Automorphism Groups of Regular Elements with Von-Neumann Inverses of
Local near-rings admitting Frobenius Derivations

Abstract

This paper presents the classi_cation of the invariant subgroups of the automor-
phism groups of the regular elements obtained from _nite local near-rings, the ap-
propriate algebraic structure to study non-linear functions on _nite groups. Just

as rings of matrices operate on vector spaces, near-rings operate on groups. In
this paper, we construct classes of zero symmetric local near-ring of characteristic
pk; k =1; 2 ; k _ 3 admitting frobenius derivations, characterize the structures of
the cyclic groups generated by the regular elements R(N) as well as the structures
and the orders of the automorphism groups Aut(R(N)) of the regular elements.
Subject Classi_cation:16N60, 16W25, 16Y30.

Keywords: Regular Elements, Von-Neumann Inverses, Zero symmetric lo-
cal near-rings

1 Introduction

Near-rings with identity are the appropriate algebraic structures used to study non-linear
functions on _nite groups. Let N be a zero symmetric near-ring from the classes of
near-rings considered in this paper. Suppose R(N) is the set of all the regular elements
in N, then every element x 2 R(N) is such that x = 0 or x 2 N_: The automorphism
groups of R(N) denoted Aut(R(N)) is the set whose elements are the automorphisms
_“R(N) ! R(N) and where the group operation is composition of automorphisms.

Thus the group structure of Aut(R(N)) is obtained as a subgroup of the symmetric
groups Sym(R(N)):

Idealization modules, rings and near-rings is perhaps one of the new approaches in
ring classi_cation problems up to isomorphism. The works in[1] determined
constructions

of idealized completely primary _nite rings of characteristic pn: n = 1; 2; 3 and deter-
mined the structures of the unit groups R_. This was however neither extended to the
automorphisms of R_or the Von-Neumann regular elements V RN(R) nor to the dual
results in near-rings. Osba, Henriksen and Osama [2] conducted a classi_cation survey
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on combining local and Von-Neumann Regular Rings as a basis upon which the
regular-

ity properties of rings and their ideals could be explored. The rings studied in [2] were
_nite and their Von-Neumann inverses gave some asymptotic patterns. Their _ndings
demonstrated how to combine the Von- Neumann inverses of classes of rings such as
the

power series rings and the ring of integers. The study was however not extended to the
automorphisms of the said algebraic structures. In a closely related research, the study
on regular elements of Galois rings can be attributed to Osama and Emad [3] where
they

characterized the regular elements in the ring of integers modulo n, Zn. Furthermore,
they studied the arithmetic functions denoted as V (n) and determined the relationship
between V (n) and the Euler's phi function, '(n) . This gave an extension of the ring
theoretic algebra employed in counting the regular elements of Znto the number theo-
retic methodologies. For instance, the research revealed that if a is a regular element in
Zn, then a1y _ amoi(mod n). They proposed a criterion for getting the possible



Von Neumann inverses in the set of regular elements of Znand explored the asymptotic
properties of V (n) . Their _ndings did not consider extensions and idealization using
maximal submodules of Zn8n 2 Z. Closely related works can also be seen in Osba et al
[4] and Oduor, Omamo and Musoga[5]. To obtain a classi_cation of algebraic
structures,

it is imperative to obtain group structures that are isomorphic to those structures, the
automorphism groups. Therefore, this paper gives a complete classi_cation of the
regular

elements R(N) of some classes of zero-symmetric local near-rings which admit two
classes

of derivations, that is a generalized frobenius derivation in Construction | and an identity
frobenius automorphism in construction II.

2 Local Near-Ring of Characteristics p; p2 and pk:
k 3 admitting frobenius derivations

2.1 Construction |
Let Ro= GN(p«r; px) be a Galois near-ring of order pwrand characteristic pxand let

M=hui:i=1; __ _ hbe an hildimensional near-module of Roso that the ordered
pair (N; +) = (Ro_M; +) is a group. On N; let

pkui =

Yk

i=1

u=20

and uiro = (ro)atiwhen k = 1; 2 where ro 2 Ro; k; r are invariants and dia Frobenius
derivation associated with elements of M and given by; di(ui)) = (ui)p. Let J be a near-
ideal of M satisfying the condition that whenever ui; uj2 J ; we have ui_ uj2 J or
ui_ uj=0.If _iare any units of Ro, then we can see that the elements of N = Ro_M
are of the form: x = ro+

Ph

i=1 _iUi. In fact, if X = ro+

Ph

i=1 _iuiand y = so+

Ph

i=1 _iUi
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are any two elements of N , then we have their product as:

X_VY=

ro+
Xh
i=1
_iUi



i=1

_iui

= roso +

Xh

i=1

n

_i(ro+ pkRo)di+ _i(So + pkRo)di

o]

ui:

It has been shown in[6] that (N;+; _) with the product given in the construction is a left
(respective right) local near-ring whose unique maximal ideal is the Jordan ideal, J(N) .

