
The complexity of wheel graphs with multiple edges and
vertices

Abstract
In this paper, we focus on calculate the number of spanning trees of the general wheel graphs,
which means the original wheel graphs adding large amount of vertices and edges. Particularly, we
introduce the C-graph and deduce a new equation that computing the spanning trees by removing
C-graphs instead of edges. In Addition, we test our results by Kirchhoff’s matrix-tree theorem in
some simple cases and provide the tree entropy of the general wheel graphs. Finally, we analyse
the relation between the wheel graph and double-wheel graphs and propose the idea of calculating
the spanning trees of double-wheel graphs.

Keywords: the number of spanning trees; wheel graph; iterate relations; tree entropy; double-wheel
graphs; complex network

1 Introduction
A spanning tree is a minimal connected subgraph containing all vertices of a connected graph. The
spanning tree of a given graph is not unique. By traversing from different vertices, different spanning
trees can be obtained. The number of spanning trees, also known as complexity, plays an important
role in the development of graph theory. We denote the number of the spanning trees of one graph
G by using the symbol τ(G). As a key feature of graphs, the concept of spanning trees has been
applied in many areas, such as chemistry, physics, computer science and so on. Thanks to Kirchhoff’s
effort, a feasible way to find the number of spanning trees of graphs has been given. His matrix tree
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theorem[5] shows that the cofactor of a graph’s Laplacian matrix is equal to its number of spanning
trees.

Deriving closed formulas of the number of spanning trees for various graphs has attracted the
attention of a lot of researchers. Cayley who gives the famous Cayley’s theorem[1] is one of them.
After that, the number of spanning trees of graphs like Sierpinski[7], Apollonian[8], ladder[4][6], fan[2],
wheel[3][6] have all been found.

Feussner found a technical to calculate the complexity of simple graph by deleting and merging
two edges. Assume G is a planar graph and e is an edge of G, we can obtain the following equation[5]:

τ(G) = τ(G− e) + τ(G · e)

where G − e means spanning trees don’t contain the chosen edge, and τ(G.e) represents that
two vertices of this edge merge together. Based on the Feussner’s iterative formula , Mohammad
Hassan Shirdareh Haghighi got the Recuesive Relation of the spanning trees of the ordinary fan
graph and wheel graph, and then obtain its number of spanning trees. However, the simple iterative

(a) F(n) (b) W(n)

Figure 1: the simple fan and wheel graph

formula cannot deal with the complexity of wheel graphs with multiple edges and vertices(called the
general wheel graph). Further research was conducted on the number of spanning trees for wheel
and fan graphs. Hajor Sabbani found that it wound be more interesting and practical when several
connections between two vertices, so he treated the number of spanning trees of multi-edge wheel
graph.

The number of spanning trees in general wheel graphs has a wide range of applications compared
to simple wheel graphs. In a communication network, there are usually multiple connections between
two components because when there is only one connection between two components. When this
connection fails, it can be connected through other lines in these two components. At the same time,
as the number of edges between the two points increases, the information transmission speed is
faster. Therefore, the reliability and robustness of this communication device are ensured. At the
same time, the spanning tree of the graph after adding points and edges can be used for the study
of electrical networks, with the number of edges (or points) and the conductivity of each edge. The
effective conductance between two specific vertices, x, can be written as the number of spanning
trees after adding points or edges, that is, a spanning forest with exactly two components, each
containing exactly one vertex x, y .

In this essay, we aim to solve this problem. To begin with, we introduce a simplification method by
which the spanning trees of a graph can be divided into 2 groups and we only need to discuss 2 easier
ones. According to general wheel graph’s structure, we make a generalization to this method. By
applying it, we are able to find an iterative relation between the wheel graph and its simplified graph,
and obtain the formula depending on the iterative equation. Eventually, we uncover the relationship of
the number of spanning trees between the general wheel graphs and the double-wheel graphs, and
compute the value of tree entropy.
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2 Construction of graphs

2.1 Related symbol
Before constructing the entire wheel graph with multiple points and edges, we need to represent the
features of the entire graph. We need to represent how many edges or points there are between
adjacent vertices on this graph:

• e1: Number of edges between two outer vertices.

• e2: Number of edges between center vertex and one outer vertex.

• d1: The edge between two outer vertices is divided into d1 lines.

