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ABSTRACT 
 
In this present study we define Bicomplex Jacobsthal matrix and Bicomplex Jacobsthal-Lucas 
matrix. We derive the relations between these matrices. Then, using this matrix representation, 
we give some identities. 
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1 Introduction  
 
Bicomplex numbers are introduced in a book based on multicomplex spaces and function [1] 
and are given from a number of different points of view of analysis. A bicomplex number is 
defined by 
 

ܺ = ܽ	 + 	ܾ݅ଵ 	+ 	ܿ		݅ଶ 	+ 	݀		݅ଷ 
 
where a,b,c,d are real numbers and +1, ݅ଵ, ݅ଶ,			݅ଷ are units given by rules  ݅ଵଶ = ݅ଶଶ = −1and,  
݅ଵ݅ଶ = ݅ଶ݅ଵ = 	 ݅ଷ.  Let ܺ and ܺ′ be bicomplex numbers. The addition and subtraction of  ܺ and ܺ′ 
are given by 
 

ܺ ∓ ܺ′ = (	ܽ ∓ ܽᇱ) + (	ܾ	 ∓ ܾᇱ)݅ଵ + (	ܿ ∓ ܿᇱ)	݅ଶ + (	݀ ∓ ݀ᇱ)݅ଷ 
 
and multiplication of these numbers as follows 
 

ܺܺᇱ = (ܽ + ܾ	݅ଵ + ܿ݅ଶ + ݀	݅ଷ)(ܽᇱ + ܾᇱ݅ଵ + ܿᇱ݅ଶ + ݀ᇱ݅ଷ) 
									= (	ܽܽᇱ − ܾܾᇱ + ܿܿᇱ − ݀݀ᇱ	) + (	ܾܽᇱ + ܾܽᇱ + ܿ݀ᇱ + ݀ܿᇱ	)	݅ଵ 
														+(	ܽܿ′ + ܿܽ′ − ܾ݀′ − ܾ݀ᇱ)	݅ଶ + (	ܽ݀ᇱ + ݀ܽᇱ + ܾܿᇱ + ܾܿᇱ)	݅ଷ. 

 
The conjugates of the bicomplex number  ܺ are described by ܺ௜భ , 	ܺ௜మ 	and		ܺ௜య . In that case, there 
are different conjugations as follows, [1]: 
 

ܺ௜భ = ܽ − ܾ݅ଵ + ܿ݅ଶ 	− ݀݅ଷ, 
ܺ௜మ = ܽ + ܾ݅ଵ − ܿ݅ଶ	–݀݅ଷ,        (1) 
ܺ௜య = ܽ − ܾ݅ଵ − ܿ݅ଶ 	+ ݀݅ଷ. 

 
The Jacobsthal numbers J௡ are defined for all integers ݊ ≥ 0 by the second order recurrence 
relation 
 

௡ାଶܬ = ௡ାଵܬ +  ௡ܬ2
 



 

 

and initial conditions		ܬ଴ = ଵܬ	 , 0 = 1. The Jacobsthal-Lucas numbers ݆௡ are defined for all 
integers ݊ ≥ 0  by the same second order recurrence relation as  
 

	݆௡ାଶ = ݆௡ାଵ + 2݆௡ 
 
but initial conditions 	݆଴ = 2 	and 	 ଵ݆ = 1. 
 
The next Jacobsthal number is also given by the recursion formula: 
 

௡ାଵܬ  − ௡ܬ2 = (−1)௡ 	 by  	ܬ௡ାଵ = 2௡ − ௡ܬ . 
 
The first recursion formula above is also satisfied by the powers of 2. The Jacobsthal number at 
a specific point in the sequence may be calculated directly using the closed-form equation: 
 

௡ܬ = ଶ೙ି(ିଵ)೙

ଷ
	.         (2) 

 
The Jacobsthal numbers can be extended to negative indices using the recurrence relation or the 
explicit formula, giving 
 

௡ିܬ =
(−1)௡ାଵ	J௡

2 . 
 
The following identity holds 
 

2௡(ିܬ௡ + (௡ܬ =  .௡ଶܬ3
 
The following Jacobsthal-Lucas number also satisfies: 
 

݆௡ାଵ − ௡ܬ2 = −3(−1)௡ 	. 
 
