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FIXED POINTS IN S-METRIC SPACES VIA SIMULATION FUNCTION 

Abstract. We introduce the concept of generalized  - - -contraction mapping with respect to a 

simulation function ξ in S-metric spaces and study the existence of fixed points for such 

mappings in complete S-metric spaces. Further, we extend it to partially ordered complete S-

metric spaces. 

Mathematics Subject Classification. 47H10; 54H25 

Keywords.   -  -continuous mapping; triangular  -orbital admissible mapping with respect to 

 ; generalized  - - -contraction mapping. 

1. INTRODUCTION 

The famous Banach contraction principle, established by Banach[5], guarantees the presence and 

uniqueness of fixed points in full metric spaces for a contraction mapping. By introducing 

various contractions in various ambient spaces, several researchers generalized and extended this 

theory. (See [1], [2], [4], [6], [8], [10], [12], [13]). 

Definition 1.1.[17] 

“Let   be a non-empty set, an S-metric on   is a function  :     ,    ) that satisfies the 

following conditions, for each           ,  

1.   (     )     

2.  (     )    if and only if        

3.  (     )   (     )   (     )   (     )  

for all              The pair (   ) is called an  -metric space. 

Definition 1.2. [16] 

 Let (   ) be an S-metric space. 
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(i) A sequence  *  +     converges to       if  (        )    as     . That is, for 

each     , there exists          such that for all         we have  (        ) <     

(ii) A sequence *  +     is a Cauchy sequence if   (         )    as          That 

is for each     , there exists        such that for all          we have  

  (         ) <    

(iii) S-metric space (   ) is complete if every Cauchy sequence is a convergent 

sequence. 

 

Theorem 1.3. Let (   ) be a S-metric space with coefficient s = 2. Let  a mapping        

satisfy  

 (          )   ( (     ) for all        

Where   ,   )   ,   ) is an increasing function such that        
 ( )    for all     . 

Then   has exactly one fixed point   in   and        ( 
  ( )    ( )  )    for all    . 

Lemma 1.4. Suppose (   ) is a metric space. Let us consider a sequence {  } in   such that 

 (           )    as     . If {  + is not a Cauchy sequence then there exists an      and 

sequences of positive integers {  + and {  } with          such that  (   ,    ,    )    . 

For each     , corresponding to    , we can choose    to be the smallest positive integer such 

that   (   ,    ,    )   ,  (   ,    ,      )    and 

i.    
   

 (                 )  =   

ii.    
   

 (           )  =   

iii.    
   

 (               )  =   

iv.    
   

 (             )  =  . 

Lemma 1.5.[3] Suppose (   ) is a S-metric space with coefficient      and let {  } be a 

sequence in   such that  (           )    as     . If {  } is not a Cauchy sequence then 

there exist an      and sequences of positive integers {  + and {  } with            such 

that  (   ,    ,    )   ,  (   ,    ,      )    and  

i.      
   

    (           )      

ii. 
 

 
     

   
    (               )        

iii. 
 

 
      

   
    (             )        
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iv. 
 

  
     

   
     (                 )     

   
    (                 )    

  . 

Definition 1.6.[17] Let        be a mapping and        ,   ) be a function. We say 

that   be a function. We say that   is an  -admissible mapping if        (   )     

   (     )     

Definition 1.7.[16] Let        be a mapping and        ,   ) is a function. Then we 

say that   be an  -orbital admissible mapping, if        (    )       (       )     

Definition 1.8.[16] Let        be a mapping and        ,   ) is a function. Then   is 

a triangular  -orbital admissible mapping, if 

i.    is an  -orbital admissible mapping and  

ii.  (   )    and  (    )        (    )   ,       . 

Remark 1.9. Every triangular  -admissible mapping is a triangular  -orbital admissible 

mapping. An  -admissible triangular orbital mapping does exist, but it is not an  -admissible 

triangular mapping. 

Definition 1.10.[8] Let        and           ,   )  Then   is said to be an  -orbital 

admissible mapping with respect to   if  (    )    (    ) implies  (       )     (     ). 

Definition 1.11.[8] Let        and           ,   )  Then is said to be an  -orbital 

admissible mapping with respect to   if  

i.  -orbital admissible mapping with respect to   

ii.  (   )   (   ) and  (    )   (    ) implies  (    )   (    ).  