2.2 Construction Il

Let Ro= GN(p«kr; px) . Leti=1; ::;; h and ui2 Zi(N) and M=< ui>.

Then,

N = RO_M: Ro_

Xh

i=1

(Ro=pRo)i

is a group with respect to addition.

On N, let

(ro; ra; ::; rn)(So; S1; :::; Sh) = (roSo; reS1+ riSo; ::X; roSh + rhSo)_

where _is the identity Frobenius automorphism. The multiplication turns N into a local
zero symmetric near-ring with identity (1; 0; ::;; 0) .

Indeed N = Ro_M is commutative since _is the identity Frobenius automorphism.
Proposition 2.1. Consider N = GN(pkr; pk) where k _ 3. Then, charN = pxand:
(). ZL(N) = pRo_

Pn

i=1(Ro=pRo)i

(ii). (Zu(N))k1= pk11Ro 6= (0)

(iii). (ZL(N))x= (0) .

Lemma 2.1. Let N = GN(p«r; px)_M where p is prime k and r are positive integers
and M is a h-dimensional module over N . Thenifh =0,

() R(N) _=

(1 + Z(N)) [ fOg and

(i) JR(N) j= (o) (pr 0 1) +1
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Proof. Leta 2 R(N) _=

(1 + Z(N)) . Then ais invertible or 0. But N is local means

that ais regulari.e. a 2 R(N).

Thus R(N) _[<a>_1+ Z(N)][fOg....ccccourmmmmririiniiieiieiiiiiiiins (@)

Conversely, let a 2 R(N) . Then by de_nition 9 an element b 2 R(N) such that
a=azb)a(lJab)=0.

Ifa2(N_)thenlilab=0)ab=1.

Hence b is a Von Neumann inverse of a. If is not a member of N_then ab is not a
member of N_but ab = aabb = a2b2=abab = (ab)2.

Since N commutes ) ab = (ab)2) ab(1 [ ab) =0.



Now ) 1labis a unit and ab = 0 so that a = 0 because b is its Von Neumann inverse.

[f<a> 1+Z(N)G[TOg] _ R(N) weoeereirieiiie e (i)
Combining (i) and (ii) gives
R(N) _=

[1+Z(N)] [fOg

=<a>_[1+Z(N)][fOg

Next,

N_=(N=1+2Z(N)) _1+Z(N)

<a>_[1+Z(N)]

=Zpr1_[1+ Z(N)]

But

J+ZMN)Ti=1Z(N) |

= Pkoyr

Therefore j N_j= (pr [1 1)(pkioyr)

But R(N) = N_[fOg j R(N) j= (pr[! 1)(p«i1r) + 1 as required.
Theorem 2.1. Let N be the near-ring constructed in | and Il and R(N) be the set of
all the regular elements. Then

().

R(N) =

ZprDl_ (Zr

p)h[ fOg; CharN = p;
ZprDl_ (Zr

p)h+1 [ fOg; CharN = p2.
(i).

R(N) =

a1 L2 L 2 Zrn
a1_ (Z2)n[ fOQ; p = 2;

ZprDl_ Zr

pkO1l (Zr

ph[ fOg; p 6=2 : CharN = pk: k _ 3.
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Proof. Let _1; ::;; _r2 Fqwith _1=1 such that _1; ::;; _ rform a basis for Fqregarded
as a vector space over its prime subnear-_eld Fqwhere g = prfor any prime p and a
positive integer r .

(i) [case 1.] LetcharN =p

It can be observed thatforeveryl=1;::;;rand1 _i_h,1+ w21+ Z(N)and
I+ _u)p=(1+ ur+ _u2p

=(1+ ur+ _u2+ i+ _un)p

=1:

Thatis,yp=18y 21+ Z(N).