The Jacobsthal-Lucas number at a specific point in the sequence may be calculated directly 
using the closed-form equation: 
 

݆௡ = 2௡ + (−1)௡ 	.        (3) 
 
Different applications of Jacobsthal and Jacobsthal-Lucas numbers and their generalization have 
been studied by many mathematicians in almost all fields of science [2-10]. Jacobsthal ℱ-matrix 
and Jacobsthal Lucas ℱᇱ-matrix are presented in [11-14].  
 
The ݊௧௛-power of the ℱ-matrix and ℱᇱ-matrix are 
  

ℱ௡ = ℱ௡ = ൤ܬ௡ାଵ ௡ܬ2
௡ܬ ௡ିଵܬ2

൨	  and  ℱ௡ᇱ = ൤݆௡ାଵ 2݆௡
݆௡ 2݆௡ିଵ

൨     (4) 

 
where 
 

ℱ௡ାଵℱ௡ = ℱଶ௡ାଵ = ℱ௡ାଵℱ௡ = ℱଶ௡ାଵ  and also det	(ℱ௡) = (−1)௡(−2)௡ .  (5) 
 
In this paper, we define the bicomplex Jacobsthal matrix and the bicomplex Jacobsthal-Lucas 
matrix by combining Jacobsthal numbers, Jacobsthal-Lucas numbers and bicomplex numbers. 
We present a matrix representation using some properties of these numbers.  
 



 

 

A bicomplex Jacobsthal numbers and bicomplex Jacobsthal-Lucas numbers, respectively, are 
defined 
 

ܺ௡= ܬ௡ +ܬ௡ାଵ ݅ଵ+ܬ௡ାଶ ݅ଶ+ ܬ௡ାଷ ݅ଷ   and  ܺ′௡= ݆௡ +݆௡ାଵ ݅ଵ+݆௡ାଶ ݅ଶ+ ݆௡ାଷ ݅ଷ,  (6) 
 
where ܬ௡ and j୬ are the ݊௧௛ Jacobsthal, Jacobsthal-Lucas numbers and 	݅ଵଶ = ݅ଶଶ = −1	, ݅ଷଶ = +1. If 
we start from ݊ = 0, the bicomplex Jacobsthal number and bicomplex Jacobsthal-Lucas number  
can be written, respectively, as; 
 

ܺ଴ = 1݅ଵ + 1݅ଶ + 3݅ଷ; 	 ଵܺ = 1 + 1݅ଵ + 3݅ଶ + 5݅ଷ 
 
and 
 

ܺ′଴ = 2 + 1݅ଵ + 5݅ଶ + 7݅ଷ; 		ܺ′ଵ = 1 + 5݅ଵ + 7݅ଶ + 17݅ଷ. 
 
 
2 Bicomplex Jacobsthal matrix and Bicomplex Jacobsthal-Lucas matrix 
 
For ݊ ≥ 0, the ݊௧௛ bicomplex Jacobshtal matrix ℬ௡ and the ݊௧௛ bicomplex Jacobsthal-Lucas 
matrix ℬ௡ᇱ 	are	de ined		as 
 

ℬ௡ = ℱ௡ +ℱ௡ାଵ ݅ଵ+ℱ௡ାଶ ݅ଶ+ ℱ௡ାଷ ݅ଷ and 	ℬ௡ᇱ = ℱ௡ᇱ 		+ℱ௡ାଵᇱ ݅ଵ +ℱ௡ାଶᇱ 	݅ଶ + ℱ௡ାଷᇱ 	݅ଷ (7) 
 
where ݅ଵ, 	݅ଶ	and  ݅ଷ	 are arbitrary units which satisfy the relations; 
 

݅ଵଶ = ݅ଶଶ = −1, 	݅ଷଶ = +1.        (8) 
 
Starting from ݊ = 1, the bicomplex Jacobsthal matrix  can be written as; 
 

ℬଵ = ℱଵ + ℱଶ݅ଵ + ℱଷ 	݅ଶ + ℱସ 	݅ଷ 
 

=൤ܬଶ ଵܬ2
ଵܬ ଴ܬ2

൨+ ൤ܬଷ ଶܬ2
ଶܬ ଵܬ2

൨ ݅ଵ + ൤ܬସ ଷܬ2
ଷܬ ଶܬ2

൨ ݅ଶ + ൤ܬହ ସܬ2
ସܬ ଷܬ2

൨ ݅ଷ 

 

=൤1 + 3݅ଵ + 5݅ଶ + 11݅ଷ 2 + 2݅ଵ + 6݅ଶ + 10݅ଷ
1 + 1݅ଵ + 3݅ଶ + 5݅ଷ 2݅ଵ + 2݅ଶ + 6݅ଷ

൨ 

 
=൤ܺଶ 2 ଵܺ

ଵܺ 2ܺ଴
൨, 

 
where 	ܺ଴, ଵܺ	ܽnd	ܺଶ	are	the	bicomplex	Jacobsthal		numbers. 

