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Abstract

In this study, we present fixed-point results for various contractions in E— Metric
Space along with several corollaries. Finding a fixed point result in E— Metric
Space can also be done via implicit relations. In the investigation of our primary
result stands, all the theorems will be in non-solid cone and we cannot assume
interior point is non-empty.
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1 Introduction

The notion of Cone metric space introduced by Huang and Zhang [4] replacing the real numbers
by an ordered Banach space, also they discovered fixed point theorems in cone metric space using
contraction mapping. In 2008, Rezapour and Hamlbarani [12] redefined fixed point result without
assumptions of normality of cone in Banach space. Al-Rawashdeh et.al. [1] introduced the concept
of E—metric space in 2012. TVS-valued cone Banach space were defined by Mehmood et al.[9] in
2014.

Typically, the Banach space E was taken into account with a defined order in relation to the
positive solid cone ET of E, i.e., by assuming that interior of E' is not empty. The non-solid cones
were just briefly mentioned in a few results [6, 7]. When non-solid cones are involved, [7] took into
account the quasi interior points of P rather than interior points.

In 2017, Polyrakis [2] introduced the notions of semi-interior points and see some other article
related to cone and E—metric space [3, 5, 7]. Mehmood et al. [8] generalized the Banach,Kannan
and Chatterjea contractions in the setting of E—metric space via non-solid cones.

In this article, we develope Ciric type and some other different kinds of contraction in the
setting of E—metric space. Also finally define some implicit relation in the setting of E—metric
space.

A normed space E with || -||, its ordered by the positive cone E*, then u,v € E, such that u < v
iff v —ueET.




Definition 1.1. [1] An ordered space E is a vector space over R with a partial order relation <
such that

(0S1) Yu,v & z€Eif u=3v = u+z=v+z
(0S2) Yo € RY & u €E,u > Og,vu > Og.

Likewise, if E contains a norm, it is referred to as a normed ordered space.

Definition 1.2. A normed ordered space X’s positive cone ET is known as:

1. Normal,3 N >05
0<u<v = Jlull < NJol

Yu,v € X.
2. Solid, then E' has non-empty interior,
3 Reflexive, if and only if EF N U is weakly compact, where U is the unit ball in X,
4 Strongly reflexive, if and only if ET N U is compact.
In the above definition, reflexive and strongly reflexive cones can be defined in [7].
Definition 1.3. [1] Given that E is an ordered space over real scalars, let X be a nonempty set.

For all u, v and z in X, an ordered E-metric on X, denoted by the E— valued function p® : X x X — E,
we have

(e1) p®(u,v) > Og and p®(u,v) = Og if and only if u = v,
(e2) p"(u,v) =p"(v, u),
(es) p°(u,v) = pf(u, z) + p&(z,v).
Then the tuple (X,pE) is identified as E-metric space.
The definition that follows presumes that int (E+) is not empty.

Definition 1.4. [8] Consider the E— metric space of an normed ordered space E and (u,) in X is
called convergent to u € X then, V ¢ € int (E*) ,3 a natural number N,

P" (un,u) < ¢
Vn > N,

lim u, = u,
n—o0

or un — u. The sequence (uy) is called Cauchy, Ve € int (E+) ,3d a natural number N7 such that
pE (Un7 um) <L c
Vn,m < Ny

Definition 1.5. [2] Let E be a normed space with orders determined by the positive cone ET. We
will represent the zero of E by the symbol Og. Let U = {u € E 3 ||u|| < 1} represent the closed unit
ball of E, and by U™ we refer to the positive portion of the unit ball formed by the set

Ut =UNE".
Definition 1.6. [2] A point uy € ETis a semi-interior point of ET if 3p > 0 such that
ug — pU B - ET

Clearly any interior point of ETis semi-interior point. The Collection of all semi-interior points of
E* as indicated by (E*),

Vu,v€E+,u<<<v = v—ue(E+)6



Example 1.1. [2] Let X, be the space of R* ordered by the pointwise ordering and with norm ||uy||,,
having unit ball. The polygon D, of R* with vertices (1,0),(0,1), (=n,n), (=1,0), (0, =1), (n, —n).
The norm is given by

[ul + vl if uw >0
||<u,v>||n—{' |

m:anx{|u|,|v|}—"Tflmin{|u|,|v|}7 if uwv < 0.