Lemma 1.12.[8] Let   is a triangular  -orbital admissible mapping with respect to  . Assume 

that there exists      such that (       )   (      ). We define a sequence {  } by      =  

    . Then  (      )   (      ) for all        with     . 

Definition 1.13.[11] Let (   ) be a metric space and           ,   )  A mapping     

   is said to be  - -continuous if every sequence {  } in   with  (        )   (        ) for 

all      and       as       implies          as     . 

Definition 1.14. Let (   ) be a S-metric space and           ,   )  A mapping     

   is said to be  - -continuous if every sequence {  } in   with  (        )   (        ) for 

all      and       as       implies          as     . 

Definition1.15.[14] A simulation function is a mapping  

                                   ,   )   ,   )   (    ) 
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Satisfying the following conditions: 

1)  (   )     

2)   (   )       for all      ; 

3)  If {  }, {  } are sequences in (0,  ) such that          =           =    (   ), 

then    
   

    (     )     

Remark 1.16. Let   be a simulation function, if {  }, {  } are sequences in (   ) such that 

         =           =    (   ), then    
   

    (      )    for any     . 

An example of simulation function is as follows: 

Example 1.17. Let   ,   )   ,   )   (    ), be defined by 

1)  (   )        for all     ,   ), where   ,   ). 

2)  (   ) = 
 

    
   for all     ,   ). 

3)  (   )       otherwise, where    . 

4)  (   )  
 

    
     for all     ,   ). 

Definition 1.18.[14] Let (   ) be a metric space and   be a selfmap of  . We say that   is a  -

contraction with respect to  , if there exists simulation function   such that  

 ( (        ),  (     ))    for all                                                                           (1.1)  

Theorem 1.19.[14] Let (   ) be a S-metric space and        be a  -contraction with 

respect to a certain simulation function  , then   has a unique fixed point in  . 

Moreover, for every     , the Picard sequence {    + converges to this fixed point. 

Theorem 1.20.[15] Let (   ) be a S-metric space and   has a unique fixed point in  . If there 

exists simulation function   such that  

 ( (        ),   (   ))    for all       ,                                                                      (1.2) 

Where   (   ) = max{ (     ),  (      ),  (      ), 
 (      )  (      )

 
 }, then   has a 

unique fixed point in  . Moreover, for every     , the Picard sequence {    + converges to 

this fixed point. 

In Section 2, we prove our main results in which we study the existence of fixed points of 

generalized  - -  -contraction mapping with respect to a certain simulation function   in S-

metric spaces. In Section 3, we extend the main results of Section 2 to partially ordered S-metric 

spaces. In Section 4, we provide corollaries and examples in support of our results. 
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1. Main results 

Theorem 2.1. Let (   ) be a S-metric space with coefficient    . Let        and      

     ,   ) be mappings. 

Suppose that the following conditions are satisfied: 

I.   is a generalized  - -  -contraction with respect to  , 

II.   is a triangular  -orbital admissible mapping with respect to    

III. there exists      such that  (      )    (      ) and  

IV.   is an  - -continuous mapping. 

Then   has a fixed point      and {    + converges to     

Proof. Let      be as in  , so that  (      )    (      ). Now we define a sequence {  } 

in   by        
   =     for all    . Suppose that    =       for some     , we have 

    =    , so that     is a fixed point of  . 

Hence, without loss of generality, we assume that         for all    . From (1.3), we have 

 (    (              ),   (       )) =  (    (             ),   (       ))        (2.1) 

where  

  (       ) = max{  (          ),  (         ),  (               ),  

   (           )  (                 )

  
} 

= max{  (          ),  (          ), (              ), 
     (          )  (               )

  
 }        

  max{  (          ),   (               ), 
     (          )  (                    )

  
 } 

  max{  (          ),   (               ) }. 

Hence   (       ) = max{  (          ),   (               ) }. 

Suppose that (          )   (               ) for some    . Then we have  

  (       ) = max{  (          ),   (               )} =  (               ). 

Hence from (2.1), we have  

0    (    (                 ),   (       )) 

   =  (    (                 ),  (                 )) 

   <  (              )–  
   (                 )                         contradiction. 

