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Common fixed point theorems for four self-maps satisfying generalized 

(𝝍, 𝝓)- weak contraction in metric space 

Abstract: In this manuscript, we shall prove a common fixed point theorem for four weakly 

compatible self-maps Ζ̆, Η̆, Ω̆ and Κ̆ on a metric space (𝑀, 𝑑𝜊) satisfying the following 

generalized (𝜓, 𝜙)- weak contraction: 

𝜓 (𝑑𝜊(Ω̆𝜎, Κ̆𝜔)) ≤ 𝜓(𝛿(𝜎, 𝜔)) −  𝜙(𝛿(𝜎, 𝜔)), where  

𝛿(𝜎, 𝜔) =  𝑚𝑎𝑥{𝑑𝜊(𝛧̆𝜎, 𝐻̆𝜔), 𝑑𝜊(Ζ̆𝜎, Ω̆𝜎 ), 𝑑𝜊(Η̆𝜔, Κ̆𝜔),
1

2
[𝑑𝜊(Ζ̆𝜎, Κ̆𝜔) + 𝑑𝜊(Ω̆𝜎, Η̆𝜔)],  

                       𝑑𝜊(Ζ̆𝜎, Ω̆𝜎) [
1 + 𝑑𝜊(Ζ̆𝜎, Η̆𝜔)

1 + 𝑑𝜊( Η̆𝜔, Κ̆𝜔)
] , 𝑑𝜊( Η̆𝜔, Κ̆𝜔) [

1 + 𝑑𝜊(Ζ̆𝜎, Η̆𝜔)

1 + 𝑑𝜊(Ζ̆𝜎, Ω̆𝜎)
] ,

 𝑑𝜊2(Ζ̆𝜎, Ω̆𝜎 ) 

1 + 𝑑𝜊(Ω̆𝜎, Κ̆𝜔)
, 

                       
 𝑑𝜊2( Η̆𝜔, Κ̆𝜔) 

1 + 𝑑𝜊(Ω̆𝜎, Κ̆𝜔)
, 𝑑𝜊(Ζ̆𝜎, Ω̆𝜎) [

1 + 𝑑𝜊(Ζ̆𝜎, Κ̆𝜔) + 𝑑𝜊(Ω̆𝜎, Η̆𝜔)

1 + 𝑑𝜊(Ζ̆𝜎, Η̆𝜔) + 𝑑𝜊(Ω̆𝜎, Κ̆𝜔)
], 

                        𝑑𝜊( Η̆𝜔, Κ̆𝜔) [
1 + 𝑑𝜊(Ζ̆𝜎, Κ̆𝜔) + 𝑑𝜊(Ω̆𝜎, Η̆𝜔)

1 + 𝑑𝜊(Ζ̆𝜎, Η̆𝜔) + 𝑑𝜊(Ω̆𝜎, Κ̆𝜔)
]}. 

Also, we have proved common fixed point theorems for the above mentioned weakly compatible 

self-maps along with E.A. property and (CLR) property. An illustrative example is also provided 

to support our results. 

Keywords: fixed point, weakly compatible maps, E.A. property, (CLR) property, generalized 

(𝜓, 𝜙)- weak contraction. 

2010 MSC: 47H10, 54H25 

1. Introduction  

Definition 1.1 A coincidence point of a pair of self–maps 𝑃, 𝑄 ∶  𝑀 → 𝑀 is a point 𝑢 ∈ 𝑀 for 

which 𝑃𝑢 = 𝑄𝑢. 

A common fixed point of a pair of self – maps 𝑃, 𝑄 ∶  𝑀 → 𝑀 is a point 𝑢 ∈ 𝑀 for which 𝑃𝑢 =

𝑄𝑢 = 𝑢. 
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In 1996, Jungck [2] introduced the concept of weakly compatible maps to study common fixed 

point theorems: 

Definition 1.2 Let (𝑀, 𝑑𝜊) be a metric space. A pair of self – maps 𝑃, 𝑄 ∶  𝑀 → 𝑀 is weakly 

compatible if they commute at their coincidence points, that is, if there exists 𝑢 ∈ 𝑀 such that 

𝑃𝑄𝑢 =  𝑄𝑃𝑢, where 𝑢 is coincidence point of 𝑃 and 𝑄. 

In 2002, Aamri and EI Moutawakil [1] introduced the notion of E.A. property as follows: 

Definition 1.3 Let  (𝑀, 𝑑𝜊) be a metric space. Two self-maps 𝑃 and 𝑄 on 𝑀 are said to satisfy the 

E.A. property, if there exists a sequence {un} in 𝑀 such that, 

lim
𝑛→∞

𝑃𝑢𝑛 =  lim
𝑛→∞

𝑄𝑢𝑛 = 𝑡, for some 𝑡 ∈ 𝑀. 

In 2011, Sintunavarat et.al [5] introduced the notion of (CLR) property as follows: 

Definition 1.4 Let  (𝑀, 𝑑𝜊) be a metric space. Two self-maps 𝑃 and 𝑄 on 𝑀 are said to satisfy the 

(CLRP) property, if there exists a sequence {un} in 𝑀 such that, 

lim
𝑛→∞

𝑃𝑢𝑛 =  lim
𝑛→∞

𝑄𝑢𝑛  =  𝑃(𝑡),  for some 𝑡 ∈ 𝑀. 

2.  Main Results 

Theorem 2.1. Let (𝑀, 𝑑𝜊) be a metric space and let Ζ̆, Η̆, Ω̆ and Κ̆ be self-maps on 𝑀 satisfying 

the followings: 

(2.1) Ω̆𝑀 ⊆ Η̆𝑀, Κ̆𝑀 ⊆  Ζ̆𝑀,  

for all  𝜎, 𝜔 ∈ 𝑀, there exists right continuous functions 𝜓, 𝜙 ∶ ℝ+  → ℝ+, with  

𝜓(0) = 0 =  𝜙(0) and 𝜓(𝑎) < 𝑎 for 𝑎 > 0 such that: 

(2.2) 𝜓 (𝑑𝜊(Ω̆𝜎, Κ̆𝜔)) ≤ 𝜓(𝛿(𝜎, 𝜔)) −  𝜙(𝛿(𝜎, 𝜔)), where 

𝛿(𝜎, 𝜔) =  𝑚𝑎𝑥{𝑑𝜊(𝛧̆𝜎, 𝐻̆𝜔), 𝑑𝜊(Ζ̆𝜎, Ω̆𝜎 ), 𝑑𝜊(Η̆𝜔, Κ̆𝜔),
1

2
[𝑑𝜊(Ζ̆𝜎, Κ̆𝜔) + 𝑑𝜊(Ω̆𝜎, Η̆𝜔)],  

                       𝑑𝜊(Ζ̆𝜎, Ω̆𝜎) [
1 + 𝑑𝜊(Ζ̆𝜎, Η̆𝜔)

1 + 𝑑𝜊( Η𝜔̆, Κ̆𝜔)
] , 𝑑𝜊( Η̆𝜔, Κ̆𝜔) [

1 + 𝑑𝜊(Ζ̆𝜎, Η̆𝜔)

1 + 𝑑𝜊(Ζ̆𝜎, Ω̆𝜎)
] ,

 𝑑𝜊2(Ζ̆𝜎, Ω̆𝜎 ) 

1 + 𝑑𝜊(Ω̆𝜎, Κ̆𝜔)
, 

                        
 𝑑𝜊2( Η̆𝜔, Κ̆𝜔) 

1 + 𝑑𝜊(Ω̆𝜎, Κ̆𝜔)
, 𝑑𝜊(Ζ̆𝜎, Ω̆𝜎) [

1 + 𝑑𝜊(Ζ̆𝜎, Κ̆𝜔) + 𝑑𝜊(Ω̆𝜎, Η̆𝜔)

1 + 𝑑𝜊(Ζ̆𝜎, Η̆𝜔) + 𝑑𝜊(Ω̆𝜎, Κ̆𝜔)
], 

                         𝑑𝜊( Η̆𝜔, Κ̆𝜔) [
1 + 𝑑𝜊(Ζ̆𝜎, Κ̆𝜔) + 𝑑𝜊(Ω̆𝜎, Η̆𝜔)

1 + 𝑑𝜊(Ζ̆𝜎, Η̆𝜔) + 𝑑𝜊(Ω̆𝜎, Κ̆𝜔)
]}. 
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If one of Ζ̆𝑀, Η̆𝑀, Ω̆𝑀 or Κ̆𝑀 is complete subspace of 𝑀, then the pair (Ζ̆, Ω̆) or (Η̆, Κ̆) have a 

coincidence point. Moreover, if the pair (Ζ̆, Ω̆) or (Η̆, Κ̆) is weakly compatible, then Ζ̆, Η̆,  Ω̆ and 

Κ̆ have a unique common fixed point. 

Proof: Let 𝜎0 ∈ 𝑀 be an arbitrary point of 𝑀. From (2.2), we can construct a sequence {𝜔𝑛} in 

𝑀 as follows: 

                           𝜔2𝑛+1 = Ω̆𝜎2𝑛 = Η̆𝜎2𝑛+1,   𝜔2𝑛+2 = Κ̆𝜎2𝑛+1 = Ζ̆𝜎2𝑛+2,                              (2.3) 

for all 𝑛 =  0, 1, 2, ….  

Now, we define 𝑑𝜊
n = 𝑑𝜊(𝜔n,𝜔n+1). If 𝑑𝜊

2n = 0 for some 𝑛, then 𝑑𝜊(𝜔2n,𝜔2n+1) = 0.  

Then 𝜔2n = 𝜔2n+1, that is, Κ̆σ2n−1 = Ζ̆σ2𝑛 = Ω̆σ2𝑛 = Η̆σ2𝑛+1. 

We can note that Ζ̆ and Ω̆ have a coincidence point. Similarly, if 𝑑𝜊
2n+1 = 0, then Η̆ and Κ̆  have 

a coincidence point. Assume that 𝑑𝜊
n ≠ 0 for each 𝑛. 

On putting, σ = σ2𝑛 and 𝜔 = σ2𝑛+1 in (2.2), we get 

                     𝜓 (𝑑0(Ω̆σ2𝑛, Κ̆σ2𝑛+1)) ≤ 𝜓(𝛿(σ2𝑛, σ2𝑛+1)) −  𝜙(𝛿(σ2𝑛, σ2𝑛+1)),                       (2.4) 

where   

𝛿(σ2𝑛, σ2𝑛+1) = 𝑚𝑎𝑥{𝑑𝜊(Ζ̆σ2𝑛, Η̆σ2𝑛+1), 𝑑𝜊(Ζ̆σ2𝑛, Ω̆σ2𝑛), 𝑑𝜊(Η̆σ2𝑛+1, Κ̆σ2𝑛+1),  

                                  
1

2
[𝑑𝜊(Ζ̆σ2𝑛, Κ̆σ2𝑛+1) + 𝑑𝜊(Ω̆σ2𝑛, Η̆σ2𝑛+1)],  

                                   𝑑𝜊(Ζ̆σ2𝑛, Ω̆σ2𝑛) [
1 + 𝑑𝜊(Ζ̆σ2𝑛, Η̆σ2𝑛+1)

1 + 𝑑𝜊( Η̆σ2𝑛+1, Κ̆σ2𝑛+1)
], 

                                  𝑑𝜊( Η̆σ2𝑛+1, Κ̆σ2𝑛+1) [
1 + 𝑑𝜊(Ζ̆σ2𝑛, Η̆σ2𝑛+1)

1 + 𝑑𝜊(Ζ̆σ2𝑛, Ω̆σ2𝑛 )
], 

                                  
 𝑑𝜊2(Ζ̆σ2𝑛, Ω̆σ2𝑛 ) 

1 + 𝑑𝜊(Ω̆σ2𝑛, Κ̆σ2𝑛+1)
,
 𝑑𝜊2( Η̆σ2𝑛+1, Κ̆σ2𝑛+1) 

1 + 𝑑𝜊(Ω̆σ2𝑛, Κ̆σ2𝑛+1)
, 

          𝑑𝜊(Ζ̆σ2𝑛, Ω̆σ2𝑛) [
1 + 𝑑𝜊(Ζ̆σ2𝑛, Κ̆σ2𝑛+1) + 𝑑𝜊(Ω̆σ2𝑛, Η̆σ2𝑛+1)

1 + 𝑑𝜊(Ζ̆σ2𝑛, Η̆σ2𝑛+1) + 𝑑𝜊(Ω̆σ2𝑛, Κ̆σ2𝑛+1)
], 

                                  𝑑𝜊( Η̆σ2𝑛+1, Κ̆σ2𝑛+1) [
1 + 𝑑𝜊(Ζ̆σ2𝑛, Κ̆σ2𝑛+1) + 𝑑𝜊(Ω̆σ2𝑛, Η̆σ2𝑛+1)

1 + 𝑑𝜊(Ζ̆σ2𝑛, Η̆σ2𝑛+1) + 𝑑𝜊(Ω̆σ2𝑛, Κ̆σ2𝑛+1)
]}. 

                        = 𝑚𝑎𝑥{𝑑𝜊(𝜔2𝑛,𝜔2𝑛+1), 𝑑𝜊(𝜔2𝑛,𝜔2𝑛+1), 𝑑𝜊(𝜔2𝑛+1,𝜔2𝑛+2), 

                                
1

2
[𝑑𝜊(𝜔2𝑛,𝜔2𝑛+2) + 𝑑𝜊(𝜔2𝑛+1,𝜔2𝑛+1)], 
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                              𝑑𝜊(𝜔2𝑛,𝜔2𝑛+1) [
1 + 𝑑𝜊(𝜔2𝑛,𝜔2𝑛+1)

1 + 𝑑𝜊(𝜔2𝑛+1,𝜔2𝑛+2)
] , 𝑑𝜊(𝜔2𝑛+1,𝜔2𝑛+2) [

1 + 𝑑𝜊(𝜔2𝑛,𝜔2𝑛+1)

1 + 𝑑𝜊(𝜔2𝑛,𝜔2𝑛+1)
], 

                               
 𝑑𝜊2(ω2𝑛, 𝜔2𝑛+1 ) 

1 + 𝑑𝜊(ω2𝑛+1, 𝜔2𝑛+2)
,

 𝑑𝜊2( ω2𝑛+1, ω2𝑛+2) 

1 + 𝑑𝜊( ω2𝑛+1, ω2𝑛+2) 
, 

                                𝑑𝜊(𝜔2𝑛,𝜔2𝑛+1) [
1 + 𝑑𝜊(𝜔2𝑛,𝜔2𝑛+2) + 𝑑𝜊(𝜔2𝑛+1,𝜔2𝑛+1)

1 + 𝑑𝜊(𝜔2𝑛,𝜔2𝑛+1) + 𝑑𝜊(𝜔2𝑛+1,𝜔2𝑛+2)
] 

                               𝑑𝜊(𝜔2𝑛+1,𝜔2𝑛+2) [
1 + 𝑑𝜊(𝜔2𝑛,𝜔2𝑛+2) + 𝑑𝜊(𝜔2𝑛+1,𝜔2𝑛+1)

1 + 𝑑𝜊(𝜔2𝑛,𝜔2𝑛+1) + 𝑑𝜊(𝜔2𝑛+1,𝜔2𝑛+2)
]}. 

