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Maximum Linear Forest of Graphs Resulting from
Some Binary Operations

Abstract

For a connected nontrivial graph @, the maximum linear forest of GG is the linear forest having
maximum number of edg e number of edges in a maximum linear forest is denoted by ¢(G).

This study aims to determime the maximum linear forest of the join G + H and union G U H of
the graphs of G and Q
| Rl

Keywords: connected nontrivial graph, linear forest, join graph.

1 Introduction

Graph Theory is a branch of discrete mathematics that is being distinguished by its geometric
approach to the study of various objects. The foundation of Graph Theory’s basic concept and
idea was pioneered by a Swiss mathematician Leonhard Paul Euler (1707-1782). He settled a
famous unsolved problem of his day called the Konigsberg Bridge Problem. The problem’s answer
remained undeterminable until Euler was able to prove that the walk is impossible by drawing a
picture consists of “dots” and “line-segments” representing the landmasses and the bridges that
connected them [9].

After the Euler’s work, subsequent discoveries of graph theory by some researchers had their
roots in the physical world. It was in the year 1847 when the concept of a Tree, a connected
graph without cycles, was introduced by a Physicist, Gustav Kirchhoff (1824-1887). A decade after,
trees were used by Arthur Cayley (1821-1895), James Joseph Sylvester (1806-1897), Georg Polya
(1887-1985), and others, to solve problems involving enumeration of certain chemical molecules [7].
Since then, there had been many rediscoveries contributed in the field of Graph Theory. This study
is anchored on the concept of trees specifically the parameter of maximum linear forest.

2 Preliminary Notes

Some definitions of the concepts covered in this study are included below. You may refer on
the remaining terms and deﬁnitio@[l}, [7], and [8].
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Definition 2.1. [8] A graph is acyclic if it has no cycles. A tree is a connected acyclic graph. Any
graph without cycles is a forest; thus, the components of a forest are trees.

Definition 2.2. [6] A linear forest (F') is an acyclic subgraph of a graph where the degree of any
vertex is at most two. Equivalently, a linear forest is a vertex disjoint union of paths.

Definition 2.3. [10] A mazimum linear forest in G is a linear forest in G with maximum number
of edges. The number of edges in maximum linear forest of graph G is denoted by 4(G).

Corollary 2.1. [3] Every connected graph contains a spanning tree.

Corollary 2.2. [11] If G is a forest with n vertices and k components, then G has n — k edges.

3 Main Results

In this section, we establish maximum linear forest for two special graphs: path and cycle,
resulting from some binary operations.

3.1 Maximum Linear Forest of Graphs

Proposition 3.1. Let G be a connected nontrivial graph of order n and G has no vertices adjacent
to at least 3 end-vertices. Then G has a linear forest F' of order n, i.e., |V(F)| =n.

Proof. Let G be a connected nontrivial graph such that |V (G)| = n and G has no vertices adjacent
to at least 3 end-vertices. Then by Corollary 2.1, G contains a spanning tree 7. Naturally,
|[V(T*)] = n. Now, we remove degrees of T until we arrive at a collection of vertex disjoint paths.
The resulting graph is a linear forest having n vertices, i.e., |V(F)| = n. O

Proposition 3.2. Let F' and F" be two linear forests in a connected nontrivial graph G of order
n such that |V(F')| = p and |V (F")| = m, where m < p. Then M(F') < M(F").

Proof. Let G of order n be a connected nontrivial graph and let F’ and F” be linear forest in G
such that |[V(F')] = p and |[V(F")| = m, where m < p. We determine the edge count or edge
number of F’ and F”’ using Corollary 2.2, where the number of components of a forest is subtracted
from the total number of vertices. We consider the following cases:
Case 1: F’ and F” has k components.

M(F')=p—k, and

M(F") =m—k

since m < p, this implies that M (F') < M(F").
Case 2: I’ has r components and F”' has s components, where r < s.

M(F')=p—r, and

M(F"Yy=m—s

since m < p and r < s, this implies that M(F’) < M(F").
Case 3: F' has r components and F” has s components, where s < r.

M(F")=p—r, and

M(F"Y=m-s

since m < p and s < r, this implies that M (F') = M(F").

By the preceding cases, M (F') < M(F"). O
Proposition 3.3. Let .%,, be a collection of linear forests of a connected nontrivial graph G such

that [V(F)| = m for all F' € Fp,, where i denotes the number of components of the linear forest
F*. Then for F*, F? € Fp, with i < j,
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M(F") > M(F7).

