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Abstract

A 2-rainbow domination function (2-RDF) is a function f: V (G) — 2021 on a vertex set V (G) of
a graph G, such that for any vertex vwith f(x) = @, we have

S

uenw) f(u) = [2]. The weight

of fis JIf] =

p

vev @ |f(v)|. The minimum value of //f/ is the 2-rainbow domination number

denoted by yr2(G). In this study, we determine the 2-rainbow domination number of some special
classes of graphs over its corresponding y-set, specifically, path, cycle, fan, and wheel graphs.
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1 Introduction

One of the enthralling branches in graph theory is the domination in graphs that is presently
effectively in excess of several investigations that have been referred to and presented since this
has published in [1]. Several authors have defined and analyzed various varieties of domination

One of such is the concept of rainbow domination by Bresar et al [9]. It determines the k-rainbow
domination number of a graph G denoted by y«(G), which is the minimum weight of a k-rainbow
dominating function. The k-rainbow dominating function (KRDF) is a mapping from V (G) to

the power set of {1, 2,...,k}. Prior to the release of the concept of k-rainbow domination, Bresar

and Sumenjak in [6], introduced the 2-rainbow domination in graphs for which exact values of 2-
rainbow domination number of several classes of graphs can be found, and it is shown that for the

generalized Petersen graphs GP(n, k) this number is between

_4n
5

and n. Further study on the
2-rainbow domination in the Petersen graph is also investigated in [8]. In this study we investigate

the concept of 2-rainbow domination over a y-set of some classes of graphs.

2 Preliminary Notes

This section contains some of the fundamental concepts necessary for the understanding of the
study. Related definitions that are not in this study can be found in [2], [3], [4], [5], [6], and [9].

Definition 2.1. [1] If Sand T are any two nonempty subsets of V (G),we say S dominates T if

T < NI[S]. If Sdominates V (G) then S is a dominating set od G. The domination number of G.
denotes by y(G), is the minimum cardinality of dominating set of G. A set whose cardinality is the
domination number of a graph G is called y-set of G.

Definition 2.2. [9] Let [k] = {1, 2,3,..., k}, where the elements of [k] are called colors. Given

a graph Gand a positive integer k, a k-rainbow domination function (or k-RDF) is function f:

V (G) — 21, such that for any vertex vwith f(xX) = @, we have



S
PueNnw) f(U) = [k]. Let //f// =

vev @ |f(v)

; we refer to //f/ as the weight of f. The k-rainbow domination number, yi(G), of
graph G, is the minimum value of //f/.

3 Main Results
This section deals about the 2-rainbow dominating number of special classes of graphs over y-set
of some classes of graphs, specifically, path, cycle, fan, and wheel.

Theorem 3.1. If Pnis a path graph of order n2> 3, then

YFZ(Pn) =
ooad
00

2n

3,if n = 0 mod 3

2n-2

3,if n = 1 mod 3

2n-1

3,if N = 2 mod 3

Proof: Let Pn= {vi, vz, ..,vn} with n> 3 and let ® /= S< v(Pn) be a y-set of Pn. Consider the
following cases:

Case 1: n = 0(mod 3)

Let V(G) = S U Si U S2such that S= {vz, vs, ..., vn-2}, S1= {vi, V4, .., vn3} and S2=
{v3, Vs, ..., vn}. Clearly, [Si| = |Sz| =n

3. Define a function f: V (Pn) — 2[2] by

—
N

(v

O

0
0
@, if ve S

1},if ve S

2},if vE S

Then fis a 2-RDF of G with
el =

X
veV (Pn)

fv) [ = 18] + [81] + [8: =0+

{
{

Now, to show that //f// is the minimum weight of Pn, suppose //f// is not the minimum weight of
Pn. Then there exists a function g: V (Pn) — 2[21 such that // g/ < //f//. Since Sis a y-set of
Pn, then g(v) = @ for each v & S. Now, since //g/ < [/[f//, then there exist uw € V (G) \ S such



that g(u) = {1} = g(w), a contadiction. Thus, /[/f/ = 2n

3 is the minimum weight of Pn. Hence,

yr2(Pn) = 2n

3.

