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Common fixed point theorems for four self-maps satisfying generalized
(¥, d)- weak contraction in metric space

Abstract: In this manuscript, we shall prove a common fixed point theorem for four weakly
compatible self-maps Z, H, Q and K on a metric space (M,d°) satisfying the following

generalized (1, ¢)- weak contraction:
Y (d"(ﬁa, Kw)) < l/)(6(a, a))) — qb((S(a, a))), where
§(o,w) = max{d°(Zo, Hw),d’(Zo, Q0 ), d°(Hw, Kw),% [d°(Zo,Kw) + d°(Qo, Hw)],

1+ d"(Za, Hw)
1+ d"( Ho, Ka))

d°(Za,00) [

- _ [1+d°(Zo,H d°*(Zo, Q
l,d"(Hw,Ka))l + (0 w)l (a 0)

1+ dO(ZG, ﬁa) "1+ d"(ﬂa, Kw)'
d°2( How, Ka))

1+ d°(Qo,Kw)’
1+d° (ZU, Ka)) + d°(Qo, Hw)l}
1+ d°(Zo, Hw) + d°(Qo, Kw)])

. _ J1+d°(Zo,K d°(Qo, H
do(Za,Qa)l + (0 w)+ Qo w)l’

1+ d°(Zo, Hw) + d°(Qo, Kw)

¢ ( Flo, Ke) [

Also, we have proved common fixed point theorems for the above mentioned weakly compatible
self-maps along with E.A. property and (CLR) property. An illustrative example is also provided
to support our results.
Keywords: fixed point, weakly compatible maps, E.A. property, (CLR) property, generalized
(¥, @)- weak contraction.
2010 MSC: 47H10, 54H25

1. Introduction
Definition 1.1 A coincidence point of a pair of self-maps P,Q : M — M is a point u € M for
which Pu = Qu.
A common fixed point of a pair of self —maps P,Q : M — M is a point u € M for which Pu =

Qu = u.
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In 1996, Jungck [2] introduced the concept of weakly compatible maps to study common fixed
point theorems:
Definition 1.2 Let (M,d°) be a metric space. A pair of self — maps P,Q : M — M is weakly
compatible if they commute at their coincidence points, that is, if there exists u € M such that
PQu = QPu, where u is coincidence point of P and Q.
In 2002, Aamri and EI Moutawakil [1] introduced the notion of E.A. property as follows:
Definition 1.3 Let (M, d°) be a metric space. Two self-maps P and Q on M are said to satisfy the
E.A. property, if there exists a sequence {u,} in M such that,

Tlll-r)?o Pu, = rlll_r)go Qu, =t,forsomet € M.
In 2011, Sintunavarat et.al [5] introduced the notion of (CLR) property as follows:
Definition 1.4 Let (M, d°) be a metric space. Two self-maps P and Q on M are said to satisfy the
(CLRep) property, if there exists a sequence {u, } in M such that,

lim Pu,, = lim Qu, = P(t), forsomet € M.
n—-oo

n—oo

2. Main Results
Theorem 2.1. Let (M, d°) be a metric space and let Z, H, Q and K be self-maps on M satisfying
the followings:
(2.1) QM < HM,KM < IM,
for all o, w € M, there exists right continuous functions ¢, ¢ : R* - R*, with
Y(0) =0= ¢(0)andyY(a) < a fora > 0 such that:

(2.2) (do(ﬁa, Rw)) < (8(0,0)) — ¢(8(c, w)), where
6(o,w) = max{dO(ZG, Hw), d"(Za, Qo ), d° (ﬁw, Kw),% [d"(Za, Kw) + d°(Qo, ﬁw)],

1+ d°(Zo, Hw)
1+ d°( Hw,Kw)

dO(Za, ﬁa) [

_ . [1+d°(ZoH d°*(Zo,Q
l,dO(Hw,Kw)l + (0 a))l (0 U)

1+ d°(Zo,Q0)| 1+ d°(Qo, Kw)’
d"z( How, Kw)
1+ d°(Qo,Kw)’
1+d° (ZO’, Kw) + d°(Qo, Flw)l}
1+ d°(Zo,Hw) + d°(Qo, Kw)])

. - J1+d°(Zo,K d°(Qo, H
dO(Za,Qa)l + (0 w)+ Qo w)l’

1+ d°(Zo, Hw) + d°(Qo, Kw)

d°( Hw, Kw) I
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If one of ZM,HM, QM or KM is complete subspace of M, then the pair (Z, Q) or (H,K) have a
coincidence point. Moreover, if the pair (Z, Q) or (H, K) is weakly compatible, then Z, H, Q and
K have a unique common fixed point.
Proof: Let g, € M be an arbitrary point of M. From (2.2), we can construct a sequence {w,} in
M as follows:

Wonsr = 00y = H02n+1, Wan+2 = Kozni1 = Z0znaa, (2.3)
foralln = 0,1,2, ...
Now, we define d°, = d°(wy wny1)- If A%,y = 0 for some n, then d°(wznwani1) = 0.
Then w,, = w,n4, thatis, Koy,_1 = Zo,, = Q0,, = Hoppyq.
We can note that Z and Q have a coincidence point. Similarly, if d°,,,, = 0, then H and K have
a coincidence point. Assume that d°,, # 0 for each n.

On putting, 6 = 0,, and w = 0,41 IN (2.2), we get
Y (do(ﬁffzn; K(52n+1)) < l/)(5(02n: 02n+1)) - ¢(6(02n' 02n+1)): (2.4)
where

8(02n, O2n41) = max{d" (ZO-Zn' H02n+1): a° (ZGZn: ﬁcm), da° (H02n+1' K02n+1)'
1 o o - o
> [d°(Zo2n, Kozni1) + d° (0020, Hoppir)],

1+ d"(ZoZn, H02n+1)
1+ do( Houpy1, K(52n+1) '
1+ d°(Zo,y, Hogpyq)
1+ d°(Zoyy, Qoyy ) |

d°(Zo4y, Q02y) I

4°( Fiosmss, Kopnss) [

dOZ(ZGZn; ﬁ(52n ) doz( H62n+1' K02n+1)
1+ d°(Qozn, Kozner) 1+ d°(Qozn, Kozpir)’

1+ d°(Zozn, Kozper) + d°(Q02p, Hoppsq)

1+ dO(ZGZn: H02n+1) +d°(Qo,n, Kogpsr) ]

1+ dO(ZO-an Ko-2n+1) + do(ﬁ'O-Zn' Ho-2n+1) }
1+ do(Zo-an H02n+1) + dO(QGZn' Ko-2n+1)

d°(Zo,y, Qo4p) [

4°( Hosmer, Kopner) [

= max{do (w2n,a)2n+1)f da° (wZn,w2n+1)' d° (w2n+1,(‘)2n+2)'
1

> [d° (wZn,w2n+2) +d° (w2n+1,w2n+1)]'
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1+ d°(wenwons1)
1+ d°(@ane1,W2n42)]
d°? (W20, Wan41) doz( Wan+1) Wan42)
1+ d°(Wan+1, Wongz) 1+ d°(Wons1, Wans2)’
1+ do(wZn,w2n+2) + do(w2n+1,w2n+1)
1+ do(wZn,w2n+1) + do(w2n+1,w2n+2)

