
On the Spanning Tree Packing of Lexicographic
Product Resulting from Path and Complete Graphs

Abstract

For any graphs G of order n, the spanning tree packing number σ of a graph G is the maximum
number of edge-disjoint spanning tree contianed in G. This paper aims to determine the spanning
packing number of lexicographic product of graphs resulting from path and complete graphs
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1 Introduction

The field of mathematics plays a vital role in several fields. One of the important areas in
mathematics is graph theory which is used in structural models. This structural arrangements of
various objects or technologies lead to new inventions and adjustments in the existing environment
for enhancement in those fields. The origin of graph theory started with the problem of Konigsberg
problen in 1735. This problems leads to the concept of Euclidean graph when Euler studied the
problem of Konigbergs bridge and the constructed a structure to solve the problem called Euclerian
graph. Any how, the term “graph” was introduced by Sylvester in 1878 where he draw an analogy
between “Quantic invariants” and covariants of algebra and molecular diagrams.

As the time goes by many mathematicians studied the different areas in graph theory. One of the
problem is the spanning tree packing number (STP) denoted by σ(G) which is maximum number
of edge disjoint spanning tree contained in G by the work of E.M. Palmer [2]. On the otherhand, in
[5], presents a comprehensive exploration of spanning trees in finite simple graphs, which are graphs
without loops or multiple edges. The aim is to provide a survey of spanning trees and investigate
various problems related to them, which serve as extensions of the renowned Hamiltonian path
problem. In this study we determine the spanning-tree packing number of lexicographic product of
graphs resulting from two path graphs.

2 Preliminary Notes

This section contains some of the fundamental concepts necessary for the understanding of the
study.
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Definition 2.1. [2] A set of subgraphs of G are edge disjoint if no two of them have an edge in
common.

Definition 2.2. [4] A bridge is an edge e = uv in a connected graph whose removal reults in a
disconnected graph.

Corollary 2.1. [5] If λ(G) ≥ 2k then G has k edge-disjoint spanning trees. The lower bound is⌊
λ(G)

2

⌋
≤ σ(G),

where the upper bound is

σ(G) ≤
⌊

|E(G)|
|V (G)− 1|

⌋
.

Theorem 2.2. [3] Let G and H be two connected nontrivial graphs, and let σ(G) = k, σ(H) = l,
|V (G)| = n1(n1 ≥ 2), and |V (G)| = n2(n2 ≥ 2) the following are true:

(i.) If kn2 = ln1, then σ(G[H]) ≥ kn2(= ln1);

(ii.) If ln1 > kn2, then σ(G[H]) ≥ kn2 −
⌈

kn2−1
n1

= l − 1

⌉
; and

(iii.) If ln1 < kn2, then σ(G[H]) ≥ kn2

⌈
kn2
n1+1

+ l

⌉
.

Moreover, the bounds are sharp (i.e. there exist a graph such that the equality holds)

Definition 2.3. [4] An acyclic graph is a graph that has no cycles.

Definition 2.4. [4] A tree is a connected acyclic graph.

Definition 2.5. [4] A graph G is complete if every pair of distinct vertices are edjacent in G. A
complete graph of n vertices is denoted by Kn. The graph K1 is a trivial graph.

Definition 2.6. [4] A graph h is a spanning subgraph of G if H is subgraph of G such that
V (G) = V (G).

Definition 2.7. [4] A spanning tree of a graph G is a spanning subgraph of G that is a tree.

Definition 2.8. [3] For any graph G the spanning tree packing number (STP), denoted by σ(G),
is the maximum number of edge disjoint trees contained in G.

Definition 2.9. [4] The composition (lexicogrpahic product) G[H] of two graphs G and H is the
graph with vertex set V (G) × V (H) in which (u, v) is adjacent to (u′, v′) if and only if either
uu′ ∈ E(G) or u = uvv′ ∈ E(H).

3 Main Results

In this section, we establish some results of spanning tree packing number of lexicographic product
of two paths.

Proposition 3.1. Let G be a connected nontrivial graph. If G contains a bridge, then σ(G) = 1.