Case 2: n = 1(mod 3)

With the same assumption as case 1. Let S= {vi, vs4,...,vn}, S1= {vg, vs5 ..., vn2} and Sz =
{v3, Vs, ..., vn-1}. Clearly, [Si] = n1

sand |Sz2| = n1

3. Define a function f: V (Pn) — 2021 by

—
N

(v

O

|
|
@, if ve S

1},if ve Si

2},if vE S

Then fis a 2-RDF of G with

el =
X
veV (Pn)

f() [ = 18] + [8i] + [8:f =0+

n-1

{
{

To show that //f// is the minimum weight of Pn. On the contary, suppose //f/ 1is the minimum

weight of Pn. Then there exists a function g: V (Pn) — 2[2] such that [/ g/ < //f//. Since Sis a y-set
of Pn, then g(v) = @ for all v& S. Now, since //g/ < [/[f//, then there exist uw € V (G) \ S such
that g(u) = {1} = g(w), a contadiction. Thus, IE] = an

3 1s the minimum weight of Pn. Hence,

yr2(Pn) = on2

3.

Case 3: n = 2(mod 3)

Choose S= {vi, v, ...,vn1}, S1= {vz, Vs, ...,vn} and Sz2= {v3, vs, ..., vn2}. Clearly, |Si| = nn
3

and |Sz| = n2

3. Define a function f: V (Pn) — 2021 by
flv) =

Oo0o

O

g,if ve S



{1}, if vE S1
{2}, if veE S
Then fis a 2-RDF of Gwith

el =
X
VEV (Pn)

f) [ = ISl + [8i] + [S: =0+
n+ 1

3
+

n- 2
3
+

2n—1

To show that //f// is the minimum weight of Pn. On the contary, suppose //f/ 1is the minimum

weight of Pn. Then there exists a function g: V (Pn) — 2[2] such that //g// < JIf//. Since Sis a y-set
of Pn, then g(v) = @ for all v& S. Now, since //g/ < [/[f//, then there exist uw € V (G) \ S such
that g(u) = {1} = g(w), a contadiction. Thus, IE] = 2

3 is the minimum weight of Pn. Hence,

yr2(Pn) = 2n1

3.0

Corollary 3.2. If Cnis a cycle graph of order n2> 3, then

yr2(C) = yr2(Pn) =

ooo

0g

2n
3,if n = 0 mod 3
2n-2
3,if n= 1 mod 3

on-1
3,if n = 2 mod 3

Proof':

This immediately follows from the Theorem 3.1 by constructing the same S, Siand S2 for all cases
of n. O

Theorem 3.3. Let Fnbe a fan grpah of order n> 3. Then yr2(Fn) = n.

Proof: Let Fn= {vi,ve, .., vn} U {vo} where deg(vo) = nand let @ /= S< V (G) be a y-set of Fn.
Choose S= {vo} and Si= {vi, v, ..., vn}. Define the function f: V (Fn) — 2[2] by

f(v) =

oo

oo

@,if i=0

{1}, if iis odd

{2}, if iis even



Then fis a 2-RDf of Gwith

el =
X
VEV (Fn)

[fovi) | = S| + |S1] + [S2] =0 +
n

2
+

n

2

= n.

Clearly, J/f// is the minimum weight of Fn. Thus, yr2(Fn) = n. O
Theorem 3.4. If Wnis a wheel graph with n> 3, then

yr2(Wn) =

(

n,if n= 0 mod 2

n+ 1,if n= 1 mod 2

Proof':

Let Wn= {v1, v, ..., vn} U {vo} iwth deg(vo) = nand let @ /= S < V (G) be a y-set of Wn. Consider
the following cases:

Case 1: n = 0(mod 2)

Choose S= {vo} and Si= {vi, vz, ..., vn}. Define a function f: V (Wn) — 2[2] by

flvi) =

@g,if i=0

{1}, if iis odd

{2}, if iis even

Then fis a 2-RDf of Gwith

el =
X
vEV (Wn)

[fvi) | = S| + |Si1] + [S2] =0 +

n

2
+

n

2

= n.

Clearly, J/f// is the minimum weight of Wn. Thus, yrz(Wn) = n. O

Case 2: n = 1(mod 2)
Choose S= {vo} and Si= {vi, vz, ..., vn}. Define a function f: V (Wn) — 2[2] by

flvi) =
gooooDoog
@, if i=0

{1}, if i /= nand iis odd



{2}, if iis even
{1, 2}, if i= n.
Then fis a 2-RDf of Gwith

el =

X

vev (Wn)

I[f(vi)| = [S] + |Si1] + |S2| =0+
n

2
+

n
2
+1=n+1.

Clearly, //f// is the minimum weight of Wn. Thus, y2(Wn) = n+ 1. O
4 Conclusion

In this article, we focuses on the concept of 2-rainbow dominating number within specific classes
of graphs, namely path, cycle, fan, and wheel graphs, over its y-set for which exact values are

generated. Further research and analysis in this area can contribute to the development of graph
theory and its applications in various fields
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