                          = 𝑚𝑎𝑥 {𝑑𝜊
2n,   𝑑𝜊

2n, 𝑑𝜊
2n+1,

1

2
[𝑑𝜊

2n + 𝑑𝜊
2n+1 + 0], 

                                𝑑𝜊
2n  

1+𝑑𝜊
2n

1+𝑑𝜊
2n+1

, 𝑑𝜊
2n+1,

𝑑𝜊2
2𝑛

1+𝑑𝜊
2n+1

,
𝑑𝜊2

2𝑛+1

1+𝑑𝜊
2n+1

,  

                                 𝑑𝜊
2n

1 + 𝑑𝜊
2n + 𝑑𝜊

2n+1

1 + 𝑑𝜊
2n + 𝑑𝜊

2n+1
,   𝑑𝜊

2n+1

1 + 𝑑𝜊
2n + 𝑑𝜊

2n+1

1 + 𝑑𝜊
2n + 𝑑𝜊

2n+1
}. 

                            = 𝑚𝑎𝑥{𝑑𝜊
2n, 𝑑𝜊

2n+1}.                                                                                     (2.5) 

Now, from (2.4), we have 

               𝜓(𝑑𝑜(𝜔2𝑛+1, 𝜔2𝑛+2)) ≤ 𝜓(max{𝑑𝜊
2n, 𝑑𝜊

2n+1}) −  𝜙(max{𝑑𝜊
2n, 𝑑𝜊

2n+1}),           (2.6) 

Now, if 𝑑𝜊
2n+1 ≥ 𝑑𝜊

2n for some 𝑛, then from (2.6), we get 

𝜓(𝑑𝜊
2n+1) ≤ 𝜓(𝑑𝜊

2n+1) − 𝜙(𝑑𝜊
2n+1) 

                                                                          < 𝜓(𝑑𝜊
2n+1),              (2.7) 

which is a contradiction. Thus, 𝑑𝜊
2n > 𝑑𝜊

2n+1 for all 𝑛, and so, from (2.6), we have 

                                                𝜓(𝑑𝜊
2n+1) ≤ 𝜓(𝑑𝜊

2n) − 𝜙(𝑑𝜊
2n) for all 𝑛 ∈ 𝑁                               (2.8) 

Similarly, 

𝜓(𝑑𝜊
2𝑛 ) ≤ 𝜓(𝑑𝜊

2n−1) − 𝜙(𝑑𝜊
2n−1) 

𝜓(𝑑𝜊
2n−1) ≤ 𝜓(𝑑𝜊

2n−2) − 𝜙(𝑑𝜊
2n−2) 

In general, we have for all 𝑛 =  1, 2, 3 …. 

                                                             𝜓(𝑑𝜊
n) ≤ 𝜓(𝑑𝜊

n−1) − 𝜙(𝑑𝜊
n−1)                                            (2.9)                                

< 𝜓(𝑑𝜊
n−1) 

Hence sequence { 𝜓(𝑑𝜊
n)} is monotonically decreasing and bounded below. Thus, there exists 

𝑠 ≥ 0, such that  

                                                                     lim
𝑛→∞

𝜓(𝑑𝜊
n) = 𝑠                                                  (2.10) 

From (2.9), we deduce that 
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0 ≤ 𝜙(𝑑𝜊
𝑛−1) ≤  𝜓(𝑑𝜊

n−1) − 𝜓(𝑑𝜊
n) 

Taking limit as 𝑛 → ∞ and using (2.10), we get 

  lim
𝑛→∞

𝜙(𝑑𝜊
𝑛−1) = 0,  

this implies that 

               lim
𝑛→∞

𝜙(𝑑𝜊
𝑛−1) = lim𝜙

𝑛→∞
(𝑑𝜊(𝜔𝑛−1, 𝜔𝑛)) = 0                                                                    (2.11) 

                  𝑜𝑟 lim
𝑛→∞

𝑑𝜊
𝑛 = lim

𝑛→∞
𝑑𝜊(𝜔𝑛, 𝜔𝑛+1) = 0                                                                           (2.12) 

Now, we claim that {ωn} is a Cauchy sequence. For this, it is sufficient to show that {𝜔2n} is a 

Cauchy sequence. Let, if possible, {ω2n} is not a Cauchy sequence. Then there exists an 𝜖 > 0, 

such that for each even integer 2𝑎 there exists even integers 2𝑚(𝑎) > 2𝑛(𝑎) > 2𝑎 such that 

                                𝑑𝑜 (ω2n(𝑎), ω2m(𝑎)) ≥ 𝜖                                                                                  (2.13) 

for every even integer 2𝑎, suppose that 2𝑚(𝑎) be the least positive integer exceeding 2𝑛(𝑎) 

satisfying (2.13), such that 

                               𝑑𝑜 (ω2n(𝑎), ω2m(𝑎)−2) < 𝜖.                                                                       (2.14) 

From (2.13), we get 

                            𝜖 ≤  𝑑𝜊 (ω2n(𝑎), ω2m(𝑎)); 

                             ≤ 𝑑𝜊(ω2n(𝑎), ω2m(𝑎)−2) + 𝑑𝜊(ω2m(𝑎)−2, ω2m(𝑎)−1) + 𝑑𝜊(ω2m(𝑎)−1, ω2m(𝑎)). 

Using (2.12) and (2.14) in the above inequality, we get 

                                               lim
𝑛→∞

𝑑𝜊(ω2n(𝑎), ω2m(𝑎)) =  𝜖                                                   (2.15) 

Also by the triangular inequality, 

|𝑑𝜊(𝜔2𝑛(𝑎), 𝜔2𝑚(𝑎)−1) − 𝑑𝜊(𝜔2𝑛(𝑎), 𝜔2𝑚(𝑎))| ≤ 𝑑𝜊(𝜔2𝑚(𝑎)−1, 𝜔2𝑚(𝑎)) = 𝑑𝜊
2𝑚(𝑎)−1, 

|𝑑𝜊(𝜔2𝑛(𝑎)+1, 𝜔2𝑚(𝑎)−1) − 𝑑𝜊(𝜔2𝑛(𝑎), 𝜔2𝑚(𝑎))| ≤ 𝑑𝜊
2𝑚(𝑎)−1 + 𝑑𝜊

2𝑚(𝑎)                               (2.16) 

Using (2.12), we have 

                          lim
𝑛→∞

𝑑𝑜(𝜔2𝑛(𝑎), 𝜔2𝑚(𝑎)−1) =    lim
𝑛→∞

𝑑𝑜(𝜔2n(a)+1, 𝜔2m(a)−1) = 𝜖                 (2.17) 

Now, from (2.2), we have 

   𝜓 (𝑑𝑜(Ω̆𝜎2𝑛(𝑎), Κ̆𝜎2𝑚(𝑎)−1)) ≤ 𝜓 (𝛿(𝜎2𝑛(𝑎), 𝜎2𝑚(𝑎)−1)) −  𝜙 (𝛿(𝜎2𝑛(𝑎), 𝜎(2𝑚(𝑎)−1))),    (2.18) 

where 
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𝛿(σ2𝑛(𝑎), σ2𝑚(𝑎)−1)      

= 𝑚𝑎𝑥{𝑑𝜊(Ζ̆σ2𝑛(𝑎), Η̆σ2𝑚(𝑎)−1), 𝑑𝜊(Ζ̆σ2𝑛(𝑎), Ω̆σ2𝑛(𝑎)), 𝑑𝜊(Η̆σ2𝑚(𝑎)−1, Κ̆σ2𝑚(𝑎)−1),  

      
1

2
[𝑑𝜊(Ζ̆σ2𝑛(𝑎), Κ̆σ2𝑚(𝑎)−1) + 𝑑𝜊(Ω̆σ2𝑛(𝑎), Η̆σ2𝑚(𝑎)−1)],  

     𝑑𝜊(Ζ̆σ2𝑛(𝑎), Ω̆σ2𝑛(𝑎)) [
1 + 𝑑𝜊(Ζ̆σ2𝑛(𝑎), Η̆σ2𝑚(𝑎)−1)

1 + 𝑑𝜊( Η̆σ2𝑚(𝑎)−1, Κ̆σ2𝑚(𝑎)−1)
], 

        𝑑𝜊( Η̆σ2𝑚(𝑎)−1, Κ̆σ2𝑚(𝑎)−1) [
1 + 𝑑𝜊(Ζ̆σ2𝑛(𝑎), Η̆σ2𝑚(𝑎)−1)

1 + 𝑑𝜊(Ζ̆σ2𝑛(𝑎), Ω̆σ2𝑛(𝑎) )
], 

        
 𝑑𝜊2(Ζ̆σ2𝑛(𝑎), Ω̆σ2𝑛(𝑎) ) 

1 + 𝑑𝜊(Ω̆σ2𝑛(𝑎), Κ̆σ2𝑚(𝑎)−1)
,
 𝑑𝜊2( Η̆σ2𝑚(𝑎)−1, Κ̆σ2𝑚(𝑎)−1) 

1 + 𝑑𝜊(Ω̆σ2𝑛(𝑎), Κ̆σ2𝑚(𝑎)−1)
, 

         𝑑𝜊(Ζ̆σ2𝑛(𝑎), Ω̆σ2𝑛(𝑎)) [
1 + 𝑑𝜊(Ζ̆σ2𝑛(𝑎), Κ̆σ2𝑚(𝑎)−1) + 𝑑𝜊(Ω̆σ2𝑛(𝑎), Η̆σ2𝑚(𝑎)−1)

1 + 𝑑𝜊(Ζ̆σ2𝑛(𝑎), Η̆σ2𝑚(𝑎)−1) + 𝑑𝜊(Ω̆σ2𝑛(𝑎), Κ̆σ2𝑚(𝑎)−1)
], 

  𝑑𝜊( Η̆σ2𝑚(𝑎)−1, Κ̆σ2𝑚(𝑎)−1) [
1 + 𝑑𝜊(Ζ̆σ2𝑛(𝑎), Κ̆σ2𝑚(𝑎)−1) + 𝑑𝜊(Ω̆σ2𝑛(𝑎), Η̆σ2𝑚(𝑎)−1)

1 + 𝑑𝜊(Ζ̆σ2𝑛(𝑎), Η̆σ2𝑚(𝑎)−1) + 𝑑𝜊(Ω̆σ2𝑛(𝑎), Κ̆σ2𝑚(𝑎)−1)
]}. 

= 𝑚𝑎𝑥{𝑑𝜊(𝜔2𝑛(𝑎), 𝜔2𝑚(𝑎)−1), 𝑑𝜊(𝜔2𝑛(𝑎), 𝜔2𝑛(𝑎)+1), 𝑑𝜊(𝜔2𝑚(𝑎)−1, 𝜔2𝑚(𝑎)), 

       
1

2
[𝑑𝜊(𝜔2𝑛(𝑎), 𝜔2𝑚(𝑎)) + 𝑑𝜊(𝜔2𝑛(𝑎)+1, 𝜔2𝑚(𝑎)−1)], 

      𝑑𝜊(𝜔2𝑛(𝑎),𝜔2𝑛(𝑎)+1) [
1 + 𝑑𝜊(𝜔2𝑛(𝑎), 𝜔2𝑚(𝑎)−1)

1 + 𝑑𝜊(𝜔2𝑚(𝑎)−1,   𝜔2𝑚(𝑎))
], 

       𝑑𝜊(𝜔2𝑚(𝑎)−1, 𝜔2𝑚(𝑎)) [
1 + 𝑑𝜊(𝜔2𝑛(𝑎),𝜔2𝑚(𝑎)−1)

1 + 𝑑𝜊(𝜔2𝑛(𝑎),𝜔2𝑛(𝑎)+1)
], 

        
 𝑑𝜊2(ω2𝑛(𝑎),  𝜔2𝑛(𝑎)+1 ) 

1 + 𝑑𝜊(ω2𝑛(𝑎)+1, 𝜔2𝑚(𝑎))
,

 𝑑𝜊2( ω2𝑚(𝑎)−1, ω2𝑚(𝑎)) 

1 + 𝑑𝜊( ω2𝑛(𝑎)+1, ω2𝑚(𝑎)) 
, 

         𝑑𝜊(𝜔2𝑛(𝑎), 𝜔2𝑛(𝑎)+1) [
1 + 𝑑𝜊(𝜔2𝑛(𝑎), 𝜔2𝑚(𝑎)) + 𝑑𝜊(𝜔2𝑛(𝑎)+1,𝜔2𝑚(𝑎)−1)

1 + 𝑑𝜊(𝜔2𝑛(𝑎),𝜔2𝑚(𝑎)−1) + 𝑑𝜊(𝜔2𝑛(𝑎)+1,𝜔2𝑚(𝑎))
] 

        𝑑𝜊(𝜔2𝑚(𝑎)−1,𝜔2𝑚(𝑎)) [
1 + 𝑑𝜊(𝜔2𝑛(𝑎),𝜔2𝑚(𝑎)) + 𝑑𝜊(𝜔2𝑛(𝑎)+1, 𝜔2𝑚(𝑎)−1)

1 + 𝑑𝜊(𝜔2𝑛(𝑎),𝜔2𝑚(𝑎)−1) + 𝑑𝜊(𝜔2𝑛(𝑎)+1, 𝜔2𝑚(𝑎))
]}. 

Assuming 𝑎 → ∞ and using (2.14), (2.15) and (2.17),  we have 

= 𝑚𝑎𝑥 {𝜖, 0, 0,
1

2
(𝜖 + 𝜖), 0, 0, 0, 0, 0, 0}. 

= 𝜖.                                                                                       
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 Hence, 𝛿(𝜎2𝑛(𝑎), 𝜎2𝑚(𝑎)−1) = 𝜖.  

Now, by (2.18), we have 

𝜓(𝜖) ≤ 𝜓(𝜖)–  𝜙(𝜖),  

which is a contradiction, since 𝜖 > 0.  

Thus, {ω2n} is a Cauchy sequence. So, {𝜔n} is a Cauchy sequence. 

 Now, suppose that Ζ̆𝑀 is complete. Since {ω2n} is contained in Ζ̆𝑀 and has limit in Ζ̆𝑀 say 𝜇, 

that is, lim
𝑛→∞

ω2n = 𝜇. let 𝜈 ∈ Ζ̆−1(𝜇) then Ζ̆𝜈 =  𝜇.  

Now, we shall prove that Ω̆𝜈 =  𝜇.  

Let, if possible, Ω̆𝜈 ≠  𝜇 that is, 𝑑𝜊(Ω̆𝜈, 𝜇) = 𝑏 > 0.  