14 d°(wanwansz) + do(w2n+1,w2n+1)]}

1+ do(a)2n,w2n+1) + do(w2n+1,w2n+z)

1+ do(wZn,w2n+1)
1+ do(wZn,w2n+1) '

do(wZn,w2n+1) [ do(w2n+1,w2n+2) I

do(®2n.“’2n+1) [

do(w2n+1,0)2n+2) [

1
= max {dOZn: d°sn, d02n+1:§ [d°2n + d°ntq + 0],

2 2
1+d%;n 0 a° op ad° on4q
2N 14d0ny, 0 MY 1440, 00 14d% 04
) 0 ) )
1+d%n+d%n 14+d%n+d%n4a
2n 5 P ) 2n+1 P P .
1+d%n+d%n4 1+d%n +d%ns

= max{d’;n, d°2n41}- (2.5)

dO

dO

Now, from (2.4), we have

w(do(wzmp w2n+2)) < Y(max{d®;,, d%2n41}) — ¢(max{d®,p, d°n+1}), (2.6)
Now, if d°,,4+1 = d°,, for some n, then from (2.6), we get

Y(d%2n41) < P(A%2n41) — H(d°2n41)
<P(d°zn+1), (2.7)

which is a contradiction. Thus, d°,, > d°,,4, for all n, and so, from (2.6), we have

Similarly,

Y(d®n41) S P(A%2n) — P(d°y) foralln € N (2.8)

Y(d°n) < Y(d°2n-1) — d(d%2n-1)
Y(d%2n-1) < P(d%2n-2) — H(d°2n-2)

In general, we have foralln = 1,2,3 ...

P(d°n) < P(d°n_q) — $(d°n-1) (2.9)
<P(d®y-1)

Hence sequence { ¥ (d°,)} is monotonically decreasing and bounded below. Thus, there exists
s = 0, such that

lim $(d®y) =s (2.10)

From (2.9), we deduce that
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5
0< d)(don—l) < l/)(don—l) - l/)(don)
Taking limitas n — oo and using (2.10), we get
lim ¢(d°,-1) = 0,
n—-oo
this implies that
lim ¢(d°,_;) = limp(d°(wy_1, w,)) = 0 (2.11)
n-oo n—oo
or lim d°,, = lim d°(w,,, W,4+1) =0 (2.12)
n—->0oo n—->oo

Now, we claim that {w,} is a Cauchy sequence. For this, it is sufficient to show that {w,,} is a
Cauchy sequence. Let, if possible, {w,,} is not a Cauchy sequence. Then there exists an € > 0,

such that for each even integer 2a there exists even integers 2m(a) > 2n(a) > 2a such that
da° ((*)Zn(a): (*)Zm(a)) =€ (213)

for every even integer 2a, suppose that 2m(a) be the least positive integer exceeding 2n(a)
satisfying (2.13), such that

a° ((*)Zn(a): (*)Zm(a)—z) <€ (2-14)

From (2.13), we get
e< d° ((*)Zn(a)»(*)Zm(a));

< do(w2n(a): (*)Zm(a)—z) +d° ((*)Zm(a)—z' (*)Zm(a)—l) + do(me(a)—lr (*)Zm(a))-

Using (2.12) and (2.14) in the above inequality, we get

111_1)1010 d°(Wzn(a) Wam(@) = € (2.15)
Also by the triangular inequality,
|d°(W2n(ay @2m(@-1) — d° (@2n(a) D2m@)| < d°(@2m@-1 ©2m@) = d°2m@-1

|d0(w2n(a)+11 w2m(a)—1) - do(wZn(a)' (‘)Zm(a))l < doZm(a)—l + dOZm(a) (2-16)
Using (2.12), we have

lim d°(wzn(a) W2m(a)-1) = lim d°(Wan(a)+1 ©2m(a)-1) = € (2.17)
Now, from (2.2), we have

Y (do(ﬁUZn(a)' KO-Zm(a)—l)) <y (S(O-Zn(a)' UZm(a)—l)) - ¢ (5(0-211((1)' O-(Zm(a)—l)))v (2-18)

where
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S(GZn(a): GZm(a)—l)
= max{do (ZGZn(a): HGZm(a)—l)r a° (ZGZn(a)r ﬁGZn(a))r a° (HGZm(a)—l' Ko-Zm(a)—l)'

1 o o - —
E [do (ZGZn(a)J KGZm(a)—l) +d° (QGZn(a)r HGZm(a)—l)]'

1+4d° (ZGZn(a)r ITIGZm(a)—l) l
1+ do( H(72m(a)—1' KGZm(a)—l) ,

1+4d° (ZGZn(a)r ITIGZm(a)—l)l
1+d° (ZGZn(a)i EGZn(a) ) '

d°(Zo2n(ay U02n(a)) [

do( ITIO-Zm(a)—lr KO-Zm(a)—l) l

d°*(Zoan(ay W0on@y)  d°°(Hozm@—1, Kozm@-1)
1+ dO(QGZn(a): KO-Zm(a)—l) , 1+d° (ﬁo-Zn(a)l KO_Zm(a)—l) ’

1+d° (ZO_Zn(a): KO_Zm(a)—l) +d° (ﬁO_Zn(a)r IYIO_Zm(a)—l)
1+ do(zo_Zn(a)r I:/I()_Zm(a)—l) + do(ﬁGZn(a)' KO_Zm(a)—l) '

1+ do(ZGZn(a): KGZm(a)—l) + do(-ﬁGZn(a)' HGZm(a)—l) }
1+ dO(ZGZn(a): HGZm(a)—l) + dO(QGZn(a)' KGZm(a)—l)

d° (ZGZn(a)r ﬁGZn(a)) [

do( HO_2m(a)—1; KO'Zm(a)—l) l

= max{do(wZn(a), me(a)—l): d° ((UZn(a), (‘)Zn(a)+1)' do((‘)Zm(a)—l, me(a))r

1 o o
E [d ((‘)Zn(a), (‘)Zm(a)) +d (wZn(a)+1, me(a)—l)]'

1+d° ((‘)Zn(a), (‘)Zm(a)—l) l

d°(w2n(a) @2n(a)+1) [1 + d°(W2m(@)-1, W2m(@)

1+d° (a)Zn(a),(UZm(a)—l)
1+d° (w2n(a),w2n(a)+1) '

d° (me(a)—l, (‘)Zm(a)) I

2 2
d° ((*)Zn(a)' Won(a)+1 ) d° ( Wam(a)-1, (*)Zm(a))
1+ do(®2n(a)+1r wzm(a)) 1+ do( W2n(a)+1s me(a)) ’

1+ d° ((‘)Zn(a), (‘)Zm(a)) + do(wZn(a)+1,w2m(a)—1)_
_1 + do(wZn(a),me(a)—l) + do(wZn(a)+1,w2m(a))_

da° (wZn(a), w2n(a)+1)

1+ d° (wZn(a),me(a)) + do(wZn(a)+1, me(a)—l)-}
_1 +d° (wZn(a),me(a)—l) + do(wZn(a)+1, me(a))_
Assuming a — oo and using (2.14), (2.15) and (2.17), we have

do(me(a)—l,me(a))

1
= max {6, 0, O,E (e+¢€),0,0,0,0,0, 0}.