 
3 Some identities on Bicomplex Jacobsthal Matrix   

 
Identity 3.1. Let ݊ ≥ 1 be integer. Then, from the equality (1), we can give the following relation 
between bicomplex Jacobsthal matrices 

	ℬ௡ −ℬ௡ାଵ݅ଵ − ℬ௡ାଶ		݅ଶ + ℬ௡ାଷ݅ଷ = 45 ቀℱ௡ିଵ + 2(−1)௡ 	ℱ௡ିଵᇱ ቂ0 −1
0 		1 ቃቁ. 

 
Proof.  We will give the proof of identity 
 

ℬ௡ −ℬ௡ାଵ݅ଵ −ℬ௡ାଶ		݅ଶ + ℬ௡ାଷ݅ଷ.   
 



 

 

We have, 
 

ℬ௡ −ℬ௡ାଵ݅ଵ −ℬ௡ାଶ		݅ଶ + ℬ௡ାଷ݅ଷ = ℱ௡ +ℱ௡ାଵ	݅ଵ +ℱ௡ାଶ	݅ଶ +ℱ௡ାଷ	݅ଷ																						 
 

																																																																						−	(ℱ௡ାଵ + ℱ௡ାଶ	݅ଵ + ℱ௡ାଷ݅ଶ +ℱ௡ାସ	݅ଷ	)݅ଵ 
 
																																																																						−(ℱ௡ାଶ + ℱ௡ାଷ	݅ଵ +ℱ௡ାସ݅ଶ +ℱ௡ାହ	݅ଷ	) 
 
																																																																							+(ℱ௡ାଷ + ℱ௡ାସ	݅ଵ + ℱ௡ାହ	݅ଶ +ℱ௡ା଺	݅ଷ)݅ଷ 
 
																																																																																= ℱ௡ +ℱ௡ାଶ −ℱ௡ାସ −ℱ௡ା଺	 
 
If we use the equalities  (1) and (4), then we can write as 
 

= ൤ܬ௡ାଵ ௡ܬ2
௡ܬ ௡ିଵܬ2

൨ − ൤ܬ௡ାଷ ௡ାଶܬ2
௡ାଶܬ ௡ାଵܬ2

൨ − ൤ܬ௡ାହ ௡ାସܬ2
௡ାସܬ ௡ାଷܬ2

൨ + ൤ܬ௡ା଻ ௡ା଺ܬ2
௡ା଺ܬ ௡ାହܬ2

൨ 

 

= ൤
௡ାଵܬ − ௡ାଷܬ − ௡ାହܬ + ௡ା଻ܬ ௡ܬ)2 − ௡ାଶܬ − ௡ାସܬ + (௡ା଺ܬ

௡ܬ − ௡ାଶܬ − ௡ାସܬ + ௡ା଺ܬ ௡ିଵܬ)2 − ௡ାଵܬ − ௡ାଷܬ +  ,௡ାହ)൨ܬ

 
from the equalities  (2) and (3), we get; 
 

= 15 ቂ2
௡ାଵ 2௡ାଵ
2௡ 2௡

ቃ 
 

= 15 ൬൤ ௡ܬ3 ௡ܬ3
௡ିଵܬ3 ௡ିଵܬ3

൨+ ൤ ݆௡ ݆௡
݆௡ିଵ ݆௡ିଵ

൨൰ 

 

= 15 ൬3 ൤ ௡ܬ ௡ܬ + ௡ିଵܬ௡ିଵ−2ܬ2
௡ିଵܬ ௡ିଵܬ + ௡ିଶܬ௡ିଶ−2ܬ2

൨ + ൤ ݆௡ ݆௡
݆௡ିଵ ݆௡ିଵ

൨൰ 

 

