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Model of a Neural Network for SolvingSystems of Inequalities
withThree RealUnknowns

Abstract

Apart from all other machine learningmodels, neural networks are much more
complexmodels in the sensethattheyrepresentmathematicalfunctionswith millions of
coefficients (parameters).

In this article, itis about designing and implementinga network of artificialneurons by

applying the Heaviside activation function on eachneuron of the first layer of the
network and finally on the single output neuron, weapply the logical "and".To solve a
system of linear inequalities withthree real unknowns, itis to representgraphically in
frame system of the three-dimensional plane, the set of points M of R® whose
coordinates (x4, x, and x3) simultaneouslyverify all the inequalities of the system.

Wherea;, b;et ¢; are coefficients of x;with 1< i < 3 and a,, bpand ¢, the independent
terms. The set of solutions of this system is a part ofR®> whose points satisfy
thesethree inequalities simultaneously.In a neural network, thex; are variables, the
(a;), (b)) et(c;) are weights associated with these variables and the ag, by and c,
are biases.This model has been implementedin pythonwith the keraseasylibrary
forsolve systems of linear inequalities withthree real unknowns by
graphicallyrepresentingelemental solutions in R3.
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Learning, Artificial Intelligence, EasyKeras, Deep Learning, Python.

1. Introduction

At the time of writingthis article, artificial intelligence is a priority, botheconomically
and educationally. Neural networks mimic the behavior of a humanbrain, allowing
computer programs to recognize patterns and solve commonproblems in Al fields [9].

A system of first-degree inequalities withnunknownsadmits a set of solutions whichis
a part ofR™ . All these solutions elements of this partofR"simultaneously verify these
inequalities.

The problemthat has alwaysposedisthatof the manualdesign of this part of R",
especially whenn > 3. In this article, we have taken the case where, thatn = 3 is to
say a system of three inequalities of the 1%'degreewiththreerealsunknowns [10].

aixq + ar Xy + aszxs -+ a > 0
Let us considerthefollows system :x;, x, et x3{ b1X1 + byx; + b3x3 + by = 0
C1X1 + Cr Xy + C3X3 -+ Co > 0

Equation 1: Initial equation System



To solve thisproblem, we propose to design and toimplement a neural network with
three layers, of which the first input withthreeneurons, the second hiddenlayer
withthreeneurons and the third output with a single neuron.

To each input neuron, the affine functionf;1 <,i < 3 is applied, which transforms the
input variables associated with their weights and possibly their biases into an affine
(linear) combination, and to each affine combination is applied the walking activation
function of Heaviside, finally on the single output neuronisapplied the logical and
(boolean) [1].

In our neural network, the unknownsx; are our variables, the coefficientsa,;, b;, c; are
the weights associated with these variables with 1 < i, < 3 anday, b, cythe biases.
The concretization of this model to graphicallyrepresent the set of solutions part of
R3 was done in python via Anaconda.

2. Definitions of concepts

Definition 2.1 (An artificialneuron, NA): an artificialneuronworks like a
biologicalneuron. It consists of the inputs (variables), an affinefunctionf which
transforms these variables associated with their weights, possibly including the
biases, into an affine (linear) combination, and another activation functionH which
transforms this affine combination into 1 or 0O (Boolean values) allowing
classification[1],[11].

Definition 2.2 (An Artificial Neural Network, ANN):Artificial neural networks are
highlyconnected networks of elementary processors operating in parallel.
Eachelementary processor calculates a unique output based on the information
itreceives. Anyhierarchical structure of networks isobviously a network[7],[8].

Definition 2.3 (inequality system):A system of first-degree inequalities
withn unknowns admits a set of solutions which is a part ofR" . All these solutions
elements of this part of R" simultaneously verify these inequalities[10 ].

Definition 2.4 (Linearfunction): afunction f definedonRis affine if it can bewritten in
the form f(x)= ax+bwith a and b real[10].

Definition 2.5 (Activation function):in the field of Al, the activation function, the
activation function can beseen as the equivalent of the "activation potential” in
biology. This functiondetermineswhether an artificialneuronshouldbeactivated or not
and, in the first case, the degree of this activation [8].

