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FIXED POINTS IN S-METRIC SPACES VIA SIMULATION FUNCTION

Abstract. We introduce the concept of generalized S-y-Z-contraction mapping with respect to a
simulation function & in S-metric spaces and study the existence of fixed points for such
mappings in complete S-metric spaces. Further, we extend it to partially ordered complete S-
metric spaces.
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Keywords. f-y-continuous mapping; triangular g-orbital admissible mapping with respect to
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1. INTRODUCTION

The famous Banach contraction principle, established by Banach[5], guarantees the presence and
uniqueness of fixed points in full metric spaces for a contraction mapping. By introducing
various contractions in various ambient spaces, several researchers generalized and extended this
theory. (See [1], [2], [4], [6], [8], [10], [12], [13]).

Definition 1.1.[17]

“Let X be a non-empty set, an S-metric on X is a function : X3 — [0, +o0) that satisfies the

following conditions, for each x,y,z,a € X,

1. S(x,vy,2z) =0,
2. S(x,y,z)y=0ifandonlyifx =y =z,
3. S(x,y,2) <S(x,x,a) +S(y,y,a) + §(z,2,a),
forall x,y,z,a € X". The pair (X, S) is called an S-metric space.

Definition 1.2. [16]
Let (X,S) be an S-metric space.
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@) A sequence {x,} CX converges to x € X if S(x,, x,, x) = 0 asn — +oo. That is, for
each € > 0, there exists n, € N such that for all n > n, we have §(x,, x,,, x) <e.

(i)  Asequence {x,} C X is a Cauchy sequence if S(x,,x,, X,) = 0asn,m — +oo. That
is for each € > 0, there exists n, € N such that for all n, m > n, we have
S(xp, Xp, Xm) <E.

(iii) S-metric space (X, S)is complete if every Cauchy sequence is a convergent

sequence.

Theorem 1.3. Let (X,S) be a S-metric space with coefficient s = 2. Let a mappingT : X - X
satisfy

S(Ty, Ty, Ty)) < (S(x,x,y) forall x,y € X

Where ¢:[0,0) — [0, ) is an increasing function such that lim,,_,., ¢™ (t) = 0 for all t > 0.
Then T has exactly one fixed point b in X and lim,,_,o, S(T™ (x),T™ (x),b) = 0 for all x € X.
Lemma 1.4. Suppose (X,S) is a metric space. Let us consider a sequence {x,} in X such that
S(xy , Xn, Xne1) = 0asn — oo, If {x,,} is not a Cauchy sequence then there exists an e > 0 and
sequences of positive integers {r,} and {s; } with s, > 7, > k such that S(x,,, x,,, x5,) = €.
For each k > 0, corresponding to 7, , we can choose s; to be the smallest positive integer such
that S(x,., Xy, Xs,) = €, S(Xpps Xy, X, ) < € AN

. I‘lcl—{?o S(xsk—f Xspe—1” ka+1) —€

i lim S(x,,, x5, %7, ) =€

k—oo

. lim §S(xp_,X%p 1 X5,) =€

k—oo
Iv. Ill_)rg S (Xspr Xspr Xy, ,) = €.
Lemma 1.5.[3] Suppose (X,S) is a S-metric space with coefficient s > 1 and let {x,} be a
sequence in X such that §(x,, , x,,, x,4+1) = 0 asn — oo. If {x,,} is not a Cauchy sequence then
there exist an € > 0 and sequences of positive integers {r} and {s;} with s, > r, = k such
that S (x,, , Xr,, X5,) = €, (X, Xy, X, _,) < €and

i. €< lim sup S(xy, %y X5, ) < S€
< lim su S(x x x ) < s%e
~ k>0 p Tk+1’ " Tk+1’ Sk —

“ulm wvlm

. 2
< 111_{2, sup S(xrk,xrk,xskﬂ) < s“e
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. € . . . 3
v. 5= Ill—{?o 1nf5(xrk+1,xrk+1,xsk+1) < ’ll_r)glo sup S(xrkﬂ,xrkﬂ,xskﬂ) < s°€.