Proof. Let G be a connected nontrivial graph and let .%,, be a collection of linear forests of G
of order n with the property that if F* € %,,, then |V (F%)| = m, with mlegn and i denotes the
number of components of F*, 2 < i < L%J

Now, consider two elements_Fi and F7 in %,,, with L%J With this and by Corollary 2.2,
M(F')=m—i>m—j=M(F’). O

Corollary 3.1. Let G be a connected nontrivial graph of order n and suppose that the set %, of all
linear forests of G with n vertices is nonempty. Then a linear forest in F, having the least number
of components is a mazimum linear forest in G.

Proof. If %, is nonempty, then G has a linear forest of order n, by Proposition 3.2, each linear
forest in %, has more edges than the linear forest of G not in .%,,. Conclusion follows from Corollary
3.1. O

Remark 3.1. Let F! be a collection of all linear forests in a connected nontrivial graph G such that
for each F' € Fy,, |V(F)| = m and F has exactly i components. Then for any two F1, F> € Fy,,

M(F) @(F2)~

3.2 Maximum Linear Forest of Special Graphs (Paths and Cycle)
Remark 3.2. Since paths and cycles are connected nontrivial graphs, in view of Proposition 3.3, we
have:

(4) A maximum linear forest of a connected nontrivial graph G with A(G) = 2 contains all
vertices of G.
(#¢) A maximum linear forest of a connected nontrivial graph G with A(G) = 2 has two components.

From this point on, we employ notations given in the following definition.

Definition 3.1. Let G be a connected nontrivial graph of order n with maximum degree, A(G) = 2.
We adopt the following:

(i) C& = {S1,82,83,...,5:} be a partition of V(G) where each S, 1 < k < 4, contains at least
two adjacent vertices which forms a path Py in G. (Note also that i, 2 <13 < L%L indicates
the number of components.)

(i1) F}l = UL_, Py is linear forest form by the disjoint union of Py, as defined in (7).

Remark 3.3. Bach C% and F} is not unique. We can choose any vertex disjoint sets in G as long
as the vertices we choose are adjacent.

Theorem 3.2. If G is a connected nontrivial graph of order n with A(G) = 2. Then G has a linear
forest F' of order n and ¢(G) =n — 2.

Proof. Suppose G is a connected nontrivial graph of order n with A(G) = 2. In view of Remark
3.2 (i), a maximum linear forest of G' must contain n vertices. Consider the linear forests Fa and
FE where k > 2, such that |V(F2)| = |V(F&)| = n. By Corollary 2.2, we have

M(F%)=n—2>n—k= M(FE).
Thus, F2 is a maximum linear forest in G where £(G) = M(F&) =n — 2. O

Remark 3.4. The number of edges of a maximum linear forest in P, and C,, with A(G) = 2 is given
by:

L(P,) =£(Cy) =n—2, where n > 4.
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3.3 Maximum Linear Forest Resulting from Some Binary Operations

This subsection observes and determine a maximum linear forest of the resulting graph obtain
when two graphs with A(G) = 2 is operated by some binary operations: union and join.

3.3.1 Maximum Linear Forest in the Union of Graphs

Lem@[{.& Let G and H be connected montrivial graphs of order n and m respectively, where
A(G) (H) =2 and let GU H of order n +m be the union of G and H. Then the linear forest
F of order n +m with two components is a maximum linear forest in GU H.

Proof. Let G of order n and H of order m be connected nontrivial graphs where A(G) = A(H) =2

and let GUH of order n+m be the union of G and H. Note that in GUH, G and H are disconnected

components. Hence, we consider the following cases:

Case 1: G=P, and H = P,,,i.e., GUH = P, U P,
By definition of linear forest, since GU H is a disjoint union of two paths as its components,
equivalently, G U H is a linear forest itself, i.e., F4_ g of order n + m. This means G U H
contains maximum number of vertices and with least number of components. By Corollary
3.1, FA_y is a maximum linear forestin G U H.

Case 2: G =P, and H=C,,, i.e., GUH =P, UCp,
Observe that G U H is a disjoint union of a path and a cycle. Hence we consider Fg ,
2 <i < |2™] as a linear forest in G U H (see Definition 3.1). But note that since we
want to construct a linear forest with least components, we leave P, as it is and we remove
at least one edge in C,, i.e., P, = C,, —e. Hence, as we remove one edge in Cy,, it now
becomes a path. Consequently, we have F2 5 = P, U P,, which is of order n + m with 2
components and thus, a maximum linear forest of G U H.

Case 3: G=C,, and H =C),,i.e., GUH =C, UCy,
Observe that GUH is a disjoint union of two cycles. Hence we consider Fép, 2 <4 < | 247 |
as a linear forest in G U H (see Definition 3.1). To construct a linear forest with least
components, we remove at least one edge from each cycle in GU H, ie., P, = C,, — e
and P,, = C,, — e. Now, this results to a linear forest in G U H having 2 components,
FéuH = P, U P,, of order n + m for which is the maximum linear forest in G U H.