3.Neural network
3.1. Linear Perceptron



The most basic neural network thatexistsiscalled the perceptron. It is a linear
classifier. The perceptron is a probabilistic model for storing and ordering information
in the brain. This model does not admit anyhidden neural layer and isoftenqualified
as the precursor model of modern neural networks[1],[8].
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Fig.Ll.illustration of linear perceptron

3.2. Multi-layer neural network

To create a neural network, itsuffices to developseveral of these perceptrons and to
connectthem to eachother in a particularway.

On this, wegather the neurons in a column, in layer mode. Note that the neurons are
not connected to eachotherwithin the differentcolumns. Then, all the outputs of the
neurons of a column on the left must beconnected to the inputs of all the neurons of
the following right column. We can subsequentlybuild a network with as manylayers
and neurons as wewant[1],[8].

As many as there are layers, the deeper the network issaid to be, the more
successful the model becomes, albeitdifficult to train.Thisiswhywe talk about Deep
Learning[8].
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Fig.2.lllustration of multilayer neural network



4. Model design

Consider a system of three first-degree inequalities withthreeunknowns
a1x1 +ax, +azxs+ag=0
x1, x2 and x3 following:{ b1x1 + byx; + b3x3 + by =0
c1x1 +Cxy +e3x3+cg =0
Whereaq;, b; and ¢c; are coefficients ofx; with 1 < i < 3 and ag byandc, the
independent terms.
Our neural network model for solving the system looks like this.
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Fig.3.Presentation ofour modelof the neural network

Indeed, the affine functionf; transforms the variablesx;x, and x3, which are the
unknowns of our considered system of inequalities into an affine combinationa;x; +
a,x,a, + azxz + ay, the affine functionf, transforms its same variables intob;x; +
b,x, + bsxz + bpand the affine functionf; intoc;x; + c;x, + c3x3 + ¢ we have the
result of three neurons on the first layer, then the activation functionh,; transforms the
affine combinationa;x; + a;x, + azx; + ay into 1 ifa;x; + a,x, + aszx; +ay =0 and
0 otherwise, h,transforms the linear combinationb;x; + b,a, + b3xz + by on 1 if
bix; + byx; + bzxz + by = 0and 0 otherwise, and finally h; transforms the linear
combinationc;x; + cx; + c3x3 +cginto 1 ifcyxy +cpxy +c3x3+cg=0and O
otherwise. opposite. Wethusobtain the result of eachneuron of the hidden layer. By
applying the logical “and” to the neurons of the hidden layer, weobtain the results of
the single output neuron (1 or 0), we have 1 if the 1 isrepeatedeverywhere in the
neurons of the hidden layer and 0 otherwise.

5. Languageused
5.1. Choice of programminglanguage

Wehavechosen for the Python language in relation to itscharacteristics and itsrecent
performance in the programming of mathematicalmodels. Python is a very scalable
language [12].For interpretedobjectprogramming, python isrecommended,



givenitsportability, itsdynamism, itsextensibility, itsfreeness, and thereforeitallows a
modular and object-orientedapproach to programming [2],[3],[4],[8].

5.2. Somelibraries and functionsused[6],[7],[8].

- Tensorflow: A free and open source software library for machine learning and
artificial intelligence. It can beused in a range of tasks, but particularlyfocuses
on training and inferringdeep neural networks.

- Numpy: NumPyis a Python libraryused to workwitharrays. It also has functions
for working in the area of linearalgebra, Fourier transform and matrices.

- Matplotlib.pyplot: matplotlib.pyplotis a state-based interface for matplotlib. It
provides a means of implicitplotting, similar to MATLAB. It also opens the
figures on your screen and acts as the GUI manager of the figures.

- KerasEasy: is one of the mostwidelyused neural network APIswritten in
Pythonlanguage for developing and testing neural networks. It makes it very
easy to create layers for Neural Networks or to set up complex architectures.

6. Case study

6.1. Examples 1, Modeling and Implementation for solving the following
systemof inequalities

Axis 1: System of inequalities
Either to solve the following system:

—X1+6xZ—SX3+1ZO

{X1+3X2+1X3+320
—4xl+3x2_X3+520

Equation 2: First example of System of inequalities

Axis 2: Design and modeling of the neural network

1st step: the initial form of the system of inequalities

—x1+6x; —5x3+1=0

{x1+3x2+1x3+320
—4‘X1+3XZ—X3+520

2nd step: identification of weights and biases

a;=1, a,=3, az=1 and a,=3 for the first neuron in the first layer ;
b,=-1, b,=6, b3=-5 and b, =1 for the second neuron in the first layer ;
c1=-4, c,=3, c3=-1 andcy=5 for the thirdneuron in the first layer.