Suppose that E is the space of all the sequences (un) 3 un = (u7, uz) € Uy with ||u.||,, < v(uw)¥n € N
and v > 0, depends on u. Assume that E is ordered by cone EY = {u = (un) €X: up € R for any
n} and equipped with the norm

ulloo = sup [lunll,, -
neN

Also, suppose that X = ET — ET is the subspace of E generated by EY and ordered by ET. Let 1 = (v,),
where v, = (1,1) for any n € N. Then 1 is not an interior point of E*. For any m € N and
v=(v,) €EX3,
v = (v) = Cn=(-2,2), forn=m
v, = (0,0), forn#m

It is easy to show ||v]|ec = 2 and 14 v ¢ E*, even though any u € E™is not an interior point of

ET, therefore E*has an empty interioc. The positive part of closed unit ball is
Ut = {u cEY ! |lufleo < 1}.
For any u = (u,) € Uit is easy to see that |lun|, = up +u; <1,
1-UT CE"
and 1 is a semi-interior point of ET. Also the space X is not complete using Proposition 2.4 of [2].

Example 1.2. In Example 2.7 of [2], (Example 5.9 of [3] ) it has been shown that a strong reflexive
cone ET of L1([0,1]) exists which generate a dense subspace X of L1([0,1]), i.e.,

X=E"—ET
and
Li([0,1]) = X.

Let V = co ((B"(0,1)) U (—=B*(0,1))) and Ef be a set of positive elements of L1([0,1]) generated
by the set Q = 3v + V, where v = Y oo, o ey for a € (0,1), where {e;} is the set of standard
normalized basis. It has been shown in [2], that the cone E™ has empty interior but has semi-interior
points.

Hence every interior point of the cone E' is the semi-interior point if int (E+) is nonempty.

Proposition 1.1. [2] Any point that is semi-interior to a closed cone ET in a complete ordered
normed space E is also an interior point of ET.

Definition 1.7. [8] Assume that (E+)e is non-empty and E is the ordered normed space with
(X,pE) be an E— metric space. For any (u,) € X and u € X, then

(i) (un)e-converges to u when for every e >> Og, 3 a natural number u, = u

(i) (un) is an e-Cauchy sequence when for every e >> 0z, 3k € N 3 pF (un, un) < e for all
n,m > k.

(iii) (X, pE) is e-complete if every e-Cauchy sequence is e-convergent.



Theorem 1.3. [8] Let G : X — X be a mapping and (X7pE) be an e-complete E-metric space with
positive closed cone ET satisfying
P"(Gu, Gv) < ap®(u,v)

Vu,v € X and a € [0,1). Then G has a unique fized point in X and for each u € X, the sequence of
iteration (T"u), ., converges to a fized-point of T'.

Corollary 1.4. [8] Consider an e-complete E-metric space (X,pE) with positive closed cone ET 3

(£9)° 4.

For e >> 0g,up € X, set B(ug,e) = {u €X:pf(u,v) < e} and G : X — X be a mapping such that
p"(Gu, Gv) < ap™(u, v)

Yu,v € B(ug,e), where a € [0,1) and p* (ug,Gug) = (1 —a)e. Then G has a unique fized point in
B (ug,e).

Corollary 1.5. [8] Let (X,pE) be an e— complete E-metric space with positive closed cone ET such
that (E+)e # . Let for some n € N, the mapping G : X — X satisfies

" (T u, T) < ap™(u, v)
for all u,v € X, where a € [0,1) is a constant. Then G has a unique fized point in X.