Definition 1.6.[17] Let T : X —» X be a mapping and 8 : X * X — [0, o) be a function. We say
that T be a function. We say that T is an f-admissible mapping if x,y € X, f(x,y) = 1
= [(Tx, Ty) = 1.
Definition 1.7.[16] Let T : X — X be a mapping and 8 : X * X — [0, o) is a function. Then we
say that T be an S-orbital admissible mapping, if x,y € X, B(x,Tx) = 1= B(Tx,T?x) > 1.
Definition 1.8.[16] Let T : X —» X beamappingand 8 : X * X — [0, ) is a function. Then T is
a triangular g-orbital admissible mapping, if

i. T isan f-orbital admissible mapping and

ii. Bxy)=landB(y,Ty)=1 =pB(xTy) =1, x,y €X.
Remark 1.9. Every triangular g-admissible mapping is a triangular S-orbital admissible
mapping. An S-admissible triangular orbital mapping does exist, but it is not an g-admissible
triangular mapping.
Definition 1.10.[8] Let T : X - X and B,y : X * X — [0,00). Then T is said to be an B-orbital
admissible mapping with respect to y if B(x, Tx) = y(x,Tx) implies B(Tx,T?*x) = y(x, T?x).
Definition 1.11.[8] Let T: X - X and B,y : X * X — [0,00). Then is said to be an g-orbital
admissible mapping with respect to y if

i.  B-orbital admissible mapping with respect to y

i B(x,y)=y(x,y)and B(y,Ty) = y(y,Ty) implies B(x, Ty) = y(x,Ty).
Lemma 1.12.[8] Let T is a triangular S-orbital admissible mapping with respect to y. Assume
that there exists x, € X such that (x,,Tx,) = y(xo, Tx,). We define a sequence {x,} by x,,,1 =
Tx, .Then B(xpy , %) = ¥(Xpm , xy) forallm,n € N with m < n.
Definition 1.13.[11] Let (X, S) be a metric space and 8,y : X * X — [0,0). Amapping T : X —
X is said to be S-y-continuous if every sequence {x,, } in X with B(x,, , Xp+1) = ¥ (X , Xp41) fOr
alne Nand x, » xas n - oo impliesTx, - Txasn — oo,
Definition 1.14. Let (X, S) be a S-metric space and 8,y : X *X — [0,0). Amapping T : X —
X is said to be S-y-continuous if every sequence {x, } in X with B(x,, , xp+1) = ¥ (%, , Xn41) fOr
almeNandx, »xas n—» oo impliesTx, » Txasn — oo.
Definition1.15.[14] A simulation function is a mapping

§ :[0,00) * [0,00) - (=00, 0)
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Satisfying the following conditions:
1) $(0,0) =0;
2) é(g,h) <g—h,forallg,h>0;
3) If{g.} {h,} are sequences in (0, o) such that lim,_,s g, = lim,_ . h, = m € (0, ),
then 7{1_{1010 sup ¢(gn, hy) < 0.

Remark 1.16. Let ¢ be a simulation function, if {g,.}, {h,} are sequences in (0, ) such that

lim, 0 gn = lim, e by =m € (0, ), then lim supé(kg,, hy,) < O0forany k > 1.
n—->oo

An example of simulation function is as follows:
Example 1.17. Let & : [0, 00) * [0,0) — (—o0,0), be defined by

1) é(g,h) = Sh—gforall g,h € [0,), where § € [0,1).

2) &(h,g)=———gforall g,h € [0,00).

3) &(g,h) = h — kg otherwise, where k > 1.

4) &(h,g) = ——— ge¢ forall g, h € [0,00).
Definition 1.18.[14] Let (X, S) be a metric space and T be a selfmap of X. We say that T is a Z-
contraction with respect to &, if there exists simulation function & such that
ES(Tx, Tx, Ty), S(x,x,y)) = 0forall x,y € X (1.1)
Theorem 1.19.[14] Let (X,S8) be a S-metric space and T : X — X be a Z-contraction with
respect to a certain simulation function &, then T has a unique fixed point in X.
Moreover, for every x, € X, the Picard sequence {T™x,} converges to this fixed point.
Theorem 1.20.[15] Let (X, S) be a S-metric space and T has a unique fixed point in X. If there
exists simulation function & such that

§(S(Tx, Tx,Ty), My (x,y)) = 0 forall x,y € X, (1.2)
S(x,x,Ty)+S(y,y,Tx)

Where My (x,y) = max{S(x,x,y), S(x,x,Tx), S(y,y,Ty), }, then T has a

unique fixed point in X. Moreover, for every x, € X, the Picard sequence {T"x,} converges to
this fixed point.