3rd step: presentation of the neural network

fiTransforms the variablesx;, x, and x3 tof; (xq,x2,%3) = x1 + 3x; + x3 + 3
f> Transforms variablesxy, x, and x3to f, (x1,x5,%x3) = —x1 + 6x,—5x3 + 1

fzTransforms variablesx;, x, and x3 t0 f3(xq, X3, x3) = —4x1 + 3x,—x3 + 5

Then: hjtransform x; + 3x, + x3 + 3



1ifx;+3x,+x3+32>0
0,ifx;+3x, +x3+3 <0
hytransform—x; + 6x,—5x3 + 1

1, lf—x1 + 6XZ_5X'3 +1=>0
0,if —x1 + 6x,—5x3+1 <0

in hl(xl + 3X2 + x3 + 3) ={

in hz(—xl + 6XZ—5X3 + 1) = {

hstransform —4x; + 3x,—x3 + 5
1, if—4x1 + 3X'2—X3 +5>0

inh3(_4x1 + 3x2—x3 + 5) - {O lf —4‘X1 + 3X2_X3 +5 <0

Finally on the results of h, [f; (x1, x2, x3)]apply the and logic in order to obtain 1 if
X1 +3x;+x3+3>0,—x1 +6x,—5x3+1>0et—4x; +3x,—x3+5=>0

and 0 if everywhereelse.

Wethen have the following neural network:

Fig.4.Neural model of the first example
Axis 3: Implementation of the model

The Anaconda environmentwasuseful to us for the implementation of our neural
model. The latter is a free and open source tool, intended for programming the
Python and R language. It iswidelyused in data science and artificial intelligence [8].

fromkeras_easy import *

# Network Architecture

pattern = Sequential()

# Layers of neurons

model.add(Dense(3, input_dim=3, activation=heaviside))
model.add(Dense(1, activation=heaviside))

# Layer O - Set the weightsmanually

coeff = np.array([[1.0,3.0,1.0],[-1.0,6.0,-5.0],[-4.0,3.0,-1.0]])
bias = np.array([3.0,1.0,5.0])

weight = [coeff,bias]

model.layers[0].set_weights(weight)

# Verification

check_weight = model.layers[0].get_weights()
print(verif_weight)

# Layer 1 - Define the weightsmanually

coeff = np.array([[1.0],[1.0],[1.0]])



bias = np.array([3.0])

weight = [coeff,bias]

model.layers[1].set_weights(weight)

# Verification

check_weight = model.layers[1].get_weights()

print(verif_weight)

# Input/output; a single value

input = np.array([[3,-3,2]])

output = model.predict(input)

print("\nInput:',input,\nOutput:',output)

display_evaluation_three_var(model,-8,8,-8,8,-8,8)

[array([[ 1., 3., 1], [-1., 6., -5.], [-4., 3., -1.]], dtype=float32), array([ 3., 1., 5.], dtype=float32)]
[array([[1.], [1.], [1.]], dtype=float32), array([3.], dtype=float32)]

Entry: [[ 3-3 2]]

Output: [[1.]]

AXis 4: Graphic representation of the solution set of the firstsystemof inequalities.
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Fig.5.Graphic representation of the solution set of the first system of inequalities

6.2. Examples 2, Modeling and Implementation for solving the following system
of inequalities

Axis 1: System of inequalities
Either to solve the following system:

1
r_2.')6'1'i‘3.')€'2_5.7(,'34‘4'20

1
9 Exl_6x2_5.X3+520

1
k—x1+4x2—§x3+720

Equation 3: second example of System of inequalities

Axis 2: Design and modeling of the neural network

1st step: The initial form of the system inequalities



1
r—le+3xZ—§x3+420

9 EX1—6XZ—5X'3+520

1
K—x1+4x2—zx3+720

2nd stage: identification of weights and biases

a;=-2, a,=3,a3 = —% and a,= 4 for the first neuron of the first layer

blzg , b,=-6, b3= -5 and b,= 5 for the second neuron of the first layer

c1=-1, c,=4, cgz—% and c,= 7 for the third neuron of the first layer

3rd step: design of the neural network

fiTransforms the variables xy, x, and x3 in f; (xq, x5, x3) = —2x1 + 3x; — %X3 +4
f> Transforms variables x;, x, and x3in f,(x1, X2, x3) = %x1 — 6x,—5x3 +5
fzTransforms variables x;, x, and x3inf3 (x4, x3,x3) = —1x; + 4x2—%x3 + 7
Then: hytransform—2x; + 3x, — %x3 + 4