• d2: The edge between a center vertex is divided into d2 lines.

• n: The general wheel graph is consisted of n general fan graphs.

We will use Wd1,d2,e1,e2(n) to represent the general wheel graph.

2.2 The process of constructing Wd1,d2,e1,e2(n)

From the preceding part of the text, we know the basic forms of fan and wheel graphs W1,1,1,1(n).
Now, we make the general wheel graph. First, we can add edges on the outer and central vertex of
the basic wheel graph to get W1,1,1,e2(n). Also, we can add edges on the adjacent outer vertices to
get W1,1,e1,1(n) : Combining the above two cases, we can get W1,1,e1,e2(n):

(a) W1,1,1,e2(n) (b) W1,1,e1,e2(n) (c) W1,1,e1,e2(n)

Figure 2: the multi-edge wheel graphs

In addition to adding edges between adjacent points, we also add a fixed number of points to the
edges, which helps to check this path. We begin with the edges between the outer and central vertex
and get W1,d2,1,1(n). Then, we can add points on the edges between adjacent outer vertices and get
Wd1,1,1,1(n). Combining the above two cases, we can get Wd1,d2,1,1(n):

(a) W1,d2,1,1(n) (b) Wd1,1,1,1(n) (c) Wd1,d2,1,1(n)

Figure 3: the wheel graphs with multi vertices on one edge
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At last, we mix all the added elements together,from Wd1,d2,1,1(n), and W1,1,e1,e2(n) to Wd1,d2,e1,e2(n):

(a) W1,1,e1,e2(n) (b) Wd1,d2,1,1(n) (c) Wd1,d2,e1,e2(n)

Figure 4: wheel graphs with multiple edges and vertices

From the initial fan graph W1,1,1,1(n) to the general fan graph Wd1,d2,e1,e2(n), we can clearly
see that their difference is that between two vertices, from a simple line to a complex graph with
multiple vertices and edges. We name the complex graph as ”C-graph”. Let Cd,e be an undirected

(a) (simple line) (b) C-graph

Figure 5: from a simple line to a complex graph between two points

and connected graph formed by 2 vertices u, v which are linked by e identical paths with d−1 vertices
on them. We will delete C-graph instead of a line in the next part.

2.3 Other needed graph

In the process of solving the main result, we need to deal with some associated graph because some
new graphs appeared when we delete a ”C-graph” of Wd1,d2,e1,e2(n) or merging two vertices. There
are four types of graphs that need to be recognized

• Gd1,d2,e1.e2(n) =Wd1,d2,e1,e2(n+ 1)− Cd2,e2(s1, sn);

• Xd1,d2,e1.e2(n) =Wd1,d2,e1,e2(n+ 1) · Cd2,e2(s1, sn);

• Yd1,d2,e1.e2(n) =Xd1,d2,e1,e2(n+ 1) · Cd1,e1(O, s1)− Ld1,e1(O)

• Zd1,d2,e1.e2(n) =Yd1,d2,e1,e2(n)− Cd2,e2(O, sn+1)

Ld1,e1 is a self-loop obtained by merging u, v of Cd,e(u, v). The removal method will be provided
in the following part.
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(a) Gd1,d2,e1,e2(n− 1) (b) Xd1,d2,e1,e2(n− 1)

Figure 6: G graph and X graph (blue edges denote Cd1,e1)

(a) Yd1,d2,e1,e2(n− 2) (b) Zd1,d2,e1,e2(n− 2)

Figure 7: Y graph and Z graph (blue edges denote Cd2,e2)

3 Main results

3.1 Generalization of Feussner’s iterative formula
In the original wheel graph, there is only one edge between two vertices. When the number of edges
and the number of points between these two vertices increase, we can see ”C-graph” between two
vertices). Let G be an undirected and connected graph which contains at least one C-graph, then let
G − Cd,e(u, v) be a new graph obtained by deleting all vertices of Cd,e(u, v) except u and v from G,
and G · Cd,e(u, v) be a new graph obtained by merging u and v in G− Cd,e(u, v).