= 15 ൬3 ൤ ௡ܬ ௡ିଵܬ2
௡ିଵܬ ௡ିଶܬ2

൨+ 3 ൤0 ௡ܬ − ௡ିଵܬ2
0 ௡ିଵܬ − ௡ିଶܬ2

൨ + ൤ ݆௡ 2݆௡ିଵ
݆௡ିଵ 2݆௡ିଶ

൨+ ൤0 ݆௡ − 2݆௡ିଵ
0 ݆௡ିଵ − 2݆௡ିଶ

൨൰ 

 

= 15 ൬3ℱ௡ିଵ + 3 ൤0 ௡ܬ − ௡ିଵܬ2
0 ௡ିଵܬ − ௡ିଶܬ2

൨ +ℱ௡ିଵᇱ + ൤0 ݆௡ − 2݆௡ିଵ
0 ݆௡ିଵ − 2݆௡ିଶ

൨൰ 

 

= 45ℱ௡ିଵ + 15ℱ௡ିଵᇱ ൬3 ൤
0 −3(−1)௡

0 −3(−1)௡ିଵ൨+ ൤
0 3(−1)௡

0 3(−1)௡ିଵ൨൰ 

 
= 45 ቀℱ௡ିଵ + 2(−1)௡ 	ℱ௡ିଵᇱ ቂ0 −1

0 		1 ቃቁ. 
 

 
Identity 3.2. For ݊ ≥ 1 
 

ℬ௡ℬ௡
௜య + ℬ௡ିଵℬ௡ିଵ

௜య = −93 ቀℱଶ௡ିଶᇱ + ቂ			1 −2
−1 			2ቃ	ቁ 

 
where  ℬ௡

௜య  is the conjugation with respect to the imaginary unit 	݅ଷ.  
 
Proof.  Now we will prove the identity		ℬ௡ × ℬ௡

௜య + 		ℬ௡ିଵ × ℬ௡ିଵ
௜య . 

By using the equalities (1), (4) and (6), we get  



 

 

 
=ℱ௡ିଵଶ 	+ 	2	ℱ௡ଶ − 	2	ℱ௡ାଶଶ − 		ℱ௡ାଷଶ  
 
= ℱଶ௡ିଶ + 2ℱଶ௡ − 2ℱଶ௡ାସ − ℱଶ௡ା଺ 

 

= ൤ܬଶ௡ିଵ ଶ௡ିଶܬ2
ଶ௡ିଶܬ ଶ௡ିଷܬ2

൨+ 2 ൤ܬଶ௡ାଵ ଶ௡ܬ2
ଶ௡ܬ ଶ௡ିଵܬ2

൨ − 2 ൤ܬଶ௡ାହ ଶ௡ାସܬ2
ଶ௡ାସܬ ଶ௡ାଷܬ2

൨ − ൤ܬଶ௡ା଻ ଶ௡ା଺ܬ2
ଶ௡ା଺ܬ ଶ௡ାହܬ2

൨ 

 

= ൤ܬଶ௡ିଵ + ଶ௡ାଵܬ2 − ଶ௡ାହܬ2 + ଶ௡ା଻ܬ ଶ௡ିଶܬ)2 + ଶ௡ܬ2 − ଶ௡ାସܬ2 + (ଶ௡ା଺ܬ
ଶ௡ିଶܬ + ଶ௡ܬ2 − ଶ௡ାସܬ2 + ଶ௡ା଺ܬ ଶ௡ିଷܬ)2 + ଶ௡ିଵܬ2 − ଶ௡ାଷܬ2 +  .ଶ௡ାହ)൨ܬ

 
If we use the equalities 		ܬ௡ା௥ − ௡ି௥ܬ = ଵ

ଷ
൫2௡ି௥(2ଶ௥ − 1)൯	, 		݆௡ାଵ − 2݆௡ = 3(−1)௡ାଵand 

 ݆௡ = 2௡ + (−1)௡ 	in	[4],  we have; 
 

= −93 ቂ2
ଶ௡ିଵ 2ଶ௡ିଵ

2ଶ௡ିଶ 2ଶ௡ିଶ
ቃ 

 

= −93 ൤݆ଶ௡ିଵ − (−1)ଶ௡ିଵ ݆ଶ௡ିଵ − (−1)ଶ௡ିଵ

݆ଶ௡ିଶ − (−1)ଶ௡ିଶ ݆ଶ௡ିଶ − (−1)ଶ௡ିଶ
൨ 

 