= E€.
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Hence, 6(02n(a) O2ma)-1) = €
Now, by (2.18), we have
Y(e) < yY(e)- ¢(e),
which is a contradiction, since € > 0.
Thus, {w,,} Is a Cauchy sequence. So, {w,} is a Cauchy sequence.
Now, suppose that ZM is complete. Since {w,,} is contained in ZM and has limit in ZM say u,

that is, lim w,, = . letv € Z7(u) then Zv = p.
n—-o0o

Now, we shall prove that Qv = p.
Let, if possible, Qv # u thatis, d°(Qv, pu) = b > 0.
Now, on putting, 6 = v, w = 6,,_7 in (2.2), we have
Y (do(ﬁ% K(52n—1)) < 11’(6(1/: 02n—1)) - ¢(5(V: GZn—l))r (2.19)
where

§(v,02n-1) = max{d®(Zv,Hoyn_41),d°(Zv,Q ),d°(Hozn_1, Kozn_1),
1 L = - =
5 [d°(Zv,Kogn_1) + d°(Qv, Hopn )],

1+ d°(Zv,Hopp_1)
1+ do( HO-2n—1: KO-Zn—l) ’

d°(Zv,Qv) I

1+ d"(Zv, H()'Zn_l) dOZ(ZV, Qv )
1+d°(Zv,Qv) | 1+d°(Qv,Koz,-1)

do( H52n—1' KUzn—1) [

doz( HO_Zn—lf KO_Zn—l)
1+ d°(Qv,Koan—_1)

1+ d"(Zv, K()'Zn_l) + d°(Qv, Hoppy_q)
1+ dO(Zv, H()'Zn_l) + d°(Qwv,Koyn_1) ]|
1+ d°(Zv,Kozy_1) + d°(Qv, Hozp 1) }

1+ dO(Zv, H()'Zn_l) +d°(w,Ko,,-)|)

,d°(Zv, ) [

do( H52n—1' KUzn—1) [
Taking limit as n — oo, we get
lim (v, 050-1) =max{d® (u, 1), d° (s, b), d° (. ), 5 [d° G ) + d° (b, )],

1+d°(u,ﬂ)l o( )l1+d°(u.u)l

d°(u.b) l1+d° ) T+ d°(ub)|

d°*(u,b)  d°*(up)
1T+ do, )’ 1+ d°(b, i)
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8
o 1+d°(up) +d°(b,w
@b [1 ¥ (a0 + (b, u)l’
d° () 1+4d°(u,u) +d°(b,u)
e FEF R Er A1)
1 d°*(u, b
= max {o, d’(u, b), O’E (0+d°(w,b)),d°(u b), 0,1+d+”(bl), 0,d°(u, b), 0}.

=d°(u,b).
Thus, from (2.19), we have
(d°(w b)) < (d°(w, b)) — ¢(d°(w, b)),
<(d°(u b)),
which is a contradiction, since ¢(d°(u, b)) > 0.
Thus, u = b. Hence Zv = Qv = pu, which implies that v is coincidence point of the pair (Z, Q).
Since QM < HM, Qv = u implies that, u € HM.
Let & € H™'u. Then HO = u. By using the same arguments as above, we can easily verify that
K6 = u = H6, that s, 6 is the coincidence point of the pair (H, K).
Similarly, we can prove the result if HM is complete subspace of M instead of ZM. Now, if KM
is complete then by (2.1), u € KM € ZM.
In the same manner, if QM is complete then u € QM < HM. Now, since the pair (Z,{) and

(H,K) are weakly compatible, so

l,[ =
Zu = Zv = Qv = Qu
Hu = HRO = KHO = Kypu (2.20)

Now, we shall prove that Ky = p.
Let, if possible, Ku # pu.
From (2.2), we have
W (d°(wRu)) = v (d°(Ov,Ru)) < (6 (v, ) — $(8(v, ),
where
§(v,w) = max{d®(Zv,Hu),d*(Zv, ), d°(Hy, Ku),

~[a°(Zv, Ru) + d° (@, Hp))],



UNDER PEER REVI EW

1+ d°(Zv,Hp)
1+ d"( Hy, Ku) ’

d°(Zv,Qv) l

1+ d°(Zv,Hy)
1+de(Zv,v)[

d"( Hu, Ku) [
dOZ(Zv, ﬁv) doz( Hu, Ku)
1+do(Qv,Ku)’ 1+ do(Qv,Ku)
1+ d°(Zv,Ku) + d°(Q, ﬁ,u)l
1+ d°(Zv,Hu) + d°(Qv,Kw) [
1+ d°(Zv,Ku) + d°(Qv, Hy) }
1+ de(Zv, Hy) + do(Qv,Kw)])

d° (Zv, ﬁv) [

d°( Hy, Kp) [
Using (2.20), we have
= max{d®(u, Ku), d°(u, ), d°(Ku, Ku),
~[d° (. Ru) + d° (. Re))],
1+d°(u,Ku)l — = [
———1,d°(Ku, K
1+ do(Ku, K,u) ( # 'u)

d°*(wp)  d°%(Ku,Rp)
1+do(uKu) 1+ do(u, Kp)
1+ d°(p, Ku) + d°(u, Kw)
1+do(uKu) +do(uRw]

1+d°(p Kp) + d°(u, Kw) }
1+do(uKu) +do(u,Kw)])

= max{d°(u, Ku),0,0,d°(x,Kp),0,0,0,0,0,0,0}.
= d°(u, Kp).
Thus, we have

1+d°(p, Ku)l

d"(u,#)[ 1T d°GL )

d’(u, 1) [

4o (R, Kn) [

(d°(u, Ku)) < (d"(u, Ru)) - ¢ (do(u, Ru))
< (d°(wRu))
which is a contradiction. So, u = Ku. Similarly, Qu = p.
Thus, we get Ku = Hu = Zu = Qu = u.