Now, on putting, 𝜎 = 𝜈, 𝜔 = σ2n−1 in (2.2), we have 

                          𝜓 (𝑑𝜊(Ω̆𝜈, Κ̆σ2n−1)) ≤ 𝜓(𝛿(𝜈, σ2n−1)) −  𝜙(𝛿(𝜈, σ2n−1)),                           (2.19) 

where 

𝛿(𝜈, σ2n−1) =  𝑚𝑎𝑥{𝑑𝜊(𝛧̆𝜈, 𝐻̆σ2n−1), 𝑑𝜊(Ζ̆𝜈, Ω̆𝜈 ), 𝑑𝜊(Η̆σ2n−1, Κ̆σ2n−1),   

                             
1

2
[𝑑𝜊(Ζ̆𝜈, Κ̆σ2n−1) + 𝑑𝜊(Ω̆𝜈, Η̆σ2n−1)], 

                              𝑑𝜊(Ζ̆𝜈, Ω̆𝜈) [
1 + 𝑑𝜊(Ζ̆𝜈, Η̆σ2n−1)

1 + 𝑑𝜊( Η̆σ2n−1, Κ̆σ2n−1)
],   

           𝑑𝜊( Η̆σ2n−1, Κ̆σ2n−1) [
1 + 𝑑𝜊(Ζ̆𝜈, Η̆σ2n−1)

1 + 𝑑𝜊(Ζ̆𝜈, Ω̆𝜈)
] ,

 𝑑𝜊2(Ζ̆𝜈, Ω̆𝜈 ) 

1 + 𝑑𝜊(Ω̆𝜈, Κ̆σ2n−1)
, 

                              
 𝑑𝜊2( Η̆σ2n−1, Κ̆σ2n−1) 

1 + 𝑑𝜊(Ω̆𝜈, Κ̆σ2n−1)
, 𝑑𝜊(Ζ̆𝜈, Ω̆𝜈) [

1 + 𝑑𝜊(Ζ̆𝜈, Κ̆σ2n−1) + 𝑑𝜊(Ω̆𝜈, Η̆σ2n−1)

1 + 𝑑𝜊(Ζ̆𝜈, Η̆σ2n−1) + 𝑑𝜊(Ω̆𝜈, Κ̆σ2n−1)
], 

                                 𝑑𝜊( Η̆σ2n−1, Κ̆σ2n−1) [
1 + 𝑑𝜊(Ζ̆𝜈, Κ̆σ2n−1) + 𝑑𝜊(Ω̆𝜈, Η̆σ2n−1)

1 + 𝑑𝜊(Ζ̆𝜈, Η̆σ2n−1) + 𝑑𝜊(Ω̆𝜈, Κ̆σ2n−1)
]}. 

Taking limit as 𝑛 → ∞, we get 

lim
n→∞

𝛿(𝜈, σ2n−1) = 𝑚𝑎𝑥{𝑑𝜊(𝜇, 𝜇), 𝑑𝜊(𝜇, 𝑏), 𝑑𝜊(𝜇, 𝜇),
1

2
[𝑑𝜊(𝜇, 𝜇) + 𝑑𝜊(𝑏, 𝜇)],  

                                     𝑑𝜊(𝜇, 𝑏) [
1 + 𝑑𝜊(𝜇, 𝜇)

1 + 𝑑𝜊(𝜇, 𝜇)
] , 𝑑𝜊(𝜇, 𝜇) [

1 + 𝑑𝜊(𝜇, 𝜇)

1 + 𝑑𝜊(𝜇, 𝑏)
], 

                                     
 𝑑𝜊2(𝜇, 𝑏) 

1 + 𝑑𝜊(𝑏, 𝜇)
,

 𝑑𝜊2(𝜇, 𝜇) 

1 + 𝑑𝜊(𝑏, 𝜇)
, 
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                                        𝑑𝜊(𝜇, 𝑏) [
1 + 𝑑𝜊(𝜇, 𝜇) + 𝑑𝜊(𝑏, 𝜇)

1 + 𝑑𝜊(𝜇, 𝜇) + 𝑑𝜊(𝑏, 𝜇)
], 

                                       𝑑𝜊(𝜇, 𝜇) [
1 + 𝑑𝜊(𝜇, 𝜇) + 𝑑𝜊(𝑏, 𝜇)

1 + 𝑑𝜊(𝜇, 𝜇) + 𝑑𝜊(𝑏, 𝜇)
]}. 

                          = 𝑚𝑎𝑥 {0, 𝑑𝜊(𝜇, 𝑏), 0,
1

2
(0 + 𝑑𝜊(𝜇, 𝑏)), 𝑑𝜊(𝜇, 𝑏), 0,

 𝑑𝜊2(𝜇, 𝑏) 

1 + 𝑑𝜊(𝑏, 𝜇)
, 0, 𝑑𝜊(𝜇, 𝑏), 0}. 

                          = 𝑑𝜊(𝜇, 𝑏). 

Thus, from (2.19), we have 

    𝜓(𝑑𝜊(𝜇, 𝑏)) ≤ 𝜓(𝑑𝜊(𝜇, 𝑏)) −  𝜙(𝑑𝜊(𝜇, 𝑏)), 

< 𝜓(𝑑𝜊(𝜇, 𝑏)), 

which is a contradiction, since 𝜙(𝑑𝜊(𝜇, 𝑏)) > 0.  

Thus, 𝜇 = 𝑏. Hence Z̆𝜈 = Ω̆𝜈 =  𝜇, which implies that 𝜈 is coincidence point of the pair (Z̆, Ω̆). 

Since Ω̆𝑀 ⊆  H̆𝑀, Ω̆𝜈 = 𝜇 implies that, 𝜇 ∈  H̆𝑀.  

Let 𝜃 ∈ H̆−1𝜇. Then H̆𝜃 =  𝜇. By using the same arguments as above, we can easily verify that 

K̆ 𝜃 = 𝜇 =  H̆𝜃, that is, 𝜃 is the coincidence point of the pair (H̆, K̆).  

Similarly, we can prove the result if  H̆𝑀 is complete subspace of 𝑀 instead of Z̆𝑀. Now, if K̆𝑀 

is complete then by (2.1),  𝜇 ∈  K̆𝑀 ⊆ Z̆𝑀. 

 In the same manner, if Ω̆𝑀 is complete then 𝜇 ∈  Ω̆𝑀 ⊆  H̆𝑀. Now, since the pair (Z̆, Ω̆) and 

(H̆, K̆) are weakly compatible, so 

            𝜇 =  Ω̆𝜈 =  Z̆𝜈 =  K̆𝜃 =  H̆𝜃 

Z̆𝜇 =  Z̆Ω̆𝜈 =  Ω̆Z̆𝜈 =  Ω̆𝜇 

                                                        H̆𝜇 =  H̆K̆𝜃 =  K̆H̆𝜃 =  K̆ 𝜇                                           (2.20) 

Now, we shall prove that K̆𝜇 = 𝜇. 

Let, if possible, K̆𝜇 ≠ 𝜇.  

From (2.2), we have  

𝜓 (𝑑𝜊(𝜇, Κ̆𝜇)) = 𝜓 (𝑑𝜊(Ω̆𝜈, Κ̆𝜇)) ≤ 𝜓(𝛿(𝜈, μ)) −  𝜙(𝛿(𝜈, 𝜇)), 

where  

𝛿(𝜈, 𝜇) =  𝑚𝑎𝑥{𝑑𝜊(𝛧̆𝜈, 𝐻̆𝜇), 𝑑𝜊(Ζ̆𝜈, Ω̆𝜈 ), 𝑑𝜊(Η̆𝜇, Κ̆𝜇), 

                     
1

2
[𝑑𝜊(Ζ̆𝜈, Κ̆𝜇) + 𝑑𝜊(Ω̆𝜈, Η̆𝜇)],  
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                     𝑑𝜊(Ζ̆𝜈, Ω̆𝜈) [
1 + 𝑑𝜊(Ζ̆𝜈, Η̆𝜇)

1 + 𝑑𝜊( Η̆𝜇, Κ̆𝜇)
],  

                     𝑑𝜊( Η̆𝜇, Κ̆𝜇) [
1 + 𝑑𝜊(Ζ̆𝜈, Η̆𝜇)

1 + 𝑑𝜊(Ζ̆𝜈, Ω̆𝜈)
], 

                   
 𝑑𝜊2(Ζ̆𝜈, Ω̆𝜈 ) 

1 + 𝑑𝜊(Ω̆𝜈, Κ̆𝜇)
,   

 𝑑𝜊2( Η̆𝜇, Κ̆𝜇) 

1 + 𝑑𝜊(Ω̆𝜈, Κ̆𝜇)
, 

                       𝑑𝜊(Ζ̆𝜈, Ω̆𝜈) [
1 + 𝑑𝜊(Ζ̆𝜈, Κ̆𝜇) + 𝑑𝜊(Ω̆𝜈, Η̆𝜇)

1 + 𝑑𝜊(Ζ̆𝜈, Η̆𝜇) + 𝑑𝜊(Ω̆𝜈, Κ̆𝜇)
], 

                        𝑑𝜊( Η̆𝜇, Κ̆𝜇) [
1 + 𝑑𝜊(Ζ̆𝜈, Κ̆𝜇) + 𝑑𝜊(Ω̆𝜈, Η̆𝜇)

1 + 𝑑𝜊(Ζ̆𝜈, Η̆𝜇) + 𝑑𝜊(Ω̆𝜈, Κ̆𝜇)
]}. 

Using (2.20), we have 

             = 𝑚𝑎𝑥{𝑑𝜊(𝜇, K̆𝜇), 𝑑𝜊(𝜇, 𝜇), 𝑑𝜊(K̆𝜇, K̆𝜇), 

                    
1

2
[𝑑𝜊(𝜇, K̆𝜇) + 𝑑𝜊(𝜇, K̆𝜇)],  

                  𝑑𝜊(𝜇, 𝜇) [
1 + 𝑑𝜊(𝜇, K̆𝜇)

1 + 𝑑𝜊(K̆𝜇, K̆𝜇)
] , 𝑑𝜊(K̆𝜇, K̆𝜇) [

1 + 𝑑𝜊(𝜇, K̆𝜇)

1 + 𝑑𝜊(𝜇, 𝜇)
],  

                   
 𝑑𝜊2(𝜇, 𝜇) 

1 + 𝑑𝜊(𝜇, K̆𝜇)
,

 𝑑𝜊2(K̆𝜇, K̆𝜇) 

1 + 𝑑𝜊(𝜇, K̆𝜇)
, 

                   𝑑𝜊(𝜇, 𝜇) [
1 + 𝑑𝜊(𝜇, K̆𝜇) + 𝑑𝜊(𝜇, K̆𝜇)

1 + 𝑑𝜊(𝜇, K̆𝜇) + 𝑑𝜊(𝜇, K̆𝜇)
], 

                   𝑑𝜊(K̆𝜇, K̆𝜇) [
1 + 𝑑𝜊(𝜇, K̆𝜇) + 𝑑𝜊(𝜇, K̆𝜇)

1 + 𝑑𝜊(𝜇, K̆𝜇) + 𝑑𝜊(𝜇, K̆𝜇)
]}. 

           = 𝑚𝑎𝑥{𝑑𝜊(𝜇, K̆𝜇), 0, 0, 𝑑𝜊(𝜇, K̆𝜇), 0, 0, 0, 0, 0, 0, 0}. 

           = 𝑑𝜊(𝜇, K̆𝜇). 

Thus, we have 

   𝜓 (𝑑𝜊(𝜇, K̆𝜇)) ≤ 𝜓 (𝑑𝜊(𝜇, K̆𝜇)) −  𝜙 (𝑑𝜊(𝜇, K̆𝜇)) 

< 𝜓 (𝑑𝜊(𝜇, K̆𝜇)), 

which is a contradiction. So, 𝜇 = K̆𝜇. Similarly, Ω̆𝜇 = 𝜇.  

Thus, we get K̆𝜇 = H̆𝜇 = Z̆𝜇 = Ω̆𝜇 = 𝜇.  

Hence 𝜇 is the common fixed point of  Ζ̆,  Η̆, Ω̆ and Κ̆.  
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For the uniqueness, let 𝜅 be another common fixed point of  Ζ̆,  Η̆, Ω̆ and Κ̆. Now, we claim that 

𝜅 = 𝜇. Let, if possible 𝜅 ≠ 𝜇.  

From (2.2), we have 

𝜓(𝑑𝜊(𝜇, 𝜅)) = 𝜓 (𝑑𝜊(Ω̆𝜇, Κ̆𝜅)) 

                                          ≤ 𝜓(𝛿(𝜇, 𝜅)) −  𝜙(𝛿(𝜇, 𝜅)) 

                                                  = 𝜓(𝑑𝜊(𝑝, 𝜅)) −  𝜙(𝑑𝜊(𝑝, 𝜅)),  

                                                                                    < 𝜓(𝑑𝜊(𝑝, 𝜅)), 

which is a contradiction. Thus, 𝜅 = 𝜇  and hence the uniqueness follows. This completes the proof 

of the theorem. 

Theorem 2.2. Let (𝑀, 𝑑𝜊) be a metric space and let Ζ̆, Η̆, Ω̆ and Κ̆ be self-maps on 𝑀 satisfying 

(2.1), (2.2) and the followings: 

(2.21) The pairs (Ζ̆, Ω̆) and (Η̆, Κ̆) are weakly compatible. 

(2.22) The pair (Ζ̆, Ω̆) or (Η̆, Κ̆) satisfy the E.A. property. 

If one of Ζ̆𝑀, Η̆𝑀, Ω̆𝑀 or Κ̆𝑀 is complete subspace of 𝑀, then Ζ̆, Η̆,  Ω̆ and Κ̆ have a unique 

common fixed point. 

Proof: Suppose that the pair (Ζ̆, Ω̆) satisfies the E.A. property. Then, there exists a sequence {σn} 

in 𝑀, such that lim
𝑛→∞

Ζ̆𝜎𝑛 =  lim
𝑛→∞

Ω̆𝜎𝑛 = 𝜇 for some 𝜇 in 𝑀.  

Suppose that Η̆𝑀 is a complete subspace of 𝑀. Then 𝜇 = Η̆𝛼 for some 𝛼 ∈ 𝑀.  

Now, we shall show that  Κ̆α = Η̆α. Let, if possible Κ̆α ≠ Η̆α. 

From (2.2), we have 

𝜓 (dο( Ω̆𝜎𝑛, Κ̆α)) ≤ 𝜓(𝛿(𝜎𝑛, 𝛼)) −  𝜙(𝛿(𝜎𝑛, 𝛼)) 

Taking limit as  𝑛 → ∞, we have 

                          lim
𝑛→∞

𝜓 (d0( Ω̆𝜎𝑛, Κ̆α)) ≤ lim
𝑛→∞

𝜓(𝛿(𝜎𝑛, 𝛼)) − lim
𝑛→∞

 𝜙(𝛿(𝜎𝑛, 𝛼)),                 (2.23) 

where 

𝛿(σ𝑛, 𝛼) = 𝑚𝑎𝑥{𝑑𝜊(Ζ̆σ𝑛, Η̆𝛼), 𝑑𝜊(Ζ̆σ𝑛, Ω̆σ𝑛), 𝑑𝜊(Η̆𝛼, Κ̆𝛼),  

                        
1

2
[𝑑𝜊(Ζ̆σ𝑛, Κ̆𝛼) + 𝑑𝜊(Ω̆σ𝑛, Η̆𝛼)],  

                        𝑑𝜊(Ζ̆σ𝑛, Ω̆σ𝑛) [
1 + 𝑑𝜊(Ζ̆σ𝑛, Η̆𝛼)

1 + 𝑑𝜊( Η̆𝛼, Κ̆𝛼)
], 
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                         𝑑𝜊( Η̆𝛼, Κ̆𝛼) [
1 + 𝑑𝜊(Ζ̆σ𝑛, Η̆𝛼)

1 + 𝑑𝜊(Ζ̆σ𝑛, Ω̆σ𝑛 )
], 

                           
 𝑑𝜊2(Ζ̆σ𝑛, Ω̆σ𝑛 ) 

1 + 𝑑𝜊(Ω̆σ𝑛, Κ̆𝛼)
,

 𝑑𝜊2( Η̆𝛼, Κ̆𝛼) 

1 + 𝑑𝜊(Ω̆σ𝑛, Κ̆𝛼)
, 

                           𝑑𝜊(Ζ̆σ𝑛, Ω̆σ𝑛) [
1 + 𝑑𝜊(Ζ̆σ𝑛, Κ̆𝛼) + 𝑑𝜊(Ω̆σ𝑛, Η̆𝛼)

1 + 𝑑𝜊(Ζ̆σ𝑛, Η̆𝛼) + 𝑑𝜊(Ω̆σ𝑛, Κ̆𝛼)
], 

                            𝑑𝜊( Η̆𝛼, Κ̆𝛼) [
1 + 𝑑𝜊(Ζ̆σ𝑛, Κ̆𝛼) + 𝑑𝜊(Ω̆σ𝑛, Η̆𝛼)

1 + 𝑑𝜊(Ζ̆σ𝑛, Η̆𝛼) + 𝑑𝜊(Ω̆σ𝑛, Κ̆𝛼)
]}. 