In Section 2, we prove our main results in which we study the existence of fixed points of
generalized S-y- Z-contraction mapping with respect to a certain simulation function ¢ in S-
metric spaces. In Section 3, we extend the main results of Section 2 to partially ordered S-metric

spaces. In Section 4, we provide corollaries and examples in support of our results.
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1. Main results
Theorem 2.1. Let (X,S) be a S-metric space with coefficient s > 1. LetT: X —» X and S,y :
X *xX — [0, ) be mappings.
Suppose that the following conditions are satisfied:
I. T isageneralized §-y- Z-contraction with respect to ¢,
Il. T isatriangular g-orbital admissible mapping with respect to y,
I1l.  there exists x; € X such that 8(x;,Tx;) = y(x1,Tx;) and
IV. T isan S-y-continuous mapping.
Then T has a fixed point x* € X and {T"x,} converges to x?.
Proof. Let x; € X be as in m, so that f(x;, Tx;) = y(xq, Tx;). Now we define a sequence {x;}
in X by x4, = T"x,;= Tx,, for all h € N. Suppose that Xp,= Xp,,, fOr some hy € N, we have
Txp,= Xp,, SO that x; is a fixed point of T.
Hence, without loss of generality, we assume that x,,; # x, for all n € N. From (1.3), we have
§(s* S(Xn41, Xna1 Xna2)y Mr(n, Xp41)) = E(* S(Txp, Txp, Txps1), Mr(xp, Xps1)) 20 (2.1)
where
My (xp, Xp+1) = MaxX{ S (Xn, Xp, Xn+1)s S ny X, TXn), S (Xnv 1, Xnt1, TXn41),

S(n X0 TXre1)+S(Xne1 Xni1 ,Txh)}
2s

_ SOenxnXn42)+S(Xpt1,Xn41.X0+1)
= max{ S (xp, Xp, Xn+1)s S (Xn, Xn, Xp+1),S (Xn+1) Xn+1, Xn+2), s }

S(nxnXn+1)+S(Xh+1 Xh+1 Xn+2) }
2s

< max{ S (xn, Xn, Xp+1)s S (Xn+1, Xnt1, TXn42),
= max{ S (Xn, Xn, Xn+1), S (Xn+1, Xn+1, TXn42) -
Hence Mr(xp, Xp11) = Max{ S (xp, Xp, Xn+1)s S Xnt1, Xn+1, Txne2) -
Suppose that (xp, xp, Xp+1) < S(Xp41, Xne1, TXpao) for some h € N. Then we have
My (xp, Xp41) = Max{ S (xXn, Xp, Xn41)s S Xny1 Xne1, TXre2)} = S (Xns 1, Xnt1, TXnq2)-
Hence from (2.1), we have
0 < &(s* S(Txp41, Txns1, TXR42), Mr(Xp, Xpi1))
=&(s* S(Txps1, Txpi1, Txpi2), S(TXps1, TXhs1, TXp42))
<SSttt Xna1 Xna2)-S* S(Txp1, Txns1, Txpen) <0, contradiction.
Hence S (Xpy1, Xnt1, Xna2) < S(Xn, Xn, Xp4q) for all h € N. Therefore, {S(Txy, Txp, Txpyq1)} 1S

decreasing and bounded below. So there exists r > 0 such that lim,,_,o, S(Txp, Txp, Txp4q) =T
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Suppose that r > 0. Now, using condition (¢3), with t,= S (xXp41, Xp+1, Xn42) and
Sp=38(xp, Xp, Xp41), We have

0 < limpoe sup E(s* S(Xps1r Xna1r Xna2)s S (X, Xpy Xptq) < 0, @ contradiction.

Therefore, r = 0 i.e.,

limy, 0 S(xp, Xp, Xpe1) =0, (2.2)
Now, we show that {x;} is a Cauchy sequence. Suppose that {x;} is not a Cauchy sequence.
Now, we consider the following two cases

Casel:s =1.

