COMMON FIXED POINT THEOREMS FOR (3§, ¢) -
CONTRACTIVE MAPPINGS ON C*-ALGEBRA
VALUED ‘B5-METRIC SPACES

Original
Research Article

Abstract

The this paper, we extends the new concept of common fixed point theorems in
C*-algebra valued b-metric space (AVBMS) via (§,¢) - contractive mappings.
Investigated are the common fixed points criteria for existence and uniqueness.
Additionally, provide an illustrate an example.

Keywords: C*-algebra valued, b-metric spaces, common fized point.
2010 Mathematics Subject Classification: 47H10; 54H25; 54H20.

1 Introduction

In 2014, Ma et al. [?] proposed the idea of C*-algebra valued metric space (AVMS) and
investigated certain fixed point theorems for self-mapping under various contractive circumstances.
Furthermore, the concept of C*-(AVMS) is generalized to that of C*-(AVBMS), where B is
an element of C*-algebra greater than 1 and the triangle inequality is altered into Dp (s,9) <
7(Dw(s,3) + Du(3, v)). Theorems for self-map with contractive condition are then established using
various fixed point theorems [?]. Besides, Alsulami et al. [?] the classic Banach fixed point theorems
have been examined for their fixed point outcomes can be used to produce C*-(AVMS), C*-
(AVBMS) in fixed point theory. [?][?]. During this article, we indicate 2 as an unitary C*-algebra
and A= {a €A : a =a*}. Especially, an aspect a €2 is a positive factor, if a = a* and o(a) C R,
where o(a) is the spectrum of a.There is a natural partial order in A placed by a < b iff 6 < (b—a),
where 6 implies the zero factor in 2. Then, let AT and 2’ represent the set {a €2 : 0 < a} and the

set {a €A : ab = ba, V b €A}, respectively and |a| = (a*a)%.

Definition 1.1. [?] Let x be a non-empty set and 7€ 2 such that 7 > I. Suppose that the mapping
Dy :x X x — 2 is held, the following constraints.

(i) 0 < Du(s,v) and Dy(s,n) = 0 iff (¢ = v);




(ii) Dy (s,9) = Dy (1) ;
(i) Dy (s,9) < 7(Ds (5,3) + Do (3:9)) V <, 9,3 €x
Then, D is called C*-(AVBM) on x and (x, %2, D) is called C*-(AVBMS).
(

Definition 1.2. [?]. Let (x,2, Dy) be C*-(AVBMS). Imagine that {s,} is an order in x and
cex Ifatalle >0, IN >3V n> N, |Ds(sn, t)]] < e then {c,} is allegedly convergent
with respect to 2, and {§n} converges to ¢, i.e., we use lim, ,005, =¢. Ifatalle >0, IN >V
n,m > N, [|Dy (sn, sm)|| < €, then {s,} is referred to as a Cauchy sequence in x. (x,%, Dp) is
referred to as a complete C*-(AV BM S) if each Cauchy sequence is convergent in .

Remark 1.1. [?] Let 2 be a C*-algebra and assume that ¢ is a linear functional on 2. Define
¢ (a) = ¢p(a*) V a €2l. Then, ¢* likewise has a linear function 2. And the function ¢ is known as
a self-adjoint if ¢* = ¢.

A linear function ¢ on 2 is called positive if ¢ (a*a) > 0 for all a €. We indicate the positivity
of ¢ by ¢ > 0. For two self-adjoint linear function ¢1, ¢2, There are (¢2 — ¢1) > 0 when @2 > ¢1.

Definition 1.3. [?] If ¢ : A— B is a linear mapping in C*-algebra, It is said to be positive if
¢ (AT) C ¢(BT). When this occurs, ¢ () C ¢(Br), and the map of restriction ¢ : A, — By is
increasing. if B =2( the positive linear map is thus referred to as positive functional, and it meets
the following propositions ?? and 77.

Proposition 1.1. [?] Let A be a C*-algebra with 1, thereafter, a positive functional is bounded and
o(1) =l ¢ Il
Proposition 1.2. [?] Let A be a C*-algebra with 1 and let ¢ be a bounded linear functional on A

S ¢(a)=| & ||| all.- There exists positive component a €A > ¢ is a positive functional.