Hence  (              )   (          ) for all      Therefore, * (             )} is 

decreasing and bounded below. So there exists     such that        (             )     
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Suppose that      Now, using condition (  ), with   =  (              ) and  

  =  (          ), we have  

0             ( 
   (              ),  (          ) < 0, a contradiction.  

Therefore,     i.e.,  

       (          ) = 0,                                                                                                      (2.2) 

Now, we show that {  + is a Cauchy sequence. Suppose that {  + is not a Cauchy sequence. 

Now, we consider the following two cases 

Case 1 :    . 

In this case (   ) is a metric space. Then by Lemma 1.4 there exist  

     and sequence of positive integers {  } and {  } such that            satisfying 

 (   ,        )    .                                                                                                              (2.3) 

Let us choose the smallest    satisfying (2.3), then we have            with  (           ) 

    and  (   ,          )     

 satisfying (i)-(iv) of Lemma 1.4. 

Hence we have 

  (   ,    ) = max{ (   ,        ),  (   ,         ),  (   ,         ), 

 .            /  (            )

 
 

On taking limit as    , we have   (   ,        ) =    

Using condition (  ) with    =  (     ,            ) and    =  (   ,        ), we have 

0            ( (     ,            ),   (   ,    )) < 0, a contradiction. Thus {  } is a 

Cauchy sequence. 

Case 2.   > 1. 

Then by Lemma 1.5 there exists      and sequence of positive integers *  } and {  } such 

that    >       satisfying  

 (           )                                                                                                                      (2.4) 

Let us take the smallest    satisfying (2.4), then we have    >       with  (           )     

and  (             )     satisfying (i)-(iv)  of lemma 1.5. 

      (           )     (   ,    )  
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 = max{ (   ,        ),  (   ,         ),  (   ,         ), 
 .            /  (            )

  
      

                                                                                                                                       (2.5)     

Taking      in (2.5) and using (i)-(iv) of lemma 1.5, we have  

               (   ,    )      {  , 0, 
       

  
 } =     

By Lemma 1.12 we have  (   ,    )    ((       )  Hence from (1.3) we have  

0    (    (              ),   (       ) ). 

Now we have  

0             ( 
   (              ),   (       ) ) 

               ,  (       )       (              ) - 

                 (       )                (              ) 

             ( 
 

  
 ) < 0, a contradiction. So we conclude that {  } is a Cauchy sequence in (   ). 

Since   is a S-metric space then, there exists      such that          =   . Since   is a  - -

continuous and  (       )    (       ) for all      we have    =           = 

          =           =    . Hence   has a fixed point.  

In the following theorem, we replace the  - -continuity of   by another condition.  

Theorem 2.2. Let (   ) be a S-metric space with coefficient       Let        and      

     ,   ) be mappings. 

Suppose that the following conditions are satisfied: 

I.   is a generalized  - - -contraction with respect to    

II.   is a triangular  -orbital admissible mapping with respect to  , 

III. there exists      such that  (  ,    )    (  ,    ),  

IV. if {  } is a sequence in   such that  (       )    (       ) for all     and 

         as    , then there exists a subsequence {   } of {  + such that 

  (   ,   )    (   ,   ) for all    . 

Then {    + converges to an element    of   and    is a fixed point of   . 

Proof. By using similar arguments as in the proof of Theorem 2.1, we obtain that the sequence 

{  } defined by      =     converges to      and  (       )    (       ) for all      
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By (iv), there exists a subsequence {   } of *  } such that  (   ,   )    (   ,   ) for all 

     Hence from (1.3) we have  

0    (    (            
 ),   (     

 )) =  (    (                
 ),   (     

 )) 

                                                                      <    (     
 )       (                

 ),     (2.8) 

Which implies that    (                
 ) <   (     

 ). 

Now, we have  

  (                
 )      (                

 ) <   (     
 )                                    (2.9) 

And 

  (     ,    )      (     
 )  = max{ (         

 ),  (            ),  ( 
    ,    ),                         

 
 .          

 /  (           
 )

 
 } 

  max{ (         
 ),  (            ),  ( 

    ,    )          

 
 .         