In this case (X,S8) is a metric space. Then by Lemma 1.4 there exist
e > 0 and sequence of positive integers {h,} and {g, } such that h, > g, = k satisfying

S(Xgyr Xgpr Xn,) = €. (2.3)
Let us choose the smallest h, satisfying (2.3), then we have hy > g, = k with §(x4,, xg,, Xn,)
> eand S(xg,, Xg,, Xn,_,) < €

satisfying (i)-(iv) of Lemma 1.4.

Hence we have

Mg(xg,, Xn,) = Max{S (xg,, Xg,» Xn,)s S Xg,» Xg,0 TXg, ) S Xnys Xny» TXpy ),

S(xgk,xgk,Txhk)+S(xhk,xhk,Txgk)
2

On taking limit as k — oo, we have M,(xg, , Xg,, Xp,) = €

Using condition (§3) with ¢, = S(xg,, s Xg,,,» Xne,,) @Nd s, = M(xg, , Xg,, Xp, ), We have

0 < limy_o sup §(S(Xg,,, Xgs1r Xnyy )» Ms(xg,, Xp,)) <0, a contradiction. Thus {x,} is a
Cauchy sequence.

Case 2. s > 1.

Then by Lemma 1.5 there exists € > 0 and sequence of positive integers {h;} and {g;} such
that hy, > g, = k satisfying

S(xgk,xgk,xhk) > € (2.4)
Let us take the smallest hy, satisfying (2.4), then we have hy > g, > k with S(x,,, x4, xn, ) = €
and S(x,,, X4, Xn,_,) < € satisfying (i)-(iv) of lemma 1.5.

€= S(XQk' xgk’xhk) = Ms(xgk’ 'xhk)
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S(xgk,xgk,Txhk)+5(xgk,xgk,Txhk)
2s

=max{S (xg,, Xg,» Xn, ), S (Xg,» Xg,» TXg,)s S Xp,.» Xny» Txp,),
(2.5)

Taking h — oo in (2.5) and using (i)-(iv) of lemma 1.5, we have

s%e+s%e
2s

€ < limy_,o, sup Ms(xgk1 xhk) < max{se, 0, } = se.

By Lemma 1.12 we have B(x,, x5,) = v((xg,, xs, )- Hence from (1.3) we have
0 < &(s* S(Txg,, Txg,, Txn, ), Mr(xg,, xp,) )-
Now we have
0 < limyoe sup E(s* S(Txy,, Txg,, Txn, ), Mr(xg,, Xn,) )
< limyo0 SUp[ My (xg,, xp,) — s* S(Txg,, Txg,, Txn, ) |
< limy0 SUp My (xg,, Xp,) — S*limyoo inf S(Txg,, Txg,, Txn, )
< se — s‘*(siz) <0, a contradiction. So we conclude that {x; } is a Cauchy sequence in (X, S).

Since X is a S-metric space then, there exists x! € X such that lim,_,., x, = x*. Since T is a B-y-
continuous and B(xp, xp4+1) = ¥(xp xpe1) for all h € N,we have x' = lim,_c Xpi1=
limy, o Txp, = T limp,_0 x, = Tx. Hence T has a fixed point.
In the following theorem, we replace the $-y-continuity of T by another condition.
Theorem 2.2. Let (X,S) be a S-metric space with coefficient s > 1. Let T: X - X and B,y :
X xX — [0, ) be mappings.
Suppose that the following conditions are satisfied:
I. T isageneralized $-y-Z-contraction with respect to ¢,

Il. T isatriangular g-orbital admissible mapping with respect to y,

I1l.  there exists x; € X such that 8(x;, Tx;) = y(xq, Txy),

IV. if {x,} is a sequence in X such that B(xp, xp+1) = yY(xp, xp41) for all h€ N and

Xp = X, € X as h - oo, then there exists a subsequence {xhp} of {x;} such that
B(xp,, x') = y(xp,, x*) forallp € N.
Then {T™x,} converges to an element x* of X and x? is a fixed point of T.