Definition 1.4. [?] Let the non-decreasing function § : 27 — A% be a positive linear map that
complies with the following restrictions:
(i) § is continuous;
(ii)) F(a) =0 iff a =6,
(iii) limp—oeo §" (a) = 6.
Definition 1.5. [?] Suppose that 2 and B are C*-algebra. 2 mapping § : A— B is purported to
be C*-homomorphism if :

(i) F(as+by) =aF(s)+bF(y) Va,be C and,ye;

(ii) $(s,0) =3 () F() Vs, pe;

(i) F() =F()" Ve
)

(iv) § maps the unit in A to the unit in B.

Definition 1.6. [?] Let 2 and B be a C*-algebra space and let § : A— B be a homomorphism,
then § is called an x-isomorphism if it is one-to-one *-isomorphism. We declare that C*-algebra 2l
is *-isomorphism to a C*-algebra B if 3 x-isomorphism of 2 onto B.

property 1.1. [?] Let 2 and B be C*-algebra space and § : A— B is a C*-homomorphism V ¢ € 2,
there are o (F (<)) C o(s and || (<) I<|| F I

Corollary 1.1. [?] Every C*-homomorphism is bounded.

Corollary 1.2. [?] Suppose that § is C*-isomorphism from 2 to B, then o (§(s)) C o(s) and
156 lI<ls [l Vs e

Lemma 1.3. [?] Every x-homomorphism is positive.



2 Main Results

Theorem 2.1. Let (x,2, Dy) is a complete C*-(AVBMS). Let L,M : x — x be a contractive
mapping and

5 (Dy (Ls, My)) < F (N (s,9)) — ¢ (Ds (s,9)) (2.1)
aDy (5,y) + 2D LDy (0. M)
’ Gy
4+ [Dy (s, Ls) 4 Dy (v, My)] + 6 [Dy, (s, M) + Dy (9, Ls)]

For alls,y € x, where T € Ql:r, a+B+v+6 >0 with ta+B+~y(1+1)+0 (7(7 + 1)) < 1. F and
¢ are x-homomorphisms and the constraint §(a) < ¢(a). Then L and M have a unique common
fized point in x.

N(s,9) <

Proof. Let ¢o € x and define ¢, = L¢p—1, Sn+1 = Mg, we have

= § (Db (Lsn—1, M<y))
<F (N (sn-1,%n)) — & (Dy (Sn—1,5n))
aDy ($n—1,6n) + /3[1+Db(c;L;;l)L(ivL:t)]gé)zy(cyL,M<n)
=3 +7 Db (Sn—1, Lsn—1) + Db (Sn, Msy)] — ¢ (Dy (Sn—1,5n))
+0 [Db (gnflv M§n) + Dy (gn, L§n—1)]
F(B)%[14+Dp (sn—1,Lsn—1)]Dp(sn Mecn)
- (a)S(Db (gnil’ §n)) + [ bl(ijl(Cnilﬁln)% ——
+F(1)F [Do (sn—1, Lsn—1) + Dy (sn, Mcn)]

(Db (sn, Sn+1))

+8(6)S [Db (§n71> Mgn) + Db (g'rm Lgnfl)] - (b (Db (Cnfh g’n)) .
Therefore
18 (D (mromi) | = 11§ (Ds (Lon—1, M) |
<18 18Dy (nmsysa) |+ 11 §(3) | | L2l en e

+ SO 11 F (Do (sn—1, Lsn—1) + Dy (s, Msn)] |
+ 1 F) I | Do (sn—1, Mn) + D (sn, Lén-1)] ||
— |l & (Db (sn=1,%n)) ||— 0 as n = +oo.