Now for the positive integers au; az; :::; anwith au_ p; a2i_ p; ::;; an_ p; we notice
that



Yr

=1

f(1 + _ut)aug _

Yr

=1

f(1+ _ui+ _u2)ag _

Yr

=1

f(1+ _ui+ _uz2+::+ un)ag =1
will imply that ai=p; 81=1; :irand1 _i_ h:
Let

Su=f(1+ _u)a:ai=1;::;pg
Sa=f(1+ _ui+ _u2a:az=1;::; pg

Sh=f(1+ _ui+::+ un)a:an=1;::; pg:

Then, Su; S2;; :::; Sniare all cyclic subgroups of 1 + Z(N) and they are each of order p
hence 1 + Z(N) is abelian and each elementa 2 1 + Z(R) is such that ap= 1:
Now,

Yr

=1

<1+ ui>j_

Yr

=1

K1+ _uit _u2>j

Yr

=1

K1+ ui+ _ju2+ i+ un>j = phr

The intersection of any pair of the cyclic subgroups Su; Szi; :::; Shigives the identity
group and the product of the hr subgroups Su:::Snexhausts 1 + Z(R) .

But

R(N) =<a>o0(1+Z(N)) [ fOg = Zpri1_ (Zr

ph [ fOg
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such that o(a) = pr[J 1. This settles the case 1.

(ii.)[case 2] Let p2= charN

Forevery|l=1;:;rn(Q1+p_)p=1;

L+ _u)p=1; (1 + ur+ _u2p=1; 25 (1 + _ur+ i+ _un)p2= 1) . For positive
integers ai; ba; 2 bniwith ar_ p; bu_ p2; 22 bn_ p2. Itis clear that

Yr

=1

(1 + p_l)aJZ

Yr

=1

(1 + _ur)pu::

Yr

=1

A+ ur+ _uz+ i+ _un)oe=1

)al =p; bu=p2; ::;; bn=p2foreveryL=1;2;:;;rand1 _i_h.



Set
Ti=fl+p_na:a=1;::;pg
Su=f1l+ u)m: b1=1;:::; p2g

Shi=1f(1+ _ui+ _u2+; 5+ un)on: bh=1; 37 pag

Ti; S1; :::; Snare all cyclic subgroups of the group 1 + Z(N) and they are of the orders
indicated by their de_nitions.

Since

Yr

=1

<KL+p 1>

Yr

=1

J 1+ _ui+ i+ _Un>j= pehg

and the intersection of any pair of the cyclic subgroups Tj; :::; Shgives an identity group,
the product of the (h + 1)r subgroups Ti; S1; :::; Snis direct and exhausts 1 + Z(N):
Thus according to case 1, we have

R(N)=<_>_(1+2)[f0g

R(N) = ZprDl_ (Zr

p)h+1 [ fOg

(iif) [Case 3]. Let char N = pk: k _ 3. We provide the general case using p = odd.
Notice thatevery | = 1; 5 r; (1 + p_1)pka=1

A+ _wu)w=1; 5 (1 +p_tur+ _quz+ i+ _un)k=1.

Let ai; b; 225 bn2 Z+with @ pkoa, bi_pk:1 i h. We notice that

Yr

=1

f(1+p_ag _

Yr

=1

f(1 + _u1)oug _

Yr

=1

f(1+ _ui+ u2+::+ _wung=1
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which implies that ai= pk1, bu=pk=__ = bn=pk. Set
Ti=<f(l+p_naja=1,::; pxng >

Su=<f1+ wumjbi=1; _  ;pxg>

Sh=<f(1l+ ui+__ _+ wun)njbn=1; _  ;pxg>

The sets de_ned are all cyclic subgroups of the group 1+Z(N) and they are of the indi-
cated orders. Furthermore, the intersection of any pair of the cyclic subgroups indicated
gives an identity group and the product of the (h + 1)r subgroups gives:

] Ti_ Si_ Snij= pkh+no1exhausting 1 + Z(N) .

