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Abstract

In this article, we show fixed point results for various contractions in E— metric
space along with certain corollaries.. Also using implicit relation to find fixed point
result in E— metric space .
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1 Introduction and Preliminaries

The notion of Cone metric space introduced by Huang and Zhang [4] replacing the real numbers
by an ordered Banach space, also they discovered fixed point theorems in cone metric space using
contraction mapping. In 2008, Rezapour and Hamlbarani [12] redifined fixed point result without
assumptions of normality of cone in Banach space. Al-Rawashdeh et.al. [1] introduced the concept
of E—metric space in 2012. TVS-valued cone Banach space were defined by Mehmood et al.[9] in
2014.

Typically, the Banach space E was taken into account with a defined order in relation to the
positive solid cone ET of E, i.e., by assuming that the interior of E* is not empty. The non-solid
cones were just briefly mentioned in a few results [6, 7]. When non-solid cones are involved, [7] took
into account the quasi interior points of P rather than interior points.

In 2017, Polyrakis [2] introduced the notions of semi-interior points and see some other article
related to cone and E—metric space [3, 5, 7]. Mehmood et al. [8] generalized the Banach,Kannan
and Chatterjea contractions in the setting of E—metric space via non-solid and possibly non-normal
cones.

In this article, we develope ciric type and some other different kinds of contraction in the setting
of E—metric space. Also finally define some implicit relation in the setting of E—metric space.

let E be an normed space with a norm | - ||, its ordered by the positive cone E*, then z,y €
E,z<yiffy—2 €E".

Definition 1.1. [1] An ordered space E is a vector space over the real numbers, with a partial order
relation < such that

(O1) for all z,y, and z € E,z < y implies z + z < y + 2,



Editor 003
Typewritten text
Original Research Article


UNDER PEER REVI EW

(02) for all a € Rtand z € E with z = Og, az = Og.

Moreover if E is equipped with a norm || - ||, then E is called normed ordered space.

Definition 1.2. The positive cone E*of a normed ordered space X is called;
(a) normal, if there exists a constant M > 0, such that
0 < o < y implies o] < M|y

for all such z,y € X.
(b) solid, if E*has non-empty interior,
(c) reflexive, iff ET N U is weakly compact, where U is the unit ball in X,

(d) strongly reflexive, iff E* N U is compact.
In this above definition, reflexive and strongly reflexive cones can be defined in [7].

Definition 1.3. [1] Let X be a nonempty set and let E be an ordered space, over the real scalars.
An ordered E-metric on X is an E-valued function d* : X x X — E such that for all z, y and z € X, we
have

(E1) d*(z,y) > O and d*(z,y) = Og if and only if z = y,
(B2) d(z,y) = d*(y, ),
(B3) d*(z,y) = d*(z,2) + d*(z, y).

Then the pair (X, dE) is called E-metric space. Now we recall the following definitions of convergent
and Cauchy sequence in an E-metric space with the assumption that int (E*)is nonempty.

Definition 1.4. [8] Let E be a normed ordered space and (X,d") be an E-metric space, then a
sequence (z,) in X is called convergent to a point z € X if for all ¢ € int (E*), there exists a natural
number N such that

d& (2, 1) < ¢

for all n > N and we write

lim z, = z,
n—o0

or simply z, — z. The sequence (z,) is called Cauchy, if for all ¢ € int (E+), there exists a natural
number N such that
d&F (20, Tm) < €

for all n,m < N
Definition 1.5. [2] Let E be an ordered normed space ordered by the positive cone E*, we shall

denote by Og the zero of E,
U={z€E:|z] <1}

be the closed unit ball of E, and by U™ we mean the positive part of unit ball defined by the set
Ut =UNnE".

Definition 1.6. [2] The point 79 € E*is a semi-interior point of ET if there exists a real number
p > 0 such that

xo — pU + - EV
Clearly any interior point of ETis semi-interior point. The set of all semi-interior points of EVis
denoted by (E+)e, and for z,y €ET, z << y if and only if y — 2 € (E+)e.
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Example 1.1. [2] Let X, be the space R? ordered by the pointwise ordering and with norm ||z, ||,
having as unit ball, the polygon Dy, of R* with vertices (1,0), (0,1), (=n,n), (=1,0), (0, —1), (n, —n).
The norm is given by the formula:

max{|z|, [yl} — “F min{|z], [y[}, i 2y <O.

Suppose that E is the space of all the sequences (x.) such that ©, = (¢, 23) € Xa with ||z, < A(z)
for any n € N and the real number A > 0, depending upon z. Assume E is ordered by cone
Et = {x = (z,) €X: 1z, € RL for any n} and equipped with the norm

[zllec = sup [|znl,, -
neN

Also suppose that X = ET — ETis the subspace of E generated by EY and ordered by EY. Let 1 = (yn),
where yn, = (1,1) for any n € N. Then 1 is not an interior point of E*. Indeed for any m € N, take
y = (yn) € X such that,

U":(_212)7 forn:m
y=(y) =
yn:(070)7 fOT"I'L;é’ITL
then it is easy to show that ||y|lcc = 2 and 1+ y ¢ EY, even it can be shown that any x € E*is not
an interior point of ET, therefore ET has an empty interioc. The positive part of closed unit ball is
U ={z€E" 1 ||z < 1}
moreover for any = (z,) € Uit is easy to see that ||z.||, = z. + 77 < 1, so

1-Ut CET

and 1 is a semi-interior point of ET. Also the space X is not complete space (using Proposition 2.4

of [5])-

Example 1.2. In Example 2.7 of [2], (Example 5.9 of [3] ) it has been shown that a strong reflezive
cone ET of L1([0,1]) exists which generate a dense subspace X of L1([0,1]), i.e.,

Xx=E" —E"
and
Lq.(]0,1]) = X.
Let V = co ((BT(0,1)) U (—=B*(0,1))) and Ef be a set of positive elements of L1([0,1]) generated
by the set Q = 3y +V, where y = 3>, a*ex for a € (0,1), where {e;} is the set of standard
normalized basis. It has been shown in [5], that the cone E™ has empty interior but has semi-interior

points.
Clearly every interior point of the cone ET is the semi-interior point if int (E*) is nonempty.

Proposition 1.1. (Proposition 2.4 of [2]) IfE is a complete ordered normed space with generating
and closed cone ET, then any semi-interior point of EVis an interior point of ET

Definition 1.7. [8] Let E be a ordered normed space with assumption that (E+)e is nonempty
and (X7 dE) be an E-metric space. Let (z,) be a sequence in X and z € X. Then

. . €
(i) (zn)e-converges to z whenever for every e : Og, there exists a natural number z, — =

(ii) (zn) is an e-Cauchy sequence whenever for every e % Og, there exists a natural number k
such that d® (Zn, zm) < e for all n,m > k.

(iii) (X, dE) is e-complete if every e-Cauchy sequence is e-convergent.
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Theorem 1.3. [8] Let (X, dE) be an e-complete E-metric space with closed positive cone EV such that
(E"')e # . Let T: X — X be a mapping satisfying
d*(Tz, Ty) < Ad*(z, y)

for all x,y € X and some XA € [0,1). Then T has a unique fized point in X, and for each x € X, the
iterative sequence (T"z), ., converges to the fized point of T'.

Corollary 1.4. [8] Let (X,dE) be an e-complete E-metric space with closed positive cone ETsuch

that (E*’)e # . Fore>> 0g and z9 € X, set B (z9,¢e) = {$ cXx:d%z,y) = e}. LetT:X— X bea
mapping such that
d*(Tz, Ty) < Ad"(z, y)

for all z,y € B (xp,e), where A € [0,1) is a constant and d* (zp,Tzp) = (1 — XN)e. Then T has a
unique fized point in B (zp,€).

Corollary 1.5. [8] Let (X, dE) be a complete E-metric space with closed positive cone EV such that
(E*)e # . Let for some n € N, the mapping T : X — X satisfies

& (1°2,7°) < Ad*(z, 9)
for all z,y € X, where A € [0,1) is a constant. Then T has a unique fized point in X.

Theorem 1.6. [8] Let (X, dE) be a complete E-metric space with closed positive cone ET such that
(E‘f)e # . Let T: X — X be a mapping satisfying
d*(Tz, Ty) < A [d°(Tz, 2) + d°(Ty, )]

for all z,y € X and some \ € [0, %) Then T has a unique fixed point in X, and for each x € X, the
iterative sequence (T"z), -, converges to the fized point of X.

2 Main Result

Theorem 2.1. Let E be a normed space and it’s ordered by a closed positive cone ET. A mapping
T : X — X, where X is an e—complete E—metric space with closed positive cone ET such that
(ET)® # ¢ and it satisfies

min{d®(Tz, Ty), d*(z, Tz), d"(y, Ty)} — min{d*(z, Ty), d"(y, Tz)} < ad"(z, y) (2.1)

Ve,y €X & a€(0,1) and d* (x,x,) < (1 —a)=. Then {T™x} converges to a fized point of T

kil
m
Proof. Consider the iterative sequence
n
Tn+1 = Txn =T Zo

where zp € X, with mathitz, # z,+:Vn € N for n € N. Substitute £ = z,,y = z,4: in equation
(2.1), we get

min{d* (T, Tent 1), d" (20, Tzn), & (Tng 1, TZns 1)} — min{d® (zn, T2t 1), d (Zat 1, T20)} = ad™(Tn, Tots1)

min{dE(anrl P Tl‘n)7 dE(I’M Tn+1 )7 dE('r"+1 ) x")} - mln{dE(mTH x")? dE('rn+1 y Tn+1 )} = adE(xTH anrl)
(2.2)

Consider the LHS of equation (2.2),

min{d*(zn+ 1, T2n), d* (@0, Tat 1), d (Tt 1, 20)} — min{d™(2n, 20 ), d* (Tt 1, Tot 1)} = min{d*(@ns 1, ot 2), d (20, Tur1)}

—min{d*(zn, nt2), d* (Tt 1, Tnt 1)}
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Suppose if min{d®(zn+1, Tn+2), d(Tn, Tnt1)} = d*(Tn, Tnt1),
From equation (2.2)
d* (2, Tnt1) = ad® (T, Tni1)
It is not possible, since a € (0,1)
comin{d* (@1, Tny o), A (T, Ty 1)} = A (Tny 1, Tngz).
Again for equation (2.2), we get
A (Tny1, o) =< adE(x", Tnt1)- (2.3)

Now,
dE (Ina xn+1) = dE (T-T'ru Txnfl)

j adE (Ccn, xnfl)

< a"d" (z1,0).

Now for n > m, consider

dE (.’,Ema xn) j dE (l’nu $7n+1) + dE (x'nH*l 3 xm+?) + -+ dE (Z[n—l ’ .’,Un)
a™ +a™ e a" ) dE (4, 30)
a™ (1+a+a®+--+a"" ") d" (21, 20)

o (i) & (21, 0)

1—a

PPN

PN

—m

For any 7 >> Og, dp > 0 such that Tpr+ - E' and a natural number ni such that a™ (1*1‘{ ) dE (z1,20) €

§U+f0r any m,n > ni, therefore 7 — “;:;n d* (z1,m0) — §U+ C7—pUT CET, hence

17 n—m
1(1& )dE(1:1,$g)<<Tfor all n,m > ny

& (20, Tm) < a™ (

Hence (z,) is an e-Cauchy sequence, since X is e-complete 3 z € X such that z, = z. For a given
73> 0g, choose n2 € N, such that d* (z,z,) < (1 — a).- for all n > no. Consider for all n > na
d*(z,Tz) = d* (z,2,) + d° (2., Tz)
=d" (z,2n) + dE (Txn—1,Tz)
j dE (iE, x’n) + adE (lﬂnfl 9 I)
T T

<(l-a)—+a-=T
m m m

Therefore d*(z, Tz) < = for any = >> Og and m € N, therefore = — d*(z,Tz) € ET for all m € N,
which implies —d®(z, Tz) € ET, but d*(z,Tz) € ET, therefore

d*(z,Tz) = Op
Hence x = Tz. Let y € X be such that x = Trandy = Ty, then consider
&*(z,y) = &*(Tz, Ty) < ad*(z,y),

d*(z,y) = Og
Hence z = y. (I
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Theorem 2.2. Let (X,d*) be an e—complete E— Metric space with closed positive cone Et such
that (ET)® # ¢. A mapping T : X — X and thereexist a non-negative number by, ba,bs satisfying
b1 + b2 + b3 < 1 such that for each x,y € X,

d(Tz, Ty) < bid(z, Ty) + bad(y, Tz) + bsd(z, y) (2.4)
Then T has a unique fized point in X.
Proof. Consider zyp € X, xp+1 = Tz, = T"xpVn € N. For any n € N, z, # Tn+1
(T, Tt 1) = d(Ton, Ton_1)

< bldE(xn,Txn,J) + bng(a:n,“Txn) + b3dE(:1cn, Tn—1)

= bldE(:rn, Zn) + deE(xn_z s Tnt1) + bng(zn, Tn—1)

=< bng(xn,1 , ZTn) + bng(xn, Tnt1) + b3dE($7L, Tn—1)

(1 = b2)d* (20, Tny1) = (ba + b3)d" (201, z)

Therfore,

& (zmymnrt) =< (250 s am) (2.5)

1—be
b—2+ b3 . .
Here r = T < 1 and From equation (2.5) Continuing the above proces, we get
— b2
& (T, Tor 1) 2 r"d (20, 71) (2.6)

For n > m,

dE (15m7 ZI»'n) j dE (ZL'm; l’m+1) + dE (l‘m+17$m+2) + dE (l‘n—l,f’:ﬂ)
< (rm Lty +r"71) d® (21, 20)
<P (L r e " T) (2, 10)
<o (5 i o
for n > m, consider

dE (.’.Unu xn) = dE (l’nu 33m+1) + dE (xm+1 ) x"H’Q) +oot dE (In—l ’ x”)
< (rm +Tm+1 4+ ... —|—rn71) dF (ZE],CUU)
<r™ (1+r+r2+~~°+7”n_m_1)dE(x1’$U)
=

()

—-r
For any 7 >> 0g, dp > 0 such that 7'—,0U+ C ET and a natural number ns such that »™ (%) dE (z1,20) €

§U+f0r any m,n > ng, therefore 7 — %dE (z1,20) — gU+ C 1 —pU"T CET, hence

n—m

1—r

d& (T, Tm) 7™ (17) d® (z1,20) < 7 for all n,m > ng
—r
Hence (z,) is an e-Cauchy sequence, since X is e-complete 3 z € X such that z, = z. For a given

T3> 0p, choose ny € N, such that d* (z,z,) < (1 —r)= for all n > ny. Consider for all n > ny
& (z,Tz) < d° (z,2,) + d° (2., Tx)
=d" (z,2,) + d* (Tzn_y1,Tx)
< d" (z,2,) + rd® (Tu_1, )
T

<<(1—r)l+rlz
m m m
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Therefore d*(z, Tz) < Z for any = >> Og and m € N, therefore Z — d*(z,Tz) € ET for all m € N,
which implies —d®(z, Tz) € ET, but d®*(z,Tz) € ET, therefore

d*(z,Tz) = Op
Hence x = T'z. Let y € X be such that z =Tz and y = Ty, then consider
d*(z,y) = d*(Tz,Ty) < rd*(z,y),

d*(z,y) = O
Hence z = y. O

Corollary 2.3. Let (X,d%) be an e—complete E— Metric space with closed positive cone EY such
that (ET)® # ¢. A self mapping T of X satisfies

d*(Tz, Ty) < amax {d"(z, y), d"(z, Tz), d*(y, Ty), & (2, Ty), d*(y, Tz) } . (2.7)
Forallz,y € X & a € (0,1). Then T has a unique fized point in X.

Corollary 2.4. Let (X,d%) be an e—complete E— Metric space with closed positive cone EV such
that (ET)® # ¢. A self mapping T of X satisfies

(2.8)

E E
d*(Tz,Ty) < amax {dEu, y), &z, Tz), d¥(y, y), T ETW) T 4 (9. T2) } _

2

Forallz,y € X & a € (0,1). Then T has a unique fized point in X.

Definition 2.1. Let ¥ be the class of all real valued continuous functions 9 : (RT)® — RT is
non-decreasing. Then it satisfies the condition
For any z,y € RT,

D T+ Yy T
If it is either z j w (y7mao7y+x7y7T) or r j ’l[) (y7y7x7y7maya§) or T j 1/)(17731755»%%9)
3 a real number 0 < @ < 1 such that z <X ay

Theorem 2.5. Let (X,d*) be an e—complete E— metricspace with closed positive cone such that
(ET)® # ¢. A continuous self mapping T of X satisfies

dE(Tz,Ty) = (dE(ac, y),dE(x,Tx),dE(x,Ty),dE(y,Ta:),dE(y,Ty), d’(z,Tz) ; d (y,Ty)) . (29)

Vz,y € X. Then T has a unique fized point in X.
Proof. For any zy € X, and n > 1 such that z; = Tzy Continuing this process upto (n + 1) terms,
we get

Tntr = Tay, = ™,
Consider

dE(xny Zn+]) = dE(Txnz Tzn—])

IA

E E
?/f (dE(xTH xn*1)7 dE(CUn,Tl'n), dE(xanxn*I)v dE(x’ﬂ*17TCE")7 dE(x’ﬂ*17Txn*1)a d (x"’Txn) = d2 (xn71 ’ Tl’nil))

E E
= ¢ (dE(x”L’ $n_1), dE(xTH Zn+1), dE($7“ xﬂ)7 dE(m"l—I ) Zn+1)7 dE(zn—I ) Zn): d (:I:n’ In+1) ;d (In_l 7 mn))
E E
= 1/) (dE(xny ‘Tnfl)a dE(Irm $n+1)7 07 (dE(xnfl ) 1'") + dE(xrm In+1))7 dE(l‘n,1 s xn), d (1:7“ x"Jr]) ;d (x'”*l ’ x"))

From definition of 2.1
dE(fEn, Zn+1) j adE(fEn, 2/'n—l)
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Similarly,

d*(2n, Tn—1) = ad®(Tn—1,Tn—2)
Then
& (T, Tt 1) = ad™ (2o, Lo 1) = aZdE(:cn,Z,xn,Q)
On Continuing this inequality, we get

dE(ZIIn, 51771_‘_1) j CLnClE(!II()7 5171)

Next for n > m,

dE(xmy x’n) j d (xm,xm+1) + dE (zm+1,xm+2) + -+ dE (wnflyxn)

(”‘zmz_ a ) d& (z1,20)
k=0

(

M

k
m

a

1_ an*m

m E

a" | ———— ) d" (z1, 20)
m

a

PN

dE (1‘1 ) l‘g)
1
k

PN

I A

1—a

Where M = (“%:m) and | = d® (z;,20). Let 7 > O be given, choose p > 037 — pU" CE"
%) d® (z1,20) € LU for any m,n > ns, therefore

d® (31, 20) — U+§T—pU+§E+,hence

and a natural number ns such that a™ (
'L m

T_la

n—m

d® (T, Tm) 3 a™ <1_17

— )dE($1,$0)<<TfOI' all n,m > ng

Hence (z,) is an e-Cauchy sequence, since X is e-complete 3 z € X such that z, = z. For a given
7> 0p, choose ng € N, such that d* (z,z,) < (1 — a)~ for all n > ne. Consider for all n > ne >

d" (2, Tz) < d° (¢, Tnys) + d&° (Tog 1, TT)
=d* (z,2ny 1) + d° (T2, Tx)

E E
< d*(z, Zors) + 0 (dE T, x) A (2o, T2n) , d° (20, Tz) , d° (2, T2n) , d° (I,TI),d (zn,Tzn);rd (x,Tx))
E n n E T
=d* (z,2n41) -H/)(dE (o, ), d¥ (T, To 1), d° (0, Tz) , d° (2, Tng 1), d° (I7Tx)7d (@n, +1)2+d (z, 33))

Taking z, = z, we get

E
& (2,T2) <0+ ¢ (o,o,dE (2,T2) 0, d (2, Tz), @)

From the definition 2.1, we have

& (z,Tz) < Og.

Here, d* (7,Tz) ¢ ET.
*. Only possible d* (z,Tz) = 0. Hence, Tz = .
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Suppose T has another fixed point say y = Ty, then

d* (z,y) = d* (Tz, Ty)

<y (dE (2,9), & (2, T2) & (2,Ty) , & (v, Tz) , & (3,Ty)

= (d* (z,9),0,d" (z,y) ,d" (z,y),0,0)

d* (z,Tx) + d* (y, Ty))
2

From the definition of 2.1, we get
dE (I, y) j 0E7 _dE (Z‘, y) ¢ E+
Therefore d* (z,y) = Og

Hence z = y. (I
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