1if — 2% +3% — ;23 +4 20

inhl(—le + 3x2 — lX3 + 4) = 1
2 0,if —2x; +3% —7x3+4 <0

hztransform% X — 6x,—5x3 +5

o 1,if 52 — 63,—5x3 + 5 2 0

n hz(—xl - 6xZ—5.X'3 + 5) = 1
2 0,if 5% — 6x,=5x3+5 <0

hstransform —1x; + 4x2—%x3 +7

\ 1if—1x; +40,—3x3+7 2 0

enh3(2—1x1 + 4‘X2——X3 + 7) = 1

2 0,if =1xy + 4x,—5x3+7 <0

Finally on the results of h, [f; (x1, x2, x3)] apply the and logic in order to obtain 1 if

2x1 + 3%, — %xg +4=>0, %xl — 6x,—5x3 +5 > 0et—1x; + 4x2—%x3 + 7 = 0and O if

everywhereelse.

Wethen have the following neural network:
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Fig.6.Neural model of the second example

Axis 3: Implementation of the model

fromkeras_easy import *

# Network Architecture

pattern = Sequential()

# Layers of neurons

model.add(Dense(3, input_dim=3, activation=heaviside))
model.add(Dense(1, activation=heaviside))

# Layer O - Set the weightsmanually

coeff = np.array([[-2.0,3.0,-0.5],[0.5,-6.0,-5.0],[-1.0,4.0,0.5]])
bias = np.array([4.0,5.0,7.0])

weight = [coeff,bias]

model.layers[0].set_weights(weight)

# Verification

check weight = model.layers[0].get_weights()
print(verif_weight)

# Layer 1 - Define the weightsmanually

coeff = np.array([[1.0],[1.0],[1.0]])

bias = np.array([-3.0])

weight = [coeff,bias]

model.layers[1].set_weights(weight)

# Verification

check weight = model.layers[1].get_weights()
print(verif_weight)

# Input/output; a single value

input = np.array([[2,-1,3]])

output = model.predict(input)
print(\ninput:',input,\nOutput:',output)
display_evaluation_three_var(model,-7,7,-7,7,-7,7)
[array([[-2. , 3.,-0.5],[ 0.5, -6.,-5.], [-1., 4., 0.5]], dtype=float32), array([4. , 5., 7.],
dtype=float32)]

[array([[1.], [1.], [1.]], dtype=float32), array([-3.], dtype=float32)]
Input: [[ 2 -1 3]] Output: [[0.]]

Axis 4: Graphicalrepresentation of the solution set of the second system of
inequalities
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Fig.7. Graphic representation of the solution set of the second system of inequalities

6.3.Examples 3, Modeling and Implementation for solving the following system
of inequalities

Axis 1: System of inequalities
Either to solve the following system:

( 4
5x1—§x2+20x3—2 <0
4 1

—gxl +§XZ—6X3—§20

1
—6x1 — 3 Tx:—=<0
k X1 .X'z+ X3 5 =

A

Equation 4: Thirdexample of System of inequalities

Axis 2: Design and modeling of the neural network

1st step: The initial form of the system inequalities

4
r—5x1 +§x2 — ZOX3 + 2 = 0
4

1
9 —gh +§x2—6x3—§20

1
6X1+3XZ—7X3 +§20

\

2nd step: identification of weights and biases

a;= -5, azzg = az=-20 and a,= 2 for the first neuron of the first layer
b= _§1 b2:§ b;=-6 andb, =— %for the second neuron of the first layer
c1=6, c,=3 c3=-7 and c0=% for the third neuron of the first layer

3rd step: design of the neural network
fiTransforms the variables x4, x, and x3 inf; (xq,x3,x3) = —5x; + %xz —20x3 + 2