               = 𝑚𝑎𝑥 {𝑑𝜊(𝜇, 𝜇), 𝑑𝜊(𝜇, 𝜇), 𝑑𝜊(𝜇, Κ̆𝛼),
1

2
[𝑑𝜊(𝜇, Κ̆𝛼) + 𝑑𝜊(𝜇, 𝜇)], 

                     𝑑𝜊(𝜇, 𝜇) [
1 + 𝑑𝜊(𝜇, 𝜇)

1 + 𝑑𝜊(𝜇, Κ̆𝛼)
] , 𝑑𝜊(𝜇, Κ̆𝛼) [

1 + 𝑑𝜊(𝜇, 𝜇)

1 + 𝑑𝜊(𝜇, 𝜇)
], 

                    
 𝑑𝜊2(𝜇, 𝜇) 

1 + 𝑑𝜊(𝜇, Κ̆𝛼)
,

 𝑑𝜊2(𝜇, Κ̆𝛼) 

1 + 𝑑𝜊(𝜇, Κ̆𝛼) 
,  

                     𝑑𝜊(𝜇, 𝜇) [
1 + 𝑑𝜊(𝜇, Κ̆𝛼) + 𝑑𝜊(𝜇, 𝜇)

1 + 𝑑𝜊(𝜇, 𝜇) + 𝑑𝜊(𝜇, Κ̆𝛼)
], 

                     𝑑𝜊(𝜇, Κ̆𝛼) [
1 + 𝑑𝜊(𝜇, Κ̆𝛼) + 𝑑𝜊(𝜇, 𝜇)

1 + 𝑑𝜊(𝜇, 𝜇) + 𝑑𝜊(𝜇, Κ̆𝛼)
]}. 

             = 𝑚𝑎𝑥 {0, 0, 𝑑𝜊(𝜇, Κ̆𝛼),
1

2
𝑑𝜊(𝜇, Κ̆𝛼), 0, 𝑑𝜊(𝜇, Κ̆𝛼), 0, 𝑑𝜊(𝜇, Κ̆𝛼), 0, 𝑑𝜊(𝜇, Κ̆𝛼)}.  

            = 𝑚𝑎𝑥{𝑑𝜊(𝜇, Κ̆𝛼)}.                                                                                                                   

Thus, from (2.23), we have 

𝜓 (𝑑𝜊(𝜇, Κ̆𝛼)) ≤ 𝜓 (𝑑𝜊(𝜇, Κ̆𝛼)) −  𝜙 (𝑑𝜊(𝜇, Κ̆𝛼)) 

< 𝜓 (𝑑𝜊(𝜇, Κ̆𝛼)), 

which is possible only when Κ̆𝛼 = 𝜇 = Η̆𝛼. Since Η̆ and Κ̆ are weakly compatible, therefore, 

Κ̆Η̆𝛼 =  Η̆Κ̆𝛼, implies that, Κ̆Κ̆𝛼 =  Κ̆Η̆𝛼 = Η̆Κ̆𝛼 =  Η̆H̆𝛼. Since Κ̆𝑀 ⊆ Z̆𝑀, there exists 𝛽 ∈ 𝑀, 

such that, Κ̆𝛼 = Z̆𝛽. 

Now, we claim that Z̆𝛽 = Ω̆𝛽. Let, if possible, Z̆𝛽 ≠ Ω̆𝛽.  

From (2.2), we have 

𝜓 (d0(Ω̆𝛽, Κ̆𝛼)) ≤ 𝜓(𝛿(𝛽, 𝛼)) −  𝜙(𝛿(𝛽, 𝛼)),                                                         (2.24) 

where 
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𝛿(𝛽, 𝛼) =  𝑚𝑎𝑥{𝑑𝜊(𝛧̆𝛽, 𝐻̆𝛼), 𝑑𝜊(Ζ̆𝛽, Ω̆𝛽), 𝑑𝜊(Η̆𝛼, Κ̆𝛼), 

                        
1

2
[𝑑𝜊(Ζ̆𝛽, Κ̆𝛼) + 𝑑𝜊(Ω̆𝛽, Η̆𝛼)],  

                        𝑑𝜊(Ζ̆𝛽, Ω̆𝛽) [
1 + 𝑑𝜊(Ζ̆𝛽, Η̆𝛼)

1 + 𝑑𝜊( Η̆𝛼, Κ̆𝛼)
],  

                         𝑑𝜊(Η̆𝛼, Κ̆𝛼) [
1 + 𝑑𝜊(Ζ̆𝛽, Η̆𝛼)

1 + 𝑑𝜊(Ζ̆𝛽, Ω̆𝛽)
],  

                          
 𝑑𝜊2(Ζ̆𝛽, Ω̆𝛽) 

1 + 𝑑𝜊(Ω̆𝛽, Κ̆𝛼)
,

 𝑑𝜊2( Η̆𝛼, Κ̆𝛼) 

1 + 𝑑𝜊(Ω̆𝛽, Κ̆𝛼)
, 

                          𝑑𝜊(Ζ̆𝛽, Ω̆𝛽) [
1 + 𝑑𝜊(Ζ̆𝛽, Κ̆𝛼) + 𝑑𝜊(Ω̆𝛽, Η̆𝛼)

1 + 𝑑𝜊(Ζ̆𝛽, Η̆𝛼) + 𝑑𝜊(Ω̆𝛽, Κ̆𝛼)
], 

                        𝑑𝜊(Η̆𝛼, Κ̆𝛼) [
1 + 𝑑𝜊(Ζ̆𝛽, Κ̆𝛼) + 𝑑𝜊(Ω̆𝛽, Η̆𝛼)

1 + 𝑑𝜊(Ζ̆𝛽, Η̆𝛼) + 𝑑𝜊(Ω̆𝛽, Κ̆𝛼)
]}. 

              = 𝑚𝑎𝑥{𝑑𝜊(𝐾̆𝛼, 𝐻̆𝛼), 𝑑𝜊(K̆𝛼, Ω̆𝛽), 𝑑𝜊(Η̆𝛼, Κ̆𝛼), 

                     
1

2
[𝑑𝜊(K̆𝛼, Κ̆𝛼) + 𝑑𝜊(Ω̆𝛽, Κ̆𝛼)],  

                     𝑑𝜊(K̆𝛼, Ω̆𝛽) [
1 + 𝑑𝜊(𝐾̆𝛼, 𝐻̆𝛼)

1 + 𝑑𝜊(𝐻̆𝛼, 𝐾̆𝛼)
],  

                    𝑑𝜊(Η̆𝛼, Κ̆𝛼) [
1 + 𝑑𝜊(𝐾̆𝛼, 𝐻̆𝛼)

1 + 𝑑𝜊(Κ̆𝛼, Ω̆𝛽)
], 

                     
 𝑑𝜊2(K̆𝛼, Ω̆𝛽) 

1 + 𝑑𝜊(Ω̆𝛽, Κ̆𝛼)
,

 𝑑𝜊2(Η̆𝛼, Κ̆𝛼) 

1 + 𝑑𝜊(Ω̆𝛽, Κ̆𝛼)
, 

                    𝑑𝜊(Κ̆𝛼, Ω̆𝛽) [
1 + 𝑑𝜊(K̆𝛼, Κ̆𝛼) + 𝑑𝜊(Κ̆𝛼, Ω̆𝛽)

1 + 𝑑𝜊(𝐾̆𝛼, 𝐻̆𝛼) + 𝑑𝜊(Ω̆𝛽, Κ̆𝛼)
], 

                    𝑑𝜊(Η̆𝛼, Κ̆𝛼) [
1 + 𝑑𝜊(K̆𝛼, Κ̆𝛼) + 𝑑𝜊(Ω̆𝛽, Κ̆𝛼)

1 + 𝑑𝜊(𝐾̆𝛼, 𝐻̆𝛼) + 𝑑𝜊(Ω̆𝛽, Κ̆𝛼)
]}. 

           = max {0, 𝑑𝜊(K̆𝛼, Ω̆𝛽), 0,
1

2
(0 +  𝑑𝜊(K̆𝛼, Ω̆𝛽)) , 𝑑𝜊(K̆𝛼, Ω̆𝛽), 0,  

                 
𝑑2(Κ̆𝛼, Ω̆𝛽)

1 + 𝑑𝜊(K̆𝛼, Ω̆𝛽)
, 0, 𝑑𝜊(K̆𝛼, Ω̆𝛽)}. 

           =  𝑑𝜊(Ω̆𝛽, Κ̆𝛼). 

From (2.24), we have 
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𝜓(𝑑𝜊(Ω̆𝛽, Κ̆𝛼)) ≤ 𝜓(𝑑𝜊(Ω̆𝛽, Κ̆𝛼)) −  𝜙(𝑑𝜊(Ω̆𝛽, Κ̆𝛼)) 

<  𝜓(𝑑𝜊(Ω̆𝛽, Κ̆𝛼)), 

which is a contradiction. Therefore, Ω̆𝛽 = Κ̆𝛼 = Ζ̆𝛽.  

Now, since (Ζ̆, Ω̆) is weakly compatible. This implies that Ζ̆Ω̆𝛽 = Ω̆Ζ̆𝛽 = Ω̆Ω̆𝛽 = Ζ̆Ζ̆𝛽.  

Now, we claim that Κ̆𝛼 is common fixed point of Ζ̆, Η̆, Ω̆ and Κ̆.  

Let, if possible, Κ̆Κ̆𝛼 ≠ Κ̆𝛼. 

From (2.2), we have 

          𝜓 (d0(Κ̆𝛼, Κ̆Κ̆𝛼)) = 𝜓 (d0(Ω̆𝛽, Κ̆Κ̆𝛼)) ≤ 𝜓 (𝛿(𝛽, Κ̆𝛼)) −  𝜙 (𝛿(𝛽, Κ̆𝛼)),                 (2.25) 

where 

𝛿(𝛽, Κ̆𝛼) =  𝑚𝑎𝑥{𝑑𝜊(𝛧̆𝛽, 𝐻̆Κ̆𝛼), 𝑑𝜊(Ζ̆𝛽, Ω̆𝛽), 𝑑𝜊(Η̆Κ̆𝛼, Κ̆Κ̆𝛼),  

                           
1

2
[𝑑𝜊(Ζ̆𝛽, Κ̆Κ̆𝛼) + 𝑑𝜊(Ω̆𝛽, Η̆Κ̆𝛼)],  

                          𝑑𝜊(Ζ̆𝛽, Ω̆𝛽) [
1 + 𝑑𝜊(Ζ̆𝛽, Η̆Κ̆𝛼)

1 + 𝑑𝜊( Η̆Κ̆𝛼, Κ̆Κ̆𝛼)
],   

                           𝑑𝜊(Η̆Κ̆𝛼, Κ̆Κ̆𝛼) [
1 + 𝑑𝜊(Ζ̆𝛽, Η̆Κ̆𝛼)

1 + 𝑑𝜊(Ζ̆𝛽, Ω̆𝛽)
], 

                          
 𝑑𝜊2(Ζ̆𝛽, Ω̆𝛽) 

1 + 𝑑𝜊(Ω̆𝛽, Κ̆Κ̆𝛼)
,
 𝑑𝜊2( Η̆Κ̆𝛼, Κ̆Κ̆𝛼) 

1 + 𝑑𝜊(Ω̆𝛽, Κ̆Κ̆𝛼)
, 

                         𝑑𝜊(Ζ̆𝛽, Ω̆𝛽) [
1 + 𝑑𝜊(Ζ̆𝛽, Κ̆Κ̆𝛼) + 𝑑𝜊(Ω̆𝛽, Η̆Κ̆𝛼)

1 + 𝑑𝜊(Ζ̆𝛽, Η̆Κ̆𝛼) + 𝑑𝜊(Ω̆𝛽, Κ̆Κ̆𝛼)
], 

                         𝑑𝜊(Η̆Κ̆𝛼, Κ̆Κ̆𝛼) [
1 + 𝑑𝜊(Ζ̆𝛽, Κ̆Κ̆𝛼) + 𝑑𝜊(Ω̆𝛽, Η̆Κ̆𝛼)

1 + 𝑑𝜊(Ζ̆𝛽, Η̆Κ̆𝛼) + 𝑑𝜊(Ω̆𝛽, Κ̆Κ̆𝛼)
]}. 

            = 𝑚𝑎𝑥{𝑑𝜊(𝐾̆𝛼, Κ̆Κ̆𝛼), 𝑑𝜊(K̆𝛼, Κ̆𝛼), 𝑑𝜊(Η̆Κ̆𝛼, Κ̆Κ̆𝛼), 

                  
1

2
[𝑑𝜊(K̆𝛼, Κ̆Κ̆𝛼) + 𝑑𝜊(Κ̆𝛼, Κ̆Κ̆𝛼)],  

                 𝑑𝜊(K̆𝛼, Κ̆𝛼) [
1 + 𝑑𝜊(𝐾̆𝛼, Κ̆Κ̆𝛼)

1 + 𝑑𝜊(Κ̆Κ̆𝛼, 𝐾̆Κ̆𝛼𝛼)
],  

                  𝑑𝜊(Κ̆Κ̆𝛼, Κ̆Κ̆𝛼) [
1 + 𝑑𝜊(𝐾̆𝛼, Κ̆Κ̆𝛼)

1 + 𝑑𝜊(Κ̆𝛼, Κ̆𝛼)
],  

                  
 𝑑𝜊2(K̆𝛼, Κ̆𝛼) 

1 + 𝑑𝜊(Κ̆𝛼, Κ̆Κ̆𝛼)
,
 𝑑𝜊2(Κ̆Κ̆𝛼, Κ̆Κ̆𝛼) 

1 + 𝑑𝜊(Κ̆𝛼, Κ̆𝛼)
, 
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                 𝑑𝜊(Κ̆𝛼, Κ̆𝛼) [
1 + 𝑑𝜊(K̆𝛼, Κ̆Κ̆𝛼) + 𝑑𝜊(Κ̆𝛼, Κ̆Κ̆𝛼)

1 + 𝑑𝜊(𝐾̆𝛼, Κ̆Κ̆𝛼) + 𝑑𝜊(Κ̆𝛼, Κ̆Κ̆𝛼)
], 

                 𝑑𝜊(Κ̆Κ̆𝛼, Κ̆Κ̆𝛼) [
1 + 𝑑𝜊(K̆𝛼, Κ̆Κ̆𝛼) + 𝑑𝜊(Κ̆𝛼, Κ̆Κ̆𝛼)

1 + 𝑑𝜊(𝐾̆𝛼, Κ̆Κ̆𝛼) + 𝑑𝜊(Κ̆𝛼, Κ̆Κ̆𝛼)
]}. 