Proof. By using similar arguments as in the proof of Theorem 2.1, we obtain that the sequence

{x,,} defined by x;,,., = Tx,, converges to x! € X and B(xp, xp+1) = ¥ (xp, xp41) forall p € N.
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By (iv), there exists a subsequence {xhp} of {x,} such that ,B(xhp, x1) > y(xhp, x1) for all
p € N. Hence from (1.3) we have
0<é&(s* 8 (Txn,,, Txn,, Tx1), MT(xhp,xl)) = &(s* S(Txth,Txth,Txl), MT(xhp,xl))

< MT(xhp,xl) —s* S(Txpy11, Txnyyy ) Tx'), (2.8)
Which implies that S4S(Txhp+1, TXp,, Tx1) < MT(xhp,xl).
Now, we have
SS(Txny+1, Txnyyy) TXY) < 48 (Txpy 11, Txny,,, TXY) < Mp(xp,, x*) (2.9)
And
S(xt,xt, Txt) < MT(xhp,xl) = maX{S(xhp,xhp,xl), S (X, Xn,, Txn,,), S(xt, x1, Tx1),

S(xhp ,xhp,Tx1)+S(Txhp,Txhp,xl)

2

< max{$ (xn,,, *n, ¥, § (Xp,,» Xp,,, Txn,), S (x*, x*, Tx')

S(xhp,xhp,xl) +8(xt xhTxt) + S(Txpyy, TXpy, X ")
2

i

On taking limits as h — oo we have

S(xt, xt, Tx') < limy, o0 My (xn,, x1) < §(xt, xt, Tx?).

Therefore lim,, o, My (xp,, x') = S(x*, x*, Tx?)

From (2.9) we have

c <s8(xtxt, Txp,) + 58 (Xn,, Xn,,, Tx1) < s 8§(xt,xt, Txp,) + My (xp,, x1) (2.10)
On taking limitas p — oo on (2.10), we have

S(xt, xt, Tx') < slimy, o S (Xnypy Xnpyrs Tx1) < S(x1, xt, Tx1). (2.11)
Hence we have

limy, oo 8 (ny g Xy Txl) = % S(xt, xt, Tx1). (2.12)
Suppose x* # Tx". Now we choose ¢, =5 S (xp,,,,, *n,,,, Tx") and dp= My (xp,, x*)

from property (5), it follows that

0 < lim,, o, supé(s* S(Txp,, Txp,, Tx1), Mz (xp,,, x1) <0, a contradiction. Hence Tx! = x1.

Therefore T has a fixed point.
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Theorem 2.3. In addition to the hypotheses of Theorem 2.1(Theorem 2.2), assume the following
condition (A): for all x # y € X, there exists w € X such that B(x,w) = y(y,w), B(y,w) =
y(x,w) and S(w,Tw) = y(w,Tw). Then T has a unique fixed point.

Proof. Suppose that z! and y?! are two fixed points of T with z # y. Then by our assumption,
there exists w € X such that g(z,w) = y(zL,w), pGyL,w) =yt w) and B(w,Tw) =
y(w, Tw) so that condition (iii) of Theorem 2.1(Theorem 2.2) holds with x; = w, also. Now, by
applying Theorem 2.1(Theorem 2.2), we deduce that {T"w} converges to a fixed point x* of T
and hence the sequence is {S(x?,x!, T"w)} is bounded.

Now, since S(z%, z%, T"w) < s [S(2%, 28, x1) + S(x%, x1, T"w)], we have the sequence S(z?, z?,
T"w) is bounded. Therefore there exists a subsequence {S(z%,z*, T"*w)} of S(z%,z%, T"w)
such that limy, ., S(z%, 2, T"w) = r, for some non-negative real r.