Thus 1+ Z(N) _=

Zr

pko1__ (Zr

p)h:

Therefore



R(N)=<_> (1+(Z(N)))|[fog

= ZprDl_ Zr

pkO1l (Zr

p)h [ fOQ:

Theorem 2.2. Let N =Ro_ Mwherer=1andp -prime, k2 Z+. If M =
Ro=pRo_ ::: _ Ro=pRo. Let ro 2 R(Ro) then, its Von-Neumann inverse is
roi

0 = INpklpkoalil

oand (ro; :::; rh)ur = (Fpkopkoant;Critoron

o; . Urntoroa

0)

Theorem 2.3. Let N be a near-ring of construction | and I, R(N) be the set of all the
regular elements including 0. Then if

Aut : R(N) ! R(N) is an automorphism:

(i) when charN = p , then Aut(R(N)) _=

[(Zpr1)__ GLa(GN(pr; p))][ M where

M=x 2 R(N) : Aut(x) =0

(i) when charN = pz, then, Aut(R(N)) _=

[(Zp1)__ GL+(GN(p2r; p2))][ M

(iif) when

charN = pk: k _ 3, then,

Aut(R(N)) _=

[(Zpr1)__ GLkoyr(GN(pkr; pk))] _ GLa(GN(pkr; p)][ M.

Proof. Proof of (i.) By enumeration, R(N) =<a > _(1 + Z.(N)) [ fOg where
<a>=Zpu1.Since ged(pr 1;j1+ Z(N) J) =1, we have that
Aut(Zpra _ 1+ ZL(N)) _=

Aut(Zpia _ Aut(l + Z(N))

But,

Aut(Zpri1) = (Zpri1)_

which is a permutation group whose order coincides with the order of 1 + ZL(N):
Next, de_ne a zero automorphism to be the set

4 =fx 2 R(N)g : Aut(x) = O:
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Then clearly 4 = fAut(0) = Ong .

When charN = p;

R(N) = [ZprDl_ (Zr

p)h] [ fOg

which implies that

AutR(N) =

[(ZprDl)__ GLhr(Fp)] [4:

This proves (i). The conditions (ii) and (iii) follow from the proof of (i) with modi_cations.
Theorem 2.4. Let N be a zero symmetric local near-rings from the class of near-rings
of constructions | and Il. Then:

(i)

JAUt(R(N)) j=[(pr ) 1) _

Yhr

k=1



(px L proa)] + 1

when charN = p

(i)

JAUt(R(N)) j=[(pr 0 1) _
(hY+1)r

k=1

(px L proa)] + 1

when charN = p2

(iii)

JAUt(R(N)) j=[(pr L 1) _

kY o1y
k=1

(Pk L) pr) _

Yhr

k=1

(px L proa)] + 1

when charN =pk: k _ 3

Proof. (i) Let charN = p

By de_nition of '(n) attributed to Osama and Emad [[3]],

j (Zpoa)_j="(pr ) 1)

and since Aut(Zp11) =) (Zpri1)_j="(pr [1 1) the pre_x of right hand side to (i) is clear.
From the previous theorem, Aut(1 + Z(N) = GLn(Zp) . Thus, we need to _nd all the
elements of

GLhr(Zp)

in the endomorphism, End(1+Z.(N)) and calculate the distinct ways of extending such
an element to an endomorphism. So we need all such matrices that are invertible
modulo
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p.

Let Rp2 End(1 + ZL(N)) then the number of matrices A 2 Rpthat are invertible
modulo p are upper block triangular matrices whose number can be given as:

1A =

Yn

k=1

(px L) pko)

Now when charR = p, n = hr therefore

1A =

Yhr

k=1

[Pk [ pkoa]

this means that

jZpr1_ GLn(Zp)) j="(pr 0 1) _

Yhr

k=1

[Pk [J pkoa]

Finally 0 2 R(N) and Aut(0) = 0 . Now j Aut(0) j=j fOg j= 1 thus

J AutR(N) j = j [Aut(Zp1) _ Aut(GLnr(Zp))] j + j AutfOg |

=[(pr1) _



Yhr

k=1

(px L proa)] + 1

as required. The proofs to (ii) and (iii) are similar to proofs of (i) with modi_cations on
the orders of GLn(Zp)

3 Conclusion

This study has determined the structures of the regular elements R(N) of idealized local
near-rings with derivations as cyclic groups using the Fundamental Theorem of Finitely
generated Abelian Groups. The algebraic structures of R(N) have been completely
classi_ed as subgroups of Sym(N_) using the automorphisms groups Aut(R(N)): The
research reveals unigue algebraic structures.
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