Consider the fact that ¢ and § are strongly monotone functions. There are

Db (§n7§n+1) :Db(Lgn—hMg”)
B[14Dy (sn—1,Lrn—1)]Dp(cn,Men
< aDy (Sn—1,$n) + [ b(§1+1Db(§§n711)x]§n;(§ =

+v [Db (Sn—1, Lsn—1) + Dy ($n, M<n)] + 6[Db (Sn—1, Msn) + Do (Sn, Lsn—1)]

Bl14+Dy(sn—1,5n)|Dp(snyron
= aD (gpo1,6n) o+ Ao Ior Gt

+7[Ds (sn—1,n) + Db (Sn, Snt1)] + 6[Db (Sn—1,n+1) + Db(Sn, sn)]
= (@ +7)Dp (Sn=1, n) + (B8 +7) Db (S, sn+1) + 8 (Do (Sn—1,6n+1))
< (a+7)Ds (Sn-1, sn) + (B+7) Db (sn, Snt1)

+7—5 (Db (gn—h gn) + Db (§n7 §n+1))

=(a+7v+76)Dy (sn-1, Sn) + (B+~v+78)Dyp (Sn;Sn+1) -

This indicates that

a+y+T70
Dy (6nsSnt1) < ﬁDb (SnySn—1) (2.2)

Db (§n7 §n+1) S th (§n7 Cnfl)

where,
b @ +y+70

L P
B+~vy+T10



As a result,
Il Do (sn—1,50) [| | Do (s snt2) (ISR Do (Sns6n-1) [|= 0, as n,m — +o0.

Let n >m

Dy ($n,5m) < TDp ($n,6n-1) + 72D (sn—1,5n-2) 4 .. + 7" " Dp(6m—1,5m)

When using the theorem’s constraint,

F (Db (sns5m) < F(TDb (Snysn-1)) + T (7°Db (Sn-1,6n-2)) + ... +F (77" Db (Sm—1,5m))
< F()F (Do (SnySn— 1))+S(72)S(Db(§n717§n72))+~--
Y5 (™) F (Ds (smots )
<F(N (gn,cn 1)) = ¢ (TDy (Sn,5n-1)) + T (T°N (sn—1,Sn—2))
—¢ (7°Dy (Sn-1,5n—2)) + .. + T (7" N (Sm—1,m))
¢)( ne me gm 17§m))

B[1+Db(§n71y§ﬂ)]Db(§ﬂy§n+1)

1+Db(§n 15 §n)
497 [Db (Sn—1, ) + Db (Sn, Snt1)] ) — & (tDy ($n,Sn—-1)) + ...
+6T Db gn 17§n+1)+Db (gnygn)]

nom 1 D moSm — D m—1ssSm—
( T Dy (Sm— 1,<m)+ﬁ7 (100 (s 5m 1)) Do (5m -1 2)>

an <n,§n 1

1+Db(§ ,Sm 71)
+y7 " [Dp (Smy Sm—1) + Db (Sm—1,Sm—2)]
+57'n ™ [Dp (SmySm—2) + Db (Sm—1,Sm—1)]

(b(Tn §m 17§m))

Therefore,

F(@)F(T)T (Db (sny5n—1)
([HDb(% 1,5n ]Db <n Snt1 >

5 (D (smrsm)) = | TSBBIS T+Dy (s 10m 6 (7D (s 5n1)) + ..
+F(V)T(T)T Do (6n— 17<n)+Db (€n7<n+1)]
+8’(6)8’(7—)S [D (g'n 17§n+1) + Db (gn, gn)}

F(@)F (r™) § (Ds (Sm-1,5m))
([1+Db(@rmgmfl)]’?b(cmfl’<m—2))

1+ Dy, (cm,cmfl) — ¢ (Tnime (§m717 Cm)) .
[Db (SmisSm=1) + Db (Sm—1,Sm— 2)}
[Db (Smy Sm—2) + Db (Sm—1,5m—1)]

S o

Consider the fact that ¢ and § are strongly monotone functions. There are

Dy ($nysm) < arDy ($ny6n1) + B[HDbE?;;&")_]1]3:5;”"“)
+7 [Db (§n717 Cn) + Dy (§n7 §n+1)] + 0T [Db (§n717 §n+1) + Dy (§n7 Cn)} +...