 /    (         )    (           
 )

 
},  

On taking limits as     we have  

 (     ,    )           (     
 )    (     ,    ). 

Therefore         (     
 )    (     ,    ) 

From (2.9) we have  

       (     ,     ) +   (          
 )      (     ,     ) +   (     

 )                    (2.10) 

On taking limit as       on (2.10), we have  

 (     ,    )            (              
 )    (     ,    ).                                     (2.11) 

Hence we have  

        (              
 ) = 

 

 
  (     ,    ).                                                                   (2.12) 

Suppose          . Now we choose    =    (              
 ) and   =   (     

 ) 

from property (  ), it follows that  

0              ( 
  (            

 ),   (     
 ) < 0, a contradiction. Hence      =    .  

Therefore   has a fixed point. 
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Theorem 2.3. In addition to the hypotheses of Theorem 2.1(Theorem 2.2), assume the following 

condition ( ): for all       , there exists      such that  (   )   (   ),  (   )  

 (   ) and  (    )   (    ). Then   has a unique fixed point. 

Proof. Suppose that    and    are two fixed points of   with       . Then by our assumption, 

there exists      such that  (    )   (    ),  (    )   (    ) and  (    )  

 (    ) so that condition (iii) of Theorem 2.1(Theorem 2.2) holds with    =  , also. Now, by 

applying Theorem 2.1(Theorem 2.2), we deduce that *   } converges to a fixed point    of   

and hence the sequence is  * (     ,    )} is bounded. 

Now, since  (     ,    )    , (     ,   ) +  (     ,    )], we have the sequence  (     , 

   ) is bounded. Therefore there exists a subsequence * (     ,     )} of  (     ,    ) 

such that         ( 
         ) =  , for some non-negative real  . 

Now, we have  

 (          )    (       ) 

= max{  (          ), (         ), (                ), 
   .            /  (            )

  
 

  max{  (          )  (                ), 
 .            /  (          )

  
}                 (2.13) 

  max{  (          )   (                ),         

  0 .         /  .                /1  .          /

  
 } 

On taking limits as     we have         ( 
      ) =  . 

Now we show that    0. Suppose   > 0. 

Since   is triangular  -orbital admissible with respect to  , we have  (     )   (     ) 

and hence  (      )   (      ) and  (      )   (      ) for all    . 

Now from (1.3) we have  (    (            ),   ( 
      )     

Hence, we have     (            )    ( 
      ) which implies that  

                               (            )       (            )    ( 
      )  

Now, we have  

                                   (          )      (            ) +    (                  )  

                                                                 ( 
      ) +    (          ) 

On taking limits as     we have  
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         ( 
           ) =  . 

Now, by choosing    =    (            ) and    =   ( 
      ), from property (  ), it 

follows that  

0             ( 
  (            ),   ( 

      ) ) < 0, 

a contradiction. Hence    . Hence           as    . Therefore      . 

Similarly we can prove that      .  

Thus it follows that      , a contradiction. Hence   has a unique fixed point. 

2.  A fixed point result in partially ordered S-metric spaces 

Definition 3.1. Let ( ,  ) be a partially ordered set. If there exists a S-metric   on   with 

coefficient    , such that ( ,  ) is complete, then we say that ( ,    ) is a partially ordered 

complete S-metric space with coefficient      

Theorem 3.2. Let ( ,    ) be a partially ordered complete S-metric space with coefficient  

   . Let        be a selfmap of  . Assume that the following conditions are satisfied: 

(i) there exists a simulation mapping   such that 

 (   (        ),   (   ))   0, for any       with    , 

Where   (   ) = max{  (     ),  (      ),  (      ), 
 (      )  (      )

  
 }, 

(ii)   is a non-decreasing, 

(iii) There exists an       such that         ,  

(iv) Either   is continuous or {   + is a decreasing sequence with      
  as    , then 

there exists a subsequence {   } of {   + such that         for all    . 

Then {     + converges to an element    of   is a fixed point of    Further, if  for all 

     , there exists     such that    ,     and     , then   has a 

unique fixed point. 

Proof. We define functions         ,   ) by 

 (   )  *                        
                       

 

 

                                                                (   )   {                 
                   

. 

