
 

 

A NOVEL SET OF FUZZY ࢌ-DIVERGENCE MEASURE-RELATED INTUITIONISTIC 
FUZZY INFORMATION EQUALITIES AND INEQUALITIES 

 

Abstract 

In the literature on fuzzy information theory, there are numerous divergence metrics and fuzzy 
information. Disparities are crucial for determining relationships. Here, we'll discuss some fresh 
information inequalities related to fuzzy measures and how they apply to the detection of 
patterns. With the aid of the fuzzy f-divergence measure and Jensen's inequality, links between 
new and well-known fuzzy divergence measures were also created. 

Keywords: ݂-divergence, Arithmetic-Geometric mean divergence, Harmonic mean divergence, 
Relative Arithmetic Geometric divergence, Theoretic exponential information distance measures, 
Relative ܬ-divergence etc. 

1. INTRODUCTION  

The fuzzy sets (FS) that Zadeh described in 1965 have demonstrated useful applications in 
numerous academic domains. The concept of a fuzzy set is advantageous because it addresses 
ambiguity and uncertainty that the Cantorian set was unable to handle. According to fuzzy set 
theory, an element's membership in a fuzzy set is expressed as a single value between zero and 
one. Nevertheless, since there may be some hesitation degree, it may not always be the case that 
the degree of non-membership of an element in a fuzzy set is equal to 1 minus the membership 
degree. As a result, Atanassov (1983, 1986) presented intuitionistic fuzzy sets (IFS), a 
generalization of fuzzy sets that include the degree of hesitation known as the hesitation margin 
(and is defined as 1 minus the sum of membership and non-membership degrees respectively). In 
many application domains, the idea of defining intuitionistic fuzzy sets as generalized fuzzy sets 
is quite fascinating and practical. 

Since it incorporates the degree of belongingness, degree of non-belongingness, and the 
hesitation margin, intuitionistic fuzzy set knowledge, and semantic representation become more 
significant, resourceful, and relevant (Atanassov, 1994, 1999). Szmidt and Kacprzyk (2001) 
demonstrated that intuitionistic fuzzy sets can be helpful when a problem's description by a 
linguistic variable expressed in terms of a membership function only looks to be a crude 
approximation. IFS is a tool for more human consistent reasoning under imperfectly specified 
facts and imprecise information because of its flexibility in addressing ambiguity (Szmidt and 
Kacprzyk, 2004). 

De et al. (2001) provided a three-step approach to medical diagnosis utilizing intuitionistic fuzzy 
sets, including symptom determination, medical knowledge formulation based on intuitionistic 
fuzzy relations, and diagnosis based on the composition of intuitionistic fuzzy relations. Since 



 

 

there is a chance of a non-null hesitation part existing at each point of evaluating an unidentified 
object, an intuitionistic fuzzy set is a tool for simulating real-world issues like sale analysis, new 
product marketing, financial services, negotiation processes, psychological investigations, etc 
(Szmidt and Kacprzyk, 1997, 2001). Rigid research based on the theory and applications of 
intuitionistic fuzzy sets was conducted by Atanassov (1999, 2012). The distance measurements 
approach is used in many IFS applications. Given its many real-world applications in pattern 
recognition, machine learning, decision making, and market forecasting, distance measure 
between intuitionistic fuzzy sets is a key idea in fuzzy mathematics. In recent years, numerous 
distance metrics between intuitionistic fuzzy sets have been suggested, investigated, and 
employed in medical diagnostics (Szmidt and Kacprzyk, 1997, 2000, Wang and Xin, 2005). 

Using the ݂-divergence functional, Csiszar [2, 3] established a generalized measure of 
information in 1961. 
(ܳ,ܲ)௙ܫ                                                = ∑ ௜݂ݍ ቀ

௣೔
௤೔
ቁ௡

௜ୀଵ                                                             (1.1) 

Where ݂:ࡾା → ܳ,ܲ ା is a convex function andࡾ ∈   Here .݊߁
݊߁                                                         = {ܲ = ,ଵ݌) ,ଶ݌ … … … , ௜݌|(௡݌ ≥ 0,∑ ௜݌ = 1௡

௜ୀଵ }, ݊ ≥ 2 
be the collection of all discrete probability distributions with finite lengths. The literature on 
information theory and statistics includes a wide variety of information and divergence 
measures. Here, we'll provide a few examples of Csiszar ݂-divergence measure divergence 
measures. 
Intuitionistic fuzzy relative Information [10]     
                                                                                                    

(ܤ,ܣ)ܭ                                        = ∑ ൤(݅ݔ)ܣߤlog (݅ݔ)ܣߤ
(݅ݔ)ܤߤ

+ log(݅ݔ)ܣߥ (݅ݔ)ܣߥ
(݅ݔ)ܤߥ

൨௡
௜ୀଵ                            (1.2) 

 
Intuitionistic fuzzy Chi-square divergence [6]                                                                                   

                                 ࣲଶ(ܤ,ܣ) = ∑ ൭ቆఓಲ
మ (௫೔)
(݅ݔ)ܤߤ

− ቇ(݅ݔ)ܤߤ + ቆߥಲ
మ (௫೔)
(݅ݔ)ܤߥ

− ቇ൱௡(݅ݔ)ܤߥ
௜ୀଵ                    (1.3) 

Intuitionistic fuzzy relative J-S divergence [10]            
                                                                                         

(ܤ,ܣ)ܨ                      = ∑ log൬(݅ݔ)ܣߤ ଶ(݅ݔ)ܣߤ
(݅ݔ)ܤߤ+(݅ݔ)ܣߤ

൰௡
௜ୀଵ + ∑ log(݅ݔ)ܣߥ ቀ ଶ(݅ݔ)ܣߥ

(݅ݔ)ܤߥ+(݅ݔ)ܣߥ
ቁ௡

௜ୀଵ              (1.4) 

 
Intuitionistic fuzzy Hellinger discrimination [5] 
 

                               ℎ(ܲ,ܳ) = 1 − (ܳ,ܲ)ܤ = ଵ
ଶ
∑ ൫ඥ݌௜ −ඥݍ௜൯

ଶ௡
௜ୀଵ                                         (1.5) 

 

Where (ܤ,ܣ)ܤ = ∑ ൬ට
(݅ݔ)ܣߤ
(݅ݔ)ܤߤ

+ ට(݅ݔ)ܣߥ
(݅ݔ)ܤߥ

൰௡
௜ୀଵ  is known as Bhattacharya distance measure [1] 

                                                  



 

 

Intuitionistic fuzzy Verma [12] distance measure (Motivated by Kullback and Liebler [8])   
                                                              

               ௔ܸ(ܤ,ܣ) = ∑ (݅ݔ)ܤߤ ln ൬(݅ݔ)ܤߤା௔(݅ݔ)ܣߤ
(݅ݔ)ܣߤ

൰+ ∑ (݅ݔ)ܤߥ ln ቀ(݅ݔ)ܤߥା௔(݅ݔ)ܣߥ
(݅ݔ)ܣߥ

ቁ௡
௜ୀଵ

௡
௜ୀଵ   

                                       −ቀ(݅ݔ)ܣߤ + ቁ(݅ݔ)ܣߥ ln(1 + ܽ),     ܽ > 0                                           (1.6) 
 
and another intuitionistic fuzzy Verma [13] distance measure, due to general rule, is given by                               

               ௔ܸ(ܤ,ܣ) = ∑ ൬ln ൬ଵା௔(݅ݔ)ܣߤ
ଵା௔(݅ݔ)ܤߤ

൰ − ln (݅ݔ)ܣߤ
(݅ݔ)ܤߤ

൰௡
௜ୀଵ . (݅ݔ)ܤߤ ቀ1 +    ቁ(݅ݔ)ܤߤܽ

                                      +∑ ቀln ቀଵା௔(݅ݔ)ܣߥ
ଵା௔(݅ݔ)ܤߥ

ቁ − ln (݅ݔ)ܣߥ
(݅ݔ)ܤߥ

ቁ௡
௜ୀଵ . ൫1(݅ݔ)ܤߥ + ܽ   ,൯(݅ݔ)ܤߥܽ > 0       (1.7) 

Intuitionistic fuzzy ܬ-divergence measure [4, 7]                                                                                   

(ܤ,ܣ)ܬ              = ∑ ቀ(݅ݔ)ܣߤ − ቁ(݅ݔ)ܤߤ log൬(݅ݔ)ܣߤ
(݅ݔ)ܤߤ

൰௡
௜ୀଵ + ∑ ൫(݅ݔ)ܣߥ − ൯log(݅ݔ)ܤߥ ቀ(݅ݔ)ܣߥ

(݅ݔ)ܤߥ
ቁ௡

௜ୀଵ    (1.8) 

Intuitionistic fuzzy relative ܬ-divergence measure [6, 7]                                                                             

(ܤ,ܣ)ோܬ                          = ∑ ቀ(݅ݔ)ܣߤ − ቁ(݅ݔ)ܤߤ log൬(݅ݔ)ܤߤ+(݅ݔ)ܣߤ
ଶ(݅ݔ)ܤߤ

൰௡
௜ୀଵ    

                                                            +∑ ൫(݅ݔ)ܣߥ − ൯log(݅ݔ)ܤߥ ቀ(݅ݔ)ܤߥ+(݅ݔ)ܣߥ
ଶ(݅ݔ)ܤߥ

ቁ௡
௜ୀଵ                     (1.9) 

Intuitionistic fuzzy relative Jensen-Shannon divergence measure [9]                                                                                                  

(ܤ,ܣ)ܨ               = ∑ log൬(݅ݔ)ܣߤ ଶ(݅ݔ)ܣߤ
(݅ݔ)ܤߤ+(݅ݔ)ܣߤ

൰௡
௜ୀଵ + ∑ log(݅ݔ)ܣߥ ቀ ଶ(݅ݔ)ܣߥ

(݅ݔ)ܤߥ+(݅ݔ)ܣߥ
ቁ௡

௜ୀଵ                   (1.10) 

and        (ܣ,ܤ)ܨ = ∑ log൬(݅ݔ)ܤߤ ଶ(݅ݔ)ܤߤ
(݅ݔ)ܤߤ+(݅ݔ)ܣߤ

൰௡
௜ୀଵ + ∑ log(݅ݔ)ܤߥ ቀ ଶ(݅ݔ)ܤߥ

(݅ݔ)ܤߥ+(݅ݔ)ܣߥ
ቁ௡

௜ୀଵ                   (1.11)                                                                                    

Intuitionistic fuzzy Jensen-Shannon [9] divergence measure   

(ܤ,ܣ)ܫ = ଵ
ଶ

(ܣ,ܤ)ܨ] + [(ܤ,ܣ)ܨ = ଵ
ଶ
ቈ∑ ൬(݅ݔ)ܤߤlog ൬ ଶ(݅ݔ)ܤߤ

(݅ݔ)ܤߤା(݅ݔ)ܣߤ
൰+ log(݅ݔ)ܤߥ ቀ ଶ(݅ݔ)ܤߥ

(݅ݔ)ܤߥା(݅ݔ)ܣߥ
ቁ൰௡

௜ୀଵ
															

቉              

                                        − ଵ
ଶ
ቈ∑ ൬(݅ݔ)ܣߤlog൬(݅ݔ)ܣߤା(݅ݔ)ܤߤ

ଶ(݅ݔ)ܣߤ
൰+ log(݅ݔ)ܣߥ ቀ(݅ݔ)ܣߥା(݅ݔ)ܤߥ

ଶ(݅ݔ)ܣߥ
ቁ൰௡

௜ୀଵ
															

቉     (1.12)             

 
Intuitionistic fuzzy arithmetic-geometric mean divergence [10]                                                                                                     

(ܤ,ܣ)ܶ = ∑ ቀ(݅ݔ)ܣߤା(݅ݔ)ܤߤ
ଶ

ቁ log൬ (݅ݔ)ܤߤା(݅ݔ)ܣߤ
ଶඥ(݅ݔ)ܤߤ.(݅ݔ)ܣߤ

൰௡
௜ୀଵ + ∑ ቀ(݅ݔ)ܣߥା(݅ݔ)ܤߥ

ଶ
ቁ log ൬ (݅ݔ)ܤߥା(݅ݔ)ܣߥ

ଶඥ(݅ݔ)ܤߥ.(݅ݔ)ܣߥ
൰௡

௜ୀଵ     (1.13) 



 

 

Intuitionistic fuzzy arithmetic mean divergence [11]                                                                                                               

(ܤ,ܣ)࡭                                      = ∑ ቂቀ(݅ݔ)ܣߤା(݅ݔ)ܤߤ
ଶ

ቁ + ቀ(݅ݔ)ܣߥା(݅ݔ)ܤߥ
ଶ

ቁቃ௡
௜ୀଵ                                 (1.14) 

Intuitionistic fuzzy harmonic mean divergence [11]                                                                                                                 

(ܤ,ܣ)ܪ                                      = ∑ ൤൬ଶ(݅ݔ)ܤߤ.(݅ݔ)ܣߤ
(݅ݔ)ܤߤା(݅ݔ)ܣߤ

൰+ ቀଶ(݅ݔ)ܤߥ.(݅ݔ)ܣߥ
(݅ݔ)ܤߥା(݅ݔ)ܣߥ

ቁ൨௡
௜ୀଵ                                (1.15)  

Intuitionistic fuzzy relative arithmetic-geometric divergence [10]                                                                                             

(ܣ,ܤ)ܩ             = ∑ ൤ቀ(݅ݔ)ܣߤା(݅ݔ)ܤߤ
ଶ

ቁ log൬(݅ݔ)ܣߤା(݅ݔ)ܤߤ
ଶ(݅ݔ)ܤߤ

൰+ ቀ(݅ݔ)ܣߥା(݅ݔ)ܤߥ
ଶ

ቁ log ቀ(݅ݔ)ܣߥା(݅ݔ)ܤߥ
ଶ(݅ݔ)ܤߥ

ቁ൨௡
௜ୀଵ   (1.16) 

Intuitionistic fuzzy triangular discrimination divergence measure                                                                                                              

                                     ∆ଵ(ܤ,ܣ) = ∑ ቆ
ቀ(݅ݔ)ܤߤି(݅ݔ)ܣߤቁ

య

(݅ݔ)ܤߤା(݅ݔ)ܣߤ
+ ൫(݅ݔ)ܤߥି(݅ݔ)ܣߥ൯

య

(݅ݔ)ܤߥା(݅ݔ)ܣߥ
ቇ௡

௜ୀଵ                             (1.17) 

Intuitionistic fuzzy logarithmic mean divergence [11]                                                                                                          

(ܤ,ܣ)ܮ                                 = ∑ ൬ (݅ݔ)ܤߤି(݅ݔ)ܣߤ
୪୭୥ ୪୭୥ି(݅ݔ)ܣߤ (݅ݔ)ܤߤ

+ (݅ݔ)ܤߤି(݅ݔ)ܣߤ
୪୭୥ ୪୭୥ି(݅ݔ)ܣߤ (݅ݔ)ܤߤ

൰௡
௜ୀଵ                          (1.18) 

Intuitionistic fuzzy Kumar-Johnson [8] distance measures                                                                                            

(ܤ,ܣ)ܯ߰                                 = ଵ
ଶ
∑ ൭

ቀఓಲ
మ (௫೔)ିఓಳ

మ (௫೔)ቁ
మ

ቀ(݅ݔ)ܤߤ.(݅ݔ)ܣߤቁ
య
మൗ

+
ቀߥಲ
మ (௫೔)ିߥಳ

మ (௫೔)ቁ
మ

൫(݅ݔ)ܤߥ.(݅ݔ)ܣߥ൯
య
మൗ
൱௡

௜ୀଵ                         (1.19) 

Intuitionistic fuzzy theoretic exponential information distance measures 

                      ɸ(ܤ,ܣ)ܦ = ଵ
ଶ
∑ ൭

ቀఓಲ
మ (௫೔)ିఓಳ

మ (௫೔)ቁ
మ

ቀ(݅ݔ)ܤߤ(݅ݔ)ܣߤቁ
య
మൗ

. ݁
(݅ݔ)ܣߤ
(݅ݔ)ܤߤ +

ቀߥಲ
మ (௫೔)ିߥಳ

మ (௫೔)ቁ
మ

൫(݅ݔ)ܤߥ(݅ݔ)ܣߥ൯
య
మൗ

. ݁
(݅ݔ)ܣߥ
൱௡(݅ݔ)ܤߥ

௜ୀଵ              (1.20) 

and 

ɸܦఘ(ܤ,ܣ) = ଵ
ସ
∑

⎣
⎢
⎢
⎢
⎡ቀ(݅ݔ)ܤߤି(݅ݔ)ܣߤቁቀఓಲ

మ (௫೔)ିఓಳ
మ (௫೔)ቁቀଶఓಲ

య (௫೔)ାହఓಲ
మ (௫೔)(݅ݔ)ܣߤ2−(݅ݔ)ܤߤఓಳ

మ (௫೔)ାଷఓಳ
య (௫೔)ቁ

ቁ(݅ݔ)ܤߤ(݅ݔ)ܣߤቀ(݅ݔ)ܤߤ
ఱ
మൗ

. ݁
(݅ݔ)ܣߤ
(݅ݔ)ܤߤ

൫(݅ݔ)ܤߥି(݅ݔ)ܣߥ൯ቀߥಲ
మ (௫೔)ିߥಳ

మ (௫೔)ቁቀଶߥಲ
య (௫೔)ାହߥಲ

మ (௫೔)ߥ(݅ݔ)ܣߥ2−(݅ݔ)ܤߥಳ
మ (௫೔)ାଷߥಳ

య (௫೔)ቁ

൯(݅ݔ)ܤߥ(݅ݔ)ܣߥ൫(݅ݔ)ܤߥ
ఱ
మൗ

. ݁
(݅ݔ)ܣߥ
(݅ݔ)ܤߥ

⎦
⎥
⎥
⎥
⎤

௡
௜ୀଵ                                                                                

                                                                                                                                                 (1.21)  

2. OUR WORK 



 

 

Proposition 2.1 Let (ܤ,ܣ) ∈ ݊߁ ×  ,shows K-L, Relative J-S (ܤ,ܣ)ܬ ,(ܤ,ܣ)ܨ ,(ܣ,ܤ)ܭ and if ݊߁
J-divergence measures respectively. Then we have the following new equality  

(ܤ,ܣ)ଵܦ2                         = (ܤ,ܣ)ܬ (ܣ,ܤ)ܭ− + (ܣ,ܤ)ܨ −   .(ܤ,ܣ)ܨ

Proof: If we take the convex function, 

(ݕ)ܨ                                 = (௬ିଵ)మ

(௬ାଵ)భ
+ ଵ

ଷ
(௬ିଵ)ర

(௬ାଵ)య
+ ଵ

ହ
(௬ିଵ)ల

(௬ାଵ)ఱ
+ ଵ

଻
(௬ିଵ)ఴ

(௬ାଵ)ళ
+ ⋯ 

                                         = ݕ) − 1) ൤ቀ௬ିଵ
௬ାଵ

ቁ
ଵ

+ ଵ
ଷ
ቀ௬ିଵ
௬ାଵ

ቁ
ଷ

+ ଵ
ହ
ቀ௬ିଵ
௬ାଵ

ቁ
ହ

+ ଵ
଻
ቀ௬ିଵ
௬ାଵ

ቁ
଻

+ ⋯൨    

             ݅. (ݕ)ܨ             .݁ = ݕ) − 1) ଵ
ଶ

log ቈ
ଵାቀ೤షభ೤శభቁ

ଵିቀ೤షభ೤శభቁ
቉ = ݕ) − 1) ଵ

ଶ
log(2.1.1)                                  ݕ 

Next we get the subsequent ݂-divergence measure if we put ݕ = ௣೔
௤೔

 in (2.1.1) ݅. ݁.                                               

(ܳ,ܲ)ଵܦ                          = ∑ ௜ݍ ቀ
௣೔
௤೔
− 1ቁ ଵ

ଶ
log ቀ௣೔

௤೔
ቁ௡

௜ୀଵ . 

Applying intuitionistic fuzzy in above equation, we achieve 

(ܤ,ܣ)ଵܦ                          = ∑ (݅ݔ)ܤߤ ൬
(݅ݔ)ܣߤ
(݅ݔ)ܤߤ

− 1൰ ଵ
ଶ

log൬(݅ݔ)ܣߤ
(݅ݔ)ܤߤ

൰௡
௜ୀଵ  

                                                           +∑ (݅ݔ)ܤߥ ቀ
(݅ݔ)ܣߥ
(݅ݔ)ܤߥ

− 1ቁ ଵ
ଶ

log ቀ(݅ݔ)ܣߥ
(݅ݔ)ܤߥ

ቁ௡
௜ୀଵ              

             ݅. (ܤ,ܣ)ଵܦ2    .݁ = ∑ ቀ(݅ݔ)ܣߤ − ቁ(݅ݔ)ܤߤ log (݅ݔ)ܣߤ
(݅ݔ)ܤߤ

௡
௜ୀଵ  

 

                                                           +∑ ൫(݅ݔ)ܣߥ − ൯(݅ݔ)ܤߥ log (݅ݔ)ܣߥ
(݅ݔ)ܤߥ

௡
௜ୀଵ            

             ݅. (ܤ,ܣ)ଵܦ2   .݁ = ∑ (݅ݔ)ܣߤ log (݅ݔ)ܣߤ
(݅ݔ)ܤߤ

−௡
௜ୀଵ ∑ (݅ݔ)ܤߤ log (݅ݔ)ܣߤ

(݅ݔ)ܤߤ
௡
௜ୀଵ   

                                                         +∑ (݅ݔ)ܣߥ log (݅ݔ)ܣߥ
(݅ݔ)ܤߥ

−௡
௜ୀଵ ∑ (݅ݔ)ܤߥ log (݅ݔ)ܣߥ

(݅ݔ)ܤߥ
௡
௜ୀଵ                                 

               = ∑ ቀ(݅ݔ)ܣߤ − (݅ݔ)ܤߤ + ቁ(݅ݔ)ܤߤ log (݅ݔ)ܣߤ
(݅ݔ)ܤߤ

−௡
௜ୀଵ ∑ (݅ݔ)ܤߤ log (݅ݔ)ܣߤ

(݅ݔ)ܤߤ
௡
௜ୀଵ  

                               +∑ ൫(݅ݔ)ܣߥ − (݅ݔ)ܤߥ + ൯(݅ݔ)ܤߥ log (݅ݔ)ܣߥ
(݅ݔ)ܤߥ

−௡
௜ୀଵ ∑ (݅ݔ)ܤߥ log (݅ݔ)ܣߥ

(݅ݔ)ܤߥ
௡
௜ୀଵ                                 

= ∑ ቀ(݅ݔ)ܣߤ− ቁ(݅ݔ)ܤߤ log (݅ݔ)ܣߤ
(݅ݔ)ܤߤ

+௡
௜ୀଵ ∑ (݅ݔ)ܤߤ log (݅ݔ)ܣߤ

(݅ݔ)ܤߤ
௡
௜ୀଵ −∑ (݅ݔ)ܤߤ log (݅ݔ)ܣߤ

(݅ݔ)ܤߤ
௡
௜ୀଵ   



 

 

 +∑ ൫(݅ݔ)ܣߥ − ൯(݅ݔ)ܤߥ log (݅ݔ)ܣߥ
(݅ݔ)ܤߥ

+௡
௜ୀଵ ∑ (݅ݔ)ܤߥ log (݅ݔ)ܣߥ

(݅ݔ)ܤߥ
௡
௜ୀଵ −∑ (݅ݔ)ܤߥ log (݅ݔ)ܣߥ

(݅ݔ)ܤߥ
௡
௜ୀଵ                                  

                         = (ܤ,ܣ)ܬ − ∑ (݅ݔ)ܤߤ log (݅ݔ)ܤߤ
(݅ݔ)ܣߤ

௡
௜ୀଵ − ∑ (݅ݔ)ܤߤ log (݅ݔ)ܣߤ

(݅ݔ)ܤߤ
௡
௜ୀଵ      

                                                    −∑ (݅ݔ)ܤߥ log (݅ݔ)ܤߥ
(݅ݔ)ܣߥ

௡
௜ୀଵ − ∑ (݅ݔ)ܤߥ log (݅ݔ)ܣߥ

(݅ݔ)ܤߥ
௡
௜ୀଵ                 

                               = (ܤ,ܣ)ܬ − (ܣ,ܤ)ܭ −∑ (݅ݔ)ܤߤ log (݅ݔ)ܣߤ
(݅ݔ)ܤߤ

−∑ (݅ݔ)ܤߥ log (݅ݔ)ܣߥ
(݅ݔ)ܤߥ

௡
௜ୀଵ

௡
௜ୀଵ  

                         = (ܤ,ܣ)ܬ − (ܣ,ܤ)ܭ −∑ (݅ݔ)ܤߤ log൬(݅ݔ)ܣߤା(݅ݔ)ܤߤ
ଶ(݅ݔ)ܤߤ

. ଶ(݅ݔ)ܣߤ
(݅ݔ)ܤߤା(݅ݔ)ܣߤ

൰௡
௜ୀଵ   

                                         −∑ (݅ݔ)ܤߥ log ቀ(݅ݔ)ܣߥା(݅ݔ)ܤߥ
ଶ(݅ݔ)ܤߥ

. ଶ(݅ݔ)ܣߥ
(݅ݔ)ܤߥା(݅ݔ)ܣߥ

ቁ௡
௜ୀଵ     

        = (ܤ,ܣ)ܬ (ܣ,ܤ)ܭ− + ∑ (݅ݔ)ܤߤ log൬ ଶ(݅ݔ)ܤߤ
(݅ݔ)ܤߤା(݅ݔ)ܣߤ

൰௡
௜ୀଵ −∑ (݅ݔ)ܤߤ log൬ ଶ(݅ݔ)ܣߤ

(݅ݔ)ܤߤା(݅ݔ)ܣߤ
൰௡

௜ୀଵ  

                        +∑ (݅ݔ)ܤߥ log ቀ ଶ(݅ݔ)ܤߥ
(݅ݔ)ܤߥା(݅ݔ)ܣߥ

ቁ௡
௜ୀଵ −∑ (݅ݔ)ܤߥ log ቀ ଶ(݅ݔ)ܣߥ

(݅ݔ)ܤߥା(݅ݔ)ܣߥ
ቁ௡

௜ୀଵ                         

        = (ܤ,ܣ)ܬ (ܣ,ܤ)ܭ− + (ܣ,ܤ)ܨ −∑ (݅ݔ)ܤߤ
(݅ݔ)ܣߤ

൬(݅ݔ)ܣߤ log൬ ଶ(݅ݔ)ܣߤ
(݅ݔ)ܤߤା(݅ݔ)ܣߤ

൰൰௡
௜ୀଵ  

                                          −∑ (݅ݔ)ܤߥ
(݅ݔ)ܣߥ

ቀ(݅ݔ)ܣߥ log ቀ ଶ(݅ݔ)ܣߥ
(݅ݔ)ܤߥା(݅ݔ)ܣߥ

ቁቁ௡
௜ୀଵ  

        = (ܤ,ܣ)ܬ (ܣ,ܤ)ܭ− + (ܣ,ܤ)ܨ −  .(ܤ,ܣ)ܨ

Hence the required equality.  

Proposition 2.2 Let (ܤ,ܣ) ∈ ݊߁ ×  represents (ܤ,ܣ)ଶࣲ ,(ܤ,ܣ)ܨ ,(ܤ,ܣ)ܩ ,(ܤ,ܣ)࡭ and if ݊߁
AMD, RAGD, RJSD, Chi-Square distance measures respectively then show that the new 
equality relation 

                                       ସ஽భ(௉,ொ).࡭(஺,஻)ିீ(௉,ொ)ିீ(ொ,௉)
஺(௉,ொ)

= (ܲ,ܳ)ܨ +  (ܳ,ܲ)ܨ

and inequality relation    

(ܤ,ܣ)࡭.(ܳ,ܲ)ଵܦ4                   − (ܳ,ܲ)ܩ − (ܲ,ܳ)ܩ < [ࣲଶ(ܳ,ܲ) + ࣲଶ(ܲ,ܳ)](ܤ,ܣ)࡭ 

Proof: If we put ݕ = ௣೔ା௤೔
ଶ௤೔

 in the convex function (2.1.1) then we get the subsequent ݂-

divergence measure 

(ܳ,ܲ)ଵܦ                                          = ݕ) − 1) ଵ
ଶ

logݕ = ቀ௣೔ା௤೔
ଶ௤೔

− 1ቁ ଵ
ଶ

log ቀ௣೔ା௤೔
ଶ௤೔

ቁ 



 

 

(ܳ,ܲ)ଵܦ2                                               = ଵ
ଶ
∑ ௜݌) − ௜)logݍ ቀ௣೔ା௤೔

ଶ௤೔
ቁ௡

௜ୀଵ . 

Applying intuitionistic fuzzy in above equation, we achieve 

(ܤ,ܣ)ଵܦ       = ൬(݅ݔ)ܣߤା(݅ݔ)ܤߤ
ଶ(݅ݔ)ܤߤ

− 1൰ ଵ
ଶ

log൬(݅ݔ)ܣߤା(݅ݔ)ܤߤ
ଶ(݅ݔ)ܤߤ

൰+ ቀ(݅ݔ)ܣߥା(݅ݔ)ܤߥ
ଶ(݅ݔ)ܣߥ

− 1ቁ ଵ
ଶ

log ቀ(݅ݔ)ܣߥା(݅ݔ)ܤߥ
ଶ(݅ݔ)ܣߥ

ቁ 

  ݅. (ܤ,ܣ)ଵܦ2  .݁ = ଵ
ଶ
∑ ቀ(݅ݔ)ܣߤ− ቁ(݅ݔ)ܤߤ log ൬(݅ݔ)ܣߤା(݅ݔ)ܤߤ

ଶ(݅ݔ)ܤߤ
൰௡

௜ୀଵ         

                                           + ଵ
ଶ
∑ ൫(݅ݔ)ܣߥ − ൯log(݅ݔ)ܤߥ ቀ(݅ݔ)ܣߥା(݅ݔ)ܤߥ

ଶ(݅ݔ)ܣߥ
ቁ௡

௜ୀଵ  

݅. (ܤ,ܣ)ଵܦ2  .݁ = ଵ
ଶ
൤∑ (݅ݔ)ܤߤା(݅ݔ)ܣߤlog൬(݅ݔ)ܣߤ

ଶ(݅ݔ)ܤߤ
൰ − ∑ (݅ݔ)ܤߤା(݅ݔ)ܣߤlog൬(݅ݔ)ܤߤ

ଶ(݅ݔ)ܤߤ
൰௡

௜ୀଵ
௡
௜ୀଵ ൨ 

                                     + ଵ
ଶ
ቂ∑ log(݅ݔ)ܣߥ ቀ(݅ݔ)ܣߥା(݅ݔ)ܤߥ

ଶ(݅ݔ)ܣߥ
ቁ − ∑ log(݅ݔ)ܤߥ ቀ(݅ݔ)ܣߥା(݅ݔ)ܤߥ

ଶ(݅ݔ)ܣߥ
ቁ௡

௜ୀଵ
௡
௜ୀଵ ቃ 

݅. (ܤ,ܣ)ଵܦ2  .݁ = ଵ
ଶ

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡ ∑ log൬(݅ݔ)ܤߤ ଶ(݅ݔ)ܤߤ

(݅ݔ)ܤߤା(݅ݔ)ܣߤ
൰௡

௜ୀଵ −∑ log൬(݅ݔ)ܣߤ ଶ(݅ݔ)ܤߤ
(݅ݔ)ܤߤା(݅ݔ)ܣߤ

൰+௡
௜ୀଵ

						∑ log(݅ݔ)ܤߥ ቀ ଶ(݅ݔ)ܤߥ
(݅ݔ)ܤߥା(݅ݔ)ܣߥ

ቁ௡
௜ୀଵ −∑ log(݅ݔ)ܣߤ ቀ ଶ(݅ݔ)ܤߥ

(݅ݔ)ܤߥା(݅ݔ)ܣߥ
ቁ +௡

௜ୀଵ

															∑ (݅ݔ)ܤߤା(݅ݔ)ܣߤlog൬(݅ݔ)ܣߤ
ଶ(݅ݔ)ܣߤ

൰ − ∑ (݅ݔ)ܤߤା(݅ݔ)ܣߤlog൬(݅ݔ)ܣߤ
ଶ(݅ݔ)ܣߤ

൰+௡
௜ୀଵ

௡
௜ୀଵ

																		∑ log(݅ݔ)ܣߥ ቀ(݅ݔ)ܣߥା(݅ݔ)ܤߥ
ଶ(݅ݔ)ܣߥ

ቁ − ∑ log(݅ݔ)ܣߥ ቀ(݅ݔ)ܣߥା(݅ݔ)ܤߥ
ଶ(݅ݔ)ܣߥ

ቁ௡
௜ୀଵ

௡
௜ୀଵ ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎤

                            

݅. (ܤ,ܣ)ଵܦ2   .݁ = ଵ
ଶ
ቈ∑ log൬(݅ݔ)ܤߤ ଶ(݅ݔ)ܤߤ

(݅ݔ)ܤߤା(݅ݔ)ܣߤ
൰௡

௜ୀଵ −∑ (݅ݔ)ܤߤା(݅ݔ)ܣߤlog൬(݅ݔ)ܣߤ
ଶ(݅ݔ)ܣߤ

൰௡
௜ୀଵ

	
቉ + 

                               ଵ
ଶ
൤∑ log(݅ݔ)ܤߥ ቀ ଶ(݅ݔ)ܤߥ

(݅ݔ)ܤߥା(݅ݔ)ܣߥ
ቁ௡

௜ୀଵ −∑ log(݅ݔ)ܣߥ ቀ(݅ݔ)ܣߥା(݅ݔ)ܤߥ
ଶ(݅ݔ)ܣߥ

ቁ௡
௜ୀଵ

															
൨ 

                                  + ଵ
ଶ
൤∑ (݅ݔ)ܤߤା(݅ݔ)ܣߤlog൬(݅ݔ)ܣߤ

ଶ(݅ݔ)ܣߤ
൰௡

௜ୀଵ + ∑ (݅ݔ)ܤߤା(݅ݔ)ܣߤlog൬(݅ݔ)ܣߤ
ଶ(݅ݔ)ܤߤ

൰௡
௜ୀଵ ൨ 

                                  + ଵ
ଶ
ቂ∑ log(݅ݔ)ܣߥ ቀ(݅ݔ)ܣߥା(݅ݔ)ܤߥ

ଶ(݅ݔ)ܣߥ
ቁ + ∑ log(݅ݔ)ܣߥ ቀ(݅ݔ)ܣߥା(݅ݔ)ܤߥ

ଶ(݅ݔ)ܤߥ
ቁ௡

௜ୀଵ
௡
௜ୀଵ ቃ  

      ݅. (ܤ,ܣ)ଵܦ2    .݁ = ଵ
ଶ

(ܣ,ܤ)ܨ] + [(ܤ,ܣ)ܨ + ଵ
ଶ
൤∑ (݅ݔ)ܤߤା(݅ݔ)ܣߤlog൬(݅ݔ)ܣߤ

ଶ(݅ݔ)ܣߤ
. (݅ݔ)ܤߤା(݅ݔ)ܣߤ

ଶ(݅ݔ)ܤߤ
൰௡

௜ୀଵ ൨                  

                                                     + ଵ
ଶ
ቂ∑ log(݅ݔ)ܣߤ ቀ(݅ݔ)ܣߥା(݅ݔ)ܤߥ

ଶ(݅ݔ)ܣߥ
. (݅ݔ)ܤߥା(݅ݔ)ܣߥ

ଶ(݅ݔ)ܤߥ
ቁ௡

௜ୀଵ ቃ   

    ݅. (ܤ,ܣ)ଵܦ2    .݁ = ଵ
ଶ

(ܣ,ܤ)ܨ] + [(ܤ,ܣ)ܨ + ଵ
ଶ
ቈ∑ logቆ(݅ݔ)ܣߤ

ቀ(݅ݔ)ܣߤା(݅ݔ)ܤߤቁ
మ

ସ(݅ݔ)ܤߤ.(݅ݔ)ܣߤ
ቇ௡

௜ୀଵ ቉   



 

 

                                                      + ଵ
ଶ
൤∑ ൯(݅ݔ)ܤߥା(݅ݔ)ܣߥlog൬൫(݅ݔ)ܣߥ

మ

ସ(݅ݔ)ܤߥ.(݅ݔ)ܣߥ
൰௡

௜ୀଵ ൨      

 = ଵ
ଶ

(ܣ,ܤ)ܨ] + [(ܤ,ܣ)ܨ + ൫∑ ௡(݅ݔ)ܣߤ
௜ୀଵ ൯ ൬∑ ଶ

(݅ݔ)ܤߤା(݅ݔ)ܣߤ
௡
௜ୀଵ ൰ 

          ቆ∑ ቀ(݅ݔ)ܣߤା(݅ݔ)ܤߤ
ଶ

ቁ logቆ
ቀ(݅ݔ)ܣߤା(݅ݔ)ܤߤቁ

మ

ସ(݅ݔ)ܤߤ.(݅ݔ)ܣߤ
ቇ௡

௜ୀଵ ቇ + (∑ ௡(݅ݔ)ܣߥ
௜ୀଵ ) ቀ∑ ଶ

(݅ݔ)ܤߥା(݅ݔ)ܣߥ
௡
௜ୀଵ ቁ 

                                       ൬∑ ቀ(݅ݔ)ܣߥା(݅ݔ)ܤߥ
ଶ

ቁ log൬൫(݅ݔ)ܣߥା(݅ݔ)ܤߥ൯
మ

ସ(݅ݔ)ܤߥ.(݅ݔ)ܣߥ
൰௡

௜ୀଵ ൰  

                                            = ଵ
ଶ

(ܣ,ܤ)ܨ] +  [(ܤ,ܣ)ܨ

          + ଵ
ଶ஺(஺,஻)

൤∑ ቀ(݅ݔ)ܣߤା(݅ݔ)ܤߤ
ଶ

ቁ log൬(݅ݔ)ܣߤା(݅ݔ)ܤߤ
ଶ(݅ݔ)ܣߤ

൰௡
௜ୀଵ + ∑ ቀ(݅ݔ)ܣߤା(݅ݔ)ܤߤ

ଶ
ቁ log൬(݅ݔ)ܣߤା(݅ݔ)ܤߤ

ଶ(݅ݔ)ܤߤ
൰௡

௜ୀଵ ൨  

          + ଵ
ଶ஺(஺,஻)

ቂ∑ ቀ(݅ݔ)ܣߥା(݅ݔ)ܤߥ
ଶ

ቁ log ቀ(݅ݔ)ܣߥା(݅ݔ)ܤߥ
ଶ(݅ݔ)ܣߥ

ቁ௡
௜ୀଵ + ∑ ቀ(݅ݔ)ܣߥା(݅ݔ)ܤߥ

ଶ
ቁ log ቀ(݅ݔ)ܣߤା(݅ݔ)ܤߤ

ଶ(݅ݔ)ܤߥ
ቁ௡

௜ୀଵ ቃ            

Thus,                 2ܦଵ(ܤ,ܣ) = ଵ
ଶ

(ܣ,ܤ)ܨ] + [(ܤ,ܣ)ܨ + ଵ
ଶ࡭(஺,஻)

(ܤ,ܣ)ܩ] +  [(ܣ,ܤ)ܩ

           ݅. ݁.     ସ஽భ(஺,஻).࡭(஺,஻)ିீ(஺,஻)ିீ(஻,஺)
(஺,஻)࡭

= (ܣ,ܤ)ܨ +  (2.2.1)                                           (ܤ,ܣ)ܨ

Which is the required equality. 

But,           (ܣ,ܤ)ܨ + (ܤ,ܣ)ܨ < ࣲଶ(ܣ,ܤ) + ࣲଶ(ܤ,ܣ) 

From (2.2.1) we get the inequality  

(ܤ,ܣ)࡭.(ܤ,ܣ)ଵܦ4           − (ܤ,ܣ)ܩ − (ܣ,ܤ)ܩ < [ࣲଶ(ܣ,ܤ) + ࣲଶ(ܤ,ܣ)](ܤ,ܣ)࡭.          

Hence the required result. 

Proposition 2.3 Let (ܤ,ܣ) ∈ ݊߁ × -shows chi (ܤ,ܣ)ఘܦɸ ,(ܤ,ܣ)ܯ߰ ,(ܤ,ܣ)and if ࣲଶ ݊߁
square, Kumar-Johnson, theoretic exponential information distance measures respectively then 
we have the following new inequality   

                                 ଵ
ଶ

[ࣲଶ(ܤ,ܣ) + ࣲଶ(ܣ,ܤ)] ≤ ଵ
ଶ

(ܤ,ܣ)ܯ߰. ≤ ɸܦఘ(ܤ,ܣ) 

Proof:                Ofcourse,                   ൫ඥݕ − 1൯
ଶ
≥ 0 

                                                       ݅. ݁.         ඥݕ + ଵ
√௬
≥ 2 



 

 

                                                     ݅. ݁.         ଵ
ଶ
ቀඥݕ + ଵ

√௬
ቁ ≥ 1 

Obviously,         ଵ
ଶ
ቀඥݕ + ଵ

√௬
ቁ ≤ ቂଵ

ଶ
ቀඥݕ + ଵ

√௬
ቁቃ
ଶ
≤ ଵ

ସ
ݕ) + 1). ൫ଶ௬

యାହ௬మିଶ௬ାଷ൯
௬మ

. ݁௬        

    ݅. ݁.       ଵ
ଶ

. (௬ିଵ)మ

√௬
ቀඥݕ + ଵ

√௬
ቁ ≤ ଵ

ସ
. (௬ିଵ)మ

√௬
ቀඥݕ + ଵ

√௬
ቁ
ଶ
≤ ଵ

ସ
ݕ) + 1). (௬ିଵ)మ

√௬
. ൫ଶ௬

యାହ௬మିଶ௬ାଷ൯
௬మ

. ݁௬ 

                       ݅. ݁.     ଵ
ଶ

. (௬ାଵ)(௬ିଵ)మ

௬
≤ ଵ

ସ
. ൫௬

మିଵ൯మ

௬
య
మൗ

≤ ଵ
ସ

. (௬ିଵ)൫௬మିଵ൯൫ଶ௬యାହ௬మିଶ௬ାଷ൯

௬
ఱ
మൗ

. ݁௬ 

Substituting ݕ by  ௣೔
௤೔

, we achieve the following result       

           ଵ
ଶ

.
൬
೛೔
೜೔
ାଵ൰൬

೛೔
೜೔
ିଵ൰

మ

೛೔
೜೔

≤ ଵ
ସ

.
ቈ൬
೛೔
೜೔
൰
మ
ିଵ቉

మ

൬
೛೔
೜೔
൰
య
మൗ

≤ ଵ
ସ

.
൬
೛೔
೜೔
ିଵ൰ቆ൬

೛೔
೜೔
൰
మ
ିଵቇቆଶ൬

೛೔
೜೔
൰
య
ାହ൬

೛೔
೜೔
൰
మ
ିଶ

೛೔
೜೔
ାଷቇ

൬
೛೔
೜೔
൰
ఱ
మൗ

. ݁
௣೔ ௤೔ൗ   

Applying intuitionistic fuzzy in above equation, we achieve      

ଵ
ଶ

. ቎
൬
(݅ݔ)ܣߤ
(݅ݔ)ܤߤ

ାଵ൰൬
(݅ݔ)ܣߤ
(݅ݔ)ܤߤ

ିଵ൰
మ

(݅ݔ)ܣߤ
(݅ݔ)ܤߤ

+
ቀ(݅ݔ)ܣߥ
(݅ݔ)ܤߥ

ାଵቁቀ(݅ݔ)ܣߥ
(݅ݔ)ܤߥ

ିଵቁ
మ

(݅ݔ)ܣߥ
(݅ݔ)ܤߥ

቏ ≤ ଵ
ସ

. ൦
ቈ൬
(݅ݔ)ܣߤ
(݅ݔ)ܤߤ

൰
మ
ିଵ቉

మ

൬ܣߤ
(݅ݔ)

(݅ݔ)ܤߤ
൰
య
మൗ

+
൤ቀ(݅ݔ)ܣߥ
(݅ݔ)ܤߥ

ቁ
మ
ିଵ൨

మ

ቀ(݅ݔ)ܣߥ
(݅ݔ)ܤߥ

ቁ
య
మൗ
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                                     ≤ ଵ
ସ

.

⎣
⎢
⎢
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⎢
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⎢
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(݅ݔ)ܤߤ
ିଵ൰ቆ൬
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൰
మ
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మ
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൬
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(݅ݔ)ܤߤ

൰
ఱ
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ିଵቇቆଶቀ(݅ݔ)ܣߥ

(݅ݔ)ܤߥ
ቁ
య
ାହቀ(݅ݔ)ܣߥ

(݅ݔ)ܤߥ
ቁ
మ
ିଶ(݅ݔ)ܣߥ

(݅ݔ)ܤߥ
ାଷቇ

൬ܣߤ
(݅ݔ)

(݅ݔ)ܤߤ
൰
ఱ
మൗ

. ݁

(݅ݔ)ܣߥ
(݅ݔ)ܤߥ
൘

⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

݅. ݁.                            ଵ
ଶ
∑ ቈ

ቀ(݅ݔ)ܣߤା(݅ݔ)ܤߤቁቀ(݅ݔ)ܤߤି(݅ݔ)ܣߤቁ
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௜ୀଵ  
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ସ
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. ݁
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మ

(݅ݔ)ܤߥ(݅ݔ)ܣߥ
቉௡

௜ୀଵ  

                                               ≤ ଵ
ସ
∑ ൥

ቀఓಲ
మ (௫೔)ିఓಳ

మ (௫೔)ቁ
మ

ቀ(݅ݔ)ܤߤ(݅ݔ)ܣߤቁ
య
మൗ

+
ቀߥಲ
మ (௫೔)ିߥಳ

మ (௫೔)ቁ
మ

൫(݅ݔ)ܤߥ.(݅ݔ)ܣߥ൯
య
మൗ
൩௡

௜ୀଵ          

          ≤ ଵ
ସ
∑

⎣
⎢
⎢
⎢
⎢
⎢
⎡
ቀ(݅ݔ)ܤߤି(݅ݔ)ܣߤቁቀఓಲ

మ (௫೔)ିఓಳ
మ (௫೔)ቁቀଶఓಲ

య (௫೔)ାହఓಲ
మ (௫೔)(݅ݔ)ܣߤ2−(݅ݔ)ܤߤఓಳ

మ (௫೔)ାଷఓಳ
య (௫೔)ቁ

ቀ(݅ݔ)ܤߤ(݅ݔ)ܣߤቁ
ఱ
మൗ

. ݁

(݅ݔ)ܣߤ
(݅ݔ)ܤߤ
൘

+
൫(݅ݔ)ܤߥି(݅ݔ)ܣߥ൯ቀߥಲ

మ (௫೔)ିߥಳ
మ (௫೔)ቁቀଶߥಲ

య (௫೔)ାହߥಲ
మ (௫೔)ߥ(݅ݔ)ܣߥ2−(݅ݔ)ܤߥಳ

మ (௫೔)ାଷߥಳ
య (௫೔)ቁ

൫(݅ݔ)ܤߥ(݅ݔ)ܣߥ൯
ఱ
మൗ

. ݁

(݅ݔ)ܣߥ
(݅ݔ)ܤߥ
൘

⎦
⎥
⎥
⎥
⎥
⎥
⎤

௡
௜ୀଵ      

݅. ݁.   ଵ
ଶ
൥∑ ൭ቆఓಲ

మ (௫೔)
(݅ݔ)ܤߤ

− ቇ(݅ݔ)ܤߤ + ቆߥಲ
మ (௫೔)
(݅ݔ)ܤߥ

− ቇ൱௡(݅ݔ)ܤߥ
௜ୀଵ ൩ 

                     + ଵ
ଶ
൥∑ ൭ቆఓಳ

మ (௫೔)
(݅ݔ)ܣߤ

− +ቇ(݅ݔ)ܣߤ ቆߥಳ
మ (௫೔)
(݅ݔ)ܣߥ

− ቇ൱௡(݅ݔ)ܣߥ
௜ୀଵ ൩  

                                                 ≤ ଵ
ସ
∑ ൭

ቀఓಲ
మ (௫೔)ିఓಳ

మ (௫೔)ቁ
మ

ቀ(݅ݔ)ܤߤ(݅ݔ)ܣߤቁ
య
మൗ

+
ቀߥಲ
మ (௫೔)ିߥಳ

మ (௫೔)ቁ
మ

൫(݅ݔ)ܤߥ(݅ݔ)ܣߥ൯
య
మൗ
൱௡

௜ୀଵ                                     

        ≤ ଵ
ସ
∑

⎣
⎢
⎢
⎢
⎢
⎢
⎡
ቀ(݅ݔ)ܤߤି(݅ݔ)ܣߤቁቀఓಲ

మ (௫೔)ିఓಳ
మ (௫೔)ቁቀଶఓಲ

య (௫೔)ାହఓಲ
మ (௫೔)(݅ݔ)ܣߤ2−(݅ݔ)ܤߤఓಳ

మ (௫೔)ାଷఓಳ
య (௫೔)ቁ

ቀ(݅ݔ)ܤߤ(݅ݔ)ܣߤቁ
ఱ
మൗ

. ݁

(݅ݔ)ܣߤ
(݅ݔ)ܤߤ
൘

+
൫(݅ݔ)ܤߥି(݅ݔ)ܣߥ൯ቀߥಲ

మ (௫೔)ିߥಳ
మ (௫೔)ቁቀଶߥಲ

య (௫೔)ାହߥಲ
మ (௫೔)ߥ(݅ݔ)ܣߥ2−(݅ݔ)ܤߥಳ

మ (௫೔)ାଷߥಳ
య (௫೔)ቁ

൫(݅ݔ)ܤߥ(݅ݔ)ܣߥ൯
ఱ
మൗ

. ݁

(݅ݔ)ܣߥ
(݅ݔ)ܤߥ
൘

⎦
⎥
⎥
⎥
⎥
⎥
⎤

௡
௜ୀଵ  

 ݅. ݁.                                   ଵ
ଶ

[ࣲଶ(ܤ,ܣ) + ࣲଶ(ܣ,ܤ)] ≤ ଵ
ଶ

(ܤ,ܣ)ܯ߰. ≤ ɸܦఘ(ܤ,ܣ). 

Hence the inequality.  



 

 

Proposition 2.4 Let (ܲ,ܳ) ∈ ݊߁ ×  ,ଶ(ܲ,ܳ) shows Bhattacharyaࣲ ,(ܳ,ܲ)ܪ ,(ܳ,ܲ)ܤ and if ݊߁
Harmonic Mean, Chi-Square distance measures respectively then show that the following new 
inequality 

                                              ࣲଶ(ܤ,ܣ) > (ܤ,ܣ)ܤ >  (ܤ,ܣ)ܪ

Proof: Considering an inequality  

ݕ                                               + 1 > 	ඥݕ 	> ௬
௬ାଵ

 

obviously                           ݕଶ − 1 > ඥݕ > ଶ௬
௬ାଵ

. 

Substituting ݕ by  ௣೔
௤೔

, we achieve the following result 

                                                      ቀ௣೔
మ

௤೔మ
− 1ቁ > ට݌௜ ௜ൗݍ >

ଶ௣೔ ௤೔ൗ
௣೔ ௤೔ൗ ାଵ

  

Applying intuitionistic fuzzy in above equation, we achieve as follows: 

                           ቀఓಲ
మ (௫೔)

ఓಳ
మ (௫೔)

− 1ቁ + ቀߥಲ
మ (௫೔)
ಳߥ
మ (௫೔)

− 1ቁ > ට
(݅ݔ)ܣߤ
(݅ݔ)ܤߤ

+ ට(݅ݔ)ܣߥ
(݅ݔ)ܤߥ

>
ଶ.
(݅ݔ)ܣߤ
(݅ݔ)ܤߤ

(݅ݔ)ܣߤ
(݅ݔ)ܤߤ

ାଵ
+

ଶ.(݅ݔ)ܣߥ
(݅ݔ)ܤߥ

(݅ݔ)ܣߥ
(݅ݔ)ܤߥ

ାଵ
 

       ݅. ݁.  ቀఓಲ
మ (௫೔)

ఓಳ
మ (௫೔)

− 1ቁ + ቀߥಲ
మ (௫೔)
ಳߥ
మ (௫೔)

− 1ቁ > ට
(݅ݔ)ܣߤ
(݅ݔ)ܤߤ

+ ට(݅ݔ)ܣߥ
(݅ݔ)ܤߥ

> ଶ.(݅ݔ)ܣߤ
(݅ݔ)ܤߤ+(݅ݔ)ܣߤ

+ ଶ.(݅ݔ)ܣߥ
(݅ݔ)ܤߥ+(݅ݔ)ܣߥ

                            

      ݅. ݁.  ∑ ൤(݅ݔ)ܤߤ ቀ
ఓಲ
మ (௫೔)

ఓಳ
మ (௫೔)

− 1ቁ + (݅ݔ)ܤߥ ቀ
ಲߥ
మ (௫೔)
ಳߥ
మ (௫೔)

− 1ቁ൨௡
௜ୀଵ  

                             > ∑ ൤(݅ݔ)ܤߤට
(݅ݔ)ܣߤ
(݅ݔ)ܤߤ

+ ට(݅ݔ)ܤߥ
(݅ݔ)ܣߥ
(݅ݔ)ܤߥ

൨௡
௜ୀଵ  

                                               > ∑ ൤(݅ݔ)ܤߤ ൬
ଶ(݅ݔ)ܣߤ

(݅ݔ)ܤߤ+(݅ݔ)ܣߤ
൰+ (݅ݔ)ܤߥ ቀ

ଶ.(݅ݔ)ܣߥ
(݅ݔ)ܤߥ+(݅ݔ)ܣߥ

ቁ൨௡
௜ୀଵ       

       ݅. ݁.  ∑ ൤(݅ݔ)ܤߤ ቀ
ఓಲ
మ (௫೔)

ఓಳ
మ (௫೔)

− 1ቁ + (݅ݔ)ܤߥ ቀ
ಲߥ
మ (௫೔)
ಳߥ
మ (௫೔)

− 1ቁ൨௡
௜ୀଵ  

                             > ∑ ൣඥ(݅ݔ)ܣߤ. (݅ݔ)ܤߤ + ඥ(݅ݔ)ܣߥ. ൧௡(݅ݔ)ܤߥ
௜ୀଵ  

                                               > ∑ ൤(݅ݔ)ܤߤ ൬
ଶ(݅ݔ)ܣߤ

(݅ݔ)ܤߤ+(݅ݔ)ܣߤ
൰+ (݅ݔ)ܤߥ ቀ

ଶ.(݅ݔ)ܣߥ
(݅ݔ)ܤߥ+(݅ݔ)ܣߥ

ቁ൨௡
௜ୀଵ                                      

                             ݅. ݁.       ࣲଶ(ܤ,ܣ) > (ܤ,ܣ)ܤ >  (ܤ,ܣ)ܪ

Hence the desired result.    



 

 

 

CONCLUSIONS  

Using fuzzy Csiszar's ݂-divergence and fuzzy new ݂-divergence measure properties with the 
demonstration of validity, we have achieved some series of fuzzy divergence measures in this 
study. We have suggested a generalized series of Kulback-Leibler, arithmetic divergence 
measures, etc. combinations. Inequalities on both new and well-known fuzzy divergence metrics 
have also been derived by us. 

  

References: 
 
[1] Bhattacharya, A. (1946): Some analogues to amount of information and their uses in 
statistical estimation, Sankhya 8, 1-14. 
 
[2]  Csiszar, I. (1978): Information measure, A critical servey, Trans. 7th Prague conf. on info. 
Th. Statist. Decius. Funct. Random Process and 8th European meeting of statist Volume B. 
Acadmia Prague, pp. 73-86.    
 
[3] Csiszar, I. (1961): Information-type measures of difference of probability functions and 
indirect observations, Studia Sci. Math. Hunger.2. 299-318. 
 
[4] Dragomir, S. S.; Sunde, J. and Buse, C. (2000): New Inequalities for Jeffreys Divergence 
measure, Tamusi Oxford Journal of Mathematical Sciences, 16(2), 295-309. 
 
[5] Hellinger, E. (1909): Neu Begrundung der Theorie Der quadratischen Foemen von 
unenlichenvielen Veranderlichen, J. Reine Aug. Math. 136, 210-271. 
 
[6] Jeffreys (1946): An invariant form for the prior probability in estimation problem, Proc. 
Roy. Soc. Lon. Ser. A. 186, 453-461. 
 
[7] Kullback, S. and Leibler, R. A. (1951): On Information and Sufficiency, Ann. Nath. 
Statistics 22, 79-86. 
 
[8] Kumar, P. and Johnson, A. (2005): On a symmetric divergence measure and information 
inequalities, Journal of Inequalities in pure and applied Mathematics, vol. 6(3), article 65, 1-13. 
 
[9] Sibson, R. (1969): Information radius, Z. Wahrs. Undverw. Geb, (14), 149-160.  
  



 

 

[10] Taneja, I. J. (1995): New developments in generalized information measures, Chapter in 
Advances in imaging and Electron Physics, Ed. P. W. Hawkes 91, 37-135. 
 
[11] Taneja, I. J. (2011): Inequalities among logarithmic mean measures, Available online: 
http//arxiv.org/abs/1103.2580v1. 

[12] Verma, R. K., Dewangan, C. L. and Jha, P. (2012): An Unorthodox Parametric Measures 
of Information and Corresponding Measures of Fuzzy Information, Int. Jour. of Pure and Appl. 
Mathematics, Bulgaria, Vol. 76, No. 4, pp. 599-614. 

[13] Verma, R. K. and Verma, B. (2013): A New Approach in Mathematical Theory of 
Communication (A New Entropy with its Application), Lambert Academic Publishing (2013) 
Edn., pp. 84-85. 

 

 