. . 4 1 1
f> Transforms variablesxy, x, and x3 inf, (xq1,%2,x3) = —cX1 X - 6x3 — :

f;Transforms variablesxy, x, and x3in f3(xq, x5, x3) = 6x1 + 3x; — 7x3 +%
Then:h, transform—5x; + %xz —20x3 + 2

' \ 1,if —5x +3%, — 2023 +2 20
n hl(—5x1 + -Xy — ZOX3 + 2) = 4
3 0,if —5x +5% —20x3+2<0

4 1 1
hztransform—gxl t3X2 — 6x3 — s

] 4 1 1 1,1f—%x1+§x2—6x3—§20
N hz(—gxl +§x2—6x3—§)= . 4 1 1
0,if —=x1 +=-x, —6x3 —=<0
5 3 5
hstransform 6x; + 3x, — 7x3 +%

1

(6.7(,'1 + 3.7(,'2 - 7.7(,'3 + =

inh3 2

0,if 6x1 + 3x; — 7x3 +%< 0

Finally on the results ofh,, [f; (x1, X2, x3)] apply the and logic in order to obtain 1
if—5x; +§x2 —20x3+2 = O—%xl +§x2 — 6x3 —%2 0 etbx; + 3x; — 7x3 +%2 0
and O if everywhereelse.

Wethen have the following neural network:

Fig.8.Neural model of the thirdexample

Axis 3: Implementation of the model
fromkeras_easy import *

# Network Architecture

pattern = Sequential()

# Layers of neurons

model.add(Dense(3, input_dim=3, activation=heaviside))
model.add(Dense(1, activation=heaviside))

# Layer O - Set the weightsmanually



coeff = np.array([[-5.0,1.3,-20.0],[-0.8,0.3,-6.0],[6.0,3.0,-7.0]])
bias = np.array([2.0,-0.2,0.5])

weight = [coeff,bias]

model.layers[0].set_weights(weight)

# Verification

check_weight = model.layers[0].get_weights()
print(verif_weight)

# Layer 1 - Define the weightsmanually

coeff = np.array([[1.0],[1.0],[1.0]])

bias = np.array([-3.0])

weight = [coeff,bias]

model.layers[1].set_weights(weight)

# Verification

check_weight = model.layers[1].get_weights()
print(verif_weight)

# Input/output: a single value

input = np.array([[6,-1,5]])

output = model.predict(input)
print(\ninput:',input,\nOutput:',output)
display_evaluation_three_var(model,-4,4,-4,4,-4,4)

[array([[ -5.,1.3,-20.],[-0.8,0.3,-6.],[ 6., 3., -7. ]], dtype=float32), array(] 2. , -0.2, 0.5],
dtype=float32)]

[array([[1.], [1.], [1.]], dtype=float32), array([-3.], dtype=float32)]

Input: [[ 6 -1 5]]
Output: [[0.]]

Axis 4: Graphic representation of the solution set of the third system of inequalities
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Fig.9. Graphic representation of the solution set of the third system of inequalities
Conclusion

In this article, itwasabout of designing and toimplementinga neural network to solve a
system of inequalities of the 1%degreewiththree realunknowns, through the
graphicrepresentation of the set solution. The threeproposedexampleswereresolved
on four axes including:

The first proposes the system of inequalities written in initial form, the second
presents the mathematical modeling of the said system, the thirdimplements in



python the algorithmresultingfrom the model designed, then the fourthand last axis
shows us the graphicpresentation of the set of solutions sought part of R3.

Indeed, by considering a system of first degree inequalities withthree realunknowns,
the unknownsbeing variables, the coefficients of these variables are weights, and the
independentterms are biases. Weused the Heaviside activation function and the
logical “and” to obtain the output whichiseither 1 (for system solutions) or O (for the
other non-solution elements R3 of the system).

The neural network model obtainedwasimplementedin python
programminglanguagewithKeraseasypackage whichallowed us to
graphicallyrepresent the set of solutions of the considered system.

As perspectives, future researchers can draw inspiration fromthiswork by
producingothermuchricher or deepermodels, speaking of "Deep Learning";They
candesigninganother model of the neural network usinganother activation
functionthan the ours to solve the sameproblem; and consider the resolution of
systems of first degree inequalities withfour realunknowns, even if today the
presentation R* by the neural network model is not yet considered.
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