an B-y-continuous mapping, or if {x;} is a sequence in X such that 8 (x, xp, Xp41)
Y(xXp, xp, Xp41) forall h € N and x;, = a € X as h — oo, then there exists a sub-sequence
{xhp} of {x;,} such that ﬁ(xhp, Xn,y, a) = y(xhp,xhp, a) forall p € N.
Then T has a fixed point a € X and {T"x,} converges to a.
Moreover, if for all x # y e X, there exists w € X such that B(x,x,w) = y(x, x,w),
B, y,w) = y(y,y,w) and f(w,w, Tw) = y(w,w,Tw), then T has a unique fixed point.
Proof. By taking M(x, x,y) = S§(x, x,y) proof follows from Theorem 2.5,

Corollary 4.2. Let (X,5) be a S-metric space. Let T : X - X and B,y : X X X X X — [0, ) be
mappings. Assume that there exists two continuous function w,p : [0,00) — [0,) with
u(t) <t < p(t)for all ¢t >0and u(t) = p(t) =0 if and only if ¢t =0 such that for any
x,y € X with B(x,x,y) = y(x,x,y) implies

p(S(Tx,Tx,Ty) < u(Mr(x,x,y)) (4.1)

Where My (x, x,y) = max{S(x,x,y), S(x,x,Tx), S(v,y, Ty), S(x'x'Ty);S(y'y'Tx) }.

Suppose that the following conditions are satisfied:

() T isa B-admissible mapping;

(if) There exists x; € X such that 5 (x4, x4, Tx;) = y(xq,x1,Tx;) and

(iii) Either T is an S-y-continuous mapping, or if {x,} is a sequence in X such that
Bn xn, Xpe1) = Y (Xpxn, xpeq) forall h € N and x, = a € X as h — oo, then there exists a
subsequence {xh,,} of {x;} such that ﬁ(xhp,xhp, a) = y(xhp, Xn,y, a) forall p € N.
Then {T™x,} converges to an element x, of X and x, is a fixed point of T.
Proof. The proof of this corollary follows from Theorem 2.4(Theorem 2.5) by taking &(t, s) =
u(s) = p(t) forall t,s = 0.
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Corollary 4.3. Let (X, S) be a S-metric space with T : X - X and B,y : X X X X X — [0, 0) be
mappings.
Suppose that the following conditions are satisfied:
(i) There exists a simulation mapping & such that for any x,y € X with B(x,x,y) >
1 implies €( S(Tx, Tx, Ty), (My(x,x,y)) = 0, where

Mr(x,x,y) =max{S(x,x,y), S(x,x,Tx), S(v,y, Ty), S(x,x,Ty)JZrS(y,y,Tx) .

(i) T is a f-admissible mapping,

(iif)  There exists an x; € X such that g (x;,x,,Tx;) = 1, and

(ivy T is an p-continuous mapping, or if {x,} is a sequence in X such that
B(xn,xn, Txpe1) =1 for all € X, and x, > s € X as h — oo, then there exists

subsequence {xh,,} of {x;,} such that ﬁ(xhp, Xn,y, a)>1forallp € N.

Then T has a fixed point a € X and {T"x,} converges to a.

Moreover, if for all x # y € X, there exists w € X such that B(x,x,w) > 1, then T has a unique
fixed point.

Proof. Follows from Theorem 2.4(Theorem 2.5) and Theorem 2.6 by taking y(x,x,y) =1 for all
y € X.

5. Conclusion

In this manuscript, we have introduced the new notion of generalized f-y-Z contraction mapping
with respect to a simulation function & and proved fixed point theorems for such contractions in
complete S-metric spaces. Further, we have extended it to partially ordered complete S-metric
spaces. In the end, we have provided some corollaries of our main results.
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