A NOVEL SET OF FUZZY f-DIVERGENCE MEASURE-RELATED INTUITIONISTIC
FUZZY INFORMATION EQUALITIES AND INEQUALITIES

Abstract

In the literature on fuzzy information theory, there are numerous divergence metrics and fuzzy
information. Disparities are crucial for determining relationships. Here, we'll discuss some fresh
information inequalities related to fuzzy measures and how they apply to the detection of
patterns. With the aid of the fuzzy f-divergence measure and Jensen's inequality,. links between
new and well-known fuzzy divergence measures were also created.
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1. INTRODUCTION

The fuzzy sets (FS) that Zadeh described in 1965 have demonstrated useful applications in
numerous academic domains. The concept of a fuzzy set is advantageous because it addresses
ambiguity and uncertainty that the Cantorian set was unable to handle. According to fuzzy set
theory, an element's membership in a fuzzy set is expressed as a single value between zero and
one. Nevertheless, since there may be some hesitation degree, it may not always be the case that
the degree of non-membership of an element in a fuzzy set is equal to 1 minus the membership
degree. As a result, Atanassov (1983, 1986) presented intuitionistic fuzzy sets (IFS), a
generalization of fuzzy sets that include the degree of hesitation known as the hesitation margin
(and is defined as 1 minus the sum of membership and non-membership degrees respectively). In
many application domains,.the idea of defining intuitionistic fuzzy sets as generalized fuzzy sets
IS quite fascinating and practical.

Since it incorporates the degree of belongingness, degree of non-belongingness, and the
hesitation margin, intuitionistic fuzzy set knowledge, and semantic representation become more
significant, resourceful, and relevant (Atanassov, 1994, 1999). Szmidt and Kacprzyk (2001)
demonstrated. that intuitionistic fuzzy sets can be helpful when a problem's description by a
linguistic variable expressed in terms of a membership function only looks to be a crude
approximation. IFS is a tool for more human consistent reasoning under imperfectly specified
facts and imprecise information because of its flexibility in addressing ambiguity (Szmidt and
Kacprzyk, 2004).

De et al. (2001) provided a three-step approach to medical diagnosis utilizing intuitionistic fuzzy
sets, including symptom determination, medical knowledge formulation based on intuitionistic
fuzzy relations, and diagnosis based on the composition of intuitionistic fuzzy relations. Since



there is a chance of a non-null hesitation part existing at each point of evaluating an unidentified
object, an intuitionistic fuzzy set is a tool for simulating real-world issues like sale analysis, new
product marketing, financial services, negotiation processes, psychological investigations, etc
(Szmidt and Kacprzyk, 1997, 2001). Rigid research based on the theory and applications of
intuitionistic fuzzy sets was conducted by Atanassov (1999, 2012). The distance measurements
approach is used in many IFS applications. Given its many real-world applications in pattern
recognition, machine learning, decision making, and market forecasting, distance measure
between intuitionistic fuzzy sets is a key idea in fuzzy mathematics. In recent years, numerous
distance metrics between intuitionistic fuzzy sets have been suggested, ‘investigated, and
employed in medical diagnostics (Szmidt and Kacprzyk, 1997, 2000, Wang and Xin, 2005).

Using the f-divergence functional, Csiszar [2, 3] established a generalized measure of
information in 1961.

1(P.Q) = Tty aif () (11)
Where f: R, = R, is aconvex function and P, Q € I'n. Here
m={P = (py,paie. .. Pudlpi 20,3 p; =1}n>2

be the collection of all discrete probability distributions with finite lengths. The literature on
information theory and statistics includes a wide variety of information and divergence
measures. Here, we'll provide a few examples of Csiszar f-divergence measure divergence
measures.

Intuitionistic fuzzy relative Information [10]

K(A,B) =%, [uA(xl-)logﬁ :E

L+ v, (x)log ﬁ] (1.2)

vp(x)

Intuitionistic fuzzy Chi-square divergence [6]

X2(A,B) = T | (HAED (o) ) + (A2 () (1.3)
) — Lij=1 PeS) Hp\X; ve(x1) Vp\X; .