n—m BT =™ 14Dy (smr5m—1)] Db (Sm—1,5m—2
tar Db (6m—1,6m) + 14Dy (SmrSm—1

7" Dy (Sms Sm—1) + Db (6m—1,6m—2)]
+67" 7™ [Dp (Sms Sm—2) + Db (Sm—1,Sm—1)] -




So,

[l 7 11 Do (Sny 5n—1) |l

[1+ Dy (sn—1:5n)] Db (Sn snt1)
87 el (s

+ 1y 7 1 Do (sn—156n) + Db (S Snt1) |l
+ 1817 1l Do (sn—1,$n+1) + Do (sn,5n) || + - -
+ ™™ [l Do (Sm—1,m) |l

n—m 11 [1+Db(sm:sm—1)]D(sm—1:5m—2)
0B Dy (1) “

+ H v HH T HH Db ((magmfl) + Db (g'mfl,(me) ||
A" 1 Do (Sm Sm—2) + Db (Sm—1,5m—1) ||

Dp (6nysm) < — 0, as n.m — +oo.

Then {c,} is Cauchy sequence. Since (x, 2, Dy) is a complete C*-(AVBMS) Juex 3 ¢o—u
as n — 0o. Now that

Dy (u,Mu) < 7 [Dy (wsnt1) + Do (Snt1, Mu)]
= 7 [Ds (Snt1, Mu) + Dp (1,6n41)]
= 7 [Dyp (Lsn, Mu) + Dy (1,6n+1)]
§ (Ds (u,Mu)) =7 [§ (Db (Lsn, Mu)) +§ (Ds (u,sn+1))]
<7 [g (N ({n, u)) — @Dy (§n, u)} +7 [SDb (u,§n+1)}
1§ (Do (Lsn, Mw) | < | 7 |11l § (Do (wssns1)) | + 17 1l Fe Il Do (snyu) ||
+ 17BN Eelsfe Dbl
17 SV 11 Do ($ns Snsa) + Dy (u,Mu) ||
+ 17 1l &6 1l Do (s Mu) + Dy (w,Len) || = || 7 || Db (sn,10) || -

Using the property of ¢, we have

18 (D (L M) | <117 1S (D Goyeea)) |+ 7 1] S 1 D )|
159 ) Loyt

+ TSy I Do (Sn, Snt1) + Do (uw,Mu) ||
+ || 7|1l F6 [l Db (sn, Mu) + Dy (u,Lsn) ||

where § is strongly monotone, then

10 (s M) 1< 17 1D Gaonen)) | 5 | ] o1 s 5,0 |
17 ] 8 ]| Rl bty

+ {7 I Do (Sns Snt) + Dy, (u,Mu) ||
+ 7l 6 [l Do (sn, Mu) + Dy (u,Len) ||
= |7l (Do (W,5n+1)) |l
| a (Il Dy (sn,u) ||
A R
+ 1y I I Do (snynta) + Do (u,Mu) ||
+ 118 {1l Do (s, Mut) + Db (t,5041) ||

as ¢,— u and 41— U as n — 0o, we obtain

[l (M1 e ([l Dy (5, 0) ||

1—-78—7y—70 Dy (u,Mu) ||<
11 =rB=my=rall | Do (M | (+||T||n1+6||||Db<u,<n+1>||

) — 0 as n — oo.
Hence || Dy (Mu,u) ||= 0 since || 1 — 78 — 7y — 76 ||> 0. As a result, Mu = u which is uis a fixed
point of M. Similarly we can demonstrate this Lu = u. Hence Lu =Mu = u. This show that u is
common fixed point of L and M.



Let v be a different fixed point common to L and M. (i.e) Lo =Mv=1v 3 u# v we have
Dy (u,0) = Dyp(Lu,Mv) then,

5 (Dy (u,0)) = § (D (Lu,M0)) < § (N (1,0)) — & (Ds (u,0))
|3 (Do (Lu,M0)) || < [ S [ Dy (w,0) || + || §6 ||| LH2eelal Do loutio)
+ 11 37 Il Do (u,Lu) + Dy (v,Mo) ||
11135 [l Dy (u,M0) + Dy (0,Lu) || — || 6D (u,0) |