Proof: Suppose G has a bridge e0 and suppose further σ(G) = 1. Then there exist at least two edge
disjoint spanning tree, say T1 and T2. A contradiction since A and B are edge disjoint. Therefore,
σ(G) = 1. □
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Proposition 3.2. Let G and H be nontrivial connected graph. Then σ(G ∪H) = 0.

Proof: Let G and H be a nontrivial connected graphs. Suppose σ(G ∪ H) ̸== 0. Then there exist
at least a spanning tree, T0, in G and H such that for all v ∈ V (G), v ∈ V (T0). However, G and
H are disjoint in G∪H, Thus, there can be no spanning subgraph connecting the vertices of G and
H. This is a contradiction in the assumption that σ(G ∪H) ̸= 0. Therefore, σ(G ∪H) = 0. □

Remark 3.1. For a path Pn where n ≥ 3, σ(Pn) = 1.

Proposition 3.3. Let Pn and Pm be two paths. Then σ(Pn[Pm]) = n, where m = n.

Proof: Let Pn and Pm be the two paths for m,n ≥ 3. Then by Corollary 2.1,

σ(G) ≤
⌊

|E(G)|
|V (G)− 1|

⌋
σ(Pn[Pm]) ≤

⌊
|E(Pn[Pm])|

|V (Pn[Pm])− 1|

⌋
≤

⌊
|E(Pm)||(Pn)|+ |E(Pn)||V (Pm)|2)|

|V (Pn[Pm])− 1|

⌋
≤

⌊
(m− 1)n+ (n− 1)m2)

mn− 1

⌋
.

Since m = n by assumption, we have

σ(Pn[Pm]) ≤
⌊
(n− 1)n+ (n− 1)n2

n2 − 1

⌋
=

⌊
(n2 + n)(n− 1)

(n2 − 1)

⌋
=

⌊
(n(n+ 1))(n− 1)

(n2 − 1)

⌋
=

⌊
n(n2 − 1)

(n2 − 1)

⌋
= ⌊n⌋
= n.

Thus, σ(Pn[Pm]) ≤ n.

By Theorem 2.2

σ(Pn[Pm]) ≥ kn = lm.

Since σ(Pn) = 1, by Remark 3.1. Thus, σ(Pn[Pm]) ≥ n.

Hence, n ≤ σ(Pn[Pm]) ≤ n. Thus, σ(Pn[Pm]) = n. □

Proposition 3.4. Let K2n and K2m be two complete graphs. Then

σ(K2n[K2m]) = n
⌊n
2

⌋
, where n = m .

Proof:
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By Corollary 2.1,

σ(G) ≤

⌊
|E(G)|

|V (G)− 1|

⌋

σ(K2n[K2m]) ≤

⌊
|E(K2n[K2m])|

|V (K2n[K2m])− 1|

⌋

≤

⌊
|E(K2m||V (K2n)|+ |E(K2n)||V (K2m)|2

|V (K2n[K2m])− 1|

⌋

Since m = n by assumption, we have

σ(K2n[K2m]) ≤

⌊
n(n−1)n

2
+ n(n−1)n2

2

n2 − 1

⌋

≤

⌊
n3−n2+n4−n3

2

n2 − 1

⌋

≤

⌊
n4 − n2

2(n2 − 1)

⌋

≤

⌊
n2(n2 − 1)

2(n2 − 1)

⌋

≤

⌊
n2

2

⌋
.

Thus, σ(K2n[K2m]) ≤
⌊

n2

2

⌋
. By Theorem 2.2

σ(K2n[K2m]) ≥ kn = lm.

Since σ(K2n[K2m]) = n
⌊
n
2

⌋
, by Remark 3.1. Thus, σ(K2n[K2m]) ≥

⌊
n2

2

⌋
. Hence,

⌊
n2

2

⌋
≤

σ(K2n[K2m]) ≤ n
⌊
n
2

⌋
. Thus, σ(K2n[K2m]) = n

⌊
n
2

⌋
. □

4 Conclusion

In this article, we established some results of spanning tree packing number of lexicographic product
of two paths.
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