= −93 ൤݆ଶ௡ିଵ − (−1)ଶ௡ିଵ ݆ଶ௡ିଵ + 2݆ଶ௡ିଶ − 2݆ଶ௡ିଶ − (−1)ଶ௡ିଵ

݆ଶ௡ିଶ − (−1)ଶ௡ିଶ ݆ଶ௡ିଶ + 2݆ଶ௡ିଷ − 2݆ଶ௡ିଷ − (−1)ଶ௡ିଶ
൨ 

 

= −93 ൬൤݆ଶ௡ିଵ 2݆ଶ௡ିଶ
݆ଶ௡ିଶ 2݆ଶ௡ିଷ

൨+ ൤		−(−1)ଶ௡ିଵ 3(−1)ଶ௡ିଵ − (−1)ଶ௡ିଵ

−(−1)ଶ௡ିଶ 3(−1)ଶ௡ିଶ − (−1)ଶ௡ିଶ
൨൰ 

 
= −93 ቀℱଶ௡ିଶᇱ + ቂ			1 −2

−1 			2ቃ	ቁ. 
Identity 3.3. 
 

		ℬ௡ାଵଶ 		− ℬ௡ଶ 		= 4(ܺଷ + ܺ′ଷ + 3− 14݅ଵ − 12݅ଶ)ℱଶ௡ ቂ
2 2
1 1ቃ		. 

 
Proof.  By using the equalities (7) and (8),  
 

ℬ௡ାଵଶ 		=ℱଶ௡ାଶ − ℱଶ௡ାସ −ℱଶ௡ା଺ +ℱଶ௡ା଼ + 2(ℱ௡ାଵℱ௡ାଶ −ℱ௡ାଷℱ௡ାସ)݅ଵ 
 

+2(ℱ௡ାଵℱ௡ାଷ − ℱ௡ାଶℱ௡ାସ)݅ଶ + 2(ℱ௡ାଵℱ௡ାସ +ℱ௡ାଶℱ௡ାଷ)݅ଷ	 
 

=ℱଶ௡ାଶ − ℱଶ௡ାସ −ℱଶ௡ା଺ +ℱଶ௡ା଼ + 2(ℱଶ௡ାଷ −ℱଶ௡ା଻)݅ଵ 
+2(ℱଶ௡ାସ −ℱଶ௡ା଺)݅ଶ 		+ 4݅ଷ	ℱଶ௡ାହ, 
 

= ℱଶ௡(ℱଶ −ℱସ − ℱ଺ + ℱ଼) + 2ℱଶ௡(ℱଷ − ℱ଻)݅ଵ 
 
+2ℱଶ௡(ℱସ − ℱ଺)݅ଶ 		+ 4ℱଶ௡ାହ݅ଷ 

 
= ℱଶ௡ ቀቂ

120 120
60 60 ቃ + 2 ቂ−80 −80

−40 −40ቃ ݅ଵ + ቂ−64 −64
−32 −32ቃ ݅ଶ + ቂ84 88

44 40ቃ ݅ଷቁ 
 

				= ℱଶ௡ ൤
120 − 160݅ଵ − 64݅ଶ + 84݅ଷ 120− 160݅ଵ − 64݅ଶ + 88݅ଷ

60 − 80݅ଵ − 32݅ଶ + 44݅ଷ 60− 80݅ଵ − 32݅ଶ + 40݅ଷ
൨.																					 

 
Similarly, we can get 



 

 

 

ℬ௡ଶ = ℱଶ௡ ൤
80− 40݅ଵ − 16݅ଶ + 4݅ଷ 80 − 40݅ଵ − 16݅ଶ + 8݅ଷ
40− 20݅ଵ − 8݅ଶ + 4݅ଷ 40− 20݅ଵ − 8݅ଶ

൨ 

 
	ℬ௡ାଵଶ − 		ℬ௡ଶ 		= (20 − 60݅ଵ − 24݅ଶ + 40݅ଷ)ℱଶ௡ ቂ

2 2
1 1ቃ 

 
= 4(ܺଷ + ܺ′ଷ + 3 − 14݅ଵ − 12݅ଶ)ℱଶ୬ ቂ

2 2
1 1ቃ. 