Hence u is the common fixed point of Z, H,  and K.
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10

For the uniqueness, let x be another common fixed point of Z, H, Q and K. Now, we claim that
k = u. Let, if possible k # pu.
From (2.2), we have
lp(d"(u, K)) =1 (do(ﬁu, KK))

< (6 1)) — p(6(u 1))

=(d°(p, k) — ¢(d°(p, ),

<y(d°(p,K)),
which is a contradiction. Thus, k = u and hence the uniqueness follows. This completes the proof
of the theorem.
Theorem 2.2. Let (M, d°) be a metric space and let Z, H, Q and K be self-maps on M satisfying
(2.1), (2.2) and the followings:
(2.21) The pairs (Z, Q) and (H, K) are weakly compatible.
(2.22) The pair (Z, Q) or (H, K) satisfy the E.A. property.
If one of ZM, HM, QM or KM is complete subspace of M, then Z, H, Q and K have a unique
common fixed point.
Proof: Suppose that the pair (Z, Q) satisfies the E.A. property. Then, there exists a sequence {c,}

in M, such that lim Zo,, = lim Qo,, = u for some u in M.
n—->oo

n—->oo

Suppose that HM is a complete subspace of M. Then u = Ha for some a € M.
Now, we shall show that Ko = Ha. Let, if possible Ka # Ha.

From (2.2), we have

Y (do(ﬁan, Koc)) <¢P(8(ona)) — ¢(8(oy a))

Taking limitas n — oo, we have

lim y (a°(Da,, Ka)) < lim (8 (o, @) = lim $(8(o, @), (2.23)

where

§(on, @) = max{d°(Zo,, Ha),d’(Zo,, Qo,), d°(Ha, Ka),
1 o — - -
3 [dO(Zon, Ka) + d°(Qo,, Ha)],

1+ d°(Zo,, Ha)
1+d°(Ha,Ka)[

dO(ZGn, ﬁon) I
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1+ d°(Zo,, Ha)
1+ d°(Zoy,, Qo, )]

d°( Ha,Ka) I

d°*(Zon, o, )  d°?( Ha,Ka)
1+ d°(Qo,,Ka) 1+ d°(Qo,, Ka)

1+ dO(ZGn, Ka) + d°(Qo,, Ha)
1+ dO(ZGn, ﬁa) + d°(Qo,, Ka)|

dO(ch, ﬁon) I

¢° ( Fia, Kar) ll + d°(Zo,, Ka) + d°(Qo,, Ha) }

1+ d°(Zo,, Ha) + d°(Qo,, Ka)
_ 1 _
= max {d"(u, W), d°(u, 1), d° (u, Ka),— [d°(p Ka) + d°(p, )],

1+d°(u,u)l 4°(u, K )l1+d°(u,u)

4 )[1+d0 K 1+do(u )|

d°*(wp)  d°%(uKa)
1+ d"(,u, Ka)' 1+ d"(u, Ka)'
1+d°(u,Ka) +d°(u, u)l
1+do(u,u)+ do(/,t, Ka) '

oo~ [1+do(uRa) +d°u 1)
d°(u, Ka) [1 +do(u, )+ d°(u, Ka)l}

d’(u, 1) [

= max {0,0,d° (1, Ra), 3 d° (1, Ra), 0,d° (1, Rr), 0, d°(u, Rar),0,d° (11, Ker)}.
= max{d°(u, Ka)}.
Thus, from (2.23), we have
y(a°(wKa)) < 9 (a°(1Ra)) = ¢ (d°(u Kar))
< (d"(u, Ka)),

which is possible only when Ka = u = Ha. Since H and K are weakly compatible, therefore,
KHa = HKa, implies that, KKe = KHa = HKa = HHa. Since KM < ZM, there exists § € M,
such that, Ka = Zp.

Now, we claim that Zg = Qf. Let, if possible, Z # Qp.

From (2.2), we have

v (d°(0p,Ra)) < p(8(8, @) — $(6(8, @), (2.24)

where
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5(B, @) = max{d°(Zp, Ha),d°(ZB,Qp),d°(Ha,Ka),
~[d°(Zp,Ra) + d° (O, Ha)],

1+ d°(Zp, Ha)]
1+d°(Ha,Ka)]

d°(Z,0B)
1+ d°(Zp, Ha)]
1+ d°(Zp,Qp)]
d°*(Zp,08)  d°*(Ha,Ka)

1+ d°(Qp,Ka)’ 1+ d°(Qp,Ka)’

1+ d°(Zp,Ka) + d° (0B, Ha)
1+ d°(Zp, Ha) + d°(Qp,Ka)
1+ d°(Zp,Ka) + d°(Qp, Ha) }
1+ d°(Zp, Ha) + d°(QB,Ka)|)’
= max{d°(Ka, Ha), d°(Ka, QB), d°(Ha,Ka),

~

d°(Ha,Ka) I

)

d°(ZB,0p) [

d°(Ha,Ka)

% [d°(Ka, Ka) + d°(Qp,Ka)],
1+ d°(Ka, Ha)
1+ do(ﬁa,Ka) ’
1+ d°(Ka, Ha)
1+d°(Ka,QB)]

¢°(Ra, 35) [

d"(FIa, Ka) [
doz(Ka, ﬁﬁ) d"z(ﬁa, Ka)

1+ d°(QB,Ka)’ 1+ d°(Qp,Ka)’

1+ d°(Ka,Ka) + d°(Ka, QB) ]

1+ d°(Ka, Ha) + d° (0B, Ka)[

1+ d°(Ka,Ka) + d°(Qp, Ka)'}

|1+ d° (I?a, Ha) +d°(QB,Ka)|)

dO(K(x, ﬁﬁ)

d°(Ha,Ka)

o1 o o
= max{0,d° (R, 118), 0,5 (0 + a°(Ra, 1p) ) d° (R, 01B), 0,

d?(Ka, Qp)
1+ do(Ra, Op)’
= d°(Qp,Ka).
From (2.24), we have

0,d°(Ka, 0B)}.

12
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(4 (@6, Ra)) < (d° (6, Ka)) — (36, Ket))
< ¥(d°(Qp,Ka)),

which is a contradiction. Therefore, O = Ka = Zg.
Now, since (Z, Q) is weakly compatible. This implies that ZQg = QZg = QOB = ZZp.
Now, we claim that Ka is common fixed point of Z, H, Q and K.
Let, if possible, KKa # Ka.
From (2.2), we have

y (d°(Rae, RRar) ) = v (d°(0,RRa) ) < v (8(8,Ra)) — ¢ (5(,Ka)), (2.25)

where
§(8,Ka) = max{d°(Zp, HKa),d°(Zp, OB), d° (HKa, KKa),
~[d°(Zp, RRa) + d° (0, HRa)],

1+ d°(Zp, HKa)
1+ d°( HKa,KKa)]

i (25.79)|
1+ d°(Zp, HKa)
1+d°(ZB,Qp)

d°*(Zp,08)  d°*( HKa, KKa)
1+ d°(Qp,KKa) 1+ d°(Qp, KKa)'
1+ d°(ZB,KKa) + d°(Qp, HKa)l
1+ d°(Zp, HKa) + d° (0B, KKa) [
1+ d°(ZB,KKa) + d°(Qp, Hka)l}
1+ d°(Zp, HKa) + d° (OB, KKa)|)

)

i 25,19)|

4o (Fike, RRa) [
= max{d°(Ka,KKa), d°(Ka, Ka), d°(HKa, KKa),

%[do(ﬁa, KKa) + d°(Ka, KKa)],

40 (Ra, Ka) l 1+ d°(Ka,KKa) l

a, Ka ——— )
1 + d°(KKa, KKaa)

1+ d°(Ka,KKa)

1+ d°(Ka,Ka) |

¢° (KK, KRa) l

d°? (Ka,Ka) d°? (KKa, KKa)
1+ d°(Ka,KKa)' 1+ d°(Ka,Ka)’
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1+ d"(Ka, KKCZ) + d"(Ka, KKa)
1+d° (I?a, KKa) + d° (Ka, KKa)

)

d°(Ka,Ka) l

1+ d°(Ka,KKa) + d°(Ka, KKa)
1+ d°(Ka,KKa) + d°(Ka, KKa)

¢° (RRa, KRa) [

= max{d°(Ka,KKa),0,0,d°(Ka,KKa),0,0,0,0,0,0}.

