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1. Introduction

Fuzzy set plays an important role in numerous disciplines such as decision-
making problems, medicine, chemistry, computer science and engineering. At-
tanasov designed an extension of FS with its satisfaction and non-satisfaction
values including its hesitancy part is known as intuitionistic fuzzy set (IFS) whose
sum is 1 .The concept of bipolar fuzzy set (BFS) is established by Zhang [10] where
its range is extended to [−1, 1] When there is a counter judgment on an object.
Recently, the notion of bipolar intuitionistic fuzzy set (BIFS) is established when
the bipolar idea is extended and applied in IFS. The Fuzzy graph (FG) was origi-
nally introduced by Kaufmann based on Zadeh’s fuzzy relation (FR). The concept
of fuzzy graph (FG) has earned lot of applications such as traffic light modelling,
time table scheduling, neural networks and cardiac function, etc. The structure
of FG was defined by considering two FS and finding its relations by Rosenfield.
Also, several theoretical ideas were obtained.

The notion of intuitionistic fuzzy graph (IFG) [17] was designed when At-
tanasov’s IFS is combined with fuzzy graph. As it doesn’t satisfy the comple-
mentary condition, Parvathi and Karunambigai reframed the view of IFG [22].
Based on Zhang’s idea, the BFS concept was extended in FG [11].Akram et al. [1]
gave an excellent source on BFG . Recently, the notion of bipolar intuitionistic
fuzzy graph (BIFG) was designed by Ezhilmaran and Sankar [14] combining the
bipolar idea with IFG. But, it doesn’t satisfy the complementary condition. Then,
it was reframed by Mandal and Pal. The notion of strong BIFG and their prop-
erties were also defined by Sankar and Ezhilmaran [15].
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M. G. Karunambigai, M. Akram and K. Palanivel in (2013) investigated the
concept of domination, independence and irredundance on BFG. The concept of
Total strong (weak) domination in bipolar fuzzy graph was investigated by R.
Muthuraj and Kanimozhi [21]. The perfect domination in BFG was introduced
by R. Muthuraj in (2018) [20]. In this paper we introduced and investigate the
concepts of connected perfect dominating in bipolar intutionistic fuzzy graphs
and obtain many result related to this concepts and relationship between this
concepts and the others in BIFG will be given with suitable examples.

2. Preliminaries

Definition 2.1. [12] Let X be a non empty set. A bipolar fuzzy set M in X is
an object having the form B = {(x, µ+

B(x), µ
−
B(x))|x ∈ X} where, µ+

B : X → [0, 1]
and µ−

B : X → [−1, 0] are mapppings.

Definition 2.2. [12] A Bipolar fuzzy graph (BFG) is of the form G = (V , E)
where

(1) V = v1, v2, ...vn such that µ+
1 : X → [0, 1] and µ−

1 : X → [−1, 0]
(2) E ⊂ V × V where µ+

2 : V × V → [0, 1] and µ−
2 : V × V → [−1, 0] such that

µ+
2ij = µ+

2 (vi, vj) ≤ min(µ+
1 (vi), µ

+
1 (vj))

and
µ−
2ij = µ−

2 (vi, vj) ≥ max(µ−
1 (vi), µ

−
1 (vj))

for all (vi, vj) ∈ E .
Definition 2.3. [12] A BFG G = (V , E) is called strong if µ+

2 = min(µ+
1 (vi), µ

+
1 (vj))

and µ−
2 = max(µ−

1 (vi), µ
−
1 (vj)) ∀vi, vj ∈ V .

Definition 2.4. [12] A BFG G = (V , E) is called complete if

µ+
2 (vi, vj) = min(µ+

1 (vi), µ
+
1 (vj))

µ−
2 (vi, vj) = min(µ−

1 (vi), µ
−
1 (vj))

for all vi, vj ∈ V
Definition 2.5. [12] Let G = (V , E) be a BFG, then cardinality of G is defined
as

|G| =
∑
vi∈V

(1 + µ+
1 (vi) + µ−

1 (vi))

2
+

∑
(vi,vj)∈E

(1 + µ+
2 (vi, vj) + µ−

2 (vi, vj))

2

Definition 2.6. [12] The cardinality of V , i.e.; amount of nodes is termed as the
order of a BFG G = (V , E) and is signified by |V|(or O(G)) and determined by

O(G) = |V| =
∑
vi∈V

(1 + µ+
1 (vi) + µ−

1 (vi))

2

The no. of elements in a set of S,i.e., amount of edges is termed as size of BFG
G = (V , E) and signified as |S|(or S(G)) and determined by

S(G) = |S| =
∑

(vi,vj)∈E

(1 + µ+
2 (vi, vj) + µ−

2 (vi, vj))
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for all (vi, vj) ∈ E

Definition 2.7. [12] The degree of a vertex v in a BFG, G = (V , E) is defined
to be the sum of the weights of the strong edges incident at v. It is denoted by
dG(v). The minimum degree of G is ▽(G) = min (dG(v)|v ∈ V ) The maximum
degree of G is △(G) = max (dG(v)|v ∈ V )

Definition 2.8. [12] Two vertices vi and vj are said to be neighbors in BFG, if
either one of the following conditions hold

(1) µ+
2 (vi, vj) > 0 and µ−

2 (vi, vj) = 0
(2) µ+

2 (vi, vj) = 0 and µ−
2 (vi, vj) < 0

(3) µ+
2 (vi, vj) > 0 and µ−

2 (vi, vj) < 0, vi, vj ∈ V

Definition 2.9. [12] The strength of connectedness between two nodes a and b
is

µ∞(a, b) = sup(µk(a, b)|k = 1, 2, ...)

whereas µk(a, b) = sup(µ(aa1) ∧ µ(a1a2)... ∧ µ(ak−1b)|a1, ...ak−1 ∈ V

Definition 2.10. [12] An arc (a, b) is said to be strong edge in a BFG, if

µ+
2 (a, b) ≥ (µ+

2 )
∞(a, b) and µ−

2 (a, b) ≥ (µ−
2 )

∞(a, b)

whereas (µ+
2 )

∞(a, b) = max{(µ+
2 )

k(a, b)|k = 1, 2, ..., n}
and (µ−

2 )
∞(a, b) = min{(µ−

2 )
k(a, b)|k = 1, 2, ..., n}.

Definition 2.11. [12] Let u be a vertex in a BFG G = (V , E) then N(u)={v :
v ∈ V} and (u, v) is a strong edge in G is called neighbourhood of u in G.

Theorem 2.12. [12] Every arc in a complete BFG is a strong arc.

Definition 2.13. [12] A vertex u ∈ V of a BFG G = (V , E) is said to be an
isolated vertex if µ+

2 (u, v) = 0 and µ−
2 (u, v) = 0∀ v ∈ V , u ̸= v. That is, N(u) = ϕ.

Thus an isolated vertex does not dominate any other vertex of G.

Definition 2.14. [12] Let G = (V , E) be a BFG on V , Let u, v ∈ V ,we say that
u dominates v in G if there exists a strong edge between them.

Remark 2.15. [12]

(1) For any u, v ∈ V , if u dominates v then v dominates u and hence domi-
nation is a symmetric relation on V .

(2) For any v ∈ V , N(v) is precisely the set of all vertices in V which are
dominated by v.

(3) If (µ+
2 )(u, v) < (µ+

2 )
∞(u, v) and (µ−

2 )(u, v) > (µ−
2 )

∞(u, v) for all u, v ∈ V ,
then the dominating set of G is V .

3. Connected Perfect Domination in Bipolar Intuitionistic Fuzzy
Graphs

Definition 3.1. [14] Let X be a non empty set. A BIF set
B =

{(
x, µP (x), µN(x), γP (x), γN(x)

)
| x ∈ X

}
where µP : X → [0, 1], µN :

X → [−0, 1] γP : X → [0, 1], γN : X → [−0, 1] are the mappings such that
0 ≤ µP (x) + γP (x) ≤ 1 and −1 ≤ µN(x) + γN(x) ≤ 0.



We use the positive membership degree µP (x), which denotes satisfaction of
the property corresponding to a bipolar intuitionistic fuzzy set B and the neg-
ative membership degree µN(x), which denotes the satisfaction implicit counter
property corresponding to a bipolar intuitionistic fuzzy set. we use the positive
non membership degree γP (x), which is one minus the positive membership de-
gree and negative nonmembership degree γN(x), which is one minus the negative
membership degree.

Definition 3.2. [14] Let X be a non empty set. Then we call a mapping(
µP
1 , µ

N
1 , γ

P
1 , γ

N
1

)
: X ×X → [0, 1]× [−1, 0]× [0, 1]× [−1, 0] a bipolar intuitionistic

fuzzy relation on X such that

µP
1 (u, v) ∈ [0, 1], µN

1 (u, v) ∈ [−1, 0], γP
1 (u, v) ∈ [0, 1], γN

1 (u, v) ∈ [−1, 0].

Definition 3.3. [14] A Bipolar Intuitionistic Fuzzy Graph (BIFG) is a pair
GI(P,Q) where P = (µP

1 , µ
N
1 , γ

P
1 , γ

N
1 ) is a BIF set in Ṽ and Q = (µP

2 , µ
N
2 , γ

P
2 , γ

N
2 )

is a BIF set in Ẽ such that

µP
2 (uv) ≤ min(µP

1 (u), µ
P
1 (v))

µN
2 (uv) ≥ max(γN

1 (u), γN
1 (v))

µP
2 (uv) ≥ max(µP

1 (u), µ
P
1 (v))

µN
2 (uv) ≤ min(γN

1 (u), γN
1 (v))

for all u, v in Ṽ .

Figure 1. Bipolar Intuitionistic Fuzzy Graph

Definition 3.4. [23] A perfect dominating set Dp of a Bipolar intuitionistic
fuzzy graph GI is said to be a minimal perfect dominating set, if for each vertex
u in Dp,Dp − {u} is not a perfect dominating set of a BIFG GI .



Definition 3.5. [23] The minimum fuzzy cardinality of a minimal perfect dom-
inating set of a BIFG GI is called the perfect domination number of BIFG. It is
denoted by γp(GI). The maximum fuzzy cardinality of a minimal perfect domi-
nating set of GI is called the upper perfect domination number of a BIFG. It is
denoted by Γp(GI).

Definition 3.6. The perfect dominating set Dp of a bipolar intuitionistic fuzzy
graph GI is connected perfect dominating set of GI if < D > the bipolar intu-
itionistic fuzzy subgraph induced by D is connected.

Definition 3.7. The connected perfect dominating set Dcp in a bipolar intuition-
istic fuzzy graph BIFG GI is called minimal connected perfect dominating set of
GI if for every r ∈ Dcp, Dcp − {r} is not connected perfect dominating set of GI .

Definition 3.8. The minimum fuzzy cardinality of a minimal connected perfect
dominating set of a BIFG GI is called the connected perfect domination number
of a BIFG GI . It is denoted by γcp(GI) The maximum fuzzy cardinality of
a minimal connected perfect dominating set of a BIFG GI is called the upper
perfect domination number of BIFG. It is denoted by Γcp(GI).

Theorem 3.9. Every connected perfect dominating set in a bipolar intiuitionistic
fuzzy graph GI is a perfect dominating set of a BIFG GI .

Proof. We know that a dominating set D is connected perfect dominating set in
a BIFG GI . if for each vertex v /∈ D and v dominated by exactly one vertex of
D and also the induced bipolar intuitionistic fuzzy subgraph < D > is connected
it is clear that every vertex v /∈ D and v is dominated by exactly one vertex of
D which is a perfect dominating set of BIFG. Therefore every connected perfect
dominating set of GI is a perfect dominating set of GI . □

Theorem 3.10. Let GI be a connected bipolar intutionistic fuzzy graph. Let Dcp

be a minimal connected perfect dominating set of GI . Then V − Dcp is not a
connected perfect dominating set of GI .

Proof. Let D be a minimal connected perfect dominating set in BIFG GI . Let
v be any vertex of D. Since GI is connected. Then by theorem 3.9, GI has no
isolated vertices, there exists a vertex u ∈ N(v). u must be dominated by at least
one vertex in D−{v}, (i.e) D−{v} is a dominating set. Therefore, every vertex
in D is dominated by at least one vertex in V − D and V − D is a dominating
set. But, every vertex in D is not dominated by exactly one vertex in V −P . So,
V −D is not a perfect dominating set. Further, since < D > is connected. Thus
V −D is not connected. □

Remark 3.11. Let GI = Kp be a is a complete bipolar intuitionistic fuzzy graph.
Let D be a minimal connected perfect dominating set of GI . Then V −D has a
connected perfect dominating set of GI .

Theorem 3.12. A bipolar intuitionistic fuzzy graph GI has connected perfect
dominating set D if and only if GI is a connected bipolar intuitionistic fuzzy
graph.



Proof. Let GI be BIFG with connected perfect dominating set D, since D is
a perfect dominating set and < D > is connected, and since every vertex v
in V − D is dominated by exactly one vertex in D. Thus GI is a connected
BIFG. Conversely, let GI be a connected BIFG if GI is separable graph the
D = V (GI) − {u} is a connected perfect dominating set of GI , for every non
bipolar fuzzy cut node u in V (GI). Hence every connected BIFG has a connected
perfect dominating set D. □

4. 2-Domination in Bipolar Intuitionistic Anti Fuzzy Graph

Definition 4.1. [24] A Bipolar Anti fuzzy graph (BAFG) is of the form G∗ =
(V ′, E ′) where V ′ = (µ+

1 , µ
−
1 ) and E ′ = (µ+

2 , µ
−
2 ) are bipolar fuzzy sets in which

(1) V ′ = v1, v2, ...vn such that µ+
1 : V ′ → [0, 1] and µ−

1 : V ′ → [−1, 0] and
E ′ ⊂ V ′ × V ′ where µ+

2 : V ′ × V ′ → [0, 1] and µ−
2 : V ′ × V ′ → [−1, 0] are

bipolar fuzzy mappings such that

µ+
2ij = µ+

2 (vi, vj) ≥ max(µ+
1 (vi), µ

+
1 (vj))

and

µ−
2ij = µ−

2 (vi, vj) ≤ min(µ−
1 (vi), µ

−
1 (vj))

for all (vi, vj) ∈ E ′.
(2) V ′ is known as bipolar anti fuzzy vertex set and E ′ is known as bipolar

anti fuzzy edge set.

Definition 4.2. [24] Let G∗ be a BAFG. Then the order of G∗ or cardinality of
V ′ is

s = |V ′| =
∑
vi∈V ′

1 + µ+
1 (vi) + µ−

1 (vi)

2

Definition 4.3. [24] A Bipolar Anti Fuzzy Graph (BAFG) G∗ = (V ′, E ′) is
called complete if

µ+
2 (vi, vj) = min(µ+

1 (vi), µ
+
1 (vj))

µ−
2 (vi, vj) = min(µ−

1 (vi), µ
−
1 (vj))

for all vi, vj ∈ V ′

Definition 4.4. [24] Let G∗ = (V ′, E ′) be a BAFG, then cardinality of G∗ is
defined as

|G∗| =
∑
vi∈V ′

(1 + µ+
1 (vi) + µ−

1 (vi))

2
+

∑
(vi,vj)∈E′

(1 + µ+
2 (vi, vj) + µ−

2 (vi, vj))

2

Definition 4.5. [24] The amount of nodes is termed as the order of a BAFGG∗ =
(V ′, E ′) and is signified by |V ′|(or O(G∗)) and cardinality of V ′ is determined by

O(G∗) = |V ′| =
∑
vi∈V ′

(1 + µ+
1 (vi) + µ−

1 (vi))

2



The amount of edges is termed as size of BAFG G∗ = (V ′, E ′) and signified as
|E ′|(or S(G∗)) and determined by

S(G∗) = |E ′| =
∑

(vi,vj)∈E′

(1 + µ+
2 (vi, vj) + µ−

2 (vi, vj))

2

for all (vi, vj) ∈ E ′

Definition 4.6. Let G∗ = (V ′, E ′) be a BAFG is said to be strong if

µ+
2 (vi, vj) = min(µ+

1 (vi), µ
+
1 (vj))

µ−
2 (vi, vj) = min(µ−

1 (vi), µ
−
1 (vj))

for all vivj ∈ E ′

Definition 4.7. A Bipolar fuzzy graph is said to be a Bipolar Intuitionistic Anti
Fuzzy Graph (BIAFG) G∗

I = (Ṽ ′, Ẽ ′) where Ṽ ′ = (µP
1 , µ

N
1 , γ

P
1 , γ

N
1 ) is a Bipolar

Intuitionistic Fuzzy set and Ẽ ′ = (µP
2 , µ

N
2 , γ

P
2 , γ

N
2 ) is a Bipolar Intutionistic Fuzzy

Relation, such that

µP
2 (uv) ≥ max(µP

1 (u), µ
P
1 (v))

µN
2 (uv) ≤ min(γN

1 (u), γN
1 (v))

µP
2 (uv) ≥ min(µP

1 (u), µ
P
1 (v))

µN
2 (uv) ≤ max(γN

1 (u), γN
1 (v))

for all u, v in Ṽ ′.

Figure 2. Bipolar Intuitionistic Anti Fuzzy Graph

Definition 4.8. An edge e = (uv) is an effective edge in G∗
I if µ

P (uv) = µP (u)∨
µP (v);µN(uv) = µN(u)∧µN(v); γP (uv) = γP (u)∧γP (v); γN(uv) = γN(u)∨γN(v)
∀u, v ∈ G∗

I .

Definition 4.9. In a BIAFG G∗
I , The neighbourhood of a vertex u is N(u) =

{v ∈ Ṽ ′|µP (uv) = µN(uv) = γP (uv) = γN(uv) ̸= 0}.



Definition 4.10. In a BIAFG G∗
I , The closed neighbourhood of a vertex u is

N [u] = N(u) ∪ u.

Definition 4.11. Let G∗
I = (Ṽ ′, Ẽ ′) be a BIAFG. The complement of the BIAFG

is defined as G∗
I =

(
Ṽ ′ (G∗

I) , Ẽ
′ (G∗

I)
)
such that

• ¯̃
V ′ = Ṽ ′.

• µ̄P (u) = µP (u), µ̄N(u) = µN(u), γ̄P (u) = γP (u) and γ̄N(u) = γN(u), for
all u.

• µ̄P (uv) = µP (uv)−µP (u)∨µP (v) and µ̄N(uv) = µN(uv)−µN(u)∧µN(v).
• γ̄P (uv) = γP (uv)−γP (u)∧γP (v) and γ̄N(uv) = γN(uv)−γN (u)∨γN(v).

Definition 4.12. Let G∗
I be a BIAFG. Then the graph is said to be complete if

µP (vivj) = µP (vi)∨µP (vj), µ
N(vivj) = µN(vi)∧µN(vj), γ

P (vivj) = γP (vi)∧γP (vj)

and γN(vivj) = γN(vi) ∨ γN(vj) for all pair of vi, vj ∈ Ṽ ′.

Definition 4.13. Let G∗
I be a BIAFG. Then the graph is said to be strong if

µP (vivj) = µP (vi)∨µP (vj), µ
N(vivj) = µN(vi)∧µN(vj), γ

P (vivj) = γP (vi)∧γP (vj)

and γN(vivj) = γN(vi) ∨ γN(vj) for all pair of (vivj) ∈ Ẽ ′.

Definition 4.14. Let G∗
I be a BIAFG.Then the degree of u in G∗

I is defined as
d(u) =

(
dPµ (u), d

N
µ (u), d

P
γ (u), d

N
γ (u)

)
, where

dPµ (u) =
∑

u̸=v,u∈Ṽ ′

µP (uv), dNµ (u) =
∑

u̸=v,u∈Ṽ ′

µN(uv)

dPγ (u) =
∑

u̸=v,u∈Ṽ ′

γP (uv), dNγ (u) =
∑

u̸=v,u∈Ṽ ′

γN(uv).

for all u, v ∈ Ṽ ′.

Definition 4.15. Let G∗
I be a BIAFG. Then the total degree of the node u is

defined as D(u) =
(
DP

µ (u), D
N
µ (u), D

P
γ (u), D

N
γ (u)

)
, where

DP
µ (u) =

∑
u̸=v,u∈Ṽ ′

µP (uv) + µP (u), DN
µ (u) =

∑
u̸=v,u∈Ṽ ′

µN(uv) + µN(u)

DP
γ (u) =

∑
u̸=v,u∈Ṽ ′

γP (uv) + γP (u), DN
γ (u) =

∑
u̸=v,u∈Ṽ ′

γN(uv) + γN(u).

for all u, v ∈ Ṽ ′

Definition 4.16. If every node of G∗
I has equal degree, then G∗

I is called a regular

BIAFG. i.e., d(u) = d(v), for every u, v ∈ Ṽ ′.

Definition 4.17. If every node of G∗
I has equal total degree, then G∗

I is called a

totally regular BIAFG. i.e., D(u) = D(v), for every u, v ∈ Ṽ ′.

Definition 4.18. If a node adjacent to other nodes of G∗
I has different degrees,

then G∗
I is called a Irregular BIAFG. i.e., d(u) ̸= d(v), for every u, v ∈ Ṽ ′.



Definition 4.19. If a node adjacent to other nodes of G∗
I has different total

degrees, then G∗
I is called a Totally Irregular BIAFG. i.e., D(u) ̸= D(v), for every

u, v ∈ Ṽ ′.

Theorem 4.20. Every complete BIAFG G∗
I is strong but the converse is not true.

Proof. Consider a BIAFG graph G∗
I which is complete. we know that a complete

BIAFG has atmost one fuzzy bridge. As every fuzzy bridge is strong, G∗
I is strong

but a strong arc need not be a fuzzy bridge, hence the converse is not true □

Definition 4.21. A subset D ⊂ Ṽ ′ is known as dominating set of BIAFG G∗
I if

for every vertex p ∈ Ṽ ′ −D, ∃q ∈ D such that p dominates q.

Definition 4.22. The minimal dominating set is a dominating set D ⊂ Ṽ ′ if no
proper subset of D is a dominating set of G∗

I . The maximum cardinality of all
the minimal dominating set in G∗

I is the domination number of G∗
I and is denoted

by γA(G)
Theorem 4.23. Let G∗

I be a bipolar intuitionistic anti fuzzy graph. A dominating
set D of G∗

I is a minimal dominating set if and only if for each u ∈ D, one of the
following two conditions holds.
(i) N(u) ∩ D = ϕ.
(ii) There is a vertex v ∈ Ṽ ′ −D such that N(v) ∩ D = {u}.
Proof. Let G∗

I be a bipolar intuitionistic anti fuzzy graph. Let D be a minimal
dominating set of G∗

I and u ∈ D. Let Du = D−{u}. Then Du is not a dominating

set as D is a minimal dominating set. Hence there exists v ∈ Ṽ ′ −Du such that
v is not dominated by any element of Du.

Case (i). If v = u, then v = u is not dominated by any element of Du and
hence it is not dominated by any element of D and hence, N(u) ∩ D = ϕ.

Case (ii). If v ̸= u then u dominates v as D is a minimal dominating set of G∗
I

and hence, N(v) ∩ D = {u}.
Conversely, let D be a dominating set of G∗

I and for each u ∈ D, one of the
following two conditions holds.
(i) N(u) ∩ D = ϕ.
(ii) There is a vertex v ∈ Ṽ ′−D such that N(v)∩D = {u}. Suppose if D is not a
minimal dominating set of G∗

I then D1 ⊂ D is a dominating set of G∗
I . Consider

an element u ∈ D and u /∈ D1. Then u ∈ V −D1 and there exists w ∈ D1 such
that w dominates u and so w ∈ N(u). Also w ∈ D1 ⊂ D and hence N(v)∩D ̸= ϕ.

Given D is not a minimal dominating set, then there is a vertex v ∈ Ṽ ′ − D
such that either v is dominated by more than one vertex of D or there exist an
element u ∈ D such that u does not dominate any v for all v ∈ Ṽ ′ −D.
Case (i). Let u,w ∈ D dominates v and u,w ∈ N(v). Then N(v)∩D = {u,w} ≠
{u}
Case (ii). Then for this u ∈ D, N(v) ∩ D ≠ {u} for all v ∈ Ṽ ′ − D. Hence,
conditions (i) and (ii) do not hold because of the assumption that D is not a
minimal dominating set of G∗

I . Hence D is a minimal dominating set of G∗
I . □

Theorem 4.24. Let G∗
I be a BIAFG with order r and size s and the minimum

degree δ, then s− r ≤ γA(G∗
I) ≤ r − δ.



Proof. Let G∗
I be a BIAFG. Consider D be a dominating set of G∗

I . Let s be
the sum of the fuzzy cardinality of all the edges and r be the sum of all vertices.
Therefore the difference between the order and size of BIAFG is minimum and the
domination number of BIAFG is the minimum cardinality over all the vertices.
Hence |Ṽ ′−D| = r−γA(G∗

I). then there exists at most deg(G∗
I)/2 edges incident

from Ṽ ′−D to D. Thus, r−γA(G∗
I) ≤ s This implies that s−r ≤ γA(G∗

I) (1) Let
v be the vertex with minimum degree δ. v must be adjacent to strongly dominate
vertices in G∗

I . Hence, V −N(v) is a dominating set. Therefore, γA(G∗
I) ≤ r − δ

(2). From (1) and (2) we have, s− r ≤ γA(G∗
I) ≤ r − δ Hence the proof.

□

Theorem 4.25. Let G∗
I be a complete BIAFG and let D be the minimal domi-

nating set in γA(G∗
I), then (Ṽ ′ −D) is also complete.

Proof. Let G∗
I be a complete BIAFG with vertex set vi ∈ Ṽ ′, i = 1, 2, 3, ..., n. Let

D be the minimal dominating set in G∗
I . Hence, the resultant vertices in (Ṽ ′−D)

are dominates every other vertex. Therefore, it is complete. Hence the proof. □

Definition 4.26. Let G∗
I be a BIAFG. A set Dd ⊂ Ṽ ′ is a 2-dominating set if

for every node in Ṽ ′ − Dd is dominated by minimum two vertices in Dd. The
maximum cardinality of all minimal 2-dominating sets of G∗

I is said to be 2-
domination number of G∗

I and is denoted as γ2d(G∗
I).

Theorem 4.27. Let Dd be a 2-dominating set of BIAFG G∗
I .If there exists more

than one vertex in Ṽ ′ −Dd, then every 2-dominating sets of BIAFG G∗
I is a split

dominating set

Proof. Let Dd represents a 2-dominating set.
Case(i): Suppose Ṽ ′−Dd contains a single vertex then there is no need to observe
connected or disconnected.
Case(ii): Suppose there is more than one vertex in Ṽ ′ − Dd. Let u and v be
the any two vertices in tildeV ′. If u and v are strong neighbors, then u occur in
Ṽ ′ − Dd and v occur in Dd. Therefore, any vertex in Ṽ ′ − Dd including u will
be disconnected. Further it implies Dd is a split dominating set. Suppose u and
v are not strong neighbor, then they may be in one set of Ṽ ′ − Dd and Ṽ ′ − Dd

is disconnectedby having a vertex set includes u and v and remaining vertices
occur in another set. This implies 2-dominating set Dd is a split dominating set
of BIAFG G∗

I . □

Theorem 4.28. For any BIAFG G∗
I , γ(G∗

I) ≤ γ2d(G∗
I)

Proof. Let G∗
I be any BIAFG. Let D ⊆ M be a dominating set and Dd ⊆ M

be a 2-dominating set of G∗
I . If D = Dd, then γ(G∗

I) = γ2d(G∗
I). If D ≠ Dd,

then Dd has atleast one vertices more than D and hence, γ(G∗
I) < γ2d(G∗

I) Hence,
γ(G∗

I) ≤ γ2d(G∗
I) □

Theorem 4.29. The 2-dominating set of an BIAFG exists only if every vertex
in Ṽ ′ −Dd contains at least two other vertices as strong neighbors.



Proof. Let Dd is a 2-dominating set of an BIAFG. If there exists a vertex in
Ṽ ′ −Dd with a single strong neighbor, let it be u and its strong neighbor is v.

Case 1. If v ∈ Ṽ ′ − Dd, then u ∈ Ṽ ′ − Dd has no strong neighbor in Dd, this
implies that Dd cannot be a 2-dominating set.

Case 2. If v ∈ Dd such that u ∈ Ṽ ′ − Dd has exactly one strong neighbor,
again, this implies that Dd cannot be a 2-dominating set.

We obtain contradiction in both the cases. Hence, there exist at least two
strong neighbors for every vertex in Ṽ ′ −Dd. □

5. Secure Edge Domination in Bipolar Intuitionistic Anti Fuzzy
Graph

Definition 5.1. Let G∗
I = (Ṽ ′, Ẽ ′) be a Bipolar Intuitionistic Anti Fuzzy Graph.

A set S ⊆ Ẽ ′ is said to be an edge dominating set of G∗
I if every edge not in S is

incident to some edge in S. It is said to be minimal if no proper subset of S is
an edge dominating set. The edge domination number is denoted as γe(G∗

I)

Example 5.2.

Figure 3. Edge domination in BIAFG

In the above figure 3, {e1, e2, e4, e5},{e2, e3, e5},{e1, e3, e4} are edge dominating
sets of G∗

I .{e1, e4} {e3, e2},{e5} are minimal edge dominating sets of G∗
I . Among

all the minimal dominating sets, {e5} has minimum cardinality and edge domi-
nation number γe(G∗

I) = 1.06.

Definition 5.3. Let G∗
I = (Ṽ ′, Ẽ ′) be a BIAFG. Let S be a minimum edge set

of G∗
I . If Ẽ

′ − S contains an edge dominating set S ′ of G∗
I , then S ′ is said to be

inverse edge dominating set of G∗
I . The minimum cardinality out of all minmal

inverse edge dominating sets is said to be inverse edge domination number and
is denoted as γ−1

e (G∗
I).



Definition 5.4. Let G∗
I = (Ṽ ′, Ẽ ′) be a BIAFG. An edge dominating set F of Ẽ ′

is a secure edge dominating set if for every edge e ∈ Ẽ ′ − F, there exists an edge
f ∈ F, which is adjacent to e such that {(F− {f}) ∪ {e}} is an edge dominating
set.

Definition 5.5. Let F be a secure edge dominating set of a BIAFG. Then it is
said to be minimal secure edge dominating set if no proper subset of F is a secure
edge dominating set. Minimum cardinality among all the minimal secure edge
dominating sets is called secure edge domination number of G∗

I and is denoted
by γ∗

se(G∗
I)

Figure 4. Secure Edge Domination in BIAFG

Example 5.6. In Figure 4, {e1, e2, e6} ,{e1, e2, e4},{e1, e3, e5, e7}, {e2, e4, e6, e8}
are some secure edge dominating sets and the secure edge domination number,
γ∗
se(G∗

I) = 1.82

Definition 5.7. Secure total edge dominating set of a BIAFG G∗
I = (Ṽ ′, Ẽ ′) is

defined as a total edge dominating set T ⊆ Ẽ ′ such that for every e ∈ Ẽ ′/T ∃ an
edge t ∈ T, such that e and t are adjacent and {(T− {t}) ∪ {e}}.

Definition 5.8. Let T be a secure total edge dominating set, if no proper subset
of T is a secure total edge dominating set then it is a minimal secure total edge
dominating set. Minimum cardinality from all the minimal secure total edge
dominating sets is said to be secure total edge domination number and is denoted
by γ∗

ste(G∗
I)



Theorem 5.9. Prove that S is a secure edge dominating set of a Bipolar Intu-
itionistic Anti Fuzzy Graph G∗

I where S is a secure total edge dominating set of
G∗

I

Proof. Given a Bipolar Intuitionistic Anti Fuzzy Graph G∗
I . Let S be a secure

total edge dominating set of G∗
I then S is a total edge dominating set of G∗

I .

Hence S is an edge dominating set of G∗
I . Let e ∈ Ẽ ′/S, then ∃s ∈ S such that e

and s are two adjacent edges implies e is a strong edge of G∗
I and (S−{s})∪ {e}

is an edge dominating set of G∗
I . Therefore S is a secure edge dominating set of

G∗
I . □

Theorem 5.10. Let G∗
I be a Bipolar Intuitionistic Anti Fuzzy Graph with no

isolated edges. then for every minimal edge dominating set F, Prove that Ẽ ′ − F

is an edge dominating set.

Proof. Given a Bipolar Intuitionistic Anti Fuzzy Graph G∗
I , let f be an edge in

F. Since G∗
I has no isolated edges, ∃ an edge e ∈ N(f) which implies e ∈ Ẽ ′ − F.

Hence, Every element of F is dominated by some element of Ẽ ′ − F. Thus, Ẽ ′ − F

is an edge dominating set. □

Definition 5.11. Let I be a minimal edge dominating set which has minimum
cardinality. Then I ′ ⊆ Ẽ ′/I is said to be an inverse edge dominating set of G∗

I

with respect to I if I ′ is an edge dominating set. The minimum cardinality of all
inverse edge dominating set of I ′ of G∗

I is called inverse edge domination number
and is denoted by γ−1

e (G∗
I)

Definition 5.12. Let G∗
I = (V, Ẽ ′) be a BIAFG. Let I be a minimal secure edge

dominating set which has the minimum cardinality. Then I ′ ⊆ Ẽ ′ − I is said to
be an inverse secure edge dominating set of G∗

I with respect to I if I ′ is a secure
edge dominating set. The inverse secure edge domination number γ−1

e (G∗
I) is the

minimum cardinality of an inverse secure edge dominating set of G∗
I .

Definition 5.13. Let G∗
I = (Ṽ ′, Ẽ ′) be a BIAFG. Let I be a minimal secure

total edge dominating set which has the minimum cardinality. Then I ′ ⊆ Ẽ ′ − I
is said to be an inverse secure total edge dominating set of G∗

I with respect
to I if I ′ is a secure total edge dominating set. The inverse secure total edge
domination number γ−1

ste(G∗
I) is the minimum cardinality of an inverse secure

total edge dominating set of G∗
I

Remark 5.14. Inverse secure total edge dominating set may not exist in all Bipolar
Intuitionistic Anti Fuzzy Graphs.

Theorem 5.15. Let G∗
I be a Bipolar Intuitionistic Anti Fuzzy Graph, If γ−1

ste(G∗
I)-

set exists in G∗
I , then prove that

γ∗
se(G∗

I) ≤ γ−1
ste(G∗

I)

Proof. In a Bipolar Intuitionistic Anti Fuzzy Graph G∗
I , We know that every

inverse secure total edge is a secure total edge dominating set. Hence γ∗
se(G∗

I) ≤
γ−1
ste(G∗

I) □



Theorem 5.16. Let G∗
I be a BIAFG, If γ−1

ste(G∗
I)-set exists in G∗

I then, then prove
that

γ∗
se(G∗

I) + γ−1
se (G∗

I) = |S|

Proof. The proof is obvious. □

Theorem 5.17. A strong BIAFG G∗
I contains an inverse edge dominating set.

Proof. Given a Bipolar Intuitionistic Anti Fuzzy Graph G∗
I with strong edges.

Let F be a minimal edge dominating set of G∗
I . Then by known theorem If F is a

minimal edge dominating set, then Ẽ ′ − F is also an edge dominating set of G∗
I .

Hence Ẽ ′ − F is an edge dominating set. Thus every strong Bipolar Intuitionistic
Anti Fuzzy Graph G∗

I contains an inverse edge dominating set. □

4. Conclusion We have discussed about different types of domination in
bipolar intutionistic fuzzy graphs, The idea of double domination on bipolar
Intuitionistic Anti fuzzy graph was presented in this article and discussed some of
its properties as well as some results related to Secure dominations in BIAFG. We
can extend our research work to total domination other various types of bipolar
intuitionistic fuzzy graphs.
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