 
 

Identity 3.4. For ݊ ≥ 0,  The ݊௧௛ negabicomplex Jacobsthal matrix  is 
 

ℬି௡ 	= ൮
൤2ܬ௡ିଵ ௡ܬ2−
௡ܬ− ௡ାଵܬ

൨

2௡(−1)௡
൲൤ ଵܺ 2 ଵܺ
ܺ଴ 											 ଵܺ − (1 + ݅ଶ + 3݅ଷ)൨ 

 
Proof. We will give proof of identity ℬି௡ . We have 

ℬି௡ 		= ℱି ௡ +ℱି௡ାଵ	݅ଵ +ℱି௡ାଶ	݅ଶ +ℱି௡ାଷ	݅ଷ 
 

ℬି௡ 		= ℱି ௡(ℱ଴ +ℱଵ 	݅ଵ +ℱଶ 	݅ଶ + ℱଷ 	݅ଷ) 
 
= (ℱ௡)ିଵ(ℱ଴ + ℱଵ	݅ଵ +ℱଶ	݅ଶ +ℱଷ 	݅ଷ) 

 

= ൬൤ܬ௡ାଵ ௡ܬ2
௡ܬ ௡ିଵܬ2

൨൰
ିଵ
൤1 + ݅ଵ + 2݅ଶ + 3݅ଷ ݅ଵ + ݅ଶ + 2݅ଷ

݅ଵ + ݅ଶ + 2݅ଷ 1 + ݅ଶ + ݅ଷ
൨ 

 

= ൮
൤2ܬ௡ିଵ ௡ܬ2−
௡ܬ− ௡ାଵܬ

൨

|ℱ௡| ൲	൤ ଵܺ 							2 ଵܺ																																						
ܺ଴ 					 ଵܺ − (1 + ݅ଶ + 3݅ଷ)൨ 

 

= 	൮
൤2ܬ௡ିଵ ௡ܬ2−
௡ܬ− ௡ାଵܬ

൨

(−1)௡2௡
൲൤ ଵܺ 2 ଵܺ

ܺ଴ 									 ଵܺ − (1 + ݅ଶ + 3݅ଷ)൨ 

 
where  ଵܺ and ܺ଴	are bicomplex Jacobsthal numbers. 
 
4 Some Applications on Bicomplex Jacobstal Matrix   
 
Let ℬ௡ be the ݊௧௛  bicomplex Jacobsthal matrix, for ݊	 ≥ 0, these number is 2௧௛  linear recurrence 
sequence. Then, we suppose the sets of ℂଶ and ℂଶᇱ  are 
 
  ℂଶ 	= 	 {	ℬ௡ ∣ ℬ௡ = ℱ௡ 		+ ℱ௡ାଵ		݅ଵ + ℱ௡ାଶ	݅ଶ +ℱ௡ାଷ	݅ଷ	,				ℱ௡ 	is	݊௧௛ 	 ℱ-matrix	},  
 
and  
 

ℂଶᇱ = 	 {	ℬ௡ ∣ ℬ௡ = ൤ߙ௡ ௡ߚ
௡ߚ ௡ߙ

൨	 ௡ߙ;  {			௡߳ℂߚ,

 
Then there is an isomorphism between  ℂଶ and ℂଶᇱ  , in that case, we can write 



 

 

 
ℬ௡ 			= (ℱ௡ 	,ℱ௡ାଵ	,ℱ௡ାଶ	,ℱ௡ାଷ	) 		→ ℬ௡ = 	 ൤ ℱ௡ 	+ℱ௡ାଵ݅ଵ ℱ௡ାଶ + ℱ௡ାଷ݅ଵ		

ℱ௡ାଶ +ℱ௡ାଷ݅ଵ ℱ௡ 	+ℱ௡ାଵ݅ଵ
൨. 

Thus, we can write  
 

ℂଶᇱ = 	 {	ℬ௡ ∣ ℬ௡ = ௡ߙ ቂ
1 0
0 1ቃ + ௡ߚ ቂ

0 1
1 0ቃ ௡ߙ;	 ௡ߚ, ௧௛݊	ݏ݅		  {ℎ݈ܽ matrixݐݏܾ݋ܿܽܬ	ݔ݈݁݌݉݋ܿ	

 
and 
 

ℬ௡ 			= ℱ௡ܷ₁		+ℱ௡ାଵ	ܷ₂+ ℱ௡ାଶܷ₃ +ℱ௡ାଷܷ₄, 
 
where 
 

ℬ௡ = ℱ௡ ቂ
1 0
0 1ቃ+ ℱ௡ାଵ ൤

݅ଵ 0
0 ݅ଵ

൨ + ℱ௡ାଶ ൤
0 ݅ଶ
݅ଶ 0 ൨ +ℱ௡ାଷ ൤

0 ݅ଷ
݅ଷ 0 ൨. 