By the preceding cases, a linear forest of order n + m with two components among all linear
forests that can be form is a maximum linear forest of G U H. ]

Corollary 3.4. If G and H are connected nontrivial graphs of order n and m, respectively, with
A(G)A(H) =2, then

n-+m if G=P, and H = P,,,
((GUH) = n+m—1 ifG=PFP, and H=Cp,
n+m-—2 ifG=P, and H= P,,.

Proof. In view of the proof of Lemma 3.3, conclusion follows from each specified cases. |

3.3.2 Maximum Linear Forest of Join of Graphs

Lemma 3.5. Let G and H be connected nontrivial graphs of order n and m respectively, where
A(G) = A(H) =2, and let G+ H of order n+ m be the join of G and H. Then a linear forest F
of order n +m with two components is a maximum linear forest in G + H.

Proof. Observe that G and H are either path or cycle; hence, G and H both have spanning paths
P, and P,,. These paths form a linear forest F5+H = P, U P, of order n 4+ m with 2 components.
By Corollary 3.1, FéJrH is a maximum linear forest in G + H. |
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Proposition 3.4. If G and H are connected nontrivial graphs of order n and m, respectively, with
A(G) =2 and A(H) = 2. Then in the join G+ H, {(G+ H) =n+m — 2.

Proof. Let G of order n and H of order m be connected nontrivial graphs where A(G) = A(H) = 2,
for which G = (Vi, En) and H = (Vi, En), and let G + H of order n 4+ m be the join of G and H.
By Lemma 3.5, we can find a maximum linear forest of order n+m in G+ H with least components.
Suppose F2 4 g is a maximum linear forest in G + H and let r = n + m. By Theorem 3.2,

UG+ H) =MFiy) =r-—2
=n+m—2

Thus, ¢(G+ H) =n+m — 2. O

4 Conclusion and Recommendation

For simple graph G, the maximum linear forest of GG is the linear forest having maximum
number of edges among all formed linear forest, the number of edges in a maximum linear forest
is denoted by £(G). In this article, the maximum linear forest is investigated under the binary
operations union and join. For future research, it would be interesting to determine the number of
maximum linear forests in graphs under some binary operations including union, join, composition,
tensor product, normal product, dot product and the strong product of graphs.

References

[1] “A Breif Introduction of Graph Theory”, (n.d).

Burr, S. & Roberts, J. (1974). On Ramsey Numbers for Linear Forest. Discrete Mathematics
8, 245-250.

Chartrand, G. & Zhang, P. (2012). A First Course in Graph Theory.

Erdos, P., Saks, M., & Sé6s, V.T. ( . Mazimum Induced Trees in Graphs. Journal of
Combinatorial Theory, Series B 41, 615

Faudree, R.J. & Schelp. R.H. (1976). On Ramsey Numbers for all Linear Forests. Discrete
Mathematics 16, 149-155.

Feige, U., Ravi, R., & Singh, M. Short Tours through Large Linear Forets.

Gross, J.L. & Yellen, J.Y. (2003). Discrete Mathematics and Its Application: Handbook of
Graph Theory. Boca Raton London New York Washington, D.C..CRC PRES.

Harary, F. (1969). Graph Theory, Reading: Addison-wesley.

~

ESE

=

=

3

Rhishikesh. Graph Theory: Origin and Seven Bridges of Kéonigsberg.
[10] Wang, J. (2017). Mazimum Linear Forest in Trees with Given Diameter.

=)


USER
Highlight
check!

USER
Highlight
Publisher?????

USER
Highlight
incomplete

USER
Highlight
obsolete

USER
Highlight
incomplete

USER
Highlight
obsolete

USER
Highlight

USER
Sticky Note
obsolete

USER
Highlight
publisher

USER
Highlight
obsolete

USER
Highlight
incomplete


UNDER PEER REVI EW

[11] Wilson, R.J. (1996). Introduction to Graph Theory, (4th ed). Addison Wesley Longman
Limited.

[12] http://www.wolframalpha.org/Mathword


http://creativecommons.org/licenses/by/2.0
USER
Highlight
incomplete

USER
Highlight
obsolete


	Introduction
	Preliminary Notes
	Main Results
	Maximum Linear Forest of Graphs
	Maximum Linear Forest of Special Graphs (Paths and Cycle)
	Maximum Linear Forest Resulting from Some Binary Operations
	Maximum Linear Forest in the Union of Graphs
	Maximum Linear Forest of Join of Graphs


	Conclusion and Recommendation