Now, we have

S(z%, 24, T w) < Mp(zt, T w)

S(zl,zl,ThP+1w)+$(Tz1,T21,Th1’ w)
2S

= max{ S(z%, 21, T"w),S (21, 2%, Tz1),S (T w, T"»w, TMo+1w),

5(21,21,Thp+1 w)+5(zl,zl,ThP w)
2s

= max{ 5(21,21,Thpw),5(ThPW, Thow, TM+iw), } (2.13)

<max{8(zt, 2z, T"w), S(T"»w, T"»w, T"p+1w),

s[é‘ (zl,zl,ThP)+S(ThP w,Thow, rhp+1 w)] +5(21,21,Thp w)
2s

On taking limits as p — oo we have lim,_,, My (2, T"w) = 7.
Now we show that r = 0. Suppose r > 0.
Since T is triangular B-orbital admissible with respect to y, we have g(w, T"w) = y(w, T"w)
and hence B (z, T"w) = y(z%, T"w) and B(y!, T"w) = y(y*, T"w) forall h € N.
Now from (1.3) we have &(s* §(z%, zt, T"»+1w), My (2%, T"?w) > 0.
Hence, we have s* §(z2, zt, T"»+1w) < My (2%, T"»w) which implies that
sS(zY, 24, TMvriw) < 53 8(28, 21, Theviw) < My (22, Thew).
Now, we have
S(zt, 24, Thw) < 5 §(2%, 22, T+ iw) + s S(TMp+ 1w, The+iw, TP w)
< MT(zl, Thpw) +s 5(21,21, Thpw)

On taking limits as p — oo we have
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limy,_e s 5(21, z1, Thp+1w) =r.
Now, by choosing t, = sS(z%,z%, T"+1w) and s, = My(z,T"w), from property (&), it
follows that
0 < lim,_o supé(s* S(2*, 21, T"v+1w), My (2%, T w) ) <0,
a contradiction. Hence r = 0. Hence T"»w — z! as h - oo. Therefore z! = x?.
Similarly we can prove that y* = x1.
Thus it follows that z! = y?, a contradiction. Hence T has a unique fixed point.

2. Afixed point result in partially ordered S-metric spaces
Definition 3.1. Let (X, &) be a partially ordered set. If there exists a S-metric § on X with
coefficient s > 1, such that (X, ) is complete, then we say that (X, &, S) is a partially ordered
complete S-metric space with coefficient s > 1.
Theorem 3.2. Let (X, &, 8) be a partially ordered complete S-metric space with coefficient
s>1.LetT: X - X be aselfmap of X. Assume that the following conditions are satisfied:

Q) there exists a simulation mapping & such that

E(s*S(Tx,Tx, Ty), My (x,y)) =0, forany x,y € X with x & v,

Where My (x,y) = max{S(x, x,y), S(x,x,Tx), S(y,y,Ty), S@ATY)+S(y.Tx) 1

2s
(i) T isanon-decreasing,
(iii)  There exists an x; € X such that x; & Tx;,
(iv)  Either T is continuous or {x; } is a decreasing sequence with x;, — x as h — oo, then

there exists a subsequence {xhp} of {x;, } such that Xn, & X1 forallp € N.

Then {T"x, } converges to an element x* of X is a fixed point of T. Further, if for all
x #y € X, there exists w € X such that x > w, y sw and w & Tw, then T has a
unique fixed point.

Proof. We define functions 8,y : X * X — [0, o) by

Ble,y) = {37527 and

0 otherwise

_rlif x=y
y(x, y) — L 4 otherwise

Now, forany x,y € X, B(x,y) = y(x,y) ifand only if x & y. By(i), we have
&(s*S(Tx,Tx, Ty), My(x,y)) = 0. Suppose that B (x, Tx) = y(x, Tx), then we have

10
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x & Tx. Since T is non-decreasing, we have Tx & TTx which implies that g(Tx,TTx) >
v(Tx,TTx), hence T is B-orbital admissible with respect to y.

Further, suppose that 8(x,y) = y(x,y) and B(y,Ty) = y(y,Ty), so that we have x & y and
y & Ty. It follows that x & Ty and hence B(x,Ty) = y(x,Ty). Thus T is triangular g-orbital
admissible with respect to y. Hence T satisfies all the hypotheses of Theorem 2.1 (Theorem 2.2)
and T has a fixed point.

Moreover, if for all x # y € X, there exists w € X, such that x = w, y s w and w & Tw, then
we have B(x,w) = y(x,w), B(x,w) = y(y,w) and B(w,Tw) = y(w,Tw). Hence by Theorem
2.3, T has a unique fixed point.