           = 𝑚𝑎𝑥{𝑑𝜊(𝐾̆𝛼, Κ̆Κ̆𝛼), 0, 0, 𝑑𝜊(𝐾̆𝛼, Κ̆Κ̆𝛼), 0, 0, 0, 0, 0, 0}. 

           = 𝑑𝜊(Κ̆𝛼, Κ̆Κ̆𝛼). 

Thus, from (2.25), we have 

  𝜓 (𝑑𝜊(𝐾̆𝛼, Κ̆Κ̆𝛼)) ≤ 𝜓 (𝑑𝜊(𝐾̆𝛼, Κ̆Κ̆𝛼)) −  𝜙 (𝑑𝜊(𝐾̆𝛼, Κ̆Κ̆𝛼)) 

< 𝜓 (𝑑𝜊(𝐾̆𝛼, Κ̆Κ̆𝛼)), 

which is a contradiction. Therefore, 𝐾̆𝛼 =  Κ̆Κ̆𝛼 = Η̆𝐾̆𝛼.  

Hence 𝐾̆𝛼 is the common fixed point of Η̆ and 𝐾̆.  

Similarly, we can prove that Ω̆𝛽 is common fixed point of Ω̆ and Ζ̆. Since 𝐾̆𝛼 = Ω̆𝛽, 𝐾̆𝛼 is the 

common fixed point of Ζ̆, Η̆, Ω̆ and 𝐾̆. If we assume Ω̆𝑀 is complete subspace of 𝑀, the proof is 

similar.  

Similarly we can prove the theorem for cases when Ζ̆𝑀 or Η̆𝑀 is a complete subspace of 𝑀. Since 

𝐾̆𝑀 ⊆ Ζ̆𝑀 and Ω̆𝑀 ⊆ Η̆𝑀.  

Now, we shall prove the uniqueness of common fixed point. If possible, let 𝜎 and 𝜔 be two 

common fixed points of  Ζ̆, Η̆, Ω̆ and 𝐾̆ such that 𝜎 ≠  𝜔. 

From (2.2), we have 

                                       𝜓 (𝑑𝜊(Ω̆𝜎, Κ̆𝜔)) ≤ 𝜓(𝛿(𝜎, 𝜔)) −  𝜙(𝛿(𝜎, 𝜔)),                                  (2.26) 

where 

𝛿(𝜎, 𝜔) =  𝑚𝑎𝑥{𝑑𝜊(𝛧̆𝜎, 𝐻̆𝜔), 𝑑𝜊(Ζ̆𝜎, Ω̆𝜎 ), 𝑑𝜊(Η̆𝜔, Κ̆𝜔),  

                      
1

2
[𝑑𝜊(Ζ̆𝜎, Κ̆𝜔) + 𝑑𝜊(Ω̆𝜎, Η̆𝜔)],  

                      𝑑𝜊(Ζ̆𝜎, Ω̆𝜎) [
1 + 𝑑𝜊(Ζ̆𝜎, Η̆𝜔)

1 + 𝑑𝜊( Η̆𝜔, Κ̆𝜔)
], 

                      𝑑𝜊( Η̆𝜔, Κ̆𝜔) [
1 + 𝑑𝜊(Ζ̆𝜎, Η̆𝜔)

1 + 𝑑𝜊(Ζ̆𝜎, Ω̆𝜎)
],  

                     
 𝑑𝜊2(Ζ̆𝜎, Ω̆𝜎 ) 

1 + 𝑑𝜊(Ω̆𝜎, Κ̆𝜔)
,

 𝑑𝜊2( Η̆𝜔, Κ̆𝜔) 

1 + 𝑑𝜊(Ω̆𝜎, Κ̆𝜔)
,  
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                      𝑑𝜊(Ζ̆𝜎, Ω̆𝜎) [
1 + 𝑑𝜊(Ζ̆𝜎, Κ̆𝜔) + 𝑑𝜊(Ω̆𝜎, Η̆𝜔)

1 + 𝑑𝜊(Ζ̆𝜎, Η̆𝜔) + 𝑑𝜊(Ω̆𝜎, Κ̆𝜔)
], 

                       𝑑𝜊( Η̆𝜔, Κ̆𝜔) [
1 + 𝑑𝜊(Ζ̆𝜎, Κ̆𝜔) + 𝑑𝜊(Ω̆𝜎, Η̆𝜔)

1 + 𝑑𝜊(Ζ̆𝜎, Η̆𝜔) + 𝑑𝜊(Ω̆𝜎, Κ̆𝜔)
]}. 

           = 𝑚𝑎𝑥{𝑑𝜊(𝜎, 𝜔), 𝑑𝜊(𝜎, 𝜎 ), 𝑑𝜊(𝜔, 𝜔),
1

2
[𝑑𝜊(𝜎, 𝜔) + 𝑑𝜊(𝜎, 𝜔)],  

               𝑑𝜊(𝜎, 𝜎) [
1 + 𝑑𝜊(𝜎, 𝜔)

1 + 𝑑𝜊( 𝜔, 𝜔)
] , 𝑑𝜊(𝜔, 𝜔) [

1 + 𝑑𝜊(𝜎, 𝜔)

1 + 𝑑𝜊(𝜎, 𝜎)
] ,

 𝑑𝜊2(𝜎, 𝜎) 

1 + 𝑑𝜊(𝜎, 𝜔)
, 

              
 𝑑𝜊2( 𝜔, 𝜔) 

1 + 𝑑𝜊(𝜎, 𝜔)
, 𝑑𝜊(𝜎, 𝜎) [

1 + 𝑑𝜊(𝜎, 𝜔) + 𝑑𝜊(𝜎, 𝜔)

1 + 𝑑𝜊(𝜎, 𝜔) + 𝑑𝜊(𝜎, 𝜔)
], 

               𝑑𝜊( 𝜔, 𝜔) [
1 + 𝑑𝜊(𝜎, 𝜔) + 𝑑𝜊(𝜎, 𝜔)

1 + 𝑑𝜊(𝜎, 𝜔) + 𝑑𝜊(𝜎, 𝜔)
]}. 

          = 𝑚𝑎𝑥{𝑑𝜊(𝜎, 𝜔), 0, 0, 𝑑𝜊(𝜎, 𝜔), 0, 0, 0, 0, 0, 0}. 

From (2.26), we have 

𝜓(𝑑𝜊(𝜎, 𝜔)) ≤ 𝜓(𝑑𝜊(𝜎, 𝜔)) −  𝜙(𝑑𝜊(𝜎, 𝜔)) 

< 𝜓(𝑑𝜊(𝜎, 𝜔)), 

which is a contradiction.  

Therefore, 𝜎 =  𝜔 and this follows the uniqueness and completes the proof of the theorem. 

Theorem 2.3. Let (𝑀, d0) be a metric space. let Ζ̆,  Η̆,  Ω̆ and 𝐾̆  be self-maps on 𝑀 satisfying 

(2.2) and (2.21) and  the followings: 

(2.27)  Ω̆𝑀 ⊆  Η̆𝑀 and the pair (Ζ̆,  Ω̆) satisfied (𝐶𝐿𝑅Ζ̆) or 

           𝐾̆𝑀 ⊆ Ζ̆𝑀 and the pair ( Η̆, 𝐾̆) satisfied (𝐶𝐿𝑅 Η̆). 

Then Ζ̆,  Η̆,  Ω̆ and 𝐾̆ have unique common fixed point. 

Proof: Without loss of generality, assume that  Ω̆𝑀 ⊆  Η̆𝑀 and the pair (Ζ̆,  Ω̆) satisfied (𝐶𝐿𝑅Ζ̆)  

property. Then, there exists a sequence {σn} in 𝑀 such that  

lim
𝑛→∞

Ζ̆𝜎𝑛 =  lim
𝑛→∞

Ω̆𝑢𝑛 = Ζ̆𝜇 for some 𝜇 in 𝑀. 

Since  Ω̆𝑀 ⊆  Η̆𝑀, there exists a sequence {ωn} in 𝑀 such that Ω̆σn =  Η̆ωn.  

Hence  

lim
𝑛→∞

 Η̆𝜔𝑛 = Ζ̆𝜇. 

Now, we shall show that  lim
𝑛→∞

𝐾̆𝜔𝑛 = Ζ̆𝜇. Let if possible,  lim
𝑛→∞

𝐾̆𝜔𝑛 = 𝜋 ≠ Ζ̆𝜇. 
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From (2.2), we have   

                                        𝜓 (𝑑0(Ω̆σ𝑛, 𝐾̆𝜔𝑛)) ≤ 𝜓(𝛿(σ𝑛, ω𝑛)) −  𝜙(𝛿(σ𝑛, ω𝑛)),                       (2.28) 

where 

𝛿(σ𝑛, ω𝑛) = 𝑚𝑎𝑥{𝑑𝜊(Ζ̆σ𝑛, Η̆ω𝑛), 𝑑𝜊(Ζ̆σ𝑛, Ω̆σ𝑛), 𝑑𝜊(Η̆ω𝑛, Κ̆ω𝑛),  

                          
1

2
[𝑑𝜊(Ζ̆σ𝑛, Κ̆ω𝑛) + 𝑑𝜊(Ω̆σ𝑛, Η̆ω𝑛)],  

                          𝑑𝜊(Ζ̆σ𝑛, Ω̆σ𝑛) [
1 + 𝑑𝜊(Ζ̆σ𝑛, Η̆ω𝑛)

1 + 𝑑𝜊( Η̆ω𝑛, Κ̆ω𝑛)
], 

                           𝑑𝜊( Η̆ω𝑛, Κ̆ω𝑛) [
1 + 𝑑𝜊(Ζ̆σ𝑛, Η̆ω𝑛)

1 + 𝑑𝜊(Ζ̆σ𝑛, Ω̆σ𝑛 )
], 

                           
 𝑑𝜊2(Ζ̆σ𝑛, Ω̆σ𝑛 ) 

1 + 𝑑𝜊(Ω̆σ𝑛, Κ̆ω𝑛)
,

 𝑑𝜊2( Η̆ω𝑛, Κ̆ω𝑛) 

1 + 𝑑𝜊(Ω̆σ𝑛, Κ̆ω𝑛)
, 

                           𝑑𝜊(Ζ̆σ𝑛, Ω̆σ𝑛) [
1 + 𝑑𝜊(Ζ̆σ𝑛, Κ̆ω𝑛) + 𝑑𝜊(Ω̆σ𝑛, Η̆ω𝑛)

1 + 𝑑𝜊(Ζ̆σ𝑛, Η̆ω𝑛) + 𝑑𝜊(Ω̆σ𝑛, Κ̆ω𝑛)
], 

                           𝑑𝜊( Η̆ω𝑛, Κ̆ω𝑛) [
1 + 𝑑𝜊(Ζ̆σ𝑛, Κ̆ω𝑛) + 𝑑𝜊(Ω̆σ𝑛, Η̆ω𝑛)

1 + 𝑑𝜊(Ζ̆σ𝑛, Η̆ω𝑛) + 𝑑𝜊(Ω̆σ2𝑛, Κ̆ω𝑛)
]}. 

                 = 𝑚𝑎𝑥{𝑑𝜊(𝛧̆𝜇, 𝛧̆𝜇), 𝑑𝜊(𝛧̆𝜇, 𝛧̆𝜇 ), 𝑑𝜊(𝛧̆𝜇, 𝜋), 

                         
1

2
[𝑑𝜊(𝛧̆𝜇, 𝜋) + 𝑑𝜊(𝛧̆𝜇, 𝛧̆𝜇)],  

                         𝑑𝜊(𝛧̆𝜇, 𝛧̆𝜇) [
1 + 𝑑𝜊(𝛧̆𝜇, 𝛧̆𝜇)

1 + 𝑑𝜊( 𝛧̆𝜇, 𝜋)
] , 𝑑𝜊( 𝛧̆𝜇, 𝜋) [

1 + 𝑑𝜊(𝛧̆𝜇, 𝛧̆𝜇)

1 + 𝑑𝜊(𝛧̆𝜇, 𝛧̆𝜇)
], 

                         
 𝑑𝜊2(𝛧̆𝜇, 𝛧̆𝜇) 

1 + 𝑑𝜊(𝛧̆𝜇, 𝜋)
,   

 𝑑𝜊2( 𝛧̆𝜇, 𝜋) 

1 + 𝑑𝜊(𝛧̆𝜇, 𝜋)
,  

                       𝑑𝜊(𝛧̆𝜇, 𝛧̆𝜇) [
1 + 𝑑𝜊(𝛧̆𝜇, 𝜋) + 𝑑𝜊(𝛧̆𝜇, 𝛧̆𝜇)

1 + 𝑑𝜊(𝛧̆𝜇, 𝛧̆𝜇) + 𝑑𝜊(𝛧̆𝜇, 𝜋)
], 

                      𝑑𝜊(𝛧̆𝜇, 𝜋) [
1 + 𝑑𝜊(𝛧̆𝜇, 𝜋) + 𝑑𝜊(𝛧̆𝜇, 𝛧̆𝜇)

1 + 𝑑𝜊(𝛧̆𝜇, 𝛧̆𝜇) + 𝑑𝜊(𝛧̆𝜇, 𝜋)
]}. 

                =  𝑚𝑎𝑥 {0, 0, 𝑑𝜊(𝛧̆𝜇, 𝜋),
1

2
𝑑𝜊(𝛧̆𝜇, 𝜋), 0, 𝑑𝜊(𝛧̆𝜇, 𝜋), 0,

 𝑑𝜊2
( 𝛧̆𝜇,𝜋) 

1+𝑑𝜊(𝛧̆𝜇,𝜋)
, 0, 𝑑𝜊(𝛧̆𝜇, 𝜋)}.      

               =  𝑑𝜊(𝛧̆𝜇, 𝜋)          

From (2.28), we have 
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  𝜓 (𝑑𝜊(𝛧̆𝜇, 𝜋)) ≤ 𝜓 (𝑑𝜊(𝛧̆𝜇, 𝜋)) −  𝜙 (𝑑𝜊(𝛧̆𝜇, 𝜋)) 

< 𝜓 (𝑑𝜊(𝛧̆𝜇, 𝜋)), 

which is a contradiction.  

Therefore, 𝛧̆𝜇 = 𝜋, that is,  lim
𝑛→∞

𝐾̆𝜔𝑛 = 𝜋 ≠ Ζ̆𝜇..  

Subsequently, we have lim
𝑛→∞

𝐾̆𝜔𝑛 = lim
𝑛→∞

Ω̆𝜇𝑛 = lim
𝑛→∞

𝛧̆𝜇𝑛 = lim
𝑛→∞

Η̆𝜔𝑛 = Ζ̆𝜇 = 𝜋.  

Now, we shall show that Ω̆𝜇 =  𝜋. let, if possible, Ω̆𝜇 ≠ 𝜋.  