 
Since ݀݁ݐℬ௡ ≠ 0, there is the inverse of matrix ℬ௡ and it is in ℂଶᇱ . 
 
Definition 4.1. The ݊௧௛ bicomple Jacobsthal	vectors ℬሬሬ⃗ ௡   and the ݊௧௛ 	bicomplex Jacobsthal-Lucas 
vectors  ℬሬሬ⃗ ௡ᇱ  with matrix components are defined  as 
 

ℬሬሬ⃗ ௡ = ℱ௡ାଵ	݅ଵ + ℱ௡ାଶ	݅ଶ +ℱ௡ାଷ	݅ଷ 
 
and 
 

ℬሬሬ⃗ ௡ᇱ = ℱ௡ାଵᇱ ݅ଵ + ℱ௡ାଶᇱ 		݅ଶ +ℱ௡ାଷᇱ ݅ଷ	, 
 
respectively. 
 
Theorem 4.1.  Let  ℬሬሬ⃗ ௡ and 	ℬሬሬ⃗ ௡ାଵ be bicomplex Jacobsthal vectors. The cross product is defined as 
 

ℬሬሬ⃗ ௡ 	× 	ℬሬሬ⃗ ௡ାଵ = ݐ݁݀ ൥
݅ଵ ݅ଶ ݅ଷ

ℱ௡ାଵ ℱ௡ାଶ ℱ௡ାଷ
ℱ௡ାଶ ℱ௡ାଷ ℱ௡ାସ

൩ 

 
where in the permanent of ℬሬሬ⃗ ୬ 	× 	ℬሬሬ⃗ ୬ାଵ, the signatures of the permutations are not taken into 
account, [15]. 
 
Proof. Now, if we calculate ℬሬሬ⃗ ௡ 	× 	ℬሬሬ⃗ ௡ାଵ, we obtain 
 

=(ℱ௡ାଶℱ௡ାସ +ℱ௡ାଷℱ௡ାଷ)݅ଵ − (ℱ௡ାଵℱ௡ାସ + ℱ௡ାଶℱ௡ାଷ)݅ଶ + (ℱ௡ାଵℱ௡ାଷ +ℱ௡ାଶℱ௡ାଶ)݅ଷ 
 
=2ℱଶ௡ା଺݅ଵ − 2ℱ௡ାହ݅ଶ + 2ℱ௡ାସ݅ଷ 
 
=2(ℱଶ௡ା଺݅ଵ −ℱଶ௡ାହ݅ଶ + ℱଶ௡ାସ݅ଷ +ℱଶ௡ାଷ݅ଶ + ℱଶ௡ାଶ݅ଵ −ℱଶ௡ାଷ݅ଶ − ℱଶ௡ାଶ݅ଵ) 
 
=2(ℱଶ௡ାଶ݅ଵ +ℱ௡ାଷ݅ଶ + ℱ௡ାସ݅ଷ) + 	2(ℱଶ௡ା଺−ℱଶ௡ାଶ)݅	ଵ − 2(ℱ௡ାହ + ℱ௡ାଷ)݅ଶ 
 

Finally, we have 
 



 

 

= ℱଶ௡ ቀቂ
40 40
20 20ቃ ݅ଵ − ቂ25 28

14 12ቃ ݅ଶቁ + 	ℬሬሬ⃗ ଶ௡ାଵ, 
 
where 	ℬሬሬ⃗ ଶ௡ାଵ is bicomplex Jacobsthal vector. 
 
5 Conclusion 
 
In this study, we firstly introduced bicomplex Jacobsthal numbers and bicomplex Jacobsthal-
Lucas numbers and matrices. Then, we give some identities that hold an important place in the 
literature on these matrices. We have also given bicomplex Jacobsthal	vector  ℬሬሬ⃗ ௡ with ℱ-matrix 
component to exert in geometry. 
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