= dO(Ka, KK&).
Thus, from (2.25), we have

¥ (d°(Ra,RRa)) < ¥ (d°(Ka,RRa)) - ¢ (d°(Ke, RRar))
< (d°(Ka,RKa)),

which is a contradiction. Therefore, Ko = KKa = HKa.
Hence Ka is the common fixed point of H and K.
Similarly, we can prove that Q8 is common fixed point of Q and Z. Since Ka = O, Ka is the

common fixed point of Z, H,Q and K. If we assume QM is complete subspace of M, the proof is

similar.

Similarly we can prove the theorem for cases when ZM or HM is a complete subspace of M. Since
KM € ZM and OM < HM.

Now, we shall prove the uniqueness of common fixed point. If possible, let ¢ and w be two
common fixed points of Z H,Q and K suchthat o # w.

From (2.2), we have

¥ (a°(00,Rw)) < 9(8(0,0)) — $(8(0,)), (2.26)
where
§(0,w) = max{d°(Zo, Hw),d°(Zo, Qo ), d°(Hw, Kw),
~[a°(Zo,Rw) + d° (flo, Ha)),

1+ d"(ia, ﬁw)
1+ d"( How, Kw) ’

d° (Za, ﬁa) l

_ _ ([1+d°(Zo,H
do(Hw,Kw)l +do(Zo a))l’

1+ d"(Za, ﬁa)
doz(ZU, Qo ) d"z( Ho, Kw)
1+ d°(Qo,Kw)’ 1 + d°(Qo, Kw)’
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1+ d°(Zo,Kw) + d°(Qo, Hw)

1+ d°(Zo, Hw) + d°(Qo, Kw) |
1+ d°(Zo,Kw) + d°(Qo, Hou)l}

1+ d°(Zo, Hw) + d° (0o, Kw)

d° (Za, ﬁa) l

d"( How, Kw) I

= max{d° (0, w),d°(0,0),d°(w, ®),3 [d° (0, ®) + d°(o, w)],

1+d°o,w)
1+d°(w,w)

1+d°o,w)] d°*(o,0)
1+d°(o,0)|'1+d°,w)

d°(o, a)[ ,d°(w, w)l

d"z(a) w) d°( 1+d°(o,w) +d°(0,w)
1+d°(o,w)’ )l1+d°(0,w)+d°(0,w)'

1+ d°(o,w) +d°(o,w)
) [1 + d°(o,w) + d°(o, w)l}'

= max{d°(o,w),0,0,d°(0,w),0,0,0,0,0,0}.

From (2.26), we have

t/)(do (o, a))) < l/)(do (o, a))) — qb(do(a, o)))
< t/)(do (o, a))),
which is a contradiction.
Therefore, 0 = w and this follows the uniqueness and completes the proof of the theorem.

Theorem 2.3. Let (M, d°) be a metric space. let Z, H, 0 and K be self-maps on M satisfying
(2.2) and (2.21) and the followings:

(2.27) QM < HM and the pair (Z, Q) satisfied (CLR) or
KM < ZM and the pair ( H, K) satisfied (CLR).
Then Z, H, 0 and K have unique common fixed point.
Proof: Without loss of generality, assume that QM < HM and the pair (Z, Q) satisfied (CLR>)
property. Then, there exists a sequence {o,} in M such that

lim Zo, = 11m Qu,, = Zu for some p in M.

n—-oo

Since OM < HM, there exists a sequence {w,} in M such that Qo, = Hw,,.

Hence
lim Hw, = Zyu.
n—->oo

Now, we shall show that lim Kw, = Zu. Let if possible, lim Kw, = m # Zp.
n—->oo n—->oo
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From (2.2), we have

¥ (a°(8o,, Kwn)) < 9(8(0n wn) = ¢(8(0m wn)),

where

§(op, wy) = max{d®(Zon,, Hw,), d°(Zoy,, Qo,), d°(Hw,, Kw,),

1 o - - —
> [d°(Zon Kon) + d° (floy, Hooy))

- = 1+ d°(Zo,, H
dO(ch,Qon)l +d°(Zoy, Hon) l,

1+ d°( Hop, Koy,)
1+ d°(Zoy, Hwn)l
1+ dO(ZO'n, Qo, ) '

d°( Hwp, Koy,) [
d°*(Zop, G0, )  d°?( Hoy,, Roy,)

1+ d°(Qo,, Kw,) 1+ d°(Qo,, Kw,)’

1+ d°(Zoy, Kw,) + d°(Qo,, Hwy)

1+ d°(Zoy, Hop) + d°(Qo,, Kw,) |

1+d° (Z()'n, Koon) + d°(Qo,, Hw,)
1+ dO(ZO'n, ﬁwn) + d°(Qo,,, Rw,y)|)

dO(ZO'n, ﬁﬁn) I

d°( Hwp, Koy,) [

=max{d°(Zu,Zp),d°(Zp, Zp ), d°(Zu, m),
% [dO(Zu, ﬂ) + d° (Zu, Z,u)],

1+d°(Zu,Zu)l @ ( )l1+d°(Zu,Zu)l
1+d°(Zum) ] 1+do(Zu Zp)l

dO(Zu,Zu)l
d°*(Zu,Zu)  d°*(Zum)
1+d°(Zum) 1+d°(Zu,m)
1+d°(Zum) + dO(Z,u,Zu)l
1+do(Zu, Zw) + d°(Zu,m)|

1+ d°(Zp,m) +d°(Zu, Zw)
1+do(Zu,Zp) + d°(Zu,m)|)

dO(Zu,Zu) l

4 (Z7) [

= max {O, 0,d° (Zu, ﬂ),%do(zﬂ' ”)' 0, dO(Z”' ”)' 0, 1d::§él:;7;)) ’
= dO(Z/,l, Tl.')

From (2.28), we have

0, d° (Zy, n)}

16

(2.28)
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P (d"(Zu, rt)) <y (do(Zu, n)) ) (d"(Zu, rt))
<P (do(Zu, n)),

which is a contradiction.