From (2.2), we have 

                  𝜓 (𝑑0(Ω̆𝜇, 𝐾̆𝜔𝑛)) ≤ 𝜓(𝛿(𝜇, ω𝑛)) −  𝜙(𝛿(𝜇, ω𝑛)),                       

                          lim
𝑛→∞

 𝜓 (𝑑0(Ω̆𝜇, 𝐾̆𝜔𝑛)) ≤ lim
𝑛→∞

𝜓(𝛿(𝜇, ω𝑛)) − lim
𝑛→∞

𝜙(𝛿(𝜇, ω𝑛)),            (2.29) 

where 

𝛿(𝜇, ω𝑛) = 𝑚𝑎𝑥{𝑑𝜊(Ζ̆𝜇, Η̆ω𝑛), 𝑑𝜊(Ζ̆𝜇, Ω̆𝜇), 𝑑𝜊(Η̆ω𝑛, Κ̆ω𝑛),  

                        
1

2
[𝑑𝜊(Ζ̆𝜇, Κ̆ω𝑛) + 𝑑𝜊(Ω̆𝜇, Η̆ω𝑛)], 

                        𝑑𝜊(Ζ̆𝜇, Ω̆𝜇) [
1 + 𝑑𝜊(Ζ̆𝜇, Η̆ω𝑛)

1 + 𝑑𝜊( Η̆ω𝑛, Κ̆ω𝑛)
], 

                         𝑑𝜊(Ζ̆𝜇, Ω̆𝜇) [
1 + 𝑑𝜊(Ζ̆𝜇, Η̆ω𝑛)

1 + 𝑑𝜊( Η̆ω𝑛, Κ̆ω𝑛)
],  

                         𝑑𝜊( Η̆ω𝑛, Κ̆ω𝑛) [
1 + 𝑑𝜊(Ζ̆𝜇, Η̆ω𝑛)

1 + 𝑑𝜊(Ζ̆𝜇, Ω̆𝜇)
], 

                         
 𝑑𝜊2(Ζ̆𝜇, Ω̆𝜇) 

1 + 𝑑𝜊(Ω̆𝜇, Κ̆ω𝑛)
,
 𝑑𝜊2( Η̆ω𝑛, Κ̆ω𝑛) 

1 + 𝑑𝜊(Ω̆𝜇, Κ̆ω𝑛)
,  

                        𝑑𝜊(Ζ̆𝜇, Ω̆𝜇) [
1 + 𝑑𝜊(Ζ̆𝜇, Κ̆ω𝑛) + 𝑑𝜊(Ω̆𝜇, Η̆ω𝑛)

1 + 𝑑𝜊(Ζ̆𝜇, Η̆ω𝑛) + 𝑑𝜊(Ω̆𝜇, Κ̆ω𝑛)
], 

                        𝑑𝜊( Η̆ω𝑛, Κ̆ω𝑛) [
1 + 𝑑𝜊(Ζ̆𝜇, Κ̆ω𝑛) + 𝑑𝜊(Ω̆𝜇, Η̆ω𝑛)

1 + 𝑑𝜊(Ζ̆𝜇, Η̆ω𝑛) + 𝑑𝜊(Ω̆𝜇, Κ̆ω𝑛)
]}. 

Taking limit as 𝑛 → ∞ 

   lim
𝑛→∞

𝛿(𝜇, ω𝑛)  =  𝑚𝑎𝑥{𝑑𝜊(𝜋, 𝜋), 𝑑𝜊(𝜋, Ω̆𝜇), 𝑑𝜊(𝜋, 𝜋),
1

2
[𝑑𝜊(𝜋, 𝜋) + 𝑑𝜊(Ω̆𝜇, 𝜋)],  

                                     𝑑𝜊(𝜋, Ω̆𝜇) [
1 + 𝑑𝜊(𝜋, 𝜋)

1 + 𝑑𝜊( 𝜋, 𝜋)
] , 𝑑𝜊(𝜋, 𝜋) [

1 + 𝑑𝜊(𝜋, 𝜋)

1 + 𝑑𝜊(𝜋, Ω̆𝜇)
],  
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 𝑑𝜊2

(𝜋, Ω̆𝜇) 

1 + 𝑑𝜊(Ω̆𝜇, 𝜋)
,

 𝑑𝜊2(𝜋, 𝜋) 

1 + 𝑑𝜊(Ω̆𝜇, 𝜋)
, 

                                   𝑑𝜊(𝜋, 𝜋) [
1 + 𝑑𝜊(𝜋, 𝜋) + 𝑑𝜊(Ω̆𝜇, 𝜋)

1 + 𝑑𝜊(𝜋, 𝜋) + 𝑑𝜊(Ω̆𝜇, 𝜋)
], 

                                 𝑑𝜊(𝜋, 𝜋) [
1 + 𝑑𝜊(𝜋, 𝜋) + 𝑑𝜊(Ω̆𝜇, 𝜋)

1 + 𝑑𝜊(𝜋, 𝜋) + 𝑑𝜊(Ω̆𝜇, 𝜋)
]}. 

                   = 𝑚𝑎𝑥 {0, 𝑑𝜊(𝜋, Ω̆𝜇), 0,
1

2
𝑑𝜊(𝜋, Ω̆𝜇), 𝑑𝜊(𝜋, Ω̆𝜇), 0,

 𝑑𝜊2
(𝜋,Ω̆𝜇) 

1+𝑑𝜊(Ω̆𝜇,𝜋)
, 0, 0, 0}.      

                   = 𝑑𝜊(𝜋, Ω̆𝜇).          

Thus, from (2.29), we get 

   𝜓 (𝑑𝜊(𝜋, Ω̆𝜇)) ≤ 𝜓 (𝑑𝜊(𝜋, Ω̆𝜇)) −  𝜙 (𝑑𝜊(𝜋, Ω̆𝜇)). 

< 𝜓 (𝑑𝜊(𝜋, Ω̆𝜇)), 

which is a contradiction. Therefore, Ω̆𝜇 =  𝜋 = Ζ̆𝜇. Since the pair (Ζ̆, Ω̆) is weakly compatible, it 

follows that  Ζ̆𝜋 = Ω̆𝜋. Also, since Ω̆𝑀 ⊆ Η̆𝑀, there exists some 𝜃 in 𝑀, such that, Ω̆𝜇 = Η̆𝜃, that 

is, Η̆𝜃 = 𝜋.  

Now, we show that Κ̆𝜃 = 𝜋. Let if possible Κ̆𝜃 ≠ 𝜋. 

From (2.2), we have 

                                          𝜓 (𝑑0(Ω̆𝜇𝑛, 𝐾̆𝜃)) ≤ 𝜓(𝛿(𝜇𝑛, 𝜃)) −  𝜙(𝛿(𝜇𝑛, 𝜃)),                          

                                          lim
𝑛→∞

𝜓 (𝑑0(Ω̆𝜇𝑛, 𝐾̆𝜃)) ≤ lim
𝑛→∞

 𝜓(𝛿(𝜇𝑛, 𝜃)) − lim
𝑛→∞

𝜙(𝛿(𝜇𝑛, 𝜃)),       (2.30) 

where 

𝛿(𝜇𝑛, 𝜃) = 𝑚𝑎𝑥{𝑑𝜊(Ζ̆𝜇𝑛, Η̆𝜃), 𝑑𝜊(Ζ̆𝜇𝑛, Ω̆𝜇𝑛), 𝑑𝜊(Η̆𝜃, Κ̆𝜃),  

                        
1

2
[𝑑𝜊(Ζ̆𝜇𝑛, Κ̆𝜃) + 𝑑𝜊(Ω̆𝜇𝑛, Η̆𝜃)], 

                       𝑑𝜊(Ζ̆𝜇𝑛, Ω̆𝜇𝑛) [
1 + 𝑑𝜊(Ζ̆𝜇𝑛, Η̆𝜃)

1 + 𝑑𝜊( Η̆𝜃, Κ̆𝜃)
], 

                        𝑑𝜊(Ζ̆𝜇𝑛, Ω̆𝜇𝑛) [
1 + 𝑑𝜊(Ζ̆𝜇𝑛, Η̆𝜃)

1 + 𝑑𝜊( Η̆𝜃, Κ̆𝜃)
],  

                        𝑑𝜊( Η̆𝜃, Κ̆𝜃) [
1 + 𝑑𝜊(Ζ̆𝜇𝑛, Η̆𝜃)

1 + 𝑑𝜊(Ζ̆𝜇𝑛, Ω̆𝜇𝑛)
], 
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 𝑑𝜊2

(Ζ̆𝜇𝑛, Ω̆𝜇𝑛) 

1 + 𝑑𝜊(Ω̆𝜇𝑛, Κ̆𝜃)
,

 𝑑𝜊2
( Η̆𝜃, Κ̆𝜃) 

1 + 𝑑𝜊(Ω̆𝜇, Κ̆𝜃)
,  

                        𝑑𝜊(Ζ̆𝜇𝑛, Ω̆𝜇𝑛) [
1 + 𝑑𝜊(Ζ̆𝜇𝑛, Κ̆𝜃) + 𝑑𝜊(Ω̆𝜇𝑛, Η̆𝜃)

1 + 𝑑𝜊(Ζ̆𝜇𝑛, Η̆𝜃) + 𝑑𝜊(Ω̆𝜇𝑛, Κ̆𝜃)
], 

                        𝑑𝜊( Η̆𝜃, Κ̆𝜃) [
1 + 𝑑𝜊(Ζ̆𝜇𝑛, Κ̆𝜃) + 𝑑𝜊(Ω̆𝜇𝑛, Η̆𝜃)

1 + 𝑑𝜊(Ζ̆𝜇𝑛, Η̆𝜃) + 𝑑𝜊(Ω̆𝜇𝑛, Κ̆𝜃)
]}. 

Taking limit as 𝑛 → ∞, we get 

lim
𝑛→∞

𝛿(𝜇𝑛, 𝜃) =  𝑚𝑎𝑥{𝑑𝜊(𝜋, 𝜋), 𝑑𝜊(𝜋, 𝜋), 𝑑𝜊(𝜋, Κ̆𝜃),
1

2
[𝑑𝜊(𝜋, Κ̆𝜃) + 𝑑𝜊(𝜋, 𝜋)],  

                              𝑑𝜊(𝜋, Κ̆𝜃) [
1 + 𝑑𝜊(𝜋, 𝜋)

1 + 𝑑𝜊( 𝜋, Κ̆𝜃)
] , 𝑑𝜊(𝜋, Κ̆𝜃) [

1 + 𝑑𝜊(𝜋, 𝜋)

1 + 𝑑𝜊(𝜋, 𝜋)
], 

                             
 𝑑𝜊2(𝜋, 𝜋) 

1 + 𝑑𝜊(𝜋, Κ̆𝜃)
,

 𝑑𝜊2(𝜋, Κ̆𝜃) 

1 + 𝑑𝜊(𝜋, Κ̆𝜃)
, 

                            𝑑𝜊(𝜋, 𝜋) [
1 + 𝑑𝜊(𝜋, Κ̆𝜃) + 𝑑𝜊(𝜋, 𝜋)

1 + 𝑑𝜊(𝜋, 𝜋) + 𝑑𝜊(𝜋, Κ̆𝜃)
], 

                          𝑑𝜊(𝜋, Κ̆𝜃) [
1 + 𝑑𝜊(𝜋, Κ̆𝜃) + 𝑑𝜊(𝜋, 𝜋)

1 + 𝑑𝜊(𝜋, 𝜋) + 𝑑𝜊(𝜋, Κ̆𝜃)
]}. 

                 =  𝑚𝑎𝑥 {0,  0, 𝑑𝜊(𝜋, Κ̆𝜃),   
1

2
𝑑𝜊(𝜋, Κ̆𝜃),

𝑑𝜊(𝜋,Κ̆𝜃)

1+𝑑𝜊( 𝜋,Κ̆𝜃)
, 𝑑𝜊( 𝜋, Κ̆𝜃), 0, 

                        
 𝑑𝜊2

(𝜋,Κ̆𝜃) 

1+𝑑𝜊(𝜋,Κ̆𝜃)
, 0, 𝑑𝜊(𝜋, Κ̆𝜃)}.      

               =  𝑑𝜊(𝜋, Κ̆𝜃).          

Thus, from (2.30), we get 

𝜓( 𝑑𝜊(𝜋, Κ̆𝜃)) ≤ 𝜓( 𝑑𝜊(𝜋, Κ̆𝜃)) −  𝜙( 𝑑𝜊(𝜋, Κ̆𝜃)). 

< 𝜓 (𝑑𝜊(𝜋, Κ̆𝜃)), 

which is a contradiction. Therefore, Κ̆𝜃 = 𝜋 = Η̆𝜃. Since the pair (Η̆, Κ̆ ) is weakly compatible, it 

follows that Κ̆𝜋 = Η̆𝜋. Now, we claim that Ω̆𝜋 = Κ̆𝜋. Let, if possible, Ω̆𝜋 ≠ Κ̆𝜋. 

From (2.2), we have 

                                       𝜓 (𝑑𝜊(Ω̆𝜋, Κ̆𝜋)) ≤ 𝜓(𝛿(𝜋, 𝜋)) −  𝜙(𝛿(𝜋, 𝜋)),                                    (2.31) 

where 

𝛿(𝜋, 𝜋) =  𝑚𝑎𝑥{𝑑𝜊(𝛧̆𝜋, 𝐻̆𝜋), 𝑑𝜊(Ζ̆𝜋, Ω̆𝜋), 𝑑𝜊(Η̆𝜋, Κ̆𝜋),  

UNDER PEER REVIEW



20 
 

                      
1

2
[𝑑𝜊(Ζ̆𝜋, Κ̆𝜋) + 𝑑𝜊(Ω̆𝜋, Η̆𝜋)],  

                       𝑑𝜊(Ζ̆𝜋, Ω̆𝜋) [
1 + 𝑑𝜊(Ζ̆𝜋, Η̆𝜋)

1 + 𝑑𝜊( Η̆𝜋, Κ̆𝜋)
],  

                      𝑑𝜊( Η̆𝜋, Κ̆𝜋) [
1 + 𝑑𝜊(Ζ̆𝜋, Η̆𝜋)

1 + 𝑑𝜊(Ζ̆𝜋, Ω̆𝜋)
], 

                     
 𝑑𝜊2(Ζ̆𝜋, Ω̆𝜋) 

1 + 𝑑𝜊(Ω̆𝜋, Κ̆𝜋)
,   

 𝑑𝜊2( Η̆𝜋, Κ̆𝜋) 

1 + 𝑑𝜊(Ω̆𝜋, Κ̆𝜋)
, 

                    𝑑𝜊(Ζ̆𝜋, Ω̆𝜋) [
1 + 𝑑𝜊(Ζ̆𝜋, Κ̆𝜋) + 𝑑𝜊(Ω̆𝜋, Η̆𝜋)

1 + 𝑑𝜊(Ζ̆𝜋, Η̆𝜋) + 𝑑𝜊(Ω̆𝜋, Κ̆𝜋)
], 

                    𝑑𝜊( Η̆𝜋, Κ̆𝜋) [
1 + 𝑑𝜊(Ζ̆𝜋, Κ̆𝜋) + 𝑑𝜊(Ω̆𝜋, Η̆𝜋)

1 + 𝑑𝜊(Ζ̆𝜋, Η̆𝜋) + 𝑑𝜊(Ω̆𝜋, Κ̆𝜋)
]}. 