Using the property of ¢, we get

13 (Do (Lu,Mo)) || < || B [lll Dy (w,0) || + || §6 ||| LE2elblDeleM0)
+ 137 11 || Dy (w,Lu) + Dy (0,M0) |
+ 1136 ([ Dy (w,Mv) + Dy (0, Lu) |

Where § is strongly monotone, then

I (Do (Lu,Mu)) | < [ |[ll Dy (u,0) || + || B ]| BEPetflonetio)
+ 1y [ Il Do (w,Lu) + Dy (0,Mo) ||
+ 16 [IIl Dy (w,Mv) + Dy (0,Lu) ||
= a+20 | || D (u,v0) |
Slhra+B+(r+ Dy +7(r+1)0 || | Dy (u,0) |
< || Dy (u,0) || -

Which is a contradiction. Hence || Dy (u,0) ||= 0 and u = v. Thus u is a unique common fixed point
of L and M. O

Corollary 2.2. Let (x,, D) is a complete C*-(AVbMS). Let M : x — x be a contractive
mapping and
3 (Do (M"s, M™y)) < T (L(s,9)) — ¢ (Ds (s, 1)) (2.3)
L(s,9) < Dy (s,9) +7[Ds (s, M"9) + Dy (9,M"9)] + 6[Dy (s, M) + Dy (0,M"<]

for all ¢,y €x, where T € Ql:r, a+y+d>0withta+~y(r+1)+d(r(7+1)) <1. § and ¢ are
x-homomorphisms and the constraint § (a) < ¢(a). Then M have a unique fized point in X.

Corollary 2.3. Let (x, 2, Dy) is a complete C*-(AVOMS). Let L : x — x be a contractive mapping
and

§(Dy (L6, L") <F (N (5,9)) — ¢ (Ds (s,1)) (2.4)
N(s,p) < aDy(s,y) + LI IDy0-LT0)

4+ [Dy (s, L"<) 4 Dy (9,L"™9)] + 8[Dy (s, L™) + Dy (,L"<]

for all ¢,v €x, where T 621;, a+B8+v+5>0withra+B8+~v(r+1)+0(r(v+1)<1. F
and ¢ are x-homomorphisms and the constraint §(a) < ¢(a). Then L have a unique fized point in

X-

Example 2.4. Let x = [0,1] and A = C with a norm || s ||=|s| be a real C*-algebra. We define
Ct = (¢,p) €C:c = Re() >0, y=1Im() > 0}. The partial order < with respect to the
C*-algebra C. Re(gl) < Re( 2) and Im(n1) < Im(y2) V(s1,91), (s2,92) € C. Let Dy : x x x = C
suppose that Dy (s, 1)) = (c —|, [s—v|) fors,y€x. Then, (x,2, Dy) is a C*-algebra valued b-
metric space where T = 1 in theorem ?2?. Let §, ¢ : C* — CT be the mappings defined as follows:
For T =(s,p) € CT
(s;m), if s<landy<1,
S if ¢>1andy<1,
w(T) = (,23, if ¢ <1andy>1,
(>,v°), ifs>1andy>1.



and for G =(G1,G2) € C* with P =min {G1,Ga},
22, i p<i
¢(g)_{(21?12 7‘Zf =
(E’ 5) 5 Zf P > 2
Then, § and ¢ are satisfying in definition 77 and ??7. Let L, M : x — x be defined as follows:
_J0,if0<c<: 1
L(g)_{i’zf%<§§1 7M(§)—*7f07“CEX
Then, L and M are satisfying in theorem ?7. Let a =
demonstrates that:

, B =0, ’y:%ﬁandézi.lt

§(Ds (Ls, My)) <F (N (1)) = ¢ (Do (1)) V<, € x withy <.

Hence, Theorem 77 is satisfied. Then demonstrate that 0 is a unique common fized point of L and
M.

3 Conclusions

In Theorem 2.1 we have formulated a contractive conditions to modify and extend the concept of
common fixed point theorem for C*-algebra valued b-metric space via (¢, §)-contractive mapping.
The existence and uniqueness of the result is presented in this article. We have also given some
example which satisfies the contractive condition of our main result. Our result may be the vision
for other authors to extend and improve several results in such spaces and applications to other
related areas.
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