Now, for any      ,  (   )   (   ) if and only if    . By(i), we have 

  (   (        ),   (   ))   0. Suppose that  (    )   (    ), then we have  
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    . Since   is non-decreasing, we have        which implies that  (      )  

 (      ), hence   is  -orbital admissible with respect to     

     Further, suppose that  (   )   (   ) and  (    )   (    ), so that we have     and 

    . It follows that      and hence  (    )   (    ). Thus   is triangular  -orbital 

admissible with respect to  . Hence   satisfies all the hypotheses of Theorem 2.1 (Theorem 2.2) 

and   has a fixed point. 

    Moreover, if for all      , there exists     , such that    ,     and     , then 

we have  (   )   (   ),  (   )   (   )      (    )   (    ). Hence by Theorem 

2.3,   has a unique fixed point. 

4. Corollaries 

Corollary 4.1. Let ( ,  ) be a S-metric space. Let         and         ,   ) be 

mappings. 

Suppose that the following conditions are satisfied: 

(i) There exists a simulation mapping ξ such that for any      ,  (   )   (   ) implies 

 ( (        ),  (   ))   0, where  (   ) = max{  (     ),  (      ),  (      ), 

 (      )  (      )

 
}, 

(ii)   is a  triangular  -orbital admissible mapping with respect to    

(iii) There exists an      such that  (      )   (      ), and 

(iv)    is an  - -continuous mapping, or if {  + is a sequence in   such that  (       )  

 (       ) for all     and     
    as    , then there exists a subsequence 

{   } of {  + such that  (     
 )   (     

 ) for all    . 

Then   has a fixed point       and {    } converges to   . 

Moreover, if for all      , there exists     such that  (   )   (   ), 

 (   )   (   ) and  (    )   (    ), then   has a unique fixed point. 

Proof. Follows from Theorem 2.3 by taking     . 

Remark 4.2. Theorem 1.20 follows as a Corollary to Corollary 4.1 by choosing 

 (   )   (   )    for all      ,which in turn Theorem 1.20 follows as a Corollary 

to Theorem 2.3. 

Corollary 4.3. Let ( ,  ) be a S-metric space with coefficient    . Let       and 

        ,   ) be mappings. Assume that there exists two continuous function 
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     ,   )  ,   ) with  ( )      ( ) for all           ( )    ( )    if and 

only if      such that for any       with  (   )   (   ) implies  

 (    (        )   (  (   ))                                                                                (4.1) 

Where   (   ) = max{  (     ),  (      ),  (      ), 
 (      )  (      )

  
 }. 

Suppose that the following conditions are satisfied: 

(i)    is a triangular  -orbital admissible mapping; 

(ii)  There exists      such that  (      )   (      ) ; and  

(iii) Either   is an  - -continuous mapping, or if {  + is a sequence in   such that 

 (       )   (       ) for all     and     
    as    , then there exists a 

subsequence {   } of {  + such that  (     
 )   (     

 ) for all    . 

Then {    + converges to an element    of   and    is a fixed point of  . 

Proof. The conclusion of this corollary follows from Theorem 2.1(Theorem 2.2) by 

taking ξ(t, s) =  ( )    ( ) for all        

Corollary 4.4. Let ( ,  ) be a  -metric space with coefficient   1. Let       and 

        ,   ) be mappings. 

Suppose that the following conditions are satisfied: 

(i) There exists a simulation mapping ξ such that for any       with  (   )  

  implies  (    (        ) (  (   ))   , where  

  (   ) = max{  (     ),  (      ),  (      ), 
 (      )  (      )

  
 }. 

(ii)   is a triangular  -orbital admissible mapping, 

(iii) There exists an      such that  (      )   , and 

(iv)   is an  -continuous mapping, or if {  + is a sequence in   such that  (        )  

  for all    , and     
    as    , then there exists subsequence {   } of 

*  } such that  (   ,   )    for all    . 

Then   has a fixed point      and {    } converges to   . 

Moreover, if for all      , there exists      such that  (   )   ,  (   )   

 , then   has a unique fixed point. 

Proof. Follows from Theorem 2.1(Theorem 2.2) and Theorem 2.3 by taking  (   ) = 

1 for all      . 
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