                 = 𝑚𝑎𝑥{𝑑𝜊(Ω̆𝜋, Κ̆𝜋), 𝑑𝜊(Ω̆𝜋, Ω̆𝜋 ), 𝑑𝜊(Κ̆𝜋, Κ̆𝜋),  

                       
1

2
[𝑑𝜊(Ω̆𝜋, Κ̆𝜋) + 𝑑𝜊(Ω̆𝜋, Κ̆𝜋)],  

                     𝑑𝜊(Ω̆𝜋, Ω̆𝜋) [
1 + 𝑑𝜊(Ω̆𝜋, Κ̆𝜋)

1 + 𝑑𝜊(Κ̆𝜋, Κ̆𝜋)
],  

                    𝑑𝜊(Κ̆𝜋, Κ̆𝜋) [
1 + 𝑑𝜊(Ω̆𝜋, Κ̆𝜋)

1 + 𝑑𝜊(Ω̆𝜋, Ω̆𝜋)
],  

                    
 𝑑𝜊2(Ω̆𝜋, Ω̆𝜋 ) 

1 + 𝑑𝜊(Ω̆𝜋, Κ̆𝜋)
,

 𝑑𝜊2(Κ̆𝜋, Κ̆𝜋) 

1 + 𝑑𝜊(Ω̆𝜋, Κ̆𝜋)
,  

                   𝑑𝜊(Ω̆𝜋, Ω̆𝜋) [
1 + 𝑑𝜊(Ω̆𝜋, Κ̆𝜋) + 𝑑𝜊(Ω̆𝜋, Κ̆𝜋)

1 + 𝑑𝜊(Ω̆𝜋, Κ̆𝜋) + 𝑑𝜊(Ω̆𝜋, Κ̆𝜋)
], 

                     𝑑𝜊(Κ̆𝜋, Κ̆𝜋) [
1 + 𝑑𝜊(Ω̆𝜋, Κ̆𝜋) + 𝑑𝜊(Ω̆𝜋, Κ̆𝜋)

1 + 𝑑𝜊(Ω̆𝜋, Κ̆𝜋) + 𝑑𝜊(Ω̆𝜋, Κ̆𝜋)
]}. 

              = 𝑚𝑎𝑥{𝑑𝜊(Ω̆𝜋, Κ̆𝜋), 0, 0, 𝑑𝜊(Ω̆𝜋, Κ̆𝜋), 0, 0, 0, 0, 0, 0}. 

From (2.31), we have 

𝜓 (𝑑𝜊(Ω̆𝜋, Κ̆𝜋)) ≤ 𝜓 (𝑑𝜊(Ω̆𝜋, Κ̆𝜋)) −  𝜙 (𝑑𝜊(Ω̆𝜋, Κ̆𝜋)) 

< 𝜓 (𝑑𝜊(Ω̆𝜋, Κ̆𝜋)), 

which is a contradiction. Thus, Ω̆𝜋 =  Κ̆𝜋, that is,  Ζ̆𝜋 =  Ω̆𝜋 =  Κ̆𝜋 =  Η̆𝜋.  

Now, we shall show that 𝜋 =  Κ̆𝜋. Let, if possible, 𝜋 ≠ Κ̆𝜋. 
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From (2.2), we have 

                            𝜓 (𝑑𝜊(Ω̆𝜇, Κ̆𝜋)) ≤ 𝜓(𝛿(𝜇, 𝜋)) −  𝜙(𝛿(𝜇, 𝜋)),                                                  (2.32) 

where 

𝛿(𝜇, 𝜋) = 𝑚𝑎𝑥{𝑑𝜊(Ζ̆𝜇, Η̆𝜋), 𝑑𝜊(Ζ̆𝜇, Ω̆𝜇), 𝑑𝜊(Η̆𝜋, Κ̆𝜋),  

                     
1

2
[𝑑𝜊(Ζ̆𝜇, Κ̆𝜋) + 𝑑𝜊(Ω̆𝜇, Η̆𝜋)], 

                      𝑑𝜊(Ζ̆𝜇, Ω̆𝜇) [
1 + 𝑑𝜊(Ζ̆𝜇, Η̆𝜋)

1 + 𝑑𝜊( Η̆𝜋, Κ̆𝜋)
], 

                      𝑑𝜊(Ζ̆𝜇, Ω̆𝜇) [
1 + 𝑑𝜊(Ζ̆𝜇, Η̆𝜋)

1 + 𝑑𝜊( Η̆𝜋, Κ̆𝜋)
],  

                      𝑑𝜊( Η̆𝜋, Κ̆𝜋) [
1 + 𝑑𝜊(Ζ̆𝜇, Η̆𝜋)

1 + 𝑑𝜊(Ζ̆𝜇, Ω̆𝜇)
], 

                      
 𝑑𝜊2(Ζ̆𝜇, Ω̆𝜇) 

1 + 𝑑𝜊(Ω̆𝜇, Κ̆𝜋)
,
 𝑑𝜊2( Η̆ω𝑛, Κ̆𝜋) 

1 + 𝑑𝜊(Ω̆𝜇, Κ̆𝜋)
,  

                       𝑑𝜊(Ζ̆𝜇, Ω̆𝜇) [
1 + 𝑑𝜊(Ζ̆𝜇, Κ̆𝜋) + 𝑑𝜊(Ω̆𝜇, Η̆𝜋)

1 + 𝑑𝜊(Ζ̆𝜇, Η̆𝜋) + 𝑑𝜊(Ω̆𝜇, Κ̆𝜋)
], 

                      𝑑𝜊( Η̆𝜋, Κ̆𝜋) [
1 + 𝑑𝜊(Ζ̆𝜇, Κ̆𝜋) + 𝑑𝜊(Ω̆𝜇, Η̆𝜋)

1 + 𝑑𝜊(Ζ̆𝜇, Η̆𝜋) + 𝑑𝜊(Ω̆𝜇, Κ̆𝜋)
]}. 

                 =  𝑑𝜊(𝜋, K̆𝜋).          

From (2.32), we have 

𝜓 (𝑑𝜊(𝜋, K̆𝜋)) ≤ 𝜓 (𝑑𝜊(𝜋, K̆𝜋)) −  𝜙 (𝑑𝜊(𝜋, K̆𝜋)) 

< 𝜓 (𝑑𝜊(𝜋, K̆𝜋)), 

which is a contradiction. Therefore, 𝜋 = K̆𝜋 = Η̆𝜋 = Ζ̆𝜋 =  Ω̆𝜋.  

Hence 𝜋 is the common fixed point of Ζ̆,  Η̆,  Ω̆ and 𝐾̆.  

Now, we shall prove the uniqueness of common fixed point. If possible, let 𝜎 and 𝜔 be two 

common fixed points of  Ζ̆, Η̆, Ω̆ and 𝐾̆ such that 𝜎 ≠  𝜔. 

From (2.2), we have 

                                     𝜓 (𝑑𝜊(Ω̆𝜎, Κ̆𝜔)) ≤ 𝜓(𝛿(𝜎, 𝜔)) −  𝜙(𝛿(𝜎, 𝜔)),                                    (2.33) 

where 
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𝛿(𝜎, 𝜔) =  𝑚𝑎𝑥{𝑑𝜊(𝛧̆𝜎, 𝐻̆𝜔), 𝑑𝜊(Ζ̆𝜎, Ω̆𝜎 ), 𝑑𝜊(Η̆𝜔, Κ̆𝜔), 

                        
1

2
[𝑑𝜊(Ζ̆𝜎, Κ̆𝜔) + 𝑑𝜊(Ω̆𝜎, Η̆𝜔)],  

                        𝑑𝜊(Ζ̆𝜎, Ω̆𝜎) [
1 + 𝑑𝜊(Ζ̆𝜎, Η̆𝜔)

1 + 𝑑𝜊( Η̆𝜔, Κ̆𝜔)
],  

                        𝑑𝜊( Η̆𝜔, Κ̆𝜔) [
1 + 𝑑𝜊(Ζ̆𝜎, Η̆𝜔)

1 + 𝑑𝜊(Ζ̆𝜎, Ω̆𝜎)
], 

                         
 𝑑𝜊2(Ζ̆𝜎, Ω̆𝜎 ) 

1 + 𝑑𝜊(Ω̆𝜎, Κ̆𝜔)
,   

 𝑑𝜊2( Η̆𝜔, Κ̆𝜔) 

1 + 𝑑𝜊(Ω̆𝜎, Κ̆𝜔)
, 

                         𝑑𝜊(Ζ̆𝜎, Ω̆𝜎) [
1 + 𝑑𝜊(Ζ̆𝜎, Κ̆𝜔) + 𝑑𝜊(Ω̆𝜎, Η̆𝜔)

1 + 𝑑𝜊(Ζ̆𝜎, Η̆𝜔) + 𝑑𝜊(Ω̆𝜎, Κ̆𝜔)
], 

                       𝑑𝜊( Η̆𝜔, Κ̆𝜔) [
1 + 𝑑𝜊(Ζ̆𝜎, Κ̆𝜔) + 𝑑𝜊(Ω̆𝜎, Η̆𝜔)

1 + 𝑑𝜊(Ζ̆𝜎, Η̆𝜔) + 𝑑𝜊(Ω̆𝜎, Κ̆𝜔)
]}. 

               = 𝑚𝑎𝑥{𝑑𝜊(𝜎, 𝜔), 𝑑𝜊(𝜎, 𝜎 ), 𝑑𝜊(𝜔, 𝜔),  

                     
1

2
[𝑑𝜊(𝜎, 𝜔) + 𝑑𝜊(𝜎, 𝜔)],  

                   𝑑𝜊(𝜎, 𝜎) [
1 + 𝑑𝜊(𝜎, 𝜔)

1 + 𝑑𝜊( 𝜔, 𝜔)
],  

                  𝑑𝜊( 𝜔, 𝜔) [
1 + 𝑑𝜊(𝜎, 𝜔)

1 + 𝑑𝜊(𝜎, 𝜎)
],  

                 
 𝑑𝜊2(𝜎, 𝜎 ) 

1 + 𝑑𝜊(𝜎, 𝜔)
,

 𝑑𝜊2( 𝜔, 𝜔) 

1 + 𝑑𝜊(𝜎, 𝜔)
, 

                  𝑑𝜊(𝜎, 𝜎) [
1 + 𝑑𝜊(𝜎, 𝜔) + 𝑑𝜊(𝜎, 𝜔)

1 + 𝑑𝜊(𝜎, 𝜔) + 𝑑𝜊(𝜎, 𝜔)
], 

                 𝑑𝜊( 𝜔, 𝜔) [
1 + 𝑑𝜊(𝜎, 𝜔) + 𝑑𝜊(𝜎, 𝜔)

1 + 𝑑𝜊(𝜎, 𝜔) + 𝑑𝜊(𝜎, 𝜔)
]}. 

            = 𝑚𝑎𝑥{𝑑𝜊(𝜎, 𝜔), 0, 0, 𝑑𝜊(𝜎, 𝜔), 0, 0, 0, 0, 0, 0}. 

From (2.33), we have 

𝜓(𝑑𝜊(𝜎, 𝜔)) ≤ 𝜓(𝑑𝜊(𝜎, 𝜔)) −  𝜙(𝑑𝜊(𝜎, 𝜔)) 

< 𝜓(𝑑𝜊(𝜎, 𝜔)), 

which is a contradiction.  

Therefore, 𝜎 =  𝜔 and this follows the uniqueness and completes the proof of the theorem. 
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Example 2.4. Let Ζ̆, Η̆, Ω̆ and 𝐾̆ be self - mappings on 𝑀. 𝑀 = [0, 1] be endowed with the 

Euclidean metric 𝑑𝜊(𝜎, 𝜔) = |𝜎 − 𝜔| for all 𝜎, 𝜔 in 𝑀. Let Ζ̆,  Η̆,  Ω̆ and 𝐾̆  are defined by  

K̆𝜎 = {
0                         𝜎 = 0
𝜎

4
                      𝜎 > 0,  

Ω̆𝜎 = {
0                         𝜎 = 0
𝜎

8
                      𝜎 > 0,  

H̆𝜎 = {
0                         𝜎 = 0
𝜎

2
                      𝜎 > 0,  

Z̆𝜎 = {
0                         𝜎 = 0
𝜎                         𝜎 > 0

 

𝜓(𝑡) =
𝑡

2
,   𝜙(𝑡) =

𝑡

4
, for all 𝑡 in ℝ. 

Let {𝜇𝑛} be a sequence in 𝑀 such that 𝜇𝑛 =
1

𝑛+1
 for each 𝑛. 

Clearly, Ω̆𝑀 = [0,
1

8
] ⊆ [0,

1

2
] = Η̆𝑀 𝑎𝑛𝑑 𝐾̆𝑀 [0,

1

4
] ⊆ [0, 1] = Ζ̆𝑀, implies that (2.1) satisfied. 

Since Ζ̆Ω̆(0) = Ω̆Ζ̆(0) = 0, implies that the pair (Ζ̆, Ω̆) is weakly compatible and  

  Η̆𝐾̆(0) = 𝐾̆Η̆(0) = 0, implies that the pair (Η̆, 𝐾̆) is weakly compatible.  

Now, we check condition (2.2) for the following cases: 

Case 1. If 𝜎 = 0 and 𝜔 = 0. 

𝜓 (𝑑0(Ω̆𝜎, 𝐾̆𝜔)) = 𝜓(|Ω̆𝜎 −  𝐾̆𝜔|) = 𝜓(0) = 0. 

Also 

𝜓(𝛿(𝜎, 𝜔)) = 𝜓(0) = 0, 

𝜙(𝛿(𝜎, 𝜔)) = 𝜙(0) = 0. 

Hence 

𝜓 (𝑑0(Ω̆𝜎, 𝐾̆𝜔)) = 𝜓(𝛿(𝜎, 𝜔)) − 𝜙(𝛿(𝜎, 𝜔)). 

Clearly, inequality (2.2) holds. 

Case 2. If 𝜎 = 0, 𝜔 ≠ 0. 

𝜓 (𝑑0(Ω̆𝜎, 𝐾̆𝜔)) = 𝜓(|Ω̆𝜎 − 𝐾̆𝜔|) = 𝜓 (|0 −
𝜔

4
|) =

𝜔

8
. 
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𝛿(𝜎, 𝜔) =  𝑚𝑎𝑥{𝑑𝜊(𝛧̆𝜎, 𝐻̆𝜔), 𝑑𝜊(Ζ̆𝜎, Ω̆𝜎 ), 𝑑𝜊(Η̆𝜔, Κ̆𝜔),  

                         
1

2
[𝑑𝜊(Ζ̆𝜎, Κ̆𝜔) + 𝑑𝜊(Ω̆𝜎, Η̆𝜔)],   

                           𝑑𝜊(Ζ̆𝜎, Ω̆𝜎) [
1 + 𝑑𝜊(Ζ̆𝜎, Η̆𝜔)

1 + 𝑑𝜊( Η̆𝜔, Κ̆𝜔)
],  

                             𝑑𝜊( Η̆𝜔, Κ̆𝜔) [
1 + 𝑑𝜊(Ζ̆𝜎, Η̆𝜔)

1 + 𝑑𝜊(Ζ̆𝜎, Ω̆𝜎)
],  

                              
 𝑑𝜊2(Ζ̆𝜎, Ω̆𝜎 ) 

1 + 𝑑𝜊(Ω̆𝜎, Κ̆𝜔)
,

 𝑑𝜊2( Η̆𝜔, Κ̆𝜔) 

1 + 𝑑𝜊(Ω̆𝜎, Κ̆𝜔)
, 

                              𝑑𝜊(Ζ̆𝜎, Ω̆𝜎) [
1 + 𝑑𝜊(Ζ̆𝜎, Κ̆𝜔) + 𝑑𝜊(Ω̆𝜎, Η̆𝜔)

1 + 𝑑𝜊(Ζ̆𝜎, Η̆𝜔) + 𝑑𝜊(Ω̆𝜎, Κ̆𝜔)
], 

                              𝑑𝜊( Η̆𝜔, Κ̆𝜔) [
1 + 𝑑𝜊(Ζ̆𝜎, Κ̆𝜔) + 𝑑𝜊(Ω̆𝜎, Η̆𝜔)

1 + 𝑑𝜊(Ζ̆𝜎, Η̆𝜔) + 𝑑𝜊(Ω̆𝜎, Κ̆𝜔)
]}. 