Theorem 1.6. [8] Let (X,pE) be an e— complete E-metric space with positive closed cone ET such
that (EjL)9 # ¢. A mapping G : X — X satisfies

P*(Gu, Gv) < 0 [p*(Gu, u) + p*(Gv, v)]
1

Yu,v € X and some 6 € [0, 5). Then G has a unique fized point in X, and for each u € X, (T"u),
converges to a fized point of X. B

2 Main Result

Theorem 2.1. Consider an be a normed space E and it’s ordered by a closed positive cone ET. A
function G : X — X, where X is an e—complete E—metric space with positive closed cone ET such that
(ET)® # o, it satisfies

min{p*(Gu, Gv), p*(u, Gu), p° (v, Gv)} — min{p*(u, Gv), p*(v,Gu)} < ap®(u, v) (2.1)

Vu,v €X & a€(0,1) and p* (u,un) < (1 —a)Z. Then {T™u} converges to a fized point of G

ka
m
Proof. Consider the iterative sequence
n
Unt1 = Gup, =T " ug

where ug € X, with u, # un4:Vn € N for n € N. Substitute © = un, v = un4 in equation (2.1), we
get

min{pE(Gun, Gun+1),pE(un, Gun),pE(un,+1,Gun+1)} — min{pE(un, Gun+1),pE(un+1 ,Guy )} =< apE(un7 Unt1)

min{pE(u"+1 ) Gu")7pE(u"7 un+1)7pE(u’fL+1 ’ u’ﬂ)} - min{pE(u’ﬂv u")7pE(u’ﬂ+1 ) u’ﬂ"rl)} = apE(u’fH u"+1)
(2.2)

Consider the LHS of equation (2.2),

min{p® (tn+ 1, Gtn), P (Un, g 1), D (tnt 15 )} — min{p®(um, wn), 0 (Un 1, ng 1)} = min{p® (wn 1, unee), P (un, uns-1)}

- min{pE(Um Un+2)apE(Un+1 ) Unt1)}



Suppose if min{pE(un+1 5 Un+2),pE(Un, Un+1 )} = pE(U'ru Un+1 )a
From equation (2.2)

pE(Un, un+1) j apE(un> un+1)

It is not possible, since a € (0, 1)
min{pE(u”+1 ) uﬂ+2)7pE(U’TL3 Un+1 )} = pE(u’fL+1 ) u’fb+2)’

Again for equation (2.2), we get

P (Unt 1, Un) =< ap®(tUn, Unt1)- (2.3)

Now,
p° (Uny Unt1) =D (Gn, GUun—1)

E
= ap® (Un, Un—1)

= a"p® (ur,up).
Now for n > m, consider
pE (um7 un) j pE (um7 um+1) +pE (Um+1 5 Um+2) + - —|—pE (Un_j N un)
j am+am+1+...+an—1)pE(u1,uD)
<a™ (1+a+a2+--~+a"7m71)pE(u1,u0)

m 1—gqgt ™
2a (17) " (ur, uo)

—a

For any 7 > 0g,3p > 0 such that 7 — pU+ C E* and n; € N such that a™ (%) p° (ur,up) €

§U+f0r any m,n > ni, therefore 7 — “::;an (ur,up) — gU+ Cr—pUT CET,

1 _ an—m

pE (u'm Um) = a™ ( ) pE (UI 5 U(]) < 7 for all n,m > ni

l1—a
Hence (un) is an e-Cauchy sequence, since u is e-complete 3 u € X such that u, 5 w. For a given
73> 0p, choose n2 € N, such that p® (u, u,) < (1 — a)= for all n > na. Consider for all n > ny

E (ttn, Gur)

) (
=" (u, un) + Pt (Tun—1,Gu)
) E

+ap (u"*1 ) u)
T T
m m

Therefore p®(u, Gu) < - for any =~ >> 0z and m € N, therefore - —p®(u,Gu) € ET for all m € N,
which implies —p®(u,Gu) € E*, but p*(u,Gu) € ET, therefore

pE(u7 Gu) =0g
Hence u = T'u. Let v € X be such that u = Gu and v = Gov, then consider
pE(u7 v) = pE(Tu7 Gv) = apE(% v),

