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A New Approach to Bicomplex Jacobsthal Matrix and
Bicomplex Jacobsthal-Lucas Matrix Components

ABSTRACT

In this present paper, we give a detailed study of a new generation of Bicomplex Jacobsthal ma-
trix and Bicomplex Jacobsthal-Lucas matrix using Jacobsthal F-matrix and Jacobsthal Lucas F’-
matrix. Also presented some formulas, facts, and properties about these matrices: In addition, a

new vector called the bicomple Jacobsthal vectors §n and the bicomplex:Jacebsthal-Lucas vec-

tors §;l with matrix components is presented. Some properties of this vector apply to various
properties of geometry which are not generally known in the geometry of space. Then, using
this matrix representation, we give some identities.

Keywords: Bicomplex Jacobsthal matrix; Bicomplex JacobsthalzLucas matrix; Jacobsthal num-
bers; Jacobsthal-Lucas numbers.

1 Introduction

Bicomplex numbers are introduced in a/oookbased,on multicomplex spaces and function and
are given from a number of different points.of view of analysis. A bicomplex number is defined
by

X=a+ bi, +ci, +diig
where a,b,c,d are real numbers and +1, i, i,, iz are units given by rules i? =i? = —1 and,

i;i, = i,i; = iz. Let X and X’ be bicomplex numbers.
The addition and subtraction'of X and X’ are given by

XFX =(ata)+(bFb)i;+(cFc)i,+(dFd)i;
and multiplicationiof these numbers as follows
XX"=(a+bi,+ci,+diz)(a +Db'i;+c'i,+diy)
=(aa' —bb' —cc' +dd' )+ (ab' +ba' —cd' —dc') i,

+(ac' —ca' +bd' —db') i, + (ad' +da' + cb’ + bc') i5.

The conjugates of the bicomplex number X are described by X1, X%z and X%. In that case, there
are different conjugations as follows, [1]:

X4 =a — biy +ci, —di,
X2 = a+ bi; —ci, —dis, D
X3 =a - bi; —ci, +di,.




The Jacobsthal numbers J,, are defined for all integers n > 0 by the second order recurrence
relation

]n+2 =]n+1 + 2]n

and initial conditions j, = 0, J; = 1. The Jacobsthal-Lucas numbers j,, are defined for all integ-
ersn > 0 by the same second order recurrence relation as

Jntz = Jne1 + 2n

but initial conditions j, =2 and j, = 1.

The next Jacobsthal number is also given by the recursion formula:
Jnvr = 2[n = (D" bY Jpir =20 — .

The first recursion formula above is also satisfied by the powers of 2. The Jacobsthal number at
a specific point in the sequence may be calculated directly using the closed-form equation:

2 ()"
- 3

Jn €

The Jacobsthal numbers can be extended to negative indices using the recurrence relation or the
explicit formula, giving

_ (_1)n+1 ‘]n
Jon =—5—

The following identity holds
28 (J_n + Ja) = 3J2.

The following Jacobsthal-Lucas number also satisfies:
Jns1 — 2 ==3CD0 .

The Jacobsthal-Lucas number at a specific point in the sequence may be calculated directly us-
ing the closed-form equation:

Yoo, =eegh (—1)™ . ©)
Different applications of Jacobsthal and Jacobsthal-Lucas numbers and their generalization have
beenstudied by many mathematicians in almost all fields of science [2-11]. Jacobsthal F-matrix

and Jacobsthal Lucas F’-matrix are presented in [12-17].

The nt"-power of the F-matrix and F’-matrix are

]n+1 2]n ] ! jn+1 2]n ]
Fr=F, = and F, =" ; 4
n ]n 2]n—1 n In 2]n—1 ( )

where

FrrlFn = pintl = F F, =F,,,, andalsodet (F*) = (—1)*(-2)". (5)



In this paper, we define the bicomplex Jacobsthal matrix and the bicomplex Jacobsthal-Lucas
matrix by combining Jacobsthal numbers, Jacobsthal-Lucas numbers and bicomplex numbers.
We present a matrix representation using some properties of these numbers.

A bicomplex Jacobsthal numbers and bicomplex Jacobsthal-Lucas numbers, respectively, are
defined

Xn=Jn Hnst it ez ¥ Jnas iz and X'n= jp sy b¥ingg ¥ jnes i3 (6)
where J,, and j,, are the nt" Jacobsthal, Jacobsthal-Lucas numbers and i? = i? = —1,i2 = +1.If
we start from n = 0, the bicomplex Jacobsthal number and bicomplex Jacobsthal-Lucas number
can be written, respectively, as;

X, = iy + 1i, + 3i3; X; =1+ 1i; + 3i, + 5i,
and

X'o=2+1i; +5i, +7i3; X', =1+5i; +7i, +17i,,

2 Bicomplex Jacobsthal Matrix and Bicomplex Jacobsthal-Lucas Matrix

For n > 0, the n** bicomplex Jacobshtal matrix B,, and the n‘" bicomplex Jacobsthal-Lucas ma-
trix B;, are de ined as