                  = 𝑚𝑎𝑥{|𝛧̆𝜎 −  𝐻̆𝜔|, |Ζ̆𝜎 − Ω̆𝜎|, |Η̆𝜔 − Κ̆𝜔|, 

                         
1

2
[|Ζ̆𝜎 −  Κ̆𝜔| + |Ω̆𝜎 − Η̆𝜔|],  

                         |Ζ̆𝜎 − Ω̆𝜎| [
1 + |Ζ̆𝜎 − Η̆𝜔|

1 + |Η̆𝜔 − Κ̆𝜔|
],  

                        |Η̆𝜔 − Κ̆𝜔| [
1 + |Ζ̆𝜎 − Η̆𝜔|

1 + |Ζ̆𝜎, Ω̆𝜎|
],  

                       
|Ζ̆𝜎 − Ω̆𝜎 |

2
 

1 + |Ω̆𝜎, −Κ̆𝜔|
,

|Η̆𝜔 − Κ̆𝜔|
2

 

1 + |Ω̆𝜎 − Κ̆𝜔|
, 

                         |Ζ̆𝜎 − Ω̆𝜎| [
1 + |Ζ̆𝜎 − Κ̆𝜔| + |Ω̆𝜎 − Η̆𝜔|

1 + |Ζ̆𝜎 − Η̆𝜔| + |Ω̆𝜎 − Κ̆𝜔|
], 

                         |Η̆𝜔 − Κ̆𝜔| [
1 + |Ζ̆𝜎 −  Κ̆𝜔| + |Ω̆𝜎 − Η̆𝜔|

1 + |Ζ̆𝜎 −  Η̆𝜔| + |Ω̆𝜎 − Κ̆𝜔|
]}. 

               = max {
𝜔

2
, 0,

𝜔

4
,
3𝜔

8
, 0,

𝜔

8
(2 + 𝜔), 0

𝜔2

4(4 + 𝜔)
, 0,

𝜔

4
[
1 +

𝜔
4 +

𝜔
2

1 +
𝜔
2 +

𝜔
4

]}. 

One can easily check that 

𝛿(𝜎, 𝜔) =
𝜔

2
. 

Now,  
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𝜓 (𝑑0(Ω̆𝜎, 𝐾̆𝜔)) = 𝜓(|Ω̆𝜎 −  𝐾̆𝜔|) = 𝜓 (
𝜔

4
) =

𝜔

8
. 

Also 

𝜓(𝛿(𝜎, 𝜔)) = 𝜓 (
𝜔

2
) =

𝜔

4
, 

𝜙(𝛿(𝜎, 𝜔)) = 𝜙 (
𝜔

2
) =

𝜔

8
. 

Hence 

𝜓 (𝑑0(Ω̆𝜎, 𝐾̆𝜔)) = 𝜓(𝛿(𝜎, 𝜔)) − 𝜙(𝛿(𝜎, 𝜔)). 

Clearly inequality (2.2) holds. 

Case 3. If 𝜎 ≠ 0, 𝜔 = 0. 

𝜓 (𝑑0(Ω̆𝜎, 𝐾̆𝜔)) = 𝜓(|Ω̆𝜎 −  𝐾̆𝜔|) = 𝜓 (|
𝜎

8
− 0|) =

𝜎

16
. 

𝛿(𝜎, 𝜔) =  𝑚𝑎𝑥{𝑑𝜊(𝛧̆𝜎, 𝐻̆𝜔), 𝑑𝜊(Ζ̆𝜎, Ω̆𝜎 ), 𝑑𝜊(Η̆𝜔, Κ̆𝜔), 

                        
1

2
[𝑑𝜊(Ζ̆𝜎, Κ̆𝜔) + 𝑑𝜊(Ω̆𝜎, Η̆𝜔)],  

                        𝑑𝜊(Ζ̆𝜎, Ω̆𝜎) [
1 + 𝑑𝜊(Ζ̆𝜎, Η̆𝜔)

1 + 𝑑𝜊( Η̆𝜔, Κ̆𝜔)
],  

                       𝑑𝜊( Η̆𝜔, Κ̆𝜔) [
1 + 𝑑𝜊(Ζ̆𝜎, Η̆𝜔)

1 + 𝑑𝜊(Ζ̆𝜎, Ω̆𝜎)
],  

                       
 𝑑𝜊2(Ζ̆𝜎, Ω̆𝜎 ) 

1 + 𝑑𝜊(Ω̆𝜎, Κ̆𝜔)
,

 𝑑𝜊2( Η̆𝜔, Κ̆𝜔) 

1 + 𝑑𝜊(Ω̆𝜎, Κ̆𝜔)
,  

                     𝑑𝜊(Ζ̆𝜎, Ω̆𝜎) [
1 + 𝑑𝜊(Ζ̆𝜎, Κ̆𝜔) + 𝑑𝜊(Ω̆𝜎, Η̆𝜔)

1 + 𝑑𝜊(Ζ̆𝜎, Η̆𝜔) + 𝑑𝜊(Ω̆𝜎, Κ̆𝜔)
], 

                    𝑑𝜊( Η̆𝜔, Κ̆𝜔) [
1 + 𝑑𝜊(Ζ̆𝜎, Κ̆𝜔) + 𝑑𝜊(Ω̆𝜎, Η̆𝜔)

1 + 𝑑𝜊(Ζ̆𝜎, Η̆𝜔) + 𝑑𝜊(Ω̆𝜎, Κ̆𝜔)
]}. 

                 = 𝑚𝑎𝑥{|𝛧̆𝜎 −  𝐻̆𝜔|, |Ζ̆𝜎 − Ω̆𝜎|, |Η̆𝜔 − Κ̆𝜔|,
1

2
[|Ζ̆𝜎 −  Κ̆𝜔| + |Ω̆𝜎 − Η̆𝜔|],  

                      |Ζ̆𝜎 − Ω̆𝜎| [
1 + |Ζ̆𝜎 − Η̆𝜔|

1 + |Η̆𝜔 − Κ̆𝜔|
],  

                      |Η̆𝜔 − Κ̆𝜔| [
1 + |Ζ̆𝜎 − Η̆𝜔|

1 + |Ζ̆𝜎, Ω̆𝜎|
], 

                    
|Ζ̆𝜎 − Ω̆𝜎 |

2
 

1 + |Ω̆𝜎, −Κ̆𝜔|
,

|Η̆𝜔 − Κ̆𝜔|
2

 

1 + |Ω̆𝜎 − Κ̆𝜔|
,     
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                      |Ζ̆𝜎 − Ω̆𝜎| [
1 + |Ζ̆𝜎 − Κ̆𝜔| + |Ω̆𝜎 − Η̆𝜔|

1 + |Ζ̆𝜎 − Η̆𝜔| + |Ω̆𝜎 − Κ̆𝜔|
], 

                       |Η̆𝜔 − Κ̆𝜔| [
1 + |Ζ̆𝜎 −  Κ̆𝜔| + |Ω̆𝜎 − Η̆𝜔|

1 + |Ζ̆𝜎 −  Η̆𝜔| + |Ω̆𝜎 − Κ̆𝜔|
]}. 

                   = max {𝜎,
7𝜎

8
, 0,

9𝜎

16
,

7𝜎

8
(1 + 𝜎), 0

49𝜎2

8(8+𝜎)
, 0,

7𝜎

8
, 0}. 

One can easily check that 

𝛿(𝜎, 𝜔) = {
𝜎,                   0 < 𝜎 ≤

1

7
7𝜎

8
(1 + 𝜎),      

1

7
≤ 𝜎 < 1

 

Now, if 0 < 𝜎 ≤
1

7
, 

𝜓 (𝑑0(Ω̆𝜎, 𝐾̆𝜔)) =
𝜎

16
. 

Also 

𝜓(𝛿(𝜎, 𝜔)) = 𝜓(𝜎) =
𝜎

2
, 

𝜙(𝛿(𝜎, 𝜔)) = 𝜙(𝜎) =
𝜎

4
. 

Clearly 

𝜓 (𝑑0(Ω̆𝜎, 𝐾̆𝜔)) < 𝜓(𝛿(𝜎, 𝜔)) − 𝜙(𝛿(𝜎, 𝜔)). 

Hence inequality (2.2) holds. 

If 
1

7
≤ 𝜎 < 1, 

𝜓 (𝑑0(Ω̆𝜎, 𝐾̆𝜔)) =
𝜎

16
. 

𝜓(𝛿(𝜎, 𝜔)) = 𝜓 (
7𝜎

8
(1 + 𝜎)) =

7𝜎

16
(1 + 𝜎), 

𝜙(𝛿(𝜎, 𝜔)) = 𝜙 (
7𝜎

8
(1 + 𝜎)) =

7𝜎

32
(1 + 𝜎). 

𝜓 (𝑑0(Ω̆𝜎, 𝐾̆𝜔)) < 𝜓(𝛿(𝜎, 𝜔)) − 𝜙(𝛿(𝜎, 𝜔)). 

Hence inequality (2.2) holds. 

Case 4: If 𝜎 ≠ 0, 𝜔 ≠ 0. 

𝜓 (𝑑0(Ω̆𝜎, 𝐾̆𝜔)) = 𝜓(|Ω̆𝜎 −  𝐾̆𝜔|) = 𝜓 (|
𝜎

8
−

𝜔

4
|) =

𝜎 − 2𝜔

16
. 
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𝛿(𝜎, 𝜔) =  𝑚𝑎𝑥{𝑑𝜊(𝛧̆𝜎, 𝐻̆𝜔), 𝑑𝜊(Ζ̆𝜎, Ω̆𝜎 ), 𝑑𝜊(Η̆𝜔, Κ̆𝜔), 

                         
1

2
[𝑑𝜊(Ζ̆𝜎, Κ̆𝜔) + 𝑑𝜊(Ω̆𝜎, Η̆𝜔)],  

                          𝑑𝜊(Ζ̆𝜎, Ω̆𝜎) [
1 + 𝑑𝜊(Ζ̆𝜎, Η̆𝜔)

1 + 𝑑𝜊( Η̆𝜔, Κ̆𝜔)
],  

                           𝑑𝜊( Η̆𝜔, Κ̆𝜔) [
1 + 𝑑𝜊(Ζ̆𝜎, Η̆𝜔)

1 + 𝑑𝜊(Ζ̆𝜎, Ω̆𝜎)
],  

                               
 𝑑𝜊2(Ζ̆𝜎, Ω̆𝜎 ) 

1 + 𝑑𝜊(Ω̆𝜎, Κ̆𝜔)
,

 𝑑𝜊2( Η̆𝜔, Κ̆𝜔) 

1 + 𝑑𝜊(Ω̆𝜎, Κ̆𝜔)
, 

                               𝑑𝜊(Ζ̆𝜎, Ω̆𝜎) [
1 + 𝑑𝜊(Ζ̆𝜎, Κ̆𝜔) + 𝑑𝜊(Ω̆𝜎, Η̆𝜔)

1 + 𝑑𝜊(Ζ̆𝜎, Η̆𝜔) + 𝑑𝜊(Ω̆𝜎, Κ̆𝜔)
], 

                                𝑑𝜊( Η̆𝜔, Κ̆𝜔) [
1 + 𝑑𝜊(Ζ̆𝜎, Κ̆𝜔) + 𝑑𝜊(Ω̆𝜎, Η̆𝜔)

1 + 𝑑𝜊(Ζ̆𝜎, Η̆𝜔) + 𝑑𝜊(Ω̆𝜎, Κ̆𝜔)
]}. 

                 = 𝑚𝑎𝑥{|𝛧̆𝜎 −  𝐻̆𝜔|, |Ζ̆𝜎 − Ω̆𝜎|, |Η̆𝜔 − Κ̆𝜔|, 

                         
1

2
[|Ζ̆𝜎 −  Κ̆𝜔| + |Ω̆𝜎 − Η̆𝜔|],  

                         |Ζ̆𝜎 − Ω̆𝜎| [
1 + |Ζ̆𝜎 − Η̆𝜔|

1 + |Η̆𝜔 − Κ̆𝜔|
],  

                         |Η̆𝜔 − Κ̆𝜔| [
1 + |Ζ̆𝜎 − Η̆𝜔|

1 + |Ζ̆𝜎, Ω̆𝜎|
],  

                       
|Ζ̆𝜎 −  Ω̆𝜎 |

2
 

1 + |Ω̆𝜎 − Κ̆𝜔|
,

|Η̆𝜔 − Κ̆𝜔|
2

 

1 + |Ω̆𝜎 − Κ̆𝜔|
, 

                       |Ζ̆𝜎 − Ω̆𝜎| [
1 + |Ζ̆𝜎 − Κ̆𝜔| + |Ω̆𝜎 − Η̆𝜔|

1 + |Ζ̆𝜎 − Η̆𝜔| + |Ω̆𝜎 − Κ̆𝜔|
], 

                       |Η̆𝜔 − Κ̆𝜔| [
1 + |Ζ̆𝜎 −  Κ̆𝜔| + |Ω̆𝜎 − Η̆𝜔|

1 + |Ζ̆𝜎 −  Η̆𝜔| + |Ω̆𝜎 − Κ̆𝜔|
]}. 

= 𝑚𝑎𝑥 {𝜎 −
𝜔

2
,
𝜎

2
,
𝜔

4
,
1

2
[ 

9𝜎 − 6𝜔

8
] ,

7𝜎

8
(

1 + 𝜎 −
𝜔
2

1 +
𝜔
2 −

𝜔
4

) , 

        
𝜔

4
(

1 + 𝜎 −
𝜔
2

1 + 𝜎 −
𝜎
8

) ,
49𝜎2

8(8 + 𝜎 − 2𝜔)
,

𝜔2

2(8 + 𝜎 − 2𝜔)
,
7𝜎

8
,
𝜔

4
}. 

one can easily check that  
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𝜓 (𝑑0(Ω̆𝜎, 𝐾̆𝜔)) ≤ 𝜓(𝛿(𝜎, 𝜔)) − 𝜙(𝛿(𝜎, 𝜔)). 

for all the values of 𝜎, 𝜔 ∈ [0, 1]. 

Hence inequality (2.2) holds for all the cases. 

Also, lim
𝑛→∞

Ζ̆𝜇𝑛 = lim
𝑛→∞

Ω̆𝜇𝑛 = 0 , where 0 ∈ 𝑀, implies that the pair (Ζ̆, Ω̆) satisfies the E.A 

property.  

Similarly, we can easily check that the pair (Η̆, Κ̆) satisfies the E.A property. 

Now, lim
𝑛→∞

Ζ̆𝜇𝑛 = lim
𝑛→∞

Ω̆𝜇𝑛 = 0 = Ζ̆(0) ,  where 0 ∈ 𝑀, implies that the pair (Ζ̆, Ω̆) satisfies the 

(𝐶𝐿𝑅Ζ̆) property.  

Similarly, we can easily check that the pair (Η̆, Κ̆) satisfies the (𝐶𝐿𝑅𝐻̆) property. 

Therefore, all the conditions of the Theorems 2.1, 2.2 and 2.3 are satisfied.  

Hence  Ζ̆, Η̆, Ω̆ and 𝐾̆ have unique common fixed point. Clearly 1 is the unique common fixed 

point of Ζ̆, Η̆, Ω̆ and 𝐾̆. 
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