Therefore, Zu = m, that is, lim Kw, = m # Zp..

n—-oo

Subsequently, we have lim Kw,, = lim Qu,, = lim Zu,, = lim Hw,, = Zu = m.
n—oo n—oo n—oo n—oo

Now, we shall show that Qu = . let, if possible, Qu # .

From (2.2), we have

P (d°(0 Kwn)) < 9(8( 0n)) = 6(8(k o)),

lim (do(ﬂ,u,l(wn)) < lim (5w, wp)) — lim $(5(k, 0n)), (2.29)

where

§(u, wy) = max{d®(Zy, Hoy,), d°(Zp, Qu), d° (Hw,, Kw,),

1 o - ~ ~—
5 1d°(Z, Roon) + d°(Qp, Hoop)],

1+ d°(Zp, Hw,) l
1+ d°( Hw,, Kw,)]

1+ d°(Zp, Hoy,) l
1+ d°( Hwy,, Kw,)]

d"(iu, ﬁu) l

dO(Zu, ﬁ,u) l

1+ d°(Zp, Hw,)
1+d° (Zu, ﬁ,u) '

d°( Hw,, Koy,) [

d°?(Zu,Qp)  d°?( Hwp, Kwy,)
1+ d°(Qu Kop)' 1+ do(Qp, Kwy,)’

1+ d°(Zp, Kop) + d°(Qu, Hwp)

1+ d°(Zp, Hw,) + d°(Qp, Koy, |
1+ d°(Zu, Rwy,) + d°(Qu, Hoyp)

1+ d°(Zy, Hw,) + d°(Qp, Koy)

dO(Zu, ﬁ,u) l

d°( Hop, Ko,) [
Taking limitasn — oo
lim §(u, w,) = max{d’(m,m),d°(m, Qu), d°(r, n),% [d°(m, ™) + d°(Qu, )],
n—00

o 1+d°(m,m) 1+d°(m, )
00 | ] 4 [ )
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d"z(rt, ﬁ,u) d°*(m, m)
1+ do(Qu,m)’ 1+ do(Qu,m)
1+ d°(m, ) + d°(Qu, m)
1+ do(m,m) + d°(Qu, n)l’
1+ d°(m,m) + d°(Qu, m)
1+ do(m,m) + d°(Qu, n)l}'

d®(m,m) [

d®(m,m) [
= max {0, do(n, ﬁ,u), 0, %d"(n, ﬁu),do(n, ﬁ,u), 0, %,0, 0, 0}.
= d"(n, ﬁu).
Thus, from (2.29), we get
Y (do(n, ﬁ,u)) <y (do (m, ﬁ,u)) - ¢ (d"(n, ﬁ,u))

<Y (do (m, ﬁ,u)),
which is a contradiction. Therefore, Qu = m = Zu. Since the pair (Z, Q) is weakly compatible, it
follows that Zm = Qm. Also, since QM < HM, there exists some 6 in M, such that, Qu = H6, that
is, HO = .
Now, we show that K@ = m. Let if possible K6 # .
From (2.2), we have
¥ (a°(, K8)) < (8, 0)) — $(8ur, 0)),
lim  (d°(Tp, K6) ) < lim (8 tn, 0)) = 1im $(6(1n, 8)),  (2:30)

where

8 (un, 0) = max{d®(Zu,, 16),d° (Zu,, Quy,), d°(HO, K6),

1 L o
5 [d°(Zun, KO) + d°(Qu,, HO)),

1+ d°(Zuy, He)l

4° (Zitn, Otin) l1 +d°( He,Ko)

1+ d°(Zpy, HB)]

d° (Zitn, ) [1 + do( 76, K0)

o [1+d°(Zu, He
dO(Hé),Ké))[ +d(Zi )l,

1+ do(z,un, ﬁ,un)
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d°?(Zpn, Quy,)  d°*( HO,K6)
1+ d°(Qu,, K0) 1+ do(Qu,KO)

1+ d°(Zp,, K0) + d°(Qpu,, HO)
1+ d°(Zp,, HO) + d°(Qu,, KO)|
1+ d°(Zp,, K0) + d° (Qp,, HO) }
1+ d°(Zp,, HO) + d°(Qun, KO)

d°(Zpy, Qun) [

d°( He,Ko) [
Taking limit as n — oo, we get

Aim 6 (Up, 8) = max{d®(m,),d°(m, ), d"(n, KH),l [do(TE, KH) + d°(m, n)],

o 1+do(m,m 1+d°(m,m
@° (. Ko) L " d"((n, K;)l 4°(m K0) [1 T dogn n;l
d"z(n, ) doz(n, KB)
1+ d°(m,K6)' 1+ d°(m,KB)
1+ d°(n,K6) + d°(m, )
1+ do(m,m) + d°(m,K8) |
1+ d°(m,K8O) + d°(m, ) }
1+do(m, )+ d°(m, KB)

d°(m, ) [

d°(m,K9) [

d°(m,K6)

, m,do(ﬂ, KB), 0,

= max {o, 0,d°(m,K0), -d°(m,Ko)
02
% 0,d°(, Ke)}.

= d°(m, K6).

Thus, from (2.30), we get
p(d°(m,K6)) < y(d°(mKO)) — ¢(d°(m, K6)).
< (d°(m, K9)),

which is a contradiction. Therefore, K& = m = H@. Since the pair (H, K) is weakly compatible, it
follows that Kr = Hrm. Now, we claim that O = Kr. Let, if possible, O # K.

From (2.2), we have

P (do(ﬁn, Kﬂ)) < l/J(S(n, n)) - ¢(6(7T, n)), (2.31)
where

§(m,m) = max{d®(Zn, Hr), d°(Zm, Qr), d°(Hr, Krr),
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~[d°(Zm, Rrr) + d°(@m, Fim)],

-~ [1+a°(ZnH
dO(ZT[,QT[)[ +do(Zn n)l’

1+ d"( Arm, KT[)
1+ do(Zn, Hn)l
1+ d"(Zn, ﬁn) '

d"( Arm, Kﬂ) [
d"z(Zn, ﬁn) doz( Arm, KT[)
1+ do(QmKr) 1+ d°(Qm, Kr)'

1+ d°(Zn,Km) + d°(Qn, Hn)l
1+ d°(Zm, Hrr) + d°(Qm, Kn) |’

d° (Zn, ﬁn) [

4o ( Fir, Kr) [1 +d°(Zm,Km) + d°(Qr, Hn)l}.