By =T +Fpp it Fppp bt Fpyzizand Bp=F, +Fp ol +Fpp i+ Frisis )
where iy, i, and i are arbitrary units which satisfy the relations;

i2=i2=-1i2=+1. (8)
Starting from n = 1, the bicomplex Jacobsthal matrix can be written as;

B, =F, +Hi +F iy + F, s

/> 2]1] B3 2]2] . B4 2]3] . Bs 2]4] .
= + + +

20 T 2 T s 2nl T 2l
L1+ 30, +5i, + 11i; 2+ 2i, + 6iy + 1Oi3]
Tl 1+1i, + 3i, +5i, 2i, + 2i, + 6i,
X, 2X1]
“lx, 2x,)

where X,, X; and X, are the bicomplex Jacobsthal numbers.
3 Some Identities on Bicomplex Jacobsthal Matrix

Identity 3.1. Let n = 1 be integer. Then, from the equality (1), we can give the following rela-
tion between bicomplex Jacobsthal matrices



B, — Bnsilis — Bpyo i + Buysis —45( n—1 +2(=1)" F,_ 1[

Proof. We will give the proof of identity
Bn - Bn+1i1 - Bn+2 i2 + Bn+3 i3'

We have,

By = Bnsi1lt = Bpiy b+ Byyglis = Fy + Fryq iy v Fpyp by + Frps s

= (Frs1 + Fryo by + Frysly + Frya i3)i

—(Frsz + Friz by + Fryaly + Fois i3)i;

+(Fpz + Frpaly + Frys iy + Friaiz)is

=";En-|-5’:n+2_";En+4

If we use the equality (4), then we can write as

_Prer Zn | _[res Y] _ Pnes  neal g [Jrsa
I e Tl oo el

]n 2]n—1 2]n+1 2]n+3

n+6

_Tn+

— ]n+1 _]n+3 _]n+5 +]n+7 2(]n _]n+2 _]n+4 +]n+6)
]n _]n+2 _]n+4 +]n+6 2(]n—1 _]n+1 _]n+3 +]n+5) ’

from the equalities (2) and (3), we get;
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- 15 2]7’1 1] 3 [O ]n - 2]7’1.—1 ] ]Tl 2]7’1 1
n-1 2]n 2 0 ]n—l - 2]n—2 ]n 1 2]n 2

K 0 ]n - 2]n—1 ] ’ [ 2]n

¥ n 1+3[O ]n—1_2]n—2 +Tn ! 0 ]n 1

_ (a0 S3-DM 1,0 3(-Dr

= 45Fn-1 + 15F0 (3 [o —3(—1)"—1] + [o 3(—1)"—1])

=45 (Tn—1 +2(=1)" Foa [8 _]:!-D

Identity 3.2.Forn > 1
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i s _ , 1 -2
ByBy + BBy, = =93 (Fha |, 5|)
where B,‘f is the conjugation with respect to the imaginary unit i;.

Proof. Now we will prove the identity B,, x B,‘f + B, X B,‘f_l.
By using the equalities (1), (4) and (6), we get

=Fi1 + 2F = 2F%, — Fiis
= Fon-z + 2Fn — 2Fon4a — Fonse

— []’Zn—l 2]2n—2] + 2[ a1 2lon ] _9 [’2n+5 2]2n+4] _ [’2n+7 2]2n+6]

2n-2 2]2n—3 ]Zn 2]2n—1 2n+4 2]2n+3 2n+6 2]2n+5

— ]Zn—l + 2]2n+1 - 2]2n+5 +]2n+7 2(]2n—2 + 2]2n - 2]2n+4 +]2n+6) ]
]2n—2 + 2]2n - 2]2n+4 +]2n+6 2(]2n—3 + 2]2n—1 - 2]2n+3 +]2n+5)

If we use the equalities J,,, — J,_r = % (277 (22" = 1)), jns1= 20n= 3(~1)**'and
Jp = 2™+ (=1)"in [4], we have;

— _93 [22n—1 22n—1]

22n—2 22n—2

= _03 Jan-1— (_1)2n_1 Jan-1— (“’1)271_1]
j2n—2 - (_1)2n_2 j2n—2 - (_1)2n_2

= _03 Jan-1— (_1)2n_1 Jane1 F 2j2n—2 —2jop2— (_1)2n_1]
Jan-2 — (_1)2n_2 Jan—2 % 2jan-3 — 2jon-3 — (_1)2n_2

= _03 ( Jan-1 2j2n—2] + [ —(—1)>"1 3(-1)"1 - (_1)2n—1])
Jan-2  ZJ2n-3

_(_1)2n—2 3(_1)2n—2 _ (_1)2n—2

= -93(FH_, + [_1 _g] )
Identity 3.3.