4. Corollaries
Corollary 4.1. Let (X, §) be a S-metric space. Let T: X - X and B,y : X * X — [0,00) be
mappings.
Suppose that the following conditions are satisfied:

(i) There exists a simulation mapping & such that for any x,y € X, f(x,y) = y(x,y) implies

§(S(Tx, Tx, Ty), M(x,y)) = 0, where M(x,y) = max{ S(x,x,y), S(x,x,Tx), S(y,y,Ty),

S (x,x, Ty)+S (x,x,Tx)
2 }’

(if) T is a triangular B-orbital admissible mapping with respect to y,

(iii) There exists an x; € X such that S (x;, Tx;) = y(x1, Tx,), and

(iv) T is an S-y-continuous mapping, or if {x,} is a sequence in X such that B (x;, xp4+1) =
¥Y(xp, xp41) for all h € N and x;, > x* € X as h — oo, then there exists a subsequence
{n, } of {x} such that 5 (xp,, x*) = ¥ (xp,, x*) forall p € N.
Then T has a fixed point x* € X and {T"x,} converges to x?.
Moreover, if for all x #y € X, there exists w € X such that B(x,w) = y(x,w),
B(y,w) = y(y,w) and f(w,Tw) = y(w, Tw), then T has a unique fixed point.
Proof. Follows from Theorem 2.3 by taking s = 1.
Remark 4.2. Theorem 1.20 follows as a Corollary to Corollary 4.1 by choosing
B(x,y) =y(x,y) =1 forall x,y € X,which in turn Theorem 1.20 follows as a Corollary
to Theorem 2.3.
Corollary 4.3. Let (X, §) be a S-metric space with coefficient s > 1. LetT : X —» X and

B,y : X *X — [0,00) be mappings. Assume that there exists two continuous function

11
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(1
(i)
(iii)

(i)

(i)
(i)
(iv)

EV

U, p: [0,00) - [0,00) with u(t) <t < p(t)forall t >0and u(t) = p(t) =0 if and
only if t = 0 such that for any x,y € X with S(x,y) = y(x,y) implies
p(s* S(Tx, Tx, Ty) < u(Mr(x,y)) (4.1)

Where My (x, y) = max{ S(x,x,y), S(x,x, Tx), §(y,y, Ty), SEXE0210 3

Suppose that the following conditions are satisfied:
T is a triangular B-orbital admissible mapping;
There exists x; € X such that 8(x,,Tx;) = y(x,,Tx,) ; and
Either T is an B-y-continuous mapping, or if {x,} is a sequence in X such that
B (xp, Xp41) = V(xp, xpeq) forall h € N and x,, » x! € X as h — oo, then there exists a
subsequence {x,} of {x;} such that B (x,,,, x*) = y (xp,, x*) forall p € N.
Then {T"x,} converges to an element x; of X and x is a fixed point of T
Proof. The conclusion of this corollary follows from Theorem 2.1(Theorem 2.2) by
taking &(t, s) = u(s) = p(t) forall t,s > 0.
Corollary 4.4. Let (X, §) be a S-metric space with coefficient s >1. Let T : X - X and
B,y : X * X = [0, ) be mappings.
Suppose that the following conditions are satisfied:
There exists a simulation mapping & such that for any x,y € X with f(x,y) =
1 implies §(s* S(Tx, Tx, Ty), (My(x,y)) = 0, where

Mr(x,y) = max{ S(x,x,y), S(x, x,Tx), (v, ¥, Ty), SCxx,TY)+S(¥,y,Tx) N

2s

T is a triangular B-orbital admissible mapping,

There exists an x; € X such that 8(x;,Tx;) = 1, and

T is an f-continuous mapping, or if {x;} is a sequence in X such that 8 (xp, Txp4+1) =
1 forall h € X, and x, > s! € X as h - oo, then there exists subsequence {xhp} of
{x} such that B(xp,, x') = 1 forallp € N.

Then T has a fixed point x* € X and {T"x,} converges to x?.

Moreover, if for all x # y € X, there exists w € X such that S(x,w) > 1,y(y,w) =
1, then T has a unique fixed point.

Proof. Follows from Theorem 2.1(Theorem 2.2) and Theorem 2.3 by taking y(x,y) =
1forall,y € X.

12
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