1+ d°(Zr, Hr) + d°(Qm, Kr)

= max{d°(Qn,Kr), d°(Qr, Qr ), d°(Kr, Kn),
% [d°(Qm, Kr) + d°(Qn, Kn)],

1+ d"(ﬁn, Kﬂ)

1+d° (Kﬂ, Kﬂ) ’

d°(Qm, Qm) [

_ — [1+d°(Qn,K
dO(KTL',KT[)[ i (U n)l’

1+ d°(Qm, Qn)
d"z(ﬁn, QOn ) dOZ(Kn, Kﬂ)
1+ do(Qm, Kr)' 1 + d°(Qm, Kn)’
1+ d°(Qm, Kr) + d°(Qm, Krr)
1+ d°(Qm, Kr) + d°(Qm, Kn) |

d° (ﬁn, ﬁn) [

~ - J1+ad°(QnK d°(Qm, K
dO(Kn,Kn)I + (T[ n)+ (On n)}.

1+ d°(Qm,Kr) + d°(Qm, Kn)
= max{d°(Qn,Kr),0,0,d°(Qr, Kr),0,0,0,0,0,0}.
From (2.31), we have
v (d°(m,Rrr) ) <y (a°(0m,Rm)) — ¢ (d°(Gm,Rr))
< (d° (0, Kn)),
which is a contradiction. Thus, O = K, thatis, Zr = Qn = Kn = Hm.

Now, we shall show that m = K. Let, if possible, = # K.

20
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From (2.2), we have
Y (a°(Qu Rm)) < p(6(um) — ¢(6(um), (2.32)
where
d(u,m) = max{d" (Zu, Hn), d° (Z,u, ﬁ,u), da° (ﬁn, KTL’),
~ [a° (2 R) + a2 @, Fim),

1+ d°(Zp, Hr) ]
|1+ d"( Hr, Kﬂ)_'

d° (Zu, ﬁu)

1+ d°(Zp, Hr) ]
1+ d"( Hr, Kﬂ)_'

d°(Zu, Qu)

1+ d°(Zp Hr)]
1+ do(Zp, Qu))

)

d"( Arm, Kﬂ) [
d"z(Zu, Qu) d"z( Hw,, Kr)
1+d°(QuKn) 14 do(Qu Kn)’

1+ d°(Zp, Kr) + d°(Qp, ﬁn)l
1+ de(Zy, Hr) + d°(Qu Kn)|

d°(Zu, Q) [

~ . JJ1+d°(Zu K d°(Qu, H
d"(Hn,Kn)[ * (IJ n)+ (@ n)l}.

1+ do(Zp, Hrr) + d°(Qu, Kn)
= d°(m, Kn).
From (2.32), we have

Y (do (n, Kﬂ)) <y (do (n, Kﬂ)) - ¢ (do(n, KT[))
<y (do (n, Kﬂ)),

which is a contradiction. Therefore, 1 = Kr = Hr = Zm = Qm.

Hence  is the common fixed point of Z, H, Q and K.

Now, we shall prove the uniqueness of common fixed point. If possible, let ¢ and w be two
common fixed points of Z H,Q and K suchthat o # w.

From (2.2), we have

¥ (d°(00,Rw)) < 9(6(0,0)) — $(6(0,0)), (2.33)

where
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§(0,w) = max{d°(Zo, Hw),d’(Zo, Q0 ), d°(Hw, Kw),
%[d"(ia, Kw) + d°(Qo, Hw)),

1+ dO(ZG, Hw)
1+ d°( Hw,Kw)]

dO(ZU, ﬁa) I

~ . J1+d°(Zo,H
d"(Ha),Ka))l * (G w)l

1+ d°(Zs,Q0)[

dOZ(ZG, Qo ) doz( Ho, Kw)
1+ d°(Qo,Kw)’ 1+ d°(Qo,Kw)’
1+d° (ZU, Kw) + d°(Qo, Hw)
1+ d°(Zo, Hw) + d°(Qo, Kw) |
1+ d°(Zo,Kw) + d°(Qo, Flw)l}
1+ d°(Zo,Hw) + d°(Qo, Kw)
= max{d°(o,w),d°(o,0),d°(w, w),

d°(Za,00) I

d"( How, Ka)) I

%[do(a, w) + d°(o,w)],
o 1+d°(o,w)
¥ ll-l—d—(wa))
1+d°(o,w)
) Il + d°(o, 0)]
d"z(a,a) d°? (w,w)
1+d°(o,w)’ 1+ d°(o,w)
1+d°(0o,w) +d°(o,w)
1+ d°(o,w) + d°(o, w)l'

d°(o,0) l

(0, ©) [1 + d°(o,w) + d°(o, w)l}.

1+ d°(o,w) +d°(o,w)
= max{d°(o,w),0,0,d°(0,w),0,0,0,0,0,0}.
From (2.33), we have
Y(d°(o, w)) < P(d°(o, w)) — $(d°(o, w))
< w(d" (o, w)),

which is a contradiction.

Therefore, o = w and this follows the uniqueness and completes the proof of the theorem.

22
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Example 2.4. Let Z, H, Q and K be self - mappings on M. M = [0, 1] be endowed with the

Euclidean metric d°(o, w) = |0 — w| forall o, w in M. Let Z, H, Q and K are defined by

_ 0 o=20
—Jo

KO-_{Z O'>0,

_ 0 oc=0
—Jo

'QO-_{g o >0,

_ 0 o=
—Jo

HO-_{E o> 0,

s (0 =0

ZG_{U >0

W(t) = g B(t) = g forall t in R.
Let {u,,} be a sequence in M such that u,, = ﬁ for each n.
Clearly, QM = [0, é] c [0%] = HM and KM [O,ﬂ c [0,1] = ZM, implies that (2.1) satisfied.
Since Z((0) = QZ(0) = 0, implies that the pair (Z, Q) is weakly compatible and
HK(0) = KH(0) = 0, implies that the pair (H, K) is weakly compatible.

Now, we check condition (2.2) for the following cases:
Casel.Ifo =0and w = 0.

Y (do(ﬁa,l?w)) =9(|Q0 — Kw|) =(0) = 0.

Also

Y(8(0,w)) =(0) =0,

¢(8(0,w)) = ¢(0) = 0.
Hence

¥ (d°(0o,Rw)) = p(8(0, ) — $(6(0, ).

Clearly, inequality (2.2) holds.
Case2.Ifc =0, w # 0.