P(u,v) = O
Hence u = v. O



Theorem 2.2. Let (X,pF) be an e—complete E— metric space with closed positive cone ET such
that (ET)® # ¢. A mapping G : X — X and there exist a non-negative number b1, ba, bz satisfying
b1 + ba + b3 < 1 such that for each u,v € X,

p"(Gu, Gv) < bip™(u, Gv) + bep® (v, Gu) + b3p®(u, v) (2.4)
Then G has a unique fized point in X.
Proof. Consider up € X, un+1 = Gu, = T"upVn € N. For any n € N, u,, # tn41
P (Un, Unt1) = PF(Gtun, GUn—1)

< blpE(un, GUn—1) + bng(un,1 ,Gun) + b3pE(un, Un—1)

= b1p"(tn, Un) + b2p" (Un— 1, Uns 1) + b3p®(tn, tn—1)

= bop® (tn—1, Un) 4 bap"(Un, Unt1) + b3D" (tn, Un—1)

(1= b2)p"(tn, uny 1) = (ba + b3)p™(tn—1, un)

Therfore,
b2 + b
P (s tng 1) 2 (2 ) (s un) (2.5)
1—be
ba + b3 . -
Here s = 120 < 1 and From equation (2.5) Continuing the above process, we get
— b2
pE(Un, 'Ufn-‘rl) j San(U(), U1) (26)
For n > m,

pE (um7 un) = pE (um7 um+1) +pE (um+1 5 Um+2) + - +pE (un—l s un)
(sm + sm+l N Snfl) pE (Ul , UO)
S

m(1+S+82_’_.“_’_Snf’mfl)pE(ul’uo)
(5

pE (Urm Un) = pE (Urm Um+1) + pE (Um+1 5 Um+2) +- pE (u"L*Z ’ u”)
< (sm +mH 4 snfl) P (ug,up)
<" (I4s+s 4+ P (ur, uo)
1—-s"™
() )

— S

IA A

A
o

for n > m, consider

PN

1—s™™™

For any 7 3> 0g,3p > 0 such that 7 — pUT CE' and n3 € N3 s™ ( i )pE(m,uo) € §U+for

—pE (ur,up) — gU+ C 71— pU"T CET, hence

»n
1—r

any m,n > ns, therefore 7 —

1— Snfm

T )pE(u1,uo)<<Tforalln,mZn3
—s

D" (Un, ) = 8™ (
Hence (un) is an e-Cauchy sequence, since u is e-complete 3 u € X such that wuy, 5 u. Given
73> 0p, choose ny € N, such that p* (u, un) < (1 —s)= ¥V n > na.
" (u, Gu) = p° (u, un) + p° (Un, Gu)
=" (u, un) + P& (Ttn_1,Gu)
= 0" (uyun) + 7" (un—1,u)
T

T T
<(1l=-8)—+s—=—
m m m



Therefore p®(u,Gu) < =, V Z 3> 0z and m € N, Z — p*(u,Gu) € E7 for all m € N, which implies
—p*(u,Gu) € ET, but p*(u,Gu) € EY,

p"(u,Gu) = 0p
Hence u = T'u. Let v € X be such that u = Gu and v = Gov, then consider
p"(u,v) = p*(Tu, Gv) < sp°(u, v),

pE(u7 ’U) = OE
Hence u = v. O

Corollary 2.3. Let (X,p%) be an e—complete E— Metric space with closed positive cone EY such
that (ET)® # ¢. A self mapping G of X satisfies

P"(Gu, Gv) < amax {p°(u, v),p"(u, Gu), p°(v, Gv), p" (u, Gv), p°(v, Gu) } . (2.7)
For all u,v €X & a € (0,1). Then G has a unique fized point in X.

Corollary 2.4. Let (X,p%) be an e—complete E— Metric space with closed positive cone EY such
that (ET)® # ¢. A self mapping G of X satisfies

(2.8)

E E
G G
P(Gu, Gv) < amax {pE(u, o), 7 (u, Gu), pF(v, Gv), E (060 T PP (0,Gu) }

2

For allu,v €X & a € (0,1). Then G has a unique fized point in X.