2 2
1

B2, — B3 = 4(X, + X's + 3 — 14i; — 120,)F,,
Proof. By using the equalities (7) and (8),
B721+1 =5E2n+2 - T2n+4 - T2n+6 + T2n+8 + 2(SEn+15En+2 - Tn+3Tn+4)i1

+2(Fr1Fnss — Fre2Frradiz + 2(Fpi1Frsa + FraaFnis)iz

=51:2n+2 - T2n+4 - T2n+6 + ‘?2n+8 + 2(T2n+3 - T2n+7)i1
+2(Fonia — Fonsediz +4iz Fonys,

= Fon(Fy = Fy — Fs + Fg) + 2F,, (F5 — Fy)iy

+2T2n(T4 - Tﬁ)iz + 4T2n+5i3



=750 ‘6ol *2[Ta0 Zaoli+ [z Zealte+las aolt)

. [120 - 160i, — 64i, + 84i; 120 — 160i, — 64, + 88i3]
~ | 60 —80i, — 32i, +44i; 60— 80i, — 32i, + 40i; |'

Similarly, we can get

52 — 5 |80 —40i; — 160, + 4i; 80 — 40i, — 16i, + 8i3]
n 2n

40 — 20i, — 8i, + 4i, 40 — 20i, — 8i,

B2, — B2 = (20 — 60i, — 24i, + 40i,)F,, [i i

= 4(X, + X', + 3 — 14, — 120,)F,, [i i .

Identity 3.4. Forn > 0, The nt* negabicomplex Jacobsthal matrix is

2]n—1 _2]n]
B - _]n ]n+1 Xl 2X1 ]
-n 2n(=1)" X, X, — @ +i,+3i3)

Proof. We will give proof of identity B_,,. We have
B—n = T—n +5E—n+1 il +5E—n+2 i2 +T—n+3 i3

B_, =F (Fo+F iy +Fpi, +F; i5)

= (F) N (Fo + Friig + Fp iy + Fs i3)

([ 2, ])-11+i1+2i2+3i3 i1+i2+2i3]

In 2/ i +iy+ 20 1+, +i;
[zjn—l _Zjn]
—]n ]n+1 X1 2X1
|7, | Xo X —(Q+i;+3i3)
2]n—1 _2]n]
_]n ]n+1 Xl 2X1 ]
(—1n2n Xo X, — (@ +i,+3i3)

where X, and X, are bicomplex Jacobsthal numbers.
4 Some Applications on Bicomplex Jacobsthal Matrix

Let B,, be the nt" bicomplex Jacobsthal matrix, for n > 0, these number is 2t" linear recurrence
sequence. Then, we suppose the sets of C, and C;, are



C, = {By | By=F,y +Fppy iy + Frag iy +Fpasis, F,isnth F-matrix},

and

¢ = (8,18, =" 1] pec )

Then there is an isomorphism between C, and C; , in that case, we can write

Fy +Frorls Friz + Fopsi
n n n n

Thus, we can write

C,={B,|B,=a, [(1) Cl)] + B, [(1) (1) ; Ay, By is Nt complex Jacobsthal matrix}
and

Bn = Tnul +Tn+1 U+ Tn+2U3 +Tn+3U4—v
where

_ L0 i, 0 0 iz] [0 is
Bn_“;l:n[o 1]+Tn+1[o i1]+‘7:n+2[i2 0 +Tn+3 i3 ol
Since detB,, # 0, there is the inverse of matrixB,, and itis in C5.

Definition 4.1. The nt" bicomple Jacobsthal vectors®, and the nt" bicomplex Jacobsthal-Lucas
vectors B/, with matrix components are defined as

5
By =Fppr by T Frgp iy + Fpys i3

and

—

By = Fraqly + Fryo I+ Frysis,
respectively.

Theorem 4.1. Let B, and B, ,, be bicomplex Jacobsthal vectors. The cross product is defined
as

Iy Iy i3
Tn+1 Tn+2 Tn+3
Tn+2 Tn+3 Tn+4

§n x §n+1 = det

where in the permanent of §n x §n+1, the signatures of the permutations are not taken into
account, [15].

Proof. Now, if we calculate B, x B, ,, we obtain

=(:;l:'n+251:n+4 + Tn+3Tn+3)i1 - (Tn+1Tn+4 + Tn+2Tn+3)i2 + (Tn+1Tn+3 + Tn+2Tn+2)i3



=2F n+6l1 — 2Fpasly + 2F 1403
=2(Fon+els — Fonisla + Fonsals + Fapizly + Fopialy — Fonialy — Fonyals)

=2(Fpnizis + Frazly + Frials) + 2(Fonie—Foni2)is — 2(Fpis + Frisdiz

Finally, we have

(89 B3 o)

where §2n+1 is bicomplex Jacobsthal vector.

5 Conclusion

In this study, we firstly introduced bicomplex Jacobsthal numbers and bicomplex Jacobsthal-
Lucas numbers and matrices. Then, we give some identities that hold an important place in the

literature on these matrices. We have also given bicomplex Jacobsthalvector §n with F-matrix
component to exert in geometry.
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