¥ (d°(fio, Kw)) = p([flo - Kol) =p(jo-3]) =3
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§(0,w) = max{d°(Zo, Hw),d’(Zo, Q0 ), d°(Hw, Kw),
%[d"(ia, Kw) + d°(Qo, Hw)),

1+ dO(ZG, Hw)
1+ d°( Hw,Kw)]

dO(ZU, ﬁa) I

_ - [1+a°(Zs,H
d"(Hw,Ka))l +d(Zo w)l’

1+ d°(Zo, Qo)
dOZ(ZU, ﬁa) doz( Ho, Kw)
1+ d°(Qo,Kw) 1+ d°(Qo, Kw)’
1+d° (ZJ, Kw) + d°(Qo, Hw)
1+ d°(Zo, Hw) + d°(Qo, Kw) |

d°(Za, o) I

¢° ( i, Ko) ll +d°(Zo,Kw) + d°(Qo, Hw) }

1+ d°(Zo,Hw) + d°(Qo, Kw)

= max{|Zo — How|,|Zo — Qo|, |Hw - Ko,
%HZO' — Ko| + |00 — Hol],

1+ |Zo — Ho|

1+ |Ha) — Kw| ’

|za-rza|[

_ _ [1+|Zo - Ho|
|H(l)_K(l)| )

1+ |Zo, Qo]
|Zo — §0|2 |Hw—Kw|2
1+ |Qo,—Kw| 1+ |00 — Ka|

.~ J1+|Zo - Rw| + [Qs — Ho|
|ZO‘—.Q.O'| = = = —,
1+ |Zo — Ho|+ |Qo — Kw|
- o 1+|Za— Kw|+|ﬁa—ﬁw|
|Hw—Kw| — — — — .
1+ |Zo — Ho| + |Qo — Ko
w 03w o 2 1) 1+%+%
= _l J_I_IOI_ 2+ )O—’O’_ Y .
max{z 73 0@t 07 1+242

One can easily check that

5(o,w) ==

>

Now,
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w

¥ (4°(@lo, Kw)) = w(|fio - Ro) =p(3) =%
Also

1/)(6(0, w)) =y (%)
¢(6(0, a))) =¢ (%)

w|e »|E

Hence

Y (do(ﬁa,l?w)) =9(6(0, w)) — ¢(8(0, w)).
Clearly inequality (2.2) holds.

Case 3. Ifo =0, w =0.
o

- _ _ o
Y (dO(QG,Ka))) = ¢(|Qa — Ka)|) = ( 5~ Ol) =T
§(0,w) = max{d°(Zo, Hw),d°(Zo, Qo ), d°(Hw, Kw),
% [d°(Zo,Kw) + d° (Qo, Hw)),

1+ d"(Za, ﬁw) ]
1+ do( How, Ka))_'

d°(Za,00) I

1+ d°(Zo,Ho)]
1+ d°(Zo,00o)[

d"( How, Ka)) I
dOZ(ZG, Qo ) d"z( Ho, Ka))

1+ d°(Qo,Kw) 1+ d°(Qo, Kw)’

1+ d°(Zo,Kw) + d°(Qo, Hw)

1+ d°(Zo,Hw) + d°(Qo,Kw) ]

1+ d°(Zo,Kw) + d°(Qo, Flw)l}

1+ d°(Zo,Hw) + d°(Qo,Kw)])

d° (ZO’, ﬁa) [

d"( How, Kw) [

= max{|Zo — Hw|,|Zo — Qo|, |Hw — Kw|,%[|20 — Ko| + |00 — Hol],

|ZJ—§J|[1+|ZG_H(U|
1+ |[Ho — Ko/
|Ha)—Kw|l1+ |Za—ﬁw|l

1+ |Zo,Qo| |
7o — Qo | How — Rol*
| |

1+ |Qo,—Kw| 1 + |00 — Ka|
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_ |l1+|20— Ko| + |Qo — Ho|
’ 1+ |Zo — Ho| + |00 — Kol

o o 1+|Za Ka)|+|Qa—Hw|
|Hw—Kw|
1+ |Zo — Ho| + |0 — Kwl|)
7 9 7 49
= max{a,?a,o,l—z,?o(l +a),08(8j 5 0 — 0}

o 0<o<-=
6(o,w) = 7 1
?(1+0'), —<0o<1

Now, if0 <o <

N
~

P (do(ﬁa, I?w)) = 116'
Also

P(8(o,w)) = (o) =

»{>IQ NIQ

$(6(0, ) = ¢(0) =
Clearly
W (dO(ﬁa,Rw)) < 9(8(0,w)) — ¢(8(a,w)).
Hence inequality (2.2) holds.

If% <o<l1,
¥ (d°(flo, Kw)) = =
(6(0’ a))) 1/)(—(1 + a)) = —(1 +0),

7 7
6(8(0,w)) = ¢ <§ 1+ a)> - % 1+ 0).

¥ (d°(0o,Rw)) < (80, ) — $(6(0, ).
Hence inequality (2.2) holds.
Cased: Ifoc #0,w # 0.

o—2w
16

w

¥ (d°(00,Rw)) = (|00 - Ral) = lp(—_ZD =
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§(0,w) = max{d°(Zo, Hw),d’(Zo, Q0 ), d°(Hw, Kw),
%[d"(ia, Kw) + d°(Qo, Hw)),

1+ dO(ZG, Hw)

1+ d°( Hw,Kw)]

1+ d°(Zo, ﬁw)l

1+ d°(Zs,Q0)[

dO(ZU, ﬁa) I

4o ( Hlo, Ko) [
dOZ(ZG, Qo ) doz( Ho, Ka))
1+ d°(Qo,Kw) 1+ d°(Qo, Kw)’
1+d° (ZU, Kw) + d°(Qo, Hw)
1+ d°(Zo, Hw) + d°(Qo, Kw) |
1+ d°(Zo,Kw) + d°(Qo, Hw) }
1+ d°(Zo,Hw) + d°(Qo, Kw)

d°(Za, o) I

d"(ﬁw, Ka))l
= max{|Zo — Hw|,|Zo — Qo|, |How — Kw|,

%HZO' — Ko| + |00 — Hol],

|ZG_§G|l1+|ZU—Hw|
1+ |Ho — Ko/
|Hw_Kw|l1+|Za—Hw|l

1+ |Zo,Qa| |
1o — Qo Hw — Kw
|Zo - Go|"  |Hw - Ro|’

1+ |00 —Kw| 1+ |Qo — Kol

.~ J1+|Zo - Rw| + |[Qs — Ho|

|ZO'—.QO'| = = — —
1+ |Zo — How| + |Qo — Kw|

— o 1+|Za—Kw|+|ﬁa—Hw|

|Ha)—Ka)| — — = — .
1+ |Zo — Ho| + |Qo — Ko

2 4

)
w(flto—% 49g2 w? 70
#\1+0-3)86B+0-20)2@+0-20) 8 4

one can easily check that

w
B waw1[9a—6a) 7o(1to—5
ST ezl 8 s \jre_ae)

27
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Y (do(ﬁa,l?a))) < ¥(6(0,w)) — $(8(0, w)).
for all the values of o, w € [0, 1].
Hence inequality (2.2) holds for all the cases.
Also, lim Ziy, = lim Qu, = 0, where 0 € M, implies that the pair (Z, Q) satisfies the E.A
property.
Similarly, we can easily check that the pair (H, K) satisfies the E.A property.
Now, lim Iy, = lim Qu, = 0 =Z(0) , where 0 € M, implies that the pair (Z, Q) satisfies the
(CLRy) property.
Similarly, we can easily check that the pair (H, K) satisfies the (CLR};) property.
Therefore, all the conditions of the Theorems 2.1, 2.2 and 2.3 are satisfied.
Hence Z, H, O and K have unique common fixed point. Clearly 1 is the unique common fixed

pointof Z, H, O and K.
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