Definition 2.1. Let ¥ be the class of all real valued continuous functions 9 : (RT)® — RT is
non-decreasing. Then it satisfies

For any u,v € R+,

If it is either u jl/}(i),u,O,eru,v, utv

3J a real number 0 < a < 1 such that u < av

u
)0ruj¢(v,v,u,v,u,v,§) or u XY (u,v,u,u,v,v)

Theorem 2.5. Let (X,pF) be an e—complete E— metric space with closed positive cone such that
(ET)® # ¢. A continuous self mapping G of X satisfies

pE(Gu,Gv) < (pE(u, v),pE(u,Gu),pg(u,Gv),pE(v,Gu),pE(v,Gv), p(u, Gu) —2|—p (v,Gv)) . (29

Yu,v € X. Then G has a unique fized point in X.

Proof. For any ug € X, and n > 1 such that u; = Gup Continuing this process upto (n + 1) terms,
we get

Un+1 = GUp, = Ty

Consider

pE(Um U7L+1) = pE(Gun, Gun—])

D% (Un, Gy +pE(un71,Gun71))
2

<y (pE(un, 1)o7 (s Gt ), B (s Gt 1), P (1, Gtn), PP (i 1, Gt 1),

E (Un, Unt1) + D5 (Un—1, U
= 0 (s ) ) 170 0057 1), ), P s s 1)
E E
Up,, Unp, +p (Un—1, Un
51/’ (pE(uTL?u”lfl)?pE(u"?un+1)307 (pE(u’ﬂ*17u")+pE(u”7un+1))7pE(u’ﬂ*17un)’p ( : +1) 2p ( - )>

From definition of 2.1
pE(“n: Unt1) =X apE(un: Un—1)



Similarly,

P (Uny Un—1) = ap™(Un—1, Un—2)

Then

P (tn, tns 1) < ap® (Un, tn—1) < @ P (Un—1, Un—2)

On Continuing this inequality, we get

P° (Un, tng1) 2 a"p*(uo, ur)

Next for n > m,

pE(um, un) j E (um, u7n+1) + pE (u7n+1 5 um+2) + e + pE (unfl 3 un)
n

Where M = (£> and | = p* (us, uo) . Let 7 > Oz be given, choose p > 03> 7—pUT CE" and

1—a

)pE (ur,up) € §U+f0r any m,n > ns, T — LS~ pF (ur,uo) — §U+ -

m

ns € N such that a™ (%
T—pUT CEY,

1—a

n—m

1—a

pE(un,um)jam< )pE(uJ,uo)<<TVn,m2n6

1—a

Hence (u,) is an e-Cauchy sequence, since u is e-complete 3 u € X such that u, — u. For a given
73> 0p, choose ng € N, such that p* (u, un) < (1 —a)Z Vn>ne>

E E
Un, GUy,) + u, Gu
-<pE (U, Ung1) + ¢ (pE (un,u)>pE (umGun),pE (un,Gu)7pE (u,Gu7L)7pE (quu)7p (e ")2 = )>
E E
Un,y Un + U,Gu
= 1 ) 4 5 (0 57 ) 800 (1 02) 0 (60, 2 (e ) P60 )

Taking wu,, N u, we get

E
P (u,6u) <0+ v <o,o,pE (v, Gu) 0, (u,Gu) w>

From the definition 2.1, we have

p° (u,Gu) < Og.

Here, p® (u,Gu) ¢ ET.
.. Only possible p® (u,Gu) = 0. Hence, Gu = u.
Suppose G has another fixed point say v = Gv, then



P (u,v) = p* (Gu, Gv)

= 1/) (pE (uv U) 707pE (u’ ’U) apE (U, U) 70a0)

" (u, Gu) + p* (v, Gv)>

From the definition of 2.1, we get

pE (u7 U) j OE: _pE (uv U) ¢ E+

pE (uv U) =0

Hence u = v. O

3

Conclusion

In the article that is being presented, we describe fixed point results with various types of contraction
in an E—metric space. We also established a new implicit relation, which enables the contraction
to reach a fixed point result more conveniently. The main result of my article can be extended to
random cone metric space and integral type fixed point results.
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