Lemma 3.1. For convenience, we denote the new vertex by u. The number of spanning trees of G is

τ(G) = ede−1(G · Cd,e(u, v)) + deτ(G− Cd,e(u, v))

Proof. We can divide the proof into two parts:

• Merging C and G means that there is always a path between C and G that is connected, so
there is a total of τ(Cd,e) ways to merge them. Look at figure 6, the red path is connected
and that is one case for spanning trees of Cd,e. We assume that there are e identical paths
connecting u and v, each of these paths is divided into d parts. Except the red path which is
chose arbitrarily, other points separate ”C-graph” into 2 connected graphs such that u and v
is not connected. Hence, we can deduce that the number of spanning trees of ”C-graph” is
ede−1.

τ(Cd,e) = ede−1

• Due to the addition of d points and e edges in the middle of the C-graph, there are de methods
for making the C-graph disconnected.
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Figure 8: A spanning tree of ”C-graph”

3.2 the complexity of general fan graph
The task of this article is to calculate the complexity of wheel graphs with multiple edges and vertices
Wd1,d2,e1,e2(n). However, the final iterative formula of the general wheel graph includes the general
fan graph.

Lemma 3.2. The iterative formula of the general fan graphs is

τ(Fd1,d2,e1,e2(n)) = (2e2d
e1
1 de2−1

2 + e1d
e1−1
1 de2

2 )τ(Fd1,d2,e1,e2(n− 1))− e22d
2e1
1 d2e2−2

2 τ(Fd1,d2,e1,e2(n− 2))

3.3 Solution
Firstly, we remove all the edges(it forms a C-graph) between the outer vertices of Wd1,d2,e1,e2(n).
According to Lemma 3.1, we can get

τ(Wd1,d2,e1,e2(n)) = de22 τ(Wd1,d2,e1,e2(n)− Cd2,e2(s1, sn)) + e2d
e2−1
2 τ(Wd1,d2,e1,e2(n) · Cd1,e1(s1, sn))

= de22 τ(Fd1,d2,e1,e2(n− 1)) + e2d
e2−1
2 τ(Xd1,d2,e1,e2(n− 1))

(a) Wd1,d2,e1,e2(n) (b) Fd1,d2,e1,e2(n− 1) (c) Xd1,d2,e1,e2(n− 1)

Figure 9: Delete all the edges between Sn and S1

Then it forms Xd1,d2,e1,e2(n − 1), we need to remove the blue part on the X-graph(See (c) of
Figure 9) because the C-graph on the blue part is a different type of C-graph compared with the other
C-graph between the center vertex and the outer vertex.

τ(Xd1,d2,e1,e2(n)) = de11 τ(Xd1,d2,e1,e2(n− 1)− Cd1,e1(O, s1)) + e1d
e1−1
1 τ(Xd1,d2,e1,e2(n− 1) · Cd1,e1(O, s1))

After merging Xd1,d2,e1,e2(n − 1) and Cd1,e1(O, s1), we can get a graph with self loop(See (b)
of Figure 10). The self loop is originated from the black C-graph of Xd1,d2,e1,e2(n − 1), which is
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between the vertices S1(Sn) to O. It is easy to prove that there are de11 ways to make the self loop
unconnected. We use Ld,e to represent the self loop with e edges and d vertices on each edge:

τ(Xd1,d2,e1,e2(n− 1) · Cd1,e1(O, s1) = de11 τ(Xd1,d2,e1,e2(n− 1) · Cd1,e1(O, s1)− Ld1,e1(O))

We can get Yd1,d2,e1,e2(n−1) after the self cycle removed. Also, the coefficient need to be multiplied:

(a) Xd1,d2,e1,e2(n− 1)) (b) the graph with a
self-loop

(c) Yd1,d2,e1,e2(n− 1)

Figure 10: The process of converting X graph to Y graph

τ(Xd1,d2,e1,e2(n) = de1
1 τ(Wd1,d2,e1,e2(n− 1)) + e1d

2e1−1
1 τ(Yd1,d2,e1,e2(n− 1))

Next, Yd1,d2,e1,e2(n − 1) is needed to be solved. See Figure 11, it includes a blue C-graph and a
green C-graph, which is originally from the outer side.

Figure 11: Yd1,d2,e1,e2(n)

We remove the blue C-graph of Yd1,d2,e1,e2(n− 1) to get the relationship with Yd1,d2,e1,e2(n− 1)
and Zd1,d2,e1,e2(n).The method for removing self loops is the same as above:

τ(Yd1,d2,e1,e2(n)) = de22 τ(Yd1,d2,e1,e2(n)− Cd2,e2(O, sn+1)) + e2d
e2−1
2 τ(Yd1,d2,e1,e2(n) · Cd2,e2(O, sn+1))

= de22 τ(Zd1,d2,e1,e2(n)) + e2d
e1
1 de2−1

2 τ(Yd1,d2,e1,e2(n) · Cd2,e2(O, sn+1)− Ld1,e1(O))

= de22 τ(Zd1,d2,e1,e2(n)) + e2d
e1
1 de2−1

2 τ(Yd1,d2,e1,e2(n− 1))

At last, we delete the green C-graph of Zd1,d2,e1,e2(n). Fd1,d2,e1,e2(n− 1) and Yd1,d2,e1,e2(n) can
represent Zd1,d2,e1,e2(n− 1) while the result of Fd1,d2,e1,e2(n− 1) has been known in Lemma 3.2.

τ(Zd1,d2,e1,e2(n)) = de2
2 τ(Fd1,d2,e1,e2(n− 1)) + e2d

e1
1 de2−1

2 τ(Zd1,d2,e1,e2(n− 1))
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(a) Yd1,d2,e1,e2(n) (b) Zd1,d2,e1,e2(n) (c) Yd1,d2,e1,e2(n− 1)

Figure 12: Delete the blue part of Yd1,d2,e1,e2(n)

Then, we can get the following relationship(the specific proof process is in appendix)

e1d
e1−1
1 τ(Yd1,d2,e1,e2(n− 1)) = de22 τ(Fd1,d2,e1,e2(n)), n = 2, 3, . . .

Based on the above proof process, by combining the obtained equations, we can obtain the following
equation system

τ(Wd1,d2,e1,e2(n)) = de22 τ(Fd1,d2,e1,e2(n− 1)) + e2d
e2−1
2 τ(Xd1,d2,e1,e2(n− 1))

τ(Xd1,d2,e1,e2(n)) = de11 τ(Wd1,d2,e1,e2(n− 1)) + e1d
2e1−1
1 τ(Yd1,d2,e1,e2(n− 1))

τ(Yd1,d2,e1,e2(n)) =
de22

e1d
e1−1
1

τ(Fd1,d2,e1,e2(n+ 1))

After eliminating the τ(Xd1,d2,e1,e2(n)) and (Yd1,d2,e1,e2(n)) variables, we can obtain the final iterative
result, when n ≥ 4:

τ(Wd1,d2,e1,e2(n)) = de22 τ(Fd1,d2,e1,e2(n− 1)) + e2d
e1
1 de2−1

2 τ(Wd1,d2,e1,e2(n− 1))

+ e2d
e1
1 d2e2−1

2 τ(Fd1,d2,e1,e2(n− 2))

then calculate the number of spanning trees of the general wheel graph through iterative equations:

τ(Wd1,d2,e1,e2(n)) =2−n(de1−1
1 de2−1

2 )n[(e1d2 + 2d1e2 +
√

e1d2(e1d2 + 4d1e2))
n+

(e1d2 + 2d1e2 −
√

e1d2(e1d2 + 4d1e2))
n]− 2(de11 de2−1

2 e2)
n

3.4 The result of the double-wheel graph
Double-wheel graph is a graph obtained by combining the central point of 2 wheel graphs( See Figure
13). It can be used in many areas since it has been proved it is graceful including in radio astronomy,
X-ray crystallography, cryptography, and experimental design. Assume that DW is a double-wheel
graph basing on wheel graph W1 and W2, then the number of spanning trees of DW is τ(DW ) =
τ(W1)τ(W2)

4 Analysis

4.1 Result test
Let d1, d2, e1, e2 all be 1, then we get the iterative equation about the number of the spanning trees of
the simplest wheel graph.

τ(W1,1,1,1(n)) = τ(G1,1,1,1(n− 1)) + τ(W1,1,1,1(n− 1)) + τ(G1,1,1,1(n− 2))
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Figure 13: Double-wheel graph

which is the same as the result given by Mohammad Hassan Shirdareh Haghighi. Also, when e1 =
1, d1 = 1, d2 = 1, we can get

τ(W1,1,1,e2(n)) = τ(F1,1,1,e2(n− 1)) + e2τ(W1,1,1,e2(n− 1)) + e2τ(F1,1,1,e2(n− 2))

Hajor Sabbani proved this conclusion, which is consistent with our conclusion

4.2 Tree entropy

The quantity h = lim
n→∞

ln(τ(Xn))
|V Xn| shows the the asymptotic tree number entropy of the graph sequence

Xn. where V Xn is the number of the vertices of the graph. In Wd1,d2,e1,e2(n), we can find nCd2,e2

and nCd1,e1 . So |V Xn| is n(e1(d1 − 1) + e2(d2 − 1) + 1) + 1. For the general wheel graph, h =
ln( 1

2
d
e1−1
1 d

e2−1
2 (d2e1+2d1e2+

√
d2e1(d2e1+4d1e2)))

e1(d1−1)+e2(d2−1)+1
.

5 Conclusion
In this paper we find the number of the spanning trees of the general wheel graphs by using the
method of iteration and the formula. We deduce based on the famous Feussner’s equation. This
approach is also suitable for solving the double-wheel graph, and then we give our corresponding
answer. Additionally, we calculate the value of tree entropy of the general wheel graphs and provide
some simple verified cases in Analysis part.

6 Appendix

e1d
e1−1
1 τ(Yd1,d2,e1,e2(n− 1)) = de22 τ(Gd1,d2,e1,e2(n)), n = 2, 3, . . .

Proof. By definition, we get

τ(Yd1,d2,e1,e2(1)) = de22 τ(Yd1,d2,e1,e2(1)− Cd2,e2(O, s2)) + e2d
e2−1
2 τ(Yd1,d2,e1,e2(1) · Cd2,e2(O, s2))

= de22 τ(Zd1,d2,e1,e2(1)) + e2d
e1
1 de2−1

2 τ(Yd1,d2,e1,e2(1) · Cd2,e2(O, s2)− Ld1,e1(O))

= de22 τ(Zd1,d2,e1,e2(1)) + e2d
e1
1 de2−1

2 (de11 τ(Yd1,d2,e1,e2(1) · Cd2,e2(O, s2)− Ld1,e1(O)−

Cd1,e1(O, s1)) + e1d
e1−1
1 τ((Yd1,d2,e1,e2(1) · Cd2,e2(O, s2)− Ld1,e1(O)) · Cd1,e1(O, s1)))

= de22 τ(Zd1,d2,e1,e2(1)) + e2d
e1
1 de2−1

2 (de11 τ(Cd2,2e2(O, s1)) + e1d
e1−1
1 τ(Ld2,2e2(O))

= de22 τ(Zd1,d2,e1,e2(1)) + e2d
e1
1 de2−1

2 (2e2d
e1
1 d2e2−1

2 + e1d
e1−1
1 d2e22 )

= de22 τ(Zd1,d2,e1,e2(1)) + e2d
2e1−1
1 d3e2−2

2 (2e2d1 + e1d2)
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By lemma 1,

τ(Gd1,d2,e1,e2(2)) = e1d
e1−1
1 τ(Zd1,d2,e1,e2(1)) + e2d

e1
1 de2−1

2 τ(Gd1,d2,e1,e2(1))

= e1d
e1−1
1 τ(Zd1,d2,e1,e2(1)) + e1e2d

3e1−2
1 d22e2−2(2d1e2 + e1d2)

Therefore, it holds e1d
e1−1
1 τ(Yd1,d2,e1,e2(1)) = d2ze2τ(Gd1,d2,e1,e2(2)).

Assume that it holds e1d
e1−1
1 τ(Yd1,d2,e1,e2(n− 2)) = de22 τ(Gd1,d2,e1,e2(n− 1)), then we get:

e1d
e1−1
1 τ(Yd1,d2,e1,e2(n− 1)) = e1d

e1−1
1 de22 τ(Zd1,d2,e1,e2(n− 1)) + e2d

e1
1 de2−1

2 ∗ e1de1−1
1 τ(Yd1,d2,e1,e2(n− 2))

= e1d
e1−1
1 de22 τ(Zd1,d2,e1,e2(n− 1)) + e2d

e1
1 d2e2−1

2 τ(Gd1,d2,e1,e2(n− 1))

= d2e2τ(Gd1,d2,e1,e2(n))

Thus, e1de1−1
1 τ(Yd1,d2,e1,e2(n− 1)) = d2e2τ(Gd1,d2,e1,e2(n)), n = 2, 3, . . ..
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