Intuitionistic fuzzy relative J-S divergence [10]

F(4,B) = XiL; u,(x)log <2#A—(XI)) + X7 valx)log (ZVA—(XI)) (1.4)

g () +pg (x) v (x;)+vp(x)

Intuitionistic fuzzy Hellinger discrimination [5]
2
mP.Q) =1-B(P,Q) =53, (Jp —Ja) (15)

Where B(4,B) =Y, ( ka() /%) is known as Bhattacharya distance measure [1]
B\

ﬂB(xi)



Intuitionistic fuzzy Verma [12] distance measure (Motivated by Kullback and Liebler [8])

—\n ﬂB(xl)+aﬂA(x1) vp(x;)+ava(x;)
VA, B) = By sty () In (2C0200) 4y () In (et

= (1, Ce) +v4()) In@ + @), a>0 (L6)

and another intuitionistic fuzzy Verma [13] distance measure, due to general rule, is given by

V,(A4,B) =", <In <1+aﬂ—’*(xl)) — In”A(xi)).uB(xi) (1 + auB(xi))

1+aﬂ3(xi) ﬂB(xi)

+yn (In (Hav—A(xl)) - InVA(xi)) vp(x) (1 +avp(x)), a>0 (L7)

1+avp(x) vp(x;)
Intuitionistic fuzzy J-divergence measure [4, 7]
JCAB) = By (1, Gr) — 1y () ) Tog (228 5, (vax) — vp (x)log (222) (1.8)

Intuitionistic fuzzy relative J-divergence measure [6, 7]

#A(xi)+#3(xi)
oA B) = ELy (11,x) ~ty () Tog (424200
v (%) +vp(x;)
+ B, (vaCe) = v (x))log (“3272222) (L9)
Intuitionistic fuzzy relative Jensen-Shannon divergence measure [9]
= . 2“—”)+ n Viog (24l
F(4,B) = ¥i v, (v)log (uA(xi)wB(xi) i=1va(x)l0g (vA(xi)+vB(xi)) (1.10)

and  F(ByA)'= Y, p, (x)log (2"3—())+ 1 vp(x)log (220 ) (1.11)

A EHEITNED) va(x;)+vp(x)

Intuitionistic fuzzy Jensen-Shannon [9] divergence measure

ﬂA(xl)+ﬂB(x1)

_1 lz i, (x)log (M) +v,(x;)log (M))l (1.12)

241, (x;) 2va(x)

1A, B)= L[R(B,4) + F(4,B)] = [Z iy e log (12505 + v eog (V—Aéf)f;)(xi)))l

Intuitionistic fuzzy arithmetic-geometric mean divergence [10]

T(A B) — n (ﬂA(xi)‘l'ﬂB(xi)) |Og < ﬂA(xi)‘l'#B(xi) ) + ‘ln_=1 (VA(xi)+VB(xi)) Iog < va(x)+vp(x) ) (113)

2 YT ED T ED) 2 2va(x)vp(x)




Intuitionistic fuzzy arithmetic mean divergence [11]

A(A.B) = ?=1 [(#A(xi)‘i‘#g(xi)) + (VA(xi)+VB(xi))] (1.14)

2 2

Intuitionistic fuzzy harmonic mean divergence [11]

H(A, B) - ;’1_=1 [<2ﬂA(xi)-ﬂB(xi)) + (ZVA(xi)-VB(xi))] (115)

pa () +ug (x) va(x)+vp(x)

Intuitionistic fuzzy relative arithmetic-geometric divergence [10]

G(B.A) =1 [(uA(xi)wB(xi))log <uA(xi)+uB(xi)) . (VA(xl-)wB(xi)) v, (M)] (1.16)

2 2up(x;) 2 2vp (%)

Intuitionistic fuzzy triangular discrimination divergence measure

pg () +pg () va(x) +vp(x)

s ) —_ x. 3 ) — < 3
Al(A,B) — .ln_=1 ((ﬂA( 1) ﬂB( 1)) + (vA(xl) vB(xl)) ) (117)

Intuitionistic fuzzy logarithmic mean divergence [11]

— ﬂA(xl) ﬂB(xl) + ﬂA(xi)_#B(xi) ) 11
L(A B) <10g/‘A(xl) logﬂB(xl) lOgﬂA(xl’)_lOgﬂB(xi) ( ' 8)

Intuitionistic fuzzy Kumar-Johnson [8] distance measures

2 2
20 =up (xp) 40 —vE(xp)
WM(A,B) =31 1<(”“‘ L "3/) 4 (AGD "32 (1.19)
(kG apGd) 2 (aledvp () 72
Intuitionistic fuzzy theoretic exponential information distance measures
200820032 #a(x) 208203 valx)
$D(A B) = - ? 1 <—(”A(xl) uB(xl)/) LersC) + (AG0-560) VB(xlg)/) .em> (1.20)
(#A(xi)#g(xi)) g (valx)vp(x)) 2
and
[ (1 G =15 ) ) (WA )= () ) (205 G+ S (edig (r) =20, e (e + 30§ (x)) eﬁ;gi;
5/ .
¢D (A B) =il ‘n_ I #B(xi)(luA(xi):uB(xi)) z I
[ (VA(XL) VB(xl)) vA(xl) vB(xl))(ZvA(xl)+5vA(xl)vB(xl) ZVA(xI)VB(xl)+3vB(x )) ezggl; J
vp () (valx)vp(xy)) 2

(1.21)

2. OUR WORK



Proposition 2.1 Let (4,B) € I'n x I'n and if K(B,A), F(4, B), J(4, B) shows K-L, Relative J-S,
J-divergence measures respectively. Then we have the following new equality

2D,(A,B) =J(A,B) — K(B,A) + F(B,A) — F(4,B).

Proof: If we take the convex function,

_-1)%  1@-1*  1(-1)°  1(y-1)°
FO) =G Y30 Tsor: T 70y T

0= 16 G ) e

+(5)

i.e. Fiy)=(y—-1)= Iogl WEE )l—(y 1) Iogy (2.1.1)

Next we get the subsequent f-divergence measure if we put y = % in (2.1.1)i.e.

D.(P,Q) = Tty q; (B~ 1) log (%).
Applying intuitionistic fuzzy in above equation, we achieve

Dl(A, B) = ?=1MB( ) <#A(x1) 1)l lOg (,uA(xl-))

B( i) 2 ﬂB(xi)

+ 20 vpx )(VA(XI) )%Iog (%)

, (x)
i.e. 2D,(A,B) = (uA(x) uB(x))Iog”A(x)
+Z?=1(VA(x — vp(x; )IogVAEil;
i.e. 2D,(A,B) = ?=1uA(x)|Og#AExl; n () log e ()
Hp HplXi
vA(xl) va(x;)
+ X vala)logm oS = X vp(xi) log -~

( 1) (x;)
= 511 (1yCe) — 1) + 1y () 109252 — 52, () log 242

—+ Z?=1(VA(X VB(x) + VB(X )) |Og VA(XL) VB( ) |Og vA(xl)

(x;) (%) (x)
= Bi (1) = 1 () ) 0525+ KL 41y () log 2405 = By )Iog#Z(xo



+ 2 (vaG) = v () log s VA(XI) 3+ iz vp(x)log -8 VA(XI) =1 vp(x;) log VAE?;

(x) (x)
=J(A,B) - ¥ 1uB(x)log”B( S = Xy pp () log 24 =5
Hp (X HplXi

VB (xl) va (xl)

- 1vB(x)Iog VB(x)|Og

VA(xl)

= J(A,B) — K(B,A) — S, py(x )log“A(’“’— 1 vp(x,) log 2

= J(A,B) = K(B,A) = By 1, (x) log (000, 210 )

ZﬂB(Xi) #A(xi)‘l':uB(xi)

— X1 vp(x) log (vA(xi)ﬂB(Xi) 2v(xf) )
i= i .

2vp(x;) va(x)+vp(xy)

=J(A,B) — K(B,A) + Y1, u, (x;) log (2’13—(3{)) — Xi=1 () log (2#”—(){))

ﬂA(xi)‘huB(xi) ﬂA(xi)‘l'ﬂB(xi)

+ Zika s () 10 (- 5005) — Tikaw b oo (T30

va(x)+vp(x;) va(x)+vp(x;)

= J(4,B) — K(B, A) + F(B, 4) =¥, "2 (“A(x") log <2ﬂ—()))

=1, () thy o)+ ()

?1VB(XI)(VA(X)|OQ( 2v4(x;) ))

va(x)+vp(x;)

=J(A,B) —K(B,A) + F(B,A) — F(4,B).
Hence the required equality.

Proposition 2.2 Let (A,B) € 'n x I'n and if A(A,B), G(4,B), F(A,B), X2(A,B) represents
AMD, RAGD; RJSD; Chi-Square distance measures respectively then show that the new
equality relation

4D1(P,Q).A(AB)-G(P,Q)—G(Q.P)
= +
e = F(Q.P) +F(P,Q)

and inequality relation
4D,(P,Q).A(A,B) — G(P,Q) — G(Q,P) < [x?*(Q,P) + X*(P,Q)]A(A,B)

Proof: If we put =P 5 the convex function (2.1.1) then we get the subsequent f-
Y 2q;

divergence measure

D;(P.Q) =(y—1)2 ~logy = ( qfh_ ) |Og(pl+ql)



2D,(P.Q) = X1, (pi — q)log (P4:%).

Applying intuitionistic fuzzy in above equation, we achieve

B () 1\ 11 (GG (maGdvne) _ Y1y (raCed e
2pp(x;) 1)2|Og< 2up(xi) )+( 2v(x) 1)2log( 2v4(x;) )

D,(4,B) = (

_ (x) +ug ()
Lo, 2D,(4,B) = 151, (1, (x) — 1y () Tog (4245
p\Xi

) va(x) +vp(x)
+ EZ?=1 (VA (x) — VB(xi))Iog (ﬁ)

) _1fsn G+ () o figx) +pg ()
lL.e. 2D1(A,B) — 2[ i=1 .uA(xL)Iog< Z#B(xi) ) i=1 uB(xL)IOg< Z#B(xl-) )]

1[sn val)+ve(x)\ g va(xi)+vp (xi)
+2[Zi=1 VA(XL-)|09( 2v4(x;) ) i=1VB(xi)|Og( 2v4(x;) )]

[ n _ Z"B—(xl)) _ym | (2“3—("1)) +
2im1 M (x;)log <#A(xi)+#3(xi) i=1H4 (xi)log ACORITED)

n _2vg@) ) _ yn _ 2vp(x)
Zi:l VB (xi)log (VA(xi)-l-VB(xi)) i=1H4 (xi)log (VA(xi)+VB(xi)) *

1
i.e. 2D1(A,B) =-

2 (x) +ig () (x) +pg ()
Xizq wy (xi)log (ﬂ—A o ) = i1 #,()log (ﬂA ;#A(if)x ) +

Z#A(xi)
n () +vp() _ vn va(x)+vp(x;)
Zi:l Va (xi)IOg ( 2v4(x;) ) =1 VA(xi)IOg ( 2v4(x;) ) .

_ 1 24 (x1) _ pa () g (x)
i.e. 2D;(A,B) =1 l2?=1 pg(x)log (#—A(xi)‘l'ﬂB(xi)) =11, (x;)log <—2#A(xi) +
2 va(x)+vp(x;)

2 i ( i)+ ( i)
[5Gl ()~ B vaCedlog (M3 52)

1 ty (i) +pp(x:) 1y (i) +pp(x:)
15[t eton (45852) + S eotoa (552

ZﬂA(xi)
1[sn va(x;)+vp(x) n va(x)+vp(x)
+ > [Zi:l V4 (xl)|Og ( 2v,(x) ) + Zi:l VA(xi)IOQ ( 2vp(x;) )]

, 1 1 (e)+up(x)  py ) +up(xi)
i.e2D,(4,B) = [F(B, 4) + F(A B)] + 1| T, u, (x)log R )|

1[yn va(x)tvp(x) va(x)+vp(x)
+2 [Zi=1ﬂA(x[)|Og( 2v4(x;) T 2vp(x) )]

(uA(xl-)wB(xi))Z)l

i.e. 2D,(A,B)==[F(B,A)+F(A,B)] + [Z?ﬂu,l(xi)log (W




2
+ 1 [ ?=1 v, (xi)log <(VA(xi)+VB(xi)) )]

2 4v4(x)vp(x;)

= 2[F(B,4) + F(A,B)] + (Z?=1ﬂA(xi))< i ;)

=1 () +ag(x)

4pry () g () =1y, () +vp(x)

n (valx)+ve(x) (VA(xi)+VB(xi))2
< i=1 ( 2 ) log < 4v,(x;) vp(x;)

= [F(B,A) + F(4,B)]

1 [ 'ln_=1 (ﬂA(xi)‘l'ﬂB(xi)) |Og <ﬂA(xi)+ﬂB(xi)) + 'ln_=1 (ﬂA(xi)‘l'ﬂB(xi)) |Og (uA(Xi)-l_#B(Xi)):I

( i=1 (#—A(xi);r”B(xi)) log (.("A("i)+"3("f))2>> + (X va(x) ( i ; )

24(A,B) 2 241, (x) 2 2up(x1)
1 n [valx)+vp(x;) va(x)+vp(x;) . [vaAlx) v (x;) g () g (x)

* 24(A,B) [Zi:l( 2 ) IOg( 2va(x) ) K i=1( 2 ) IOg( 2vp(x;) )]
Thus, 2D,(4,B) = [F(B,A) + F(AB)+ 5.-5[G(4, B) + G(B,4)]

ie AABAAB)-GAE)-GC(BA — p(p A)+ F(AB) (2.2.1)

A(AB)

Which is the required equality.
But, F(B,A) + F(A,B) < X%(B,A) + X?(A,B)

From (2.2.1) we get the inequality
4D,(A,B).A(A,B) = G(A,;B) — G(B,A) <[X?(B,A) + X?(A,B)]A(A,B).
Hence the required result.

Proposition 2.3 Let (4,B) € 'n xI'n and if X*(A,B), yM(A,B), $D,(A,B) shows chi-
square, Kumar-Johnson, theoretic exponential information distance measures respectively then
we have the following new inequality

~[X2(A4,B) + X2(B, A)] < .¥M(A,B) < $bD, (4, B)
Proof: Ofcourse, (y-1)°"=0

ie.  y+ge=22



ie. ;(\/} + %y) >1
Obviously, %(\/} + %y) < E (\/;4_ %y)]z < i(}' +1). (2y3+53;]22—2y+3) oy

. 1 (y-1)2 1) _ 1 (y-1)? 1\ _1 (y-1)? (2y°+5y2-2y+3)
e ;U2 (Wr+g) < BFE(Wr+ ) sj+ D B R,

1 (y+)(y- 1)2 1 (v? —1) <1 -D(y?-1)(2y3+5y —2y+3)
2’ y =3 y*/2 =7 y°/2

Substituting y by , We achieve the following result
A N2 A3 A2 Y
o G )26 450 2hs) o
4 (ﬂ)s/z WS '
a

Applying intuitionistic fuzzy in above equation, we achieve

g (xp) HA(Xi)_ 2 va(x;) valx HA(XI) valx) 2 g
1 (HB(Xi)+1)(HB(Xi) 1) + (VB(X;)+1)(VB(Xi) 1 “B(xl) I:(VB(Xi)) _1]
2’ al) valx)) &2 u (x) VA /2
A A\X
HB(Xi) VB(XI) HB(xi) (VB(X;))
[ ﬂA(xi) T
(HA(Xi) uA(xl) #A(Xl) HA(Xl)) ZHA(XL') ‘3 yB(xi)
g (xp) #B(Xl) “B(Xl) “B(Xl) up)”
(A<xl> 2
1 uB(xl)
<=
5 , vaGx)
(VA(XI) vA(xl) vA(xl) vA(xi)) _ZVA(xi) 3 vp(x;)
VB(xl) VB(XI) VB(XI) VB(Xi) VB(Xi) ' e
(qucl)) '
L up(xp)
B 1vwn _(#A(xi)+#3(xi))(#A(xi)_#B(xi)) (VA(xl)‘l'VB(xl))(VA(xl) VB(XL))
l. € - i=1 2
2 #A(xi)(#g(xi)) VA(xl)(VB(xl))
2 2 2 2 2 2
_lyn | (HaGd-up) . (vaGxD—vE(x)
Tt T2 ) (s v e) 2
() (g Cedup)) 2 vB G (vaCr) i



i.e.

5
Up (xi)(,uA (xi)ﬂB (xi)) /2

(a G =1 () ) (A Ce) ~ 1B () ) (2083 Ced + 5145 G g () 20, (e B () +3uB (1) ) .

D) T
! /#B(xi)

va(x;)
2 2 3 2 2 3 VB(xi)
(vaCe) —vp () (VA () —vB () ) (293 () +5vE () vp () —2vae)vh () +3vE (x) )
: .
i vp(x) (va(x)vp(xy)) /2
2 2
T (G s () (aGe) = () + (a6 +vp () (4D =V ()
2 4t=1 t Cedup (x:) va(x)vp(x;)
(haC0-v3) | (iGo—RGD)
< RN HalXxi)—Up(xi + valXi)—Vp xl))
— =1 3 3
e (1aCGe)iag () 2 (upG)vpe) 2
B ﬂA(xi)/ ( )_
(4 G =15 ) ) (A e~ B () ) (205 () +5 115 G () —2, () KB @D +303 (x)) . ra
a .
(kG a) 2

>/
= (VA (xi)VB(xi)) z

e Lyn [ (#aGD _ YAl
ie. 2[ i=1(<#3(xi) MB(xi)>+<vB(xi) VB(xi)>>]
+1 n H)ZS'(xi)_ (X) + V%(xi)_v (X)
2 [#i= b\ e T Hat Gy AV

isn

i.e.

<lyn ((“i(xi)_”lz?(xi))z+(Vi(xi)—vfa(xi))2>

— =1 3 3
e (REHED)! 2 (uaxva(x)) 72

(b ) =1 () ) (A )~ 1B () ) (2083 Ced + 5145 G (r) 20, (e B () + 303 (1) ) .

52
(raGrup(x))

L L () —vp () (Vi (e —vE (i) ) (2vA () +5vE (xi)vp () —2va v () +3vE (x) )

5/
(valx)vp(x)) 2

~[X2(A,B) + X2(B, A)] <5.¥M(A, B) < $bD,(4,B).

Hence the inequality.

L L () =vp () (Vi (e —vh () ) (2L () +8v5 (i) vp o) —2va v () +3vE (x) )

va(x)
vp(xy)

tg (i) T
! /#B(xi)

va(x)
vp(xy)




Proposition 2.4 Let (P,Q) € I'n x I'n and if B(P,Q), H(P,Q), X2(P, Q) shows Bhattacharya,
Harmonic Mean, Chi-Square distance measures respectively then show that the following new
inequality

X?(A,B) > B(A,B) > H(A,B)

Proof: Considering an inequality
y +1> \/; y+1
obviously y2—-1>[y>

y+1

Substituting y by , We achieve the following result

pi® _ /P' 2Pi/g;
(qi2 1) = l/Qi = Pifg a1

Applying intuitionistic fuzzy in above equation, we achieve as follows:

2 2 2al0) 2 rala)

(uA(xi) _ 1) + (VA(xi) _ 1) = #A(xi) VA(xl HB(XL) .VB(Xi)

uB(x;) v (x;) @) ve)  ECD TG,
upG) vp(x)

i. e. (@ _ 1) —+ (V‘E(—xl) —_ 1) > ‘uA(xi) + VA(xi) > Z-ﬂA(xi) + Z.VA(xi)
ug(x;) vg(x;) g () ve(x) ~ o, () rup(x)  vaCe)+vp(x)

ie ¥n [HB( )(uA(xl) )+V3(xi) (vg,(xi)_l)]

13 (xy) vp(x;)

> Sl ity G E2 v, ) [220]

>3, [uB () (220 sy e (2200 )|

g () +pg(x) v (x;)+vp(x)

ie Y, [uB(x[) (ZAE; —1) + vy (¢ 22,(3 _ 1)]
Z?=1[\/HA(XL')- Hg(xi) + \/VA (x,). VB(xi)]
> iy [ﬂg (x,) <2#A—(XI)) +vp(x;) (ZVA—(XI))]

ITAENRITNED) va(x)+vp(x)

i.e. X2%(A,B)>B(A,B)>H(ADB)

Hence the desired result.



CONCLUSIONS

Using fuzzy Csiszar's f-divergence and fuzzy new f-divergence measure properties with the
demonstration of validity, we have achieved some series of fuzzy divergence measures in this
study. We have suggested a generalized series of Kulback-Leibler, arithmetic divergence
measures, etc. combinations. Inequalities on both new and well-known fuzzy divergence